
A Proof of Lemma 2

Recall

Q+
i =

M
∑

j=1

log
(

1 + sgn(yj)sgn(uij)e
−(K−1)wij

)

=

M
∑

j=1

log
(

1 + sgn (yj/sij) e
−(K−1)wij

)

where yj
sij

= xi +
∑

t 6=i xistj
sij

= xi + θi
Sj

sij
. Here,Sj ∼ S(α, 1) is independent ofsij , and for convenience

we defineθ =
(

∑N
i=1 |xi|

α
)1/α

and θi = (θα − |xi|
α)1/α. In particular, ifxi = 0, thenθi = θ and

sgn (yj/sij) = sgn(Sj/sij). AsSj andsij are symmetric and independent, we can replacesgn(Sj/sij) by
sgn(sij) = sgn(uij). To see this

Pr (sgn(Sj/sij) = 1) = Pr (sgn(sij/Sj) = 1)

=Pr (sgn(sij) = 1)Pr (Sj > 0) +Pr (sgn(sij) = −1)Pr (Sj < 0)

=
1

2

1

2
+

1

2

1

2
=

1

2
= Pr (sgn(sij) = 1)

Thus, we have

Pr
(

Q+
i > ǫM/K, xi = 0

)

=Pr





M
∑

j=1

log (1 + sgn(yj/sij) exp (−(K − 1)wij)) > ǫM/K, xi = 0





=Pr





M
∑

j=1

log (1 + sgn(Sj/sij) exp (−(K − 1)wij)) > ǫM/K





=Pr





M
∑

j=1

log (1 + sgn(uij) exp (−(K − 1)wij)) > ǫM/K





=Pr





M
∏

j=1

(1 + sgn(uij) exp (−(K − 1)wij)) > eǫM/K





≤e−ǫM/KtEM (1 + sgn(uij) exp (−(K − 1)wij))
t , (t ≥ 0,Markov’s Inequality)

=e−ǫM/Kt

(

1

2
E

{

(

1 + e−(K−1)wij

)t
+
(

1− e−(K−1)wij

)t
})M

=e−ǫM/Kt

(

1

2

∫

∞

0

{

(

1 + e−(K−1)w
)t

+
(

1− e−(K−1)w
)t
}

e−wdw

)M

Then we need to choose thet to minimize the upper bound. Letb = K − 1, then
∫

∞

0

(

1 + e−bw
)t

e−wdw =

∫ 1

0
(1 + ub)tdu

=

∫ 1

0
1 + ubt+ u2bt(t− 1)/2! + u3bt(t− 1)(t− 2)/3! + u4bt(t− 1)(t− 2)(t− 3)/4! + ....du

=1 +
t

b+ 1
+

t(t− 1)

(2b+ 1)2!
+

t(t− 1)(t− 2)

(3b+ 1)3!
+ ...
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∫

∞

0

(

1− e−bw
)t

e−wdw =

∫ 1

0
(1− ub)tdu

=

∫ 1

0
1− ubt+ u2bt(t− 1)/2! − u3bt(t− 1)(t− 2)/3! + u4bt(t− 1)(t− 2)(t− 3)/4! + ....du

=1−
t

b+ 1
+

t(t− 1)

(2b+ 1)2!
−

t(t− 1)(t− 2)

(3b+ 1)3!
+ ...

∫

∞

0

(

1− e−(K−1)w
)t

e−w +
(

1 + e−(K−1)w
)t

e−wdw = 2 + 2
t(t− 1)

(2K − 1)2!
+ 2

t(t− 1)(t − 2)(t− 3)

(4K − 3)4!
+ ...

Therefore, for anyt ≥ 0, we have

Pr
(

Q+
i > ǫM/K, xi = 0

)

= Pr
(

Q−

i > ǫM/K, xi = 0
)

≤e−ǫM/Kt

(

1 +
t(t− 1)

(2K − 1)2!
+

t(t− 1)(t− 2)(t− 3)

(4K − 3)4!
+ ...

)M

=exp

{

−
M

K

(

ǫt−K log

(

1 +
t(t− 1)

(2K − 1)2!
+

t(t− 1)(t− 2)(t− 3)

(4K − 3)4!
+ ...

))}

=exp

{

−
M

K
H1(t; ǫ,K)

}

where

H1(t; ǫ,K) = ǫt−K log

(

1 +
t(t− 1)

(2K − 1)2!
+

t(t− 1)(t− 2)(t − 3)

(4K − 3)4!
+ ...

)

H1(t; ǫ,∞) = ǫt−

(

t(t− 1)

2× 2!
+

t(t− 1)(t− 2)(t− 3)

4× 4!
+ ...

)

Note that, by L’Hospital’s Rule, we have

lim
K→∞

log
(

1 + t(t−1)
(2K−1)2! +

t(t−1)(t−2)(t−3)
(4K−3)4! + ...

