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A SUFFICIENT CAUSAL DESCRIPTION
THEOREM, PARTS 1 AND 2

Theorem 1 (Sufficient Causal Description). Let (I,J ) be
a causal ml-system and let C and E be its fundamental
cause and effect. Let E be E applied sample-wise to a
sample from the system (so that e.g. E(j1, · · · , jk) =
(E(j1), · · · , E(jk))). Then:

1. Among all the partitions of J , E is the minimal suffi-
cient statistic for P (J | man(i)) for any i ∈ I, and

2. C and E losslessly recover P (j | man(i)). No other
(subsidiary) causal variable losslessly recovers P (j |
man(i)). Any other partition is either finer than C,E
or does not define unambiguous manipulations. In this
sense, the fundamental causal partition corresponds
to the coarsest partition that losslessly recovers P (j |
man(i)).

Proof. 1. We first prove that E is a sufficient statistic. Re-
call that we assumed J to be discrete, although possibly of
vast cardinality. For any jk ∈ J , write P (jk | man(i)) =
pjk for the corresponding categorical distribution parame-
ter. Let range(E) = {E1, · · · , EM} be the set of causal
classes of J . By Definition 3 there is a number of “tem-
plate” probabilities pE1 , · · · , pEM

such that pjk = pEk

if and only if E(jk) = Ek. Consider an i.i.d. sample
j = j1, · · · , jl from P (J | man(i)). Then

P (j1, · · · , jl | man(i)) = Πl
k=1pjk

= ΠM
m=1p

#(Em)
Em

,

where #(Em) , Σlk=11{E(jk) == Em} is the number
of samples with causal class Em. Since the sample density
depends on the samples only through C and E it follows
from Fisher’s factorization theorem that E is a sufficient
statistic for P (J | man(i)) for any i ∈ I.

Now, we prove the minimality ofE among all the partitions
of J . Consider first any refinement of E. One can directly
apply the reasoning above to show that the cell assignment
in such a partition is also a sufficient statistic. However,
any refinement is not the minimal sufficient statistic, as the
fundamental causal partition is its coarsening— and thus
also its function. Now, consider any partition that is not
the fundamental causal partition, and is not its refinement.
Call it E′. Assume, for contradiction, that E′ is a suffi-
cient statistic for P (J | man(i)). Then, by the factoriza-
tion theorem, P (j1, · · · , jk | man(i)) would factorize as

h(j1, · · · , jk)g(E′(j1), · · · , E′(jk)), where h does not de-
pend on the parameters pjl . Now, take some j11 , j

2
1 such that

E(j11) 6= E(j21) but E′(j11) = E′(j21) (such a pair must ex-
ists since E′ is not a refinement of E and is not equal to it).
Then

P (j11 , j2, · · · , jk | man(i))

P (j21 , j2, · · · , jk | man(i))
=
pE(j11)

pE(j21)

,

P (j11 , j2, · · · , jk | man(i))

P (j21 , j2, · · · , jk | man(i))
=

=
h(j11 , · · · , jk)g(E′(j11), · · · , E′(jk))

h(j21 , · · · , jk)g(E′(j21), · · · , E′(jk))

=
h(j11 , · · · , jk)

h(j21 , · · · , jk)

which, as already stated, does not depend on the parameters
of the distribution – a contradiction.

2. That P (J | man(i)) can be recovered from C and E
follows directly from the definition of a causal ml-system
and its fundamental causal partition. That it cannot be re-
covered losslessly from any partition that is not a refine-
ment of C and E follows again from the fact that for any
such partitions C ′ and E′ there must be is at least one
pair (i1, j1), (i2, j2) for which p(E′(j1) | do(C ′(i1))) =
p(E′(j2) | do(C ′(i2))) even though p(j1 | man(i1)) 6=
p(j2 | man(i2)).

We note that the first part of Theorem 1 indicates that E
is only a minimal sufficient statistic among all partitions of
J , i.e. among the set of possible causal variables. It is not
the minimal sufficient statistic over all possible sufficient
statistics for P (J | man(i)). In particular, a histogram is a
minimal sufficient statistic for the multinomial distribution
and is a function of E, but a histogram does not correspond
to a partition of J .

