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A Proof of Lemma 1

In the notation of Definition 1, let & (£ =1,...,k) be the event that some set S of cardinality ¢ fails to satisfy
the expansion property, i.e., |[Nx(S)| < (1 — €)d|S|. We start with the following non-asymptotic bound given

in [8]:
o ()(4)(4)”

Applying the bounds log (IZ) < Llogp and log (Cw) < dlH(¢e), we obtain

edl
al
log P[&] < llogp + dlHz(e) + edllog — (45)
n
n
zélogp—d€<elogd—£ —H2(€)>. (46)

Since k = ©(1), we obtain from the union bound that ]P’[ Ue=1,...k Es] — 0 provided that (46) tends to —oo for
all £. This is true provided that in (2) holds; the dominant condition is the one with ¢ = k.

B Proof of Theorem 3

Recall the definitions of the random variables in (10)—(11), and the information densities in (25)—(27). We fix
the constants 71, ..., 7, arbitrarily, and consider a decoder that searches for the unique set s € S such that

(X565 Y‘Xseq) > Vsait| (47)

for all 28 — 1 partitions (Sdifs Seq) of s with sqir # 0. If no such s exists, or if multiple exist, then an error is
declared.

Since the joint distribution of (8s,Xs, Ys|S = s) is the same for all s in our setup (cf., Section 1.2), and the
decoder that we have chosen exhibits a similar symmetry, we can condition on S = s = {1,...,k}. By the union
bound, the error probability is upper bounded by

r<Pl |J {z(Xsdif;Y|XSQq) <vw|}} + ) P[z(xg\s;wxgms) >'7|s(nf\]7 (48)
(s4ifs8eq) seS\{s}

where here and subsequently we let the condition sqir # @ remain implicit. In the summand of the second term,
we have upper bounded the probability of an intersection of 2¥ — 1 events by just one such event, namely, the
one with the information density corresponding to sqir = 5\s and seq = s N 3.

As mentioned previously, a key tool in the proof is the following change of measure (with £ := |sg;f|):

P (1) = 3 (TT P00 ) P e, 01 ) (49)

Xsgie  LESaif

S (TL + 1)£ Z < H P)?(Xi)>PYXSdiszeq (y|XSdif7XSeq) (50)

Xsqie - LESaif
= (n+ 1) Pyx,_(ylxa,). (51)

where we have used the definitions in (23)—(24), and (50) follows from (12). By an identical argument, we have

Plesqus (y|Xseq7 bS) < (n + 1)£]3Y\Xseqﬂs (Y|Xseqa b3)7 (52)
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where ﬁY\Xseqﬁs =Py x.. B has an i.i.d. law.

We can weaken the second probability in (48) as follows (with £ := |3\s]):

]P’[i(Xg\s; Y| X5ns) > W}

_ Pyx,  X.. (¥[Xs\s Xs0s)
= Y Pk e P, (o) [ dy Prix., (y|xms>n{ log — P Xeea VIS g} (53)
X5Ms:X35\s Rn PY|XSeq( |X§ﬁs)
k—¢ PY|X5d]f Xseq (Y|Xs\s7xsr‘|s
< (n + 1 Z PXO (Xbﬁb)PXO s\s dy PY|X ( |X§ﬁs)]l 1Og =~ > Ve
X3ns,X5\ s Y\Xseq( ¥|xsns)

(54)
< (n + 1)4 Z P)k(ge(XEﬂs)P)%O (Xg\s) / dy PY|Xsd £ Xseq (y|Xs\s7xsﬂs)e e (55)

Rn

XsNsyXs5\s
= (n+1)fe, (56)

where in (53) we used the fact that the output vector depends only on the columns of x5 corresponding to entries
of 5 that are also in s, (54) follows from (51), and (55) follows by bounding Py|x,  using the event within the
indicator function, and then upper bounding the indicator function by one. Substituting (56) into (48) gives

P, < IP[ U {z(xsd”;wxsm) < w}} +£§2 (p ; k) (’;) (n+1)te, (57)

(sdif 7Seq)

where the combinatorial terms arise from a standard counting argument [7].