)

1/K

= lim
K→∞

−2
t(t−1)

(2K−1)22!
−4

t(t−1)(t−2)(t−3)

(4K−3)24!
+...

1+ t(t−1)
(2K−1)2!

+ t(t−1)(t−2)(t−3)
(4K−3)4!

+...

−1/K2
=

t(t− 1)

2× 2!
+

t(t− 1)(t− 2)(t− 3)

4× 4!
+ ...

This completes the proof.
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B Proof of Lemma 3

Pr
(

Q+
i < ǫM/K, xi > 0

)

=Pr





M
∑

j=1

log (1 + sgn(yj/sij) exp (−(K − 1)wij)) < ǫM/K, xi > 0





=Pr



exp



−t

M
∑

j=1

log (1 + sgn(yj/sij) exp (−(K − 1)wij))



 > exp (−tǫM/K) , xi > 0



 , t > 0

=Pr





M
∏

j=1

(1 + sgn(yj/sij) exp (−(K − 1)wij))
−t > exp (−tǫM/K) , xi > 0





≤ exp (tǫM/K)EM
(

(1 + sgn(yj/sij) exp (−(K − 1)wij))
−t ;xi > 0

)

Consider, for convenience,α → 0 andxi > 0. Again, we studysgn(yj/sij) = sgn (xi + θiSj/sij),
whereSj, sij ∼ S(α, 1) i.i.d. LetTij = sgn(yj/sij) exp (−(K − 1)wij). Asα → 0

Tij =sgn

(

xi + θisgn(Uj)sgn(uij)

(

wij

Wj

)1/α
)

e−(K−1)wij

=sgn

(

xi + sgn(Uj)sgn(uij)

(

(K − 1)
wij

Wj

)1/α
)

e−(K−1)wij

=

{

sgn(xi)e
−(K−1)wij if (K − 1)wij < Wj

sgn(uij)e
−(K−1)wij if (K − 1)wij > Wj

Thus,

E
(

(1 + sgn(yj/sij) exp (−(K − 1)wij))
−t ;xi > 0

)

=E

{

∫ Wj/(K−1)

0
(1 + exp (−(K − 1)u))−t e−udu

}

+
1

2
E

{

∫

∞

Wj/(K−1)
(1 + exp (−(K − 1)u))−t e−udu

}

+
1

2
E

{

∫

∞

Wj/(K−1)
(1− exp (−(K − 1)u))−t e−udu

}

=
1

2

{
∫

∞

0
(1 + exp (−(K − 1)u))−t e−udu

}

+
1

2

{
∫

∞

0
(1− exp (−(K − 1)u))−t e−udu

}

+
1

2
E

{

∫ Wj/(K−1)

0
(1 + exp (−(K − 1)u))−t e−udu

}

−
1

2
E

{

∫ Wj/(K−1)

0
(1− exp (−(K − 1)u))−t e−udu

}

=
1

2

∫ 1

0

(

1 + ub
)

−t
du+

1

2

∫ 1

0

(

1− ub
)

−t
e−udu−

1

2

∫

∞

0
e−w

∫ 1

w/b

[

(

1− ub
)

−t
−
(

1 + ub
)

−t
]

dudw

Again, for convenience, we denoteb = K − 1.
∫ 1

0
(1 + ub)−tdu

=

∫ 1

0
1− ubt+ u2b(−t)(−t− 1)/2! + u3b(−t)(−t− 1)(−t− 2)/3! + u4b(−t)(−t− 1)(−t− 2)(−t− 3)/4! + ....du

=1−
t

b+ 1
+

t(t+ 1)

(2b+ 1)2!
−

t(t+ 1)(t + 2)

(3b+ 1)3!
+

t(t+ 1)(t+ 2)(t+ 3)

(4b+ 1)4!
...
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1

2

∫ 1

0
(1 + ub)−tdu+

1

2

∫ 1

0
(1− ub)−tdu = 1 +

t(t+ 1)

(2b+ 1)2!
+

t(t+ 1)(t+ 2)(t+ 3)

(4b+ 1)4!
+ ...

For the other term, we have

1

2

∫

∞

0
e−w

∫ 1

w/b

[

(

1− ub
)

−t
−
(

1 + ub
)

−t
]

dudw

=

∫

∞

0
e−w

∫ 1

e−w/b

[

tub + t(t+ 1)(t+ 2)u3b/3! + t(t+ 1)(t+ 2)(t+ 3)(t+ 4)u5b/5! + ..
]

dudw

=

[

t

b+ 1
+

t(t+ 1)(t+ 2)

(3b+ 1)3!
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

(5b+ 1)5!
+ ...

