Supplementary Material for “A Deep Generative Deconvolutional Image
Model
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A More Results

A.1 Generated images with random weights

M™XTVONNI NN
mcLwir NSO

NOVSTUOMI PRI
VIAQD MM g O
N VD Q D& 8
SO NRNINSE D
NI,
DN ™NVQ

O™ NB Ny MmN
Jf.l__.w;.__na n.u,._,ﬂ. ....q.l.___..___..__J.._,_..b

ry weights at the top of the

ed from MNIST with random dictiona

ated images from the dictionaries train

Figure 1: Gener
two-layer model.
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Figure 2: Generated images from the dictionaries trained from “Faces_easy” category of Caltech 256 with random dictio-
nary weights at the top of the three-layer model.
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Figure 3: Generated images from the dictionaries trained from ‘baseball-glove” category of Caltech 256 with random
dictionary weights at the top of the three-layer model.



Yunchen Pu, Xin Yuan, Andrew Stevens, Chunyuan Li, Lawrence Carin

A.2 Missing data interpolation
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Figure 4: Missing data interpolation of digits (left column) and Face easy (right column). For each column: (Top) Original
data. (Middle) Observed data. (Bottom) Reconstruction.
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B MCEM algorithm

Algorithms 1 and 2 detail the training and testing process. The steps are explained in the next two sections.

Algorithm 1 Stochastic MCEM Algorithm

Require: Input data {X™ ¢, }N
fort =1toocodo
Get mini-batch (Y("); n € 1) randomly.
for s=1to N do
Sample {’y " k‘))} ko from the distribution in (34);
sample {7, (™Fr) }K L_, from the distribution in (33);
sample {{Z"™ k“l)}flzl}f:l from the distribution in (24);
sample {S(™Fr,L) }fle from the distribution in (31).
end for
Compute Q(¥|¥®) according to (41)
for/ =1to L do
Update {§(Fi-1:b t)}Ki '_, according to (46).
for kj_; =1to K, 1d0
for k; = 1to K, do
Update D(ki—1:k1:L1) according to (47).
end for
Update X (mki-1:.08) = ZkKllzl Dki—1kilLt) o §lnkilit)
Update S(n,kl_l,lfl,t) _ f(X(n,kl,_l,l,t)’ Z(n,kl_l,lfl,t))_
end for
end for
for { =1to C do
Sample /\% ) from the distibution in (39) and compute the sample average 5\% 't
Update ,8(“) according to (48).
end for
end for
return A point estimator of D and 3.

Algorithm 2 Testing

Require: Input test images X (*), learned dictionaires {{D k“l)}kl OB,
fort=1toT do
fors=1to N do
Sample {~{"**) iy_, from the distribution in (34);

sample {7, (™ kL)} ; from the distribution in (33);

sample {{Z (k) } k1 }=;! from the distribution in (24);
end for
Compute Qtast(\lltesthllg?st) according to (55)
for/ =1to L do
Update {§0Fi-1:4 t)}Kl '_, according to (46).
end for
for k;, = 1to K1, do
Update Z*#2.L) according to (61).
Update W (*¥2.L) according to (60).
end for
end for
Compute {StF- L)L EL | and get its vector verstion s,.

Predict label £*=arg max, ﬁl Sk.
return the predicted label ¢* and the decision value ﬁ;rs*.




Yunchen Pu, Xin Yuan, Andrew Stevens, Chunyuan Li, Lawrence Carin

C Gibbs Sampling

C.1 Notations

In the remainder of this discussion, we use the following definitions.

(1) The ceiling function:

ceil(x) = [z] is the smallest integer that is not less than x.

(2) The summation and the quadratic summation of all elements in a matrix:
if X € RVexNy,

N:z N!/ Nm N’U
sum(X) = > > Xy, X3 =>"> X2 1)
i=1 j=1 i=1j=1
(3) The unpooling function:

Assume S € RNe*Nv and X € RNe/P«*Nu/Py. Here p,,p, € N are the pooling ratio and the pooling map is
Z € {0,1}Ne>Nu Let i’ € {1,...,[Nu/pe} 5 € {1,...,[N,/p, 1} i € {1,...,N.}, 5 € {1,...,N,}, then f :
RNz/pszy/py X {O’I}meNy N RNszy.