B DETAILS AND IMPLEMENTATION
OF ALGORITHM 1

First, the algorithm uses a density learning routine to esti-
mate P (J | man(I)) given the samples. We don’t spec-
ify the density learning routine, as that is highly problem-
dependent. In our experiments, dimensionality reduction
with autoencoders (Hinton and Salakhutdinov, 2006) fol-
lowed by kernel density estimation worked well. More so-
phisticated approaches are readily available, for example
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RNADE (Uria et al., 2013). Steps 2 and 3 constitute the
core of the algorithm: In Step 2, a vector of (estimated)
densities [P (j1 | man(i)), · · · , P (jN | man(i))] is calcu-
lated for each ik in the dataset (1 ≤ k ≤ N ). That is, each
ik corresponds to a vector that contains information about
the probability of each jl (1 ≤ l ≤ N ) occurring given
a manipulation man(ik) (note that in the original dataset,
ik might have only appeared as paired with one effect jk,
sampled from P (J | man(i))). Similarly, Step 3, computes
for each jl a vector of estimated densities of jl occurring
given an intervention on each ik.

Clustering these vectors (Step 4 & 5) makes it possible to
group together all the i’s with similar effects, and all the
j’s with similar causes — that is, to learn the fundamen-
tal causal partition. The number of cells of the fundamen-
tal partition is unknown in advance, but it is safe to over-
cluster the data. Our implementation uses the Dirichlet
Process Gaussian Mixture Model (Rasmussen, 1999) for
clustering with a flexible number of clusters, but again the
algorithm stays clustering-routine-agnostic.

After the initial clustering it should now be easy to merge
clusters belonging to the same true causal class, as the
probabilistic patterns of mergeable clusters are expected
to be similar. The macro-variable cause/effect probability
vectors are estimated in Steps 8 and 9. These are analogues
to the micro-variable cause/effect density vectors estimated
in Step 2. However, instead of estimating the density of the
micro-variable data, they count the normalized histograms
of conditional probabilities of the J cluster given the I
clusters. These histograms are aggregates of large numbers
of datapoints, and should smooth out errors in the original
density estimation. Thus, even if the original clustering al-
gorithm overestimates the number of cells in the fundamen-
tal partition, we can hope to be able to merge them based
on similarities in the macro-variable histogram vectors. In
our experiment, we merge the macro-variable cause/effect
probabilities by thresholding the KL-divergence between
any two vectors belonging to the same cluster. However,
since the number of datapoints to cluster is likely to be
very small, the best solution in practice is to cluster them
by hand.

By Step 8, the algorithm returns causal labels for the origi-
nal data samples. These labeled samples can be used to vi-
sualize the fundamental causes and effects using the origi-
nal data samples. To generalize the fundamental cause and
effect to the whole I and J space, the algorithm trains a
classifier using the original data and the learned causal la-
bels.

C THE FUNDAMENTAL CAUSAL
COARSENING THEOREM

Theorem 2 (Fundamental Causal Coarsening). Among all
the generative distributions of the form shown in Fig. 2
(main text) which induce given observational partition
(Πo(I),Πo(J )):

1. The subset of distributions that induce a fundamen-
tal causal partition Πc(I) that is not a coarsening of
the observational partition Πo(I) is Lebesgue mea-
sure zero, and

2. The subset of distributions that induce a fundamental
causal partition Πc(J ) that is not a coarsening of the
observational partition Πo(J ) is Lebesgue measure
zero.

Proof. (1) Let E be the fundamental effect of the system.
Then Πc(I) and E constitute precisely the “causal parti-
tion” and “target behavior” of the system and Πo(I) consti-
tutes the “observational partition” of the system, as defined
by Chalupka et al. (2015). Thus, the proof of the Causal
Coarsening Theorem by Chalupka et al. (2015) applies di-
rectly and proves (1).

(2) While we cannot directly use the proof of Chalupka
et al. (2015), we follow a very similar proof strategy. The
only difference is in details of the algebra. We first lay
out the proof strategy. Let j1, j2 ∈ J . We need to show
that if P (j1 | i) = P (j2 | i) for every i ∈ I, then also
P (j1 | man(i)) = P (j2 | man(i)) for every i (for all the
distributions compatible with given observational partition,
except for a set of measure zero). The proof is split into
two parts: (i) Express the theorem as a polynomial con-
straint on the space of all P (i, j, h) distributions. (ii) Show
that the polynomial constraint is not trivial. This, by Meek
(1995), implies that among all P (i, j, h) distributions, the
fundamental causal partition on J is a coarsening of the
fundamental observational partition. (iii) Prove that (i) and
(ii) apply to “all the distributions which induce a given
observational partition” by showing that this restriction re-
sults in a simple reparametrization of the distribution space.