]

−

∫

∞

0
e−w

[

t

b+ 1
(e−w/b)b+1 +

t(t+ 1)(t+ 2)

(3b+ 1)3!
(e−w/b)3b+1 +

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

(5b+ 1)5!
(e−w/b)5b+1 + ...

]

dw

=

[

t

b+ 1
+

t(t+ 1)(t+ 2)

(3b+ 1)3!
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

(5b+ 1)5!
+ ...

]

−

[

t

b+ 1

b

2b+ 1
+

t(t+ 1)(t + 2)

3!(3b+ 1)

b

4b+ 1
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

5!(5b + 1)

b

6b+ 1
+ ...

]

Combining the results yields

E
(

(1 + sgn(yj/sij) exp (−(K − 1)wij))
−t ;xi > 0

)

=1−
t

b+ 1
+

t(t+ 1)

(2b+ 1)2!
−

t(t+ 1)(t + 2)

(3b+ 1)3!
+

t(t+ 1)(t+ 2)(t+ 3)

(4b+ 1)4!
−

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

(5b+ 1)5!
+ ...

+

[

t

b+ 1

b

2b+ 1
+

t(t+ 1)(t + 2)

3!(3b+ 1)

b

4b+ 1
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

5!(5b + 1)

b

6b+ 1
+ ...

]

=1−
t

2b+ 1
+

t(t+ 1)

(2b+ 1)2!
−

t(t+ 1)(t+ 2)

(4b+ 1)3!
+

t(t+ 1)(t+ 2)(t+ 3)

(4b+ 1)4!
−

t(t+ 1)(t+ 2)(t+ 3)(t + 4)

(6b+ 1)5!
+ ...

Therefore, we can write

Pr
(

Q+
i < ǫM/K, xi > 0

)

≤ exp

(

−
M

K
H2(t; ǫ,K)

)

where

H2(t; ǫ,K) = −ǫt−K log



1 +

∞
∑

n=2,4,6...

1

n(K − 1) + 1

n−1
∏

l=0

t+ l

n− l
−

∞
∑

n=1,3,5...

1

(n+ 1)(K − 1) + 1

n−1
∏

l=0

t+ l

n− l





H2(t; ǫ,∞) = −ǫt−





∞
∑

n=2,4,6...

1

n

n−1
∏

l=0

t+ l

n− l
−

∞
∑

n=1,3,5...

1

(n+ 1)

n−1
∏

l=0

t+ l

n− l




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C Proof of Lemma 4

We introduce independent binary variablesrj, j = 1 to M , so thatrj = 1 with probability 1 − γ and
rj = −1 with probabilityγ. Define

Q+
i,γ =

M
∑

j=1

log
(

1 + sgn(rjyj)sgn(uij)e
−(K−1)wij

)

=

M
∑

j=1

log
(

1 + sgn (rjyj/sij) e
−(K−1)wij

)

Note thatsgn(rjuij) = 1 with probability1/2(1 − γ) + 1/2(γ) = 1/2, hence it has the same distribution
assgn(uij). Following the proof of Lemma 2, we can derive

Pr

(

Q+
i,γ > ǫM/K, xi = 0

)

=Pr





M
∑

j=1

log (1 + sgn(rjyj/sij) exp (−(K − 1)wij)) > ǫM/K, xi = 0





=Pr





M
∑

j=1

log (1 + sgn(rjSj/sij) exp (−(K − 1)wij)) > ǫM/K





=Pr





M
∑

j=1

log (1 + sgn(rjuij) exp (−(K − 1)wij)) > ǫM/K





=Pr





M
∏

j=1

(1 + sgn(rjuij) exp (−(K − 1)wij)) > eǫM/K





=Pr





M
∏

j=1

(1 + sgn(uij) exp (−(K − 1)wij)) > eǫM/K





At this point, it becomes the same as the problem in Lemma 2, hence we complete the proof.

D Proof of Lemma 5

Pr

(

Q+
i,γ < ǫM/K, xi > 0

)

=Pr





M
∏

j=1

(1 + sgn(rjyj/sij) exp (−(K − 1)wij))
−t > exp (−tǫM/K) , xi > 0





≤ exp (tǫM/K)EM
(

(1 + sgn(rjyj/sij) exp (−(K − 1)wij))
−t ;xi > 0

)
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Considerα → 0. We studysgn(rjyj/sij) = sgn (xirj + rjθiSj/sij), whereSj , sij ∼ S(α, 1) i.i.d. Let
Tij = sgn(rjyj/sij) exp (−(K − 1)wij). Asα → 0

Tij =sgn

(

xirj + rjθisgn(Uj)sgn(uij)

(

wij

Wj

)1/α
)

e−(K−1)wij

=sgn

(

xirj + rjsgn(Uj)sgn(uij)