IfS = f(X,Z)
Sig = Xtifpa1,1i/p1 Zid- )
Thus, the unpooling process (equation(6) in the main paper) can be formed as:
S(n,k;,,l) — unpool(x(n,k,,lJrl)) _ f()((n,kl,lJrl)7 Z(n,kl,l)). (3)

(4) The 2D correlation operation:
Assume B € RVB=XNBy gnd C € RVo=>xNew If A = B®C, then A € RWVs2—Noa+1)x(Noy—Noy+1) with element
(i, 7) given by
Nco Noy

A=Y Bptic14+j-1Cpa- 4)

p=1 ¢=1

(5) The “error term” in each layer:

(nki_1,0) 0 {V(n)io: (n,ko) 1|2
G T = ey T D BT 5)
i,j n,ki_1,l 2

aXz(',j h 2 ko=1

(6) The “generative” function:

This “generative” function measures how much the k" band of [*" layer feature is “responsible” for the of input image
X () in the current model:

D®) 4 F(X, Z(nykvl)) ifl =2,

6
Zﬁ’;ll g (D(m’k’l_l) * (X, ZHFA=DY i om ] — 1) ifl > 2. ©

g(X7n’k7Z) = {

It can be considered as if k*" band of I*" layer feature changes X (i.e. X (% — X (kD 4 X) the corresponding
data layer representation will change g(X,n,k,1) (i.e. X — X™ 4+ ¢(X,n,k,1)). Thus, forl = 2,...,L, we
have

K;
XM =3 "g(X,n,k,1) + EM. (7)
k=1

Note that g() is a linear function for X, which means:

g(ﬂlxl + /~‘L2X27n7kvl) = /ng(Xl,n,k,Z) + MQg(XQ’n”k?l)' (8)
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For convenience, we also use the following notations:

(nk,l).

o We use Z("*:) to represent {2;";"""; Vi, j}, where the vector version of the (i, 7)™ block of Z("*) is equal to

(nkh)
74] *

e 0 denotes the all 0 vector or matrix. 1 denotes the all one vector or matrix. e,, denotes a “one-hot” vector with the
th element equal to 1.

C.2 Full Conditional Posterior Distribution

Assume the spatial dimension: X (") ¢ RNiXNéXK“l, D) ¢ RNézXNéyXK“l, S(kul) ¢ RNs:XNsy and Z(mFul) ¢
{0, I}NéwXNlSy. For [ =0,...,L, wehave k; = 1,..., K; . The (un)pooling ratio from [—th layer to (I + 1)—layer is
Pl x pfy (wherel =1,...,L — 1). We have:

N; = Ng, + Ng, — 1, NL = pb x N+, ©)
N} = N}, + N§, -1, Nk, = pl, x N{D. (10)
Recall that, forl =2, ..., L:
K
X (ko) = 3 " pi-nknh)  glnkod), (11)

ki

Without loss of generality, we omit the superscript (n, k;—1, ) below. Each element of X can be represent as:

Ndz Ndy
Xij = D) DpoSisNaspi+Nay—a)
p=1qg=1
= Dy ¢S4 Nuw—pjt Nay—a) + Xiy 7 (12)

where X, ](p 9 is a term which is independent of D), , but related by the index (7, 7,p,q); 80 1S S(i4 Ny —p,j+Na,—q)-
Followmg this, for every elements in D, we can represent X as:

X=X_(pq) T Dp.gS—p,0) (13)

where matrices X _,, ;) and S_,, ;) are independent of D,, , but related by the index (p, ¢) (and the superscript (n, k;—1, 1 ).
Therefore:

