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A: KL Additive Decomposition

Letting the variational proposal in Sklar’s repre-
sentation be qVC(x) = c(u)

∏p
j=1 fj(xj), and the

true posterior be p(x|y) = c?(v)
∏

j f
?
j (xj), where

u = F (x) = [F1(x1), . . . , Fp(xp)], v = F ?(x) =
[F ?

1 (x1), . . . , F ?
p (xp)]. The KL divergence decomposes

into additive terms,

KL{q(x)||p(x|y)} =

∫
q(x)

(
log

q(x)

p(x|y)

)
dx

=

∫
c[F (x)]

∏
j

fj(xj)

(
log

c[F (x)]
∏
j fj(xj)

c?[F ?(x)]
∏
j f

?
j (xj)

)
dx

=

∫
c[F (x)]

(
log

c[F (x)]

c?[F ?(x)]

)∏
j

dFj(xj)

+

∫
c[F (x)]

∏
j

fj(xj)

(
log

∏
j fj(xj)∏
j f

?
j (xj)

)∏
j

dxj . (1)

The first term in (1)

∫
c[F (x)]

(
log

c[F (x)]

c?[F ?(x)]

)∏
j

dFj(xj)

=

∫
c(u)

(
log

c(u)

c?(F ?(F−1(u)))

)
du

= KL{c(u)||c?[F ?(F−1(u))]},

The second term in (1)

∫
c[F (x)]

∏
j

fj(xj)

(
log

∏
j fj(xj)∏
j f

?
j (xj)

)∏
j

dxj

=
∑
j

∫
c[F (x)]

∏
j

fj(xj)

(
log

fj(xj)

f?j (xj)

)∏
j

dxj

=
∑
j

∫
fj(xj)

(
log

fj(xj)

f?j (xj)

)
dxj (Marginal Closed Property)

=
∑
j

KL{fj(xj)||f?j (xj)},

Therefore

KL{q(x)||p(x|y)} = KL{c[F (x)]||c?[F ?(x)]}

+
∑
j

KL{fj(xj)||f?j (xj)} (2)

B: Model-Specific Derivations

B1: Skew Normal Distribution

1. ln p(x) ∝ lnφ(x) + ln Φ(αx) and ∂ ln p(x)/∂x =
−x+ αφ(αx)/Φ(αx), α is the shape parameter

2. Ψ(x) is predefined as CDF of N (0, 1)

B2: Student’s t Distribution

1. ln p(x) ∝ −(ν + 1)/2 ln (1 + x2/ν) and
∂ ln p(x)/∂x = −(ν + 1)x/(ν + x2), ν > 0 is
the degrees of freedom

2. Ψ(x) is predefined as CDF of N (0, 1)

B3: Gamma Distribution

1. ln p(x) ∝ (α − 1) lnx − βx and ∂ ln p(x)/∂x =
(α− 1)/x− β, α is the shape parameter, β is the
rate parameter

2. Ψ(x) is predefined as CDF of Exp(1)

B4: Beta Distribution

1. ln p(x) ∝ (a − 1) lnx + (b − 1) ln (1− x) and
∂ ln p(x)/∂x = (a− 1)/x − (b− 1)/(1− x), both
a, b > 0

2. Ψ(x) is predefined as CDF of Beta(2, 2)
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B5: Bivariate Log-Normal

1. ln p(x1, x2) ∝ − lnx1 − lnx2 − ζ/2 and

∂ ln f(x1, x2)

∂x1
= − 1

x1
− α1(x1)− ρα2(x2)

(1− ρ2)x1σ1

∂ ln f(x1, x2)

∂x2
= − 1

x2
− α2(x2)− ρα1(x1)

(1− ρ2)x2σ2

2. Ψ(x) is predefined as CDF of Exp(1)

C. Derivations in Horseshoe Shrinkage

The equilvalent hierarchical model is

y|τ ∼ N (0, τ), τ |γ ∼ InvGa(0.5, γ), γ ∼ Ga(0.5, 1)

C1: Gibbs Sampler

The full conditional posterior distributions are

p(τ |y, γ) = InvGa
(
1, y2/2 + γ

)
, p(γ|τ) = Ga

(
1, τ−1 + 1

)

C2: Mean-field Variational Bayes

The ELBO under MFVB is

LMFVB[qVB(τ, γ)] = Eq(τ)q(γ)[ln p(y, τ, γ)]

+H1[q(τ ;α1, β1)] +H2[q(γ;α2, β2)]

where

Eq(τ)q(γ)[ln p(y, τ, γ)] = −0.5 ln (2π)− 2 ln Γ(0.5)− 2〈ln τ〉
− y2

〈
τ−1〉 /2− 〈γ〉 〈τ−1〉− 〈γ〉

H1[q(τ ;α1, β1)] = α1 + lnβ1 + ln [Γ(α1)]− (1 + α1)ψ(α1)

