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A: KL Additive Decomposition

Letting the variational proposal in Sklar’s repre-
sentation be gvc(z) = c(u)[[%_, fi(z;), and the
true posterior be p(zly) = c*(v) ][], f/(x;), where
w = Fl@) = [Fi(@)..... By, v = Fi(z) =
[Fy(21), ..., F(xp)]. The KL divergence decomposes
into additive terms,
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The second term in
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Therefore

KL{g(@)|lp(z|y)} = KL{c[F(@)]||c"[F" (z)]}
+ Z KL{fi(@)Ifi ()} (2)

B: Model-Specific Derivations
B1: Skew Normal Distribution

1. Inp(z) x Ing(z) + In®(azx) and dlnp(x)/dz =
—z + ag(ax)/P(ax), « is the shape parameter

2. U(x) is predefined as CDF of N (0,1)

B2: Student’s t Distribution

1. lnp(x) x —(v+1)/2In(1 +2%/v) and
Olnp(z)/0r = —(v+ Vz/(v+2?), v > 0 is
the degrees of freedom

2. ¥(x) is predefined as CDF of N(0,1)

B3: Gamma Distribution

1. Inp(z) x (@« —1)Inz — Sz and dlnp(x)/dz =
(o — 1)/x — B, « is the shape parameter, (3 is the
rate parameter

2. U(x) is predefined as CDF of Exp(1)

B4: Beta Distribution

1. lnp(z) x (a — 1)lnz + (b —
Olnp(x)/0r = (a—1)/x — (b—
a,b>0

1)In(1—2) and
1)/(1 — z), both

2. U(x) is predefined as CDF of Beta(2, 2)
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B5: Bivariate Log-Normal

1. lnp(xy,22) x —Ilnzy —Inzy — (/2 and

Oln f(z1,22) 1 ai(z1) — paz(z2)

Ox1 z1 (1—p?)zi0y
Oln f(x1,x2) o1 az(x2) — pai(z1)
Oz2 T 1 (1= p?)x202

2. U(x) is predefined as CDF of Exp(1)

C. Derivations in Horseshoe Shrinkage

The equilvalent hierarchical model is

ylr ~N(0,7), 7|y~ InvGa(0.5,7), v~ Ga(0.5,1)

C1: Gibbs Sampler

The full conditional posterior distributions are

p(rly,7) =IvGa (L,y*/2+7), p(lr) = Ga (177" +1)

C2: Mean-field Variational Bayes

The ELBO under MFVB is

Larve|gve(T,7)] = Eqryq(y I p(y, 7,7)]
+ Hiq(7; 00, B1)] + Hz[q(7; a2, B2)]

where

Eq(ryq(y)Inp(y, 7,7)] = —0.5In (27) — 2InT(0.5) — 2(InT)
=y (rT) 2= () = ()

Hifg(r;01,81)] = oa +1In B + In[[(ar)] = (1 + a1)ip(ea)
Hzlq(v; a2, B2)] = a2 —In B2 + In[[(a2)] + (1 — a2)¥(a2)

The variational distribution
q(t) =IG (r500, 1) = IG (751,57 /2 + (7)) ,
q(v) =G(viaz,B2) =G (v 1, (77 ") +1)

where

(In7) = In B — p(ar) = In (5/2 + (1)) — (1),
—1y_ o 1 _ 1
= T wrray VTR T

C3: Deterministic VGC-LN

Denoting @ = (z1,22) = (7,7), we construct a vari-
ational Gaussian copula proposal with (1) a bivari-
ate Gaussian copula, and (2) fixed-form margin for
both z1 = 7 € (0,00) and z2 = v € (0,00); we em-
ploy fj(j;pj,03;) = LN (xj3p5,0%;),3; = hi(%) =
exp(zj) = g(z;) = exp(0j52; + ), j = 1,2. The
ELBO of VGC-LN is
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where ¢o = —0.51n (27) — 2InT'(0.5), ¢1 = co + In (27e).

The gradients are
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C4: Stochastic VGC-LIN

The stochastic part of the ELBO is,

_ yrexp(=7)

6@ =co+ 5 -7 - LB (5 - 5) - ep(2)

and

y” exp(—21)
2
Vz,ls(Z) = 1 —exp(22 — 21) — exp(22)

Vzls(Z) = =1+ +exp(22 — 21)

C5: Stochastic VGC-BP

1. Inp(y,z1,22) = co —2Inz; — y2/(2m1) —z2 /1 — X2,

Onp(y, x1,22)/0x1 = —2/m1 + 3 /(227) + @2 /7,
Olnp(y,x1,22)/0x2 = —1/21 — 1

2. W(zx) is predefined as CDF of Exp(0.01).
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D. Derivations in Poisson Log Linear Re-
gression

For i =1,...,n, the hierarchical model is

yi ~ Poisson(u:), log(u:) = Bo + Prai + faxs,
60 ~ N(07T)7 /Bl ~ N(077—)7 /82 ~ N(077—)7 T~ Ga(la 1)

The log likelihood and prior,

Inp(y,B,7) = Y Inp(yilB) + N (Bo; 0,7) + In N(B1;0,7)

i=1

+InN(B2;0,7) + InGa(r;1,1)
where Inp(y:|8) = wilops — ps — Iny!, and py =
exp (Bo + Brxi + Baz?).

The derivatives are
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