EM — x(0) _ Zg (X, n, k,1) (14)
Kz
—xm _ Z g(X,n, k1) — g(X,n, ki_1,1) (15)
k=1,#k;_1
K
=Xm — Z 9(X,n,k, 1) = g (X (p.g) + Dp,gS—(p,q)s 1 k1-1,1) (16)
k=1,#ki_1
K,
—xn) _ Z 9(X,n, k1) — g (X_ gy ki—1,1) + 9 (S_(p.q)s s ki—1,1) Dy g 17)
k=1,#k;_1
=Cpg = Dp,gFp,q) (18)

If we add the superscripts back, we have:
E® — Cg’zklvl) + Dé?ékl’l)Fg:l(],khl)’ (19)

where matrices Cl(,ilq’kl D and FEZ’MJ) are independent of DI(,TLq’k“Z) but related by the index (n, k;, 1, p, q).

Similarly, for every elements in z, we have

E(n) A(n ky,l) 4z (n, klvl)B(" ki, l). (20)

©,5,m 2 ,J,m ©,J,m
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1. The conditional posterior of D(kl vkl
(ki—1,k1,0) (ki—vskersl) (ki kusl)
D,]l 1,k1 _ N(,u 7]l 1,k 7 l,]l 1,k )’ (21)
where
—1
0.(”31 vhol) ( HF(n Jke,l) ||§+1> 7 22)
’ul(_fﬂjl—l»kul) _ O_(El 1, kl’l)sum(CEZ’kl’l) OFEZ’kl’l)). (23)
2. The conditional posterior of z(" k).,
Pepy
zijl— ~ Bolzi; = 0]+ D Oulzi; = enl, (24)
m=1
where
- Q(ZL)UL(ZL) os)
- 6(0) mepy e(m) (m))
A 0.") o6
RO) Papy () ()’
975, Zm 19’Lj zg
0 =exp {— % (JAL ~BIVIE - 1A713) }- )

For notational simplicity, we omit the superscript (n, k;,1). We can see that when n(m)

4,J
(™) are small the model will prefer not

is large, O, is large, causing
the m™ pixel to be activated as the unpooling location. When all of the i

unpooling — none of the positions m make the model fit the data (i.e., BE) j) is not close to AET) for all m); this is
mentioned in the main paper.

3. The conditional posterior of ok
6 |~ Dir(almkD), (28)

where

k) — = (n,ke,1) _ 1,1
Q™" pmpy +1 +Zzzzjm for m = 1""7p$py7 (29)

agth = pH ZZ( Z{mﬂ- (30)

4. The conditional posterior of S; (n koL,
o e~ (= 2+ 2 PN ED T A, G31)
where
-1
AET; ko, L) ( (n)”F n,kr,L Z(" kr,L ||2 + Z I (1’) Z(" kL, L )ﬁi(,];L’Z))Q + ,ygn,kL)> )
57; ko, L) _ A(n kr, L)Z(n kr,L) (sum(F(n 2k, L) C(n kr, L) )+ Zy“)ﬁ(?’@(l + )\g))> ) (32)
Here we reshape the long vector 3, € RN:a NG KL into a matrix Bé € RV XN <KL which has the same size of

S(n,L)
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5. The conditional posterior of %S"”‘?L):
vk | — ~ Gamma <as + ‘]\[SL;]\[SLJ bs + ;||s<"»kLvL>||§> . (33)
6. The conditional posterior of 7{™:
7™ |~ ~ Gamma (ao + No x Ny x Ko ]\2["’ x Ko ,bo+ % i ||E("’k°)||§> . (34)
ko=1

7. The conditional posterior of 3,:

l L
RN N Ko x1

. . L NL . .
Reshape the long vector 3, € into a matrix 8, € RN==*Ney XKL which has the same size as S("%).