We now fix the constants 71, ..., arbitrarily, and recall the following steps from [17] (again writing ¢ := |sq;¢|):
P[ U { (Xsaies leseq) < '7@}:|
(sdif>Seq)
P Y (X Xs,
= ]P) U IOg lesdlf ( | dif ) S ’Yé}:| (58)
(sdif ,Seq) PY|Xse (Y|Xseq)
P, Y (X, X, P Y[X,,,
<P U log Y X gy Ko (Y | Xosiir ) < 1 log — Y%, (Y] ) S%H
(saifsSeq) Pleseq (Y|XSB‘1) PY\X qBs (Y|Xseq7 Bs)
Pyix, (Y[X,,,
+P U log _ Y‘Xaeq( ‘ ) > '}/2}:| (59)
(sdifsSeq) PY\Xseqﬁs (Y|Xsm> Bs)

<p| U {k’g PYLX‘*“ rog YKt X) <+ %H
- PY|Xseqﬁs (Y|X86q765) N

Pyix,. (Y[X,.,)
+pl U {1g X, >72H' .
(84if ,Seq) PY\X oBs (Y|Xseq7ﬁs)

(84if »8eq)

The second term in (60) is upper bounded as
ﬁY‘X (YIXSeq)
P[ U e )]
(sdif »Seq) PY\XSC Bs (Y|Xseq7 Bs)

|: PY‘XSPQ (Y‘Xseq)
PY|XSCqﬁS (Y|Xs,,, Bs)

2] (61)

(sdlf ch)

ﬁY\XSe (Y|Xseq)
= XS RaoR ) [y P s b g SIEC

s P, . (¥ o )
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~ ]3Y|XSe (Y|Xseq)
<(n+1)" Y Z Ps, (bs) Py, Z(Xseq)/]R dyPYXSeqﬁS(Y|Xseq7bs)]l{10g = * >72}

(8aif;Seq) bs Xse, PY|XSeq Bs (y|xseq’ bs)
(63)

<41 > DT P (ba) P (%a) /R ) dy Pyx,, (y]¥Xs.)e (64)

(sdif,5eq) bs:Xseq
Ny
=m+1)") (£> e, (65)
=1

where (61) follows from the union bound, and the remaining steps follow the arguments used in (53)—(56) (with
(52) used in place of (51)).

We now upper bound the first term in (60), again following [17]. The numerator in the first term in (60) equals
Py x,(Y|X) for all (sqif, Seq) (recall the definition in (22)), and we can thus write the overall term as

P|log Pyx,(Y|X,) < max {logPY‘Xgeqﬁ (Y|Xs.,s Bs) + e +'ye}} (66)

(gdlﬁgeq)

Using the same steps as those used in (58)—(60), we can upper bound this by

IP)|:10g PY|X Bs Y|X5,ﬁs> < max {IOg PY‘XSPqﬁs (Y|Xseqaﬁs> + Y + ’Vé + 7}:|

(s4ifsSeq)
Pyix, 5. (Y|Xs, B5)
Pyix, (Y|X)

—HP’{log >7} (67)

for any constant . Reversing the step in (66), this can equivalently be written as

IP)|: U {log Plesiiszqus(Y‘Xsdif’Xscq’55)
(Sdif»Seq) PY|XSquS (Y|X5cq7/35)

PYXS, Q(Y|Xsa65)
<w+7,§+7H —HP’{log }Y‘i x| (68)

The first logarithm in the first term is the information density in (26). Moreover, the choices

e
= log (;1 (’;) (n+ 1)‘*) (70)

make (65) and the second term in (57) be upper bounded by J; each. Hence, and combining (60) with (65) and
(68), and recalling that £ = |sqg;¢|, we obtain (28).

