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1 Proof of the Proposition[I]
We now prove the Proposition [l that gives the condition of compactness of sublevel set.

Proof. Let B4(r) and S?!(r) denote the ball and sphere of radius 7, centered at the origin.

By affine transformation, we can assume that X, contains the origin O, X, C Bd(l), and
X, N S471(1) = ¢. Then, we have that for Vo € S9=1(1),

(Vf(z),2) = f(z) - f(O) >0,

where we use convexity for the first inequality and O € X, A 2 ¢ X, for the second inequality. We
denote the minimum value of (V f(x), z) on S?~!(1) by . Since (V f(z), ) is positive continuous,
we have o > 0. For Vr > 1 and Vx € S?71(r), we set & = x/r € S%71(1), then it follows that

fl@) = f(@)+(Vf(@),x - &)
> f@)+(r=1)(Vf(2), )
> fi+(r—1a
This inequality implies that if » > 1 + %, then we have f(x) > ¢ for Vo € S%~1(r). Therefore,
sublevel set {z € RY; f(z) < c} is a closed bounded set. O

2 Proof of the Lemma/[l

To prove Lemmal[ll the following lemma is required, which is also shown in [1].
Lemma A. Let {£;}", be a set of vectors in RY and i denote an average of {&;}7"_,. Let I denote

a uniform random variable representing a size b subset of {1,2, ... ,n}. Then, it follows that,
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Proof. We denote a size b subset of {1,2,...,n} by S = {i1,...,4} and denote & — u by &.
Then,
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where C(-,-) is a combination. By symmetry, an each §~Z appears w

éT éj for ¢ < j appears % times in ) _ . Therefore, we have
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Since, 0 = || 0L, &* = Z?:l I€:17 + 232, .ic; €Es we have
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This finishes the proof of Lemma. O

We now prove the Lemmal[Il

Proof of Lemmalll. We setv; =V fj(xx) — V f;(&) + 0. Using Lemma A and

UkZ%Z’U;,

S
conditional variance of v}, is as follows
E;, |lve — V 2_1n- IE —Vv 2
nlloe =V f@o)|P = 3 2B o} = V£ (o),

where expectation in right hand side is taken with respect to j € {1,...,n}. By Corollary 3 in [2],
it follows that,

Ejllv; = Vf(@i)ll* < 4L(f(zr) = f(2a) + F(Z) = f(z2).
This completes the proof of Lemmal[ll O
3 Stochastic gradient descent analysis

Below is the proof of Lemma[3

Proof of Lemmal[3]. 1t is clear that yj, is equal to x, — nuy. Since f(z) is L-smooth and n = +, we
have,

Flw) < S+ (T FGr), e~ x) + 5 o — i
= S(@) — T (TFGr) ) + 5 ol

vy, 18 an unbiased estimator of gradient V f (), that is, Ej, [ug] = V f(x)). Hence, we have

Erllvell* = IVF @i)l* + Er vk — Vf (22)lI.

Using above two expressions, we get
1 2 1 2
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= flax) - IIVf(fJCk)II2 ]Ezk lok = V f ()|



4 Stochastic mirror descent analysis

We give the proof of Lemma [l

Proof of Lemmald. The following are basic properties of Bregman divergence.

(V) — y) = Va() — V() — Va(y), (1)
Va(y) > ~lle — > @)
Using (I) and (@), we have
o (Vg 2k—1 —u) = og(vg, 2k—1 — 2k) + ag(vg, 2k — u)

ap(vk, 2h—1 — 2x) — (VVz,_ (2k), 21 — )
(v, 261 — 21) + Vo, (w) = Vo, (u) = Vi, (2k)

=]
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ag(Vk, k-1 — 2k) — §||Zk—1 - ZkH2 + Vzk-fl(u) =V (u)

=7
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iail‘kaQ + Vzk—l(u) - ‘/Zk (u)7

where for the second equality we use stochastic mirror descent step, that is, axvg + VVZ (zk) 0
and for the last inequality we use the Fenchel-Young inequality vy (vi,, zk—1 — 2k) < 22 |jog|® +

3llzk—1 — 2.

By taking expectation with respect to I, and using Ep, [|vg||> = ||V £ (zx)||? + E1, |k — V f(2k) |2,

we have
1 1
ar(Vf(zr), 21 —u) <V, (u) = Ep, [Va, (u)] + §0<%||Vf($k)||2 + 50@3@ lor = Vf () ||

This finishes the proof of Lemma [ O

5 Proof of the Lemma[2

We now prove the Lemma[2] that is the key to the analysis of our method.

Proof. We denote V,, (x.) by V}, for simplicity. We get

1 (V f(Th1), 26 — 24)
< Vi —Epp, Vi) + Log oy (f(@rt1) — Er, [Frs)]) + 01 By ok — Vi (@) |2
< Vi —Er, Vil + Lag oy (F(rr1) — Br [f (grg)])
HALAE 41 Ok (f (wrg1) — fl2) + f(wo) — f(=))
=Vi —Eppy [Via] + (1 + 46k11) Lag 4 (f(zrg1) — f(24)) = Lag 1 B [f (i) — f(0)]
+ALAR 16k 41(f (yo) — f(2.)),

where for the first inequality we use Lemma[Bland ] with u = z,, for the second inequality we use
Lemmalll

By taking the expectation with respect to the history of random variables I, I> . . ., we have,

1 E[(Vf(zhi1), 2 — 22)] < E[Vi = Viga] + (1 + 40k41) Lo E[f (mp41) — f(24)]
—Laf 1 E[f (yrs1) = f(@)] + 4Lai 1 0k41(f(yo) — f(22)), ()



and we get
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Using @), @), and V;, , , (x,) > 0, we have
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k=0
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This completes the proof of Lemmal2l U

6 Modified AMSVRG for general convex problems

We now introduce a modified AMSVRG (described in Figure[I) that does not need the boundedness
assumption for general convex problems. We set 77, a1, and 74 as in (). Let by11 € Z, be the

Algorithm 3(wo, (ms)sez., 0, (0rt1)rez.s (ry1)rez., (Th)rez.)

fors<«+ 0, 1,...

Yo < Ws, 20 < Wo

Ws41 < Algorithm]—(yOa 20, Mg, 1, (ak+1)kez+7 (bk+1)k€Z+7 (Tk)k€Z+)
end

Figure 1: Modified AMSVRG

minimum values satisfying 4L 11 ax+1 < p for small p (e.g. 1/4). Let my = {4 LVZOE(L)-‘

From Theorem[I] we get

E[f(wst1) = f(z0)] < e+ a(f(ws) = f(2.)),

where a = % p. Thus, it follows that,

S ate+a™ (f(wo) - f(z.))

t
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e+ a1 (f(wo) - f(zy)).




Hence, running the modified AMSVRG for O (log %) outer iterations achieves e-accurate solution
in expectation, and a complexity at each stage is

il nm?
0 (n+2bk+1> <0 <n+ n+;¢5>

k=0

:O<"+mj:L\/?L> =O<n+min{§7n\/§}>a

where we used the monotonicity of b1 with respect to k for the first inequality. Note that V()
is constant (i.e. V4, (x4)), and O hides this term. From the above analysis, we derive the following
theorem.

Theorem 1. Consider the modified AMSVRG under Assumptions[Il Let parameters be as above.
Then the overall complexity for obtaining e-accurate solution in expectation is

o (oo 2} (1))
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