‘We have:
B~ Ny, ol (35)
-1
gk _ o) ( qlnkr,L)y2 1
T = < )\(z)ygt)(si,j ") +M> ; (36)
n 17‘7
kp ‘ kL kL
M’E,]L ) (”. ) [ (Z)Si(z L )(1+)\£LZ) 7F(_"(k7127j)))}7 (37)
(nkp,L) (n,k',L) (k’ D)
Mlaiy = 2 ZZSW By (38)
k ;é/zl;ézj "4

8. The conditional posterior of )\Sf)
W)~ TG (11— yhsy BV 71 ), (39)

where ZG denotes the inverse Gaussian distribution.

D MCEM algorithm Details

D.1 Estep

Recall that we consolidate the “local” model parameters (latent data-sample-specific variables) as ®, =
({z("’l)}le,S(7”L),7§n),E("), {)\g)}?zl), the “global” parameters (shared across all data) as ¥ = ({DW}[, 3),
and the data as Y,, = (X(™,£,,).. At #*" iteration of the MCEM algorithm, the exact () function can be written as:

QUEITY) = p(¥)+ Y E, o,y (np(Yo, 8,/T)}

n€l;
L ¢ 3T 2
ko) (1 + A% — ¥nBi Sn)
= _E(Zﬁe,S(“,%)\Y,D(”ﬁ(‘)){Z [ Z (B3 + Z 2,\en -
n€eL; ko=1 n
L Ki-1

—fz Z Z ||D(k’ 1”““’l)||2—|—const (40)

=1 kl 1=1 k}l 1
where const denotes the terms which are not a function of W.
Obtaining a closed form of the exact () function is analytically intractable. We here approximate the expectations in (40)

by samples collected from the posterior distribution of the hidden variables developed in Section C.2.
The @ function in (40) can be approximated by:

~ 1 76( ,s:t) n,ko,s, 1 + )\n(é,s,t) - nyIBTsin(s’t))z
Qee?) = -~ {Z [ Z [loh t)||2+z T
5 s=1 \nez, ko=1 2277
L K1

772 Z Z ||D(k’ L) ||2+const 41)

=1 k_1=1k=1
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where
K1
E(’n,ko,s,t) — X(n,ko) _ Z D(k‘o,kl,l) " S(n,k‘l,l,s,t)’ (42)
ki=1
andforl =2,...,L
K,
X(n,kl_l,l,s,t) _ Z D(kl—l,kl,l) % S(nﬁkz,l,s,t% (43)
k=1

§(niki—1,l=1,5,t) f(X(n,kl_hl,s,t)’ Z(n,k;,—l,lfl,S,t)% 44)

where S(L:t) ’)76(5*’5), S\(S’t) and Z(*) are a sample of the corresponding variables from the full conditional posterior at
the t*" iteration. N, is the number of collected samples.

D.2 M step

We can maximize Q(®|®®)) via the following updates:

1. Fori=1,...,L, kj_1=1,...,Kp_1and k; = 1,..., Ky, the gradient wrt Dki—1k00) g

o nel;
where
Flrkolt) - — glnkot) [ (ko) _ 53K (ko kit) S(n,kl,l,t):| ’
=
(nki—1,lt) Ki—s (n,ki—2,l—1,t) ki—o,ki—1,l—=1,t)\ Z(nki_1,l—1,t (46)
4 = [k m(0 ® DI ), Z( ).
Following this, the update rule of D based on RMSprop is:
t+1 t 2Q 2
vl = av'+ (1 - O‘)(ap(szl,kz,lvﬂ) ,
47
k1. ki lt+1) ki_1.kilt 2Q
D (ki—1,k ) = DE-uklt) \/'viﬁaD(kl—lﬂkl«lvt)'
2. For¢ =1,...,C, the update rule of B is:
-1
ﬁ(e,t+1) _ [(Q(Z,t))—l + 3&@ (A(z,t))—1§(“) 5’&@(1 + (A(Z,t))—1)7 (48)
where
(AU~ = diag(A) ™), (49)
(QED) ! = diag (|80 ). (50)
and 3(e,1) denotes a matrix with row n equal to yf;.§$f ).