(2i) Let H be the hidden variable of the system, with cardi-
nalityK; let J have cardinalityN and I cardinalityM . We
can factorize the joint on I, J,H as P (J, I,H) = P (J |
H, I)P (I | H)P (H). P (J | H, I) can be parametrized by
(N − 1)×K ×M parameters, P (I | H) by (M − 1)×K
parameters, and P (H) by K − 1 parameters, all of which
are independent.

Call the parameters, respectively,

αj,h,i , P (J = j | H = h, I = i)

βi,h , P (I = i | H = h)

γh , P (H = h)



We will denote parameter vectors as

α = (αj1,h1,i1 , · · · , αjN−1,hK ,iM ) ∈ R(N−1)×K×M

β = (βi1,h1
, · · · , βiN−1,hK

) ∈ R(M−1)×K

γ = (γh1 , · · · , γhK−1
) ∈ RK−1,

where the indices are arranged in lexicographical or-
der. This creates a one-to-one correspondence of
each possible joint distribution P (J,H, I) with a point
(α, β, γ) ∈ P [α, β, γ] ⊂ R(N−1)×K2(K−1)×M(M−1),
where P [α, β, γ] is the (N−1)×K2(K−1)×M(M−1)-
dimensional simplex of multinomial distributions.

To proceed with the proof, we pick any point in the P (J |
H, I)× P (H) space: that is, we fix the values of α and γ.
The only free parameters are now the βi,h; varying these
values creates a subset of the space of all the distributions
which we will call

P [β;α, γ] = {(α, β, γ) | β ∈ [0, 1](M−1)×K}.

P [β;α, γ] is a subset of P [α, β, γ] isometric to the
[0, 1](M−1)×K-dimensional simplex of multinomials. We
will use the term P [β;α, γ] to refer both the subset of
P [α, β, γ] and the lower-dimensional simplex it is isomet-
ric to, remembering that the latter comes equipped with the
Lebesgue measure on R(M−1)×K .

Now we are ready to show that the subset of P [β;α, γ]
which does not satisfy the Fundamental Causal Coarsen-
ing constraint on J is of measure zero with respect to the
Lebesgue measure. To see this, first note that since α and
γ are fixed, the manipulation probabilities p(j | man(i)) =∑
h αj,h,iγh are fixed for each i ∈ I, j ∈ J . The Fun-

damental Causal Coarsening constraint on J says “If for
some j1, j2 ∈ J we have p(j1 | i) = p(j2 | i) for every
i ∈ I, then also p(j1 | man(i)) = p(j2 | man(i)) for every
i.” The subset of P [β;α, γ] of all distributions that do not
satisfy the constraint consists of the P (J,H, I) for which
for some j1, j2 ∈ J it holds that

∀iP (j1 | i) = P (j2 | i) and P (j1 | man(i)) 6= P (j2 | man(i)).

We want to prove that this subset is measure zero. To
this aim, take any pair j1, j2 and an i for which p(j1 |
man(i)) 6= p(j2 | man(i)) [Assumption 1]. Note that if
such a configuration does not exist, then the Fundamental
Causal Coarsening constraint holds for all the distributions
in P [β;α, γ] and the proof is done. We can write

P (j1 | i) =
∑
h

P (j1 | h, i)P (h | i)

=
1

P (i)

∑
h

P (j1 | h, i)P (i | h)P (h).

Since the same equation applies to P (j2 | i), the constraint
P (j1 | i) = P (j2 | i) can be rewritten as

∑
h

P (j1 | h, i)P (i | h)P (h)

=
∑
h

P (j2 | h, i)P (i | h)P (h)

which we can rewrite in terms of the independent parame-
ters as

∑
h

[αj1,h,i − αj2,h,i]βh,iγh = 0, (1)

which is a polynomial constraint on P [β;α, γ]. By a
simple algebraic lemma (proven by Okamoto, 1973), if
the above constraint is not trivial (that is, if there exists
β for which the constraint does not hold), the subset of
P [β;α, γ] on which it holds is measure zero.

(2ii) To see that Eq. (1) does not hold for every distribution,
take a distribution distribution with βh∗,i = 1 (and thus
βh,i = 0 for any h 6= h∗). The equation then reduces to

(αj1,h∗,i − αj2,h∗,i)γh∗ = 0.