C Proof of Theorem 2

Fix 0 < bmin < bmax < 00, and let By := {bs : min; |b;| > bmin N max; |b;] < byax}. The main step in proving
Theorem 2 is in extending the arguments of Section 4.5 to show that

|5qit| log p ]
P.<Pin< max ———F—1+n) N BseBy| +P Bo| +0(1), 71
‘= { (8dif;Seq) : Sait 70 Isd,f,seq(ﬁs)( 77) P 0 [ﬂs §é 0] ( ) ( )
and st 1
Sdif | 108 P
P,>PIn< max ———(1—7n) N Bs € By| +0(1), 72
= { T (saifsSea) s saie 0 Lsgie soq (35)( 0N B 0] S (72)

Before proving these, we show how they yield the theorem. Using (16), it is readily verified that each I ; s.,(8s),
with an i.i.d. Gaussian vector s, is a continuous random variable having no mass points. By taking n — 0
sufficiently slowly and noting that we have restricted S, to the set By (within which all of the I ., (3s) are
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bounded away from zero and infinity), we conclude that (71)—(72) remain true when 7 is replaced by zero, and its
contribution is factored into the o(1) terms. Hence, we obtain Theorem 2 by (i) dropping the condition 85 € By
from the first probability in (71); (ii) using the identity P[.A4; N Az] > P[A;] — P[A;5] to remove the same condition
from the first probability in (72); (iii) noting that the remainder term P[S3, ¢ Bo| can be made arbitrarily small
by choosing by, sufficiently small and by, sufficiently large.

It remains to establish (71)—(72). Recall the value of x given following Lemma 3. The above choice of By ensures
that all of the non-zero entries are bounded away from 0 and oo, so that the mutual informations I .. (5s)

and variances Vi, s.,(Bs) are bounded away from zero and infinity, and hence x = O(1).

Since Pg, is continuous, we must choose v and handle Py in (29) differently to the above. Similarly to the analysis
of Gaussian measurements in [17], we fix o > 0 and note that Chebyshev’s inequality implies

v =T+ ‘5%’ — By(y) < b, (73)
where
Iy := I(Bs; Y|Xs) (74)
P Y| X, Bs
Vo = Var[log Y}:qié((YHXs)ﬁ )] (75)

The following is a straightforward extension of [17, Prop. 4] to expander-based measurements.

Proposition 1. The quantities Iy and Vg defined in (74)—(75) satisfy

k da?i
Iy < -log |1+ —- (76)
2 o2
Vo < 2n. (77)
Proof. See Appendix E. O

We can now obtain (71)—(72) using the steps of the previous subsection; the condition P[3s € By| arises in (35)
and (39) due to the fact that this condition was used to obtain a bounded variance in (32), and the first two
probabilities in (71) arise from the identity P[4; UAs] < P[A;UAS]+P[A2]. The only additional step is in showing
that we can simultaneously achieve v = o(log p) and Py(7) = o(1) in the achievability part whenever n = ©(log p),
in the same way that we showed 2|sqgif| logn = o(logp) in the previous subsection. This immediately follows by
substituting (76)—(77) into (73) (along with d = O(n) = O(logp)) to obtain v = O(log log p) + +/logp = o(log p)
for any dp > 0, and noting that dy (and hence Py(7y)) in (73) can be arbitrarily small.

D Proof of Lemma 3

We prove the lemma by characterizing the variance of a general function of (X4,Y) of the form f*(X,,Y) :=

S f(Xgi), Y ). Clearly all of the quantities 2" for the various (sgif, Seq) can be written in this general form.
We have

Var[f"(X,,Y)] = Var{z F(x, Y“))} (78)
~3 3 o (XD, Y0, f(x0, v )] (79)

i=1 j—1
= nVar | f(X,, Y)] + (n? = n)Cov | £(X,, ¥), F(XL, V)] (80)

where (X,,Y) and (X.,Y”) correspond to two different indices in {1, - - - , n}; here (80) follows by simple symmetry
considerations for the cases i = j and i # j.
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To compute the covariance term in (80), we first find the joint distribution of (X;,Y) and (X.,Y’). As noted
in [29, Sec. IV-B], a uniform permutation of a vector with d ones and n—d zeros can be interpreted as successively
performing uniform sampling from a collection of symbols without replacement (n times in total), where the initial
collection contains d ones and n — d zeros. By considering the first two steps of this procedure, we obtain