D.3 Testing
During testing, when given a test image X*), we treat S(*X) as model parameters and use MCEM to find a MAP estimator:

S¢D) — argmax Inp(S*2)[X™), D), (51)
S+, L)
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L L . . . . .
Let Stkr L) — Wke,L) o Z(okeL) - where W(ke:L) ¢ RN:=*Ney  The marginal posterior distribution can be
represented as:

p(SEHIX* D) = p(WHH, z&HY™ D) (52)
o / Y pXOWER 2 BO D)p(W B 5 (0)p(Z)p(r{7)p(E)dED dy (), (53)
/Z(L)

where /Z(E) = {ZOY 1 Let Wy = (WL Z5 DY and @45, = {{ZW}[!, 7%, E*}. The Q function for testing
can be represented as:

Qtest(‘I’test|‘I’7§ilt) (‘I‘teét ‘\I,ﬂ:gt’ Y (%) , D) {hlp(x(*), D, ¢test7 \I’test)} . (54)

The testing also follows EM steps:

E-step: In the E-step we collect the samples of 7., v, and {Z® }le_ll from conditional posterior distributions, which is similar

to the training process. (Qi.s¢ can thus be approximated by:

_ N (#,5,t)
Qtest(Wrost | T = — 3 {7 Z I Z Dkokil) y §lokilen) |2 | Z A ek s) | gy ok L) |2

s=1 ko=1 ki=1 k=1
(55)
where
KL
K (+oko-1,L,t) _ Z Dkr-1ke,L) (W(*,kL,L) o Z(*,kL,L)> ’ (56)
andforl=2,...,L—1
Soki—1,l=1,s,t) _ f(X(*,kz—hl,t)’ Z(*,kz—l,lfl,s,t))’ (57)
K,
X Ceski—1,ls,t) Z D=1kl Glekilst) (58)
k},:l
M-step: In the M-step, we maximize Q;.; via the following updates:
1. The gradient w.r.t. WKr.L) i
OQiest & (#kp1,L,1) (kp—1.kp.L) (k0o L) | ~ (k)W (eokn Dot)
Gy = | XU @Dk | g bW, (s
kr—1
where §**-1:L1) s the same as (46). Therefore, the update rule of W based on RMSprop is:

t+1 t OQtes 2

u = ou + (1 - a)(aw(*,szL,t))
, (60)

(x,Kr,Lit+1)  _ (*,K1,L,t) € OQtest

WKL = WKL 4 e et
2. The update rule Z*F2.L) js
Z(* ony 1 if 9(*7kL7L)77§:;’kL’L) S 1 — glke.L) 6
,J - ;
0 otherwise

( kLvL)

where U is the same as (27).
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E Bottom-Up Pretraining

E.1 Pretraining Model

The model is pretrained sequentially from the bottom layer to the top layer. We consider here pretraining the relationship
between layer [ and layer [ + 1, and this process may be repeated up to layer L. The basic framework of this pretraining
process is closely connected to top-down generative process, with a few small but important modifications. Matrix X ()
represents the pooled and stacked activation weights from layer I — 1, image n (K;_; “spectral bands” in X" due to
K;_; dictionary elements at layer [ — 1). We constitute the representation

K
X(n,l) _ Z D(kl,l) % S(n,kl,l) + ]_B(nJ)7 (62)
k=1
with
DED ~NOTyw) B~ N, ()T ) e ~ Gamma(ae, be). (63)

The features S(™*-:)) can be partitioned into contiguous blocks with dimension Pl x ply. In our generative model, S(%:1)

is generated from X (™#:!+1) and z(™ki.D) where the non-zero element within the (7, j)—th pooling block of S(*:D) js
set equal to Xf?’liH) (n o))
2.2 in the main paper). Now the matrix X (™*1:1+1) is constituted by “stacking” the spatlally—aligned and pooled versions
of S,(C?:kllll)(l Thus, we need to place a prior on the (i, j)—th pooling block of S(™*t:1):

and its location within the pooling block is determined by z; ,aph x pg binary vector (Sec.