(

(K − 1)
wij

Wj

)1/α
)

e−(K−1)wij

=

{

sgn(rjxi)e
−(K−1)wij if (K − 1)wij < Wj

sgn(rjuij)e
−(K−1)wij if (K − 1)wij > Wj

Thus,

E
(

(1 + sgn(yj/sij) exp (−(K − 1)wij))
−t ;xi > 0

)

=(1− γ)E

{

∫ Wj/(K−1)

0
(1 + exp (−(K − 1)u))−t e−udu

}

+ γE

{

∫ Wj/(K−1)

0
(1− exp (−(K − 1)u))−t e−udu

}

+
1

2
E

{

∫

∞

Wj/(K−1)
(1 + exp (−(K − 1)u))−t e−udu

}

+
1

2
E

{

∫

∞

Wj/(K−1)
(1− exp (−(K − 1)u))−t e−udu

}

=
1

2

{∫

∞

0
(1 + exp (−(K − 1)u))−t e−udu

}

+
1

2

{∫

∞

0
(1− exp (−(K − 1)u))−t e−udu

}

+

(

1

2
− γ

)

E

{

∫ Wj/(K−1)

0
(1 + exp (−(K − 1)u))−t e−udu

}

−

(

1

2
− γ

)

E

{

∫ Wj/(K−1)

0
(1− exp (−(K − 1)u))−t e−udu

}

=
1

2

∫ 1

0

(

1 + ub
)

−t
du+

1

2

∫ 1

0

(

1− ub
)

−t
e−udu−

(

1

2
− γ

)∫

∞

0
e−w

∫ 1

w/b

[

(

1− ub
)

−t
−
(

1 + ub
)

−t
]

dudw

Again, for convenience, we denoteb = K − 1. As shown in the proof of Lemma 3, we have

1

2

∫ 1

0
(1 + ub)−tdu+

1

2

∫ 1

0
(1− ub)−tdu = 1 +

t(t+ 1)

(2b+ 1)2!
+

t(t+ 1)(t+ 2)(t+ 3)

(4b+ 1)4!
+ ...

For the other term, we have
∫

∞

0
e−w

∫ 1

w/b

[

(

1− ub
)

−t
−
(

1 + ub
)

−t
]

dudw

=2

∫

∞

0
e−w

∫ 1

e−w/b

[

tub + t(t+ 1)(t+ 2)u3b/3! + t(t+ 1)(t+ 2)(t+ 3)(t+ 4)u5b/5! + ..
]

dudw

=2

[

t

b+ 1
+

t(t+ 1)(t+ 2)

(3b+ 1)3!
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

(5b+ 1)5!
+ ...

]

−2

∫

∞

0
e−w

[

t

b+ 1
(e−w/b)b+1 +

t(t+ 1)(t+ 2)

(3b+ 1)3!
(e−w/b)3b+1 +

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

(5b+ 1)5!
(e−w/b)5b+1 + ...

]

dw

=2

[

t

b+ 1
+

t(t+ 1)(t+ 2)

(3b+ 1)3!
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

(5b+ 1)5!
+ ...

]

−2

[

t

b+ 1

b

2b+ 1
+

t(t+ 1)(t+ 2)

3!(3b + 1)

b

4b+ 1
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

5!(5b + 1)

b

6b+ 1
+ ...

]

=2

[

t

2b+ 1
+

t(t+ 1)(t + 2)

3!(4b+ 1)
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

5!(6b + 1)
+ ...

]
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Combining the results yields

E
(

(1 + sgn(yj/sij) exp (−(K − 1)wij))
−t ;xi > 0

)

=

[

1 +
t(t+ 1)

(2b+ 1)2!
+

t(t+ 1)(t+ 2)(t+ 3)

(4b+ 1)4!
+ ...

]

− (1− 2γ)

[

t

2b+ 1
+

t(t+ 1)(t+ 2)

3!(4b + 1)
+

t(t+ 1)(t+ 2)(t+ 3)(t+ 4)

5!(6b + 1)
+ ...

]

Therefore, we can write

Pr

(

Q+
i,γ < ǫM/K, xi > 0

)

≤ exp

(

−
M

K
H4(t; ǫ,K, γ)

)

where

H4(t; ǫ,K, γ) = −ǫt−K log



1 +

∞
∑

n=2,4,6...

1

n(K − 1) + 1

n−1
∏

l=0

t+ l

n− l
−

∞
∑

n=1,3,5...

1− 2γ

(n+ 1)(K − 1) + 1

n−1
∏

l=0

t+ l

n− l





H4(t; ǫ,∞, γ) = −ǫt−





∞
∑

n=2,4,6...

1

n

n−1
∏

l=0

t+ l

n− l
−

∞
∑

n=1,3,5...

1− 2γ

(n+ 1)

n−1
∏

l=0

t+ l

n− l




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