P[X; = 2;] = Px(x;) (81)
nPx(z}) — H{x; = 2]}
n—1

for v = 1,2, where Px(1) = 1 — Px(0) = 4. Denoting the right-hand side of (82) by P (z}|z;), and writing
wy = E[f(X;,Y)], the covariance in (80) is given by

Cov{f(XS,Y),f(XéaY/)]

= E[(F(XoY) = 1) (FXLY) = )| (83)
=Y Pk Z, (HPX ) ) [(F@a V) =) (F@Y) = ) | Xy = v X =al]. (84)

We now consider the various terms arising by substituting (82) into (84) and performing a binomial-type expan-
sion of the product:

e There is a single term of the form (84) with each P, (x}|x;) replaced by M This yields an average of

(f(Xs,Y) = pug) (F(XL,Y') — ug) over independent random variables X and XS7 and therefore evaluates to
zero.
e There are k terms in which one value P, (x}|x;) in (84) is replaced by le} and the other k — 1 are

replaced by %. Each such term can be written as —anr[ [f(Xs,Y) |X5\{i}]], which in turn
behaves as —fVar[ [f( X, Y) | Xa 3] +O(1).

e All of the remaining terms replace P, (x}|z;) in (84) by % for at least two values of 7. All such terms

are easily verified to behave as O(n%), and the number of such terms is finite and does not scale with n
(recall that k is fixed by assumption).

Substituting these cases into (84) and recalling that k = ©(1) and £ = ©(1), we obtain (40).

E Proof of Proposition 1

Here we characterize Iy and Vj, defined in (74)—(75), via an extension of the analysis given in [17, App. B]. Since
Y = X35 + Z, we have

Io = 1(Bs; Y|Xs) = H(Y|Xs) — H(Y|Xs, Bs) (85)
= H(Xsﬂs + Z|Xs) - H(Z) (86)

From [25, Ch. 9], we have H(Z) = 4 log(2me0?) and H (X, +Z|X = x,) = 5 log ((2me)" det(o°L, + o3x.x])),
where I,, is the n x n identity matrix. Averaging the latter over X, and substituting these into (86) gives

Io = %]E[logdet ( + —X XT)} (87)
= 1I}E[log det (Ik + —ﬁXZXsﬂ (88)
1S e (4 B "
gg g(1+@), (90)
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where (88) follows from the identity det(I + AB) = det(I + BA), (89) follows by writing the determinant as a
product of eigenvalues (denoted by A;(+)), and (90) follows from Jensen’s inequality and the following calculation:

k
%E{Z )\Z-(XSTXS)] - %E[T&«(XZXS)] — E[XTX,] = d, (91)

i=1
since the squared norm of X; is d almost surely. This concludes the proof of (76).

We now turn to the bounding of the variance. Again using the fact that Y = X35 + Z, we have

P Y| X, B Pz(Z
log Y\szﬁs( | s 55) — log Z( ) (92)
PY\XS (Y|XS) PYIXS (Xsﬂs + Z|X5)
1 1 _
=1Ip— EZTZ + i(XsBs + Z)T(azI + U%XSXE) 1(X55S + Z)’ (93)

where Pz is the density of Z, and (93) follows by a direct substitution of the densities Pz ~ N(0,0°I) and
Py x(-[xs) ~ N(0,0°T + 03x,x7). Observe now that 1777 is a sum of n independent x* random variables
with one degree of freedom (each having a variance of 2), and hence the second term in (93) has a variance of %.
Moreover, by writing M—! = (M~2)TM~2 for the symmetric positive definite matrix M = ¢2I 4 03X XT, we
similarly observe that the final term in (93) is a sum of x? variables (this is true conditioned on any X = x,,

and hence also true unconditionally), again yielding a variance of §. We thus obtain (77) using the identity
Var[A + B] < Var[4] + Var[B] + 2 max{Var[A4], Var[B]}.