S = 2 W m =1, (64)
pmpy

57; KL 0871,161,” [ZEZ kl,l) Z 0(71 ki, l) (n kz,l) m]7 0(7z,l,kl) -~ Dlr(l/pép;, - 1/pmpy) (65)
m=1

WZ(?,I:L“ ) ~ N7}, Yt ~ Gamma(a.,, by ). (66)

If all the elements of zy; l,g are zero, the corresponding pooling block in S

Z€r10.

kLD will be all zero and X(" Rl Wil be

Therefore, the model can be formed as:

K;
XD = 3" Dkl 4 (zm,kz,w o W(mlcl.,z)) +EMD, (67)
k’lzl

=Sk, 1)

where the vector version of the (i, j)-th block of Z(™*::!) is equal to z(z ohul)

product operator. The hyperparameters are set as a. = b, = a,, = b,, = 1076,

and ® is the Hadamard (element-wise)

We summarize distinctions between pretraining, and the top-down generative model.

e A pair of consecutive layers is considered at a time during pretraining.

e During the pretraining process, the residual term E(™ is used to fit each layer.

In the top-down generative process, the residual is only employed at the bottom layer to fit the data.

During pretraining, the pooled activation weights X("/*+1) are sparse, encouraging a parsimonious convolutional
dictionary representation.

The model parameters learned from pretraining are used to initialize the model when executing top-down model
refinement, using the full generative model.
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E.2 Conditional Posterior Distribution for Pretraining

. D(k]—lykl1l)|_ NN(@E’kj‘l—laklvl)7E(]?—lqkl>l))

,J i

N
E(kl,l,kl,l) =10 (Z ,Yén,l)Hz(n,kz,l) ® W(n,kl,l)Hg + 1)
n=1

N
@(kl_l,k“l) — z(kl_l,k}l,l) @ { Z ,Yén,l) |:X7(n’kl'_17l) @ (Z(n,kl,l) @ W(’n,k‘l,l))

n=1

+ | ZRed & W(n,kl,l)HgD(kl_l,k,,z)} }

n,k,l —(n,ky,l n,k;,l
o WD~ A&l ALY

= :
2,J Y]

K1
AlmkLD —q % Z ,an,l)||D(kz_1,kz,l)
ki_1=1

3ZkD) | (kD

K1

gkil) _ A(kLD o Z(nkil) o { Z (D) {Xf(n,kl_l,l) & DFi—1kD)

ki_1=1

+ ||D(szl,kz,l)||§W(n,kz,l) ® Z(n,kz,l)} }

NL, x N! W k1D 3
N ,_yq(ﬂn,kl,l)|7 ~ Gamma (aw + %’ bw + %
. zgz,k,,l):

Letm € {1,...,pLp, }; from

K; 4

YR = 37 e [IDR-nkud |2 (Wm,kz,l))z _9 (X@éfz—hl) ® Dszl,kl,Z) © Wnkih]

ki_1=1
and
(n,k1,0) 1y (nki )
j(nkl) _ Om eXp{_zym,m }
bime T (k) PLpl, p(n.kil) 1y (ki)
05" +Zm:ﬁ0$’ eXP{*iyi,Zml
é(n,kul) 7 9(()”7]”’”
650 T (k) PLPY o (n,ki,l) 1y (k)]
O "+ D O exp{_§}/;,j,7?Ll }
we have
L1
PP
(n,kr,0) é(nvkz’l) (noki,l) ‘”é(n,k,,,z) (ki D)
Zij | ~ 8 [zi,j = 0] + m [zi,j = €.

m=1

(63)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)
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. o(n,kl,l)|_ ~ Dir(a("’k“l))

(n,ky,l) _ (n,ky,1) _ 1.1
O : p p + 1 ZZszm for m = 1?--~7pwpy7 (77)

a(()n,kz,)_pp +1+ZZ<1_ZZ(TL7€Z ) (78)

NL x NI x K;_ Ky se—(nikio)2
o 70"V ~ Gamma | a + ———2—— b+ Y %
k171:1