Thus, Eq. (1) implies that αj1,h∗,i = αj2,h∗,i or γh∗ = 0.
Since h∗ is general, αj1,h,i = αj2,h,i or γh = 0 for any
h. By definition p(j1 | man(i)) − p(j2 | man(i)) equals∑
h(αj1,h,i−αj2,h,i)γh which, in the context of the previ-

ous sentence, is 0. Thus our reasoning so far implies that
p(j1 | man(i)) = p(j2 | man(i)). This is in direct contra-
diction with Assumption 1.

We have now shown that the subset of P [β;α, γ] which
consists of distributions for which P (j1 | i) = P (j2 | i),
but p(j1 | man(i)) 6= p(j2 | man(i) for some i, is Lebesgue
measure zero. Since there are only finitely many pairs of
images j1, j2 for which the latter condition holds, the sub-
set of P [β;α, γ] of distributions which violate the Causal
Coarsening constraint is also Lebesgue measure zero (a fi-
nite sum of measure zero sets is measure zero). The re-
mainder of the proof is a direct application of Fubini’s the-
orem.

For each α, γ, call the (measure zero) subset of P [β;α, γ]
that violates the Causal Coarsening constraint z[α, γ]. Let
Z = ∪α,γz[α, γ] ⊂ P [α, β, γ] be the set of all the joint dis-
tributions which violate the Causal Coarsening constraint.
We want to prove that µ(Z) = 0, where µ is the Lebesgue
measure. To show this, we will use the indicator function

ẑ(α, β, γ) =

{
1 if β ∈ z[α, γ],
0 otherwise.
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By the basic properties of positive measures we have

µ(Z) =

∫
P [α,β,γ]

ẑ dµ.

It is a standard application of Fubini’s Theorem for the
Lebesgue integral to show that the integral in question
equals zero. For simplicity of notation, let

A = R(N−1)×K×M

B = R(M−1)×K

G = RK−1.

We have

∫
P [α,β,γ]

ẑ dµ =

∫
A×B×G

ẑ(α, β, γ) d(α, β, γ)

=

∫
A×G

∫
B
ẑ(α, β, γ) d(β) d(α, γ)

=

∫
A×G

µ(z[α, γ]) d(α, γ) (2)

=

∫
A×G

0 d(α, γ)

= 0.

Equation (2) follows as ẑ restricted to P [β;α, γ] is the in-
dicator function of z[α, γ].

This completes the proof that Z, the set of joint distribu-
tions over J,H and I that violate the Causal Coarsening
constraint, is measure zero.

(2iii) Finally, we show that (2i) and (2ii) apply if we fix
an observational partition on J a priori. Fixing the obser-
vational partition means fixing a set of observational con-
straints (OCs)

∀ip(j11 | i) = · · · = p(j1N1
| i) = p1,

...

∀ip(jL1 | i) = · · · = p(jLNL
| i) = pL,

where 1 ≤ L ≤ N is the number of observational classes
of J and Nl is the cardinality of the lth observational class
(so that N =

∑
lNl), and p1, · · · , pL are the numerical

values of the observational constraints.

Since P (J,H, I) = P (H | J, I)P (J | I)P (I), P (j | i)
is an independent parameter in the unrestricted P (J,H, I),
and the OCs reduce the number of independent parameters
of the joint byM

∑L
l=1(Nl−1), whereM is the cardinality

of I . We want to express this parameter-space reduction in

terms of the α, β and γ parameterization from (2i) and (2ii).
To do this, note first that we can write, for any jln,∑

h

p(jln, h, i) = pl
∑
h

p(h, i).

Now, pick any h∗ for which p(h∗, i) 6= 0. Then we can
write

p(jln, h
∗, i) = pl

∑
h

p(h, i)−
∑
h6=h∗

p(jln, h, i).

In terms of the α, β, γ parameterization, this equation be-
comes

αjln,h∗,iβh∗,iγh = pl
∑
h

βh,iγh −
∑
h6=h∗

αjln,h,iβh,iγh

or

αjln,h∗,i =
pl
∑
h βh,iγh −

∑
h6=h∗ αjln,h,iβh,iγh

βh∗,iγh
. (3)

The full set of the OCs is equivalent to the full set of equa-
tions of this form, one for each possible (jln, i) combination
(to the total of M × (N −L) equations as expected). Thus,
we can express the range of P (J,H, I) distributions con-
sistent with a given observational partition Πo(J ) in terms
of the full range of β, γ parameters and a restricted number
of independent α parameters.
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