H2[q(γ;α2, β2)] = α2 − lnβ2 + ln [Γ(α2)] + (1− α2)ψ(α2)

The variational distribution

q(τ) = IG (τ ;α1, β1) = IG
(
τ ; 1, y2/2 + 〈γ〉

)
,

q(γ) = G(γ;α2, β2) = G
(
γ; 1,

〈
τ−1〉+ 1

)
where

〈ln τ〉 = lnβ1 − ψ(α1) = ln
(
y2/2 + 〈γ〉

)
− ψ(1),〈

τ−1〉 =
α1

β1
=

1

(y2/2 + 〈γ〉) , 〈γ〉 =
α2

β2
=

1

〈τ−1〉+ 1

C3: Deterministic VGC-LN

Denoting x = (x1, x2) = (τ, γ), we construct a vari-
ational Gaussian copula proposal with (1) a bivari-
ate Gaussian copula, and (2) fixed-form margin for
both x1 = τ ∈ (0,∞) and x2 = γ ∈ (0,∞); we em-
ploy fj(xj ;µj , σ

2
jj) = LN (xj ;µj , σ

2
jj),xj = hj(z̃j) =

exp (z̃j) = g(zj) = exp (σjjzj + µj), j = 1, 2. The
ELBO of VGC-LN is

LVGC(µ,C) = c1 − µ1 + µ2 −
y2 exp

(
−µ1 +

C2
11
2

)
2

− `0 − exp

(
µ2 +

C2
21 + C2

22

2

)
+ ln |C|

`0 = exp

(
(µ2 − µ1) +

C2
11 − 2C11C21 + C2

21 + C2
22

2

)
where c0 = −0.5 ln (2π)− 2 ln Γ(0.5), c1 = c0 + ln (2πe).

The gradients are

∂LVGC(µ,C)

∂µ1
= −1 +

y2

2
exp

(
C2

11

2
− µ1

)
+ `0

∂LVGC(µ,C)

∂µ2
= 1− `0 − exp

(
µ2 +

C2
21 + C2

22

2

)
∂LVGC(µ,C)

∂C11
= −y

2

2
C11 exp

(
C2

11

2
− µ1

)
− (C11 − C21)`0 +

1

C11

∂LVGC(µ,C)

∂C21
= (C11 − C21)`0 − C21 exp

(
µ2 +

C2
21 + C2

22

2

)
∂LVGC(µ,C)

∂C22
= −C22`0 − C22 exp

(
µ2 +

C2
21 + C2

22

2

)
+

1

C22

C4: Stochastic VGC-LN

The stochastic part of the ELBO is,

`s(z̃) = c0 + z̃2 − z̃1 −
y2 exp(−z̃1)

2
− exp(z̃2 − z̃1)− exp(z̃2)

and

∇z̃1`s(z̃) = −1 +
y2 exp(−z̃1)

2
+ exp(z̃2 − z̃1)

∇z̃2`s(z̃) = 1− exp(z̃2 − z̃1)− exp(z̃2)

C5: Stochastic VGC-BP

1. ln p(y, x1, x2) = c0 − 2 lnx1 − y2/(2x1)− x2/x1 − x2,

∂ ln p(y, x1, x2)/∂x1 = −2/x1 + y2/(2x21) + x2/x
2
1,

∂ ln p(y, x1, x2)/∂x2 = −1/x1 − 1

2. Ψ(x) is predefined as CDF of Exp(0.01).
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D. Derivations in Poisson Log Linear Re-
gression

For i = 1, . . . , n, the hierarchical model is

yi ∼ Poisson(µi), log(µi) = β0 + β1xi + β2x
2
i ,

β0 ∼ N(0, τ), β1 ∼ N(0, τ), β2 ∼ N(0, τ), τ ∼ Ga(1, 1)

The log likelihood and prior,

ln p(y,β, τ) =

n∑
i=1

ln p(yi|β) + lnN (β0; 0, τ) + lnN (β1; 0, τ)

+ lnN (β2; 0, τ) + ln Ga(τ ; 1, 1)

where ln p(yi|β) = yi lnµi − µi − ln yi!, and µi =
exp (β0 + β1xi + β2x

2
i ).

The derivatives are

∂ ln p(y,β, τ)

∂β0
=

[
n∑
i=1

(yi − µi)

]
− τ−1β0

∂ ln p(y,β, τ)

∂β1
=

[
n∑
i=1

xi(yi − µi)

]
− τ−1β1

∂ ln p(y,β, τ)

∂β2
=

[
n∑
i=1

x2i (yi − µi)

]
− τ−1β2

∂ ln p(y,β, τ)

∂τ
= − 3

2τ
+
β2
0 + β2

1 + β2
2

2τ2
+
a0 − 1

τ
− b0


