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1 Proofs

1.1 Proof of Lemma

Notation: Tensor as multilinear forms: We view a tensor T € R4xdxd 44

a multilinear form. Consider matrices M, € R™9 r € {1,2,3}. Then tensor
T(My, My, M3) € R @ R% ® R is defined as

T(My, Ma, M3)i, i,i5 7= Z Tjy gavjs - Ma(J1, 1) - Ma(ja, i2) - M3(Js, i3).
J1,J2,J3€(d]
(1)
In particular, for vectors u, v, w € R?, we haveE|
T(ILv,w)= Y vwT(:jl) €R, (2)
Jl€ld]

which is a multilinear combination of the tensor mode-1 fibers. Similarly T'(u, v, w) €
R is a multilinear combination of the tensor entries, and T'(I, I, w) € R¥*? is a
linear combination of the tensor slices.

Now, let us proceed with the proof.
Proof: Let 2’ := (u,z) + b. Define I(z) :=y - @ . We have

Ely - 223] = El(z) ® 2] = B[V, I(2)],
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ICompare with the matrix case where for M € R%X? we have M(I,u) = Mu :=

Yiciq wiM(:7) € R



by applying Stein’s lemma. We now simplify the gradient of I(x).

E[Vil(z)] =Ely - Vo(z @ 2)] + E[(Varg(2')) (2 @ 2 @ u)]. (3)
We now analyze the first term. We have
Ligy, Z.1 = ja
8IE¢ Z; Liy s g = jv (4)
v QRx)i s = 172 1
x(fE I)“’ZQJ (91‘3‘ 2$j, il = iQ = j,
0, 0.W.

This can be written succinctly as

Vm(x@)w):Ze¢®:p®ei+Zx®ei®ei+22xi(ei®ei®ei)

and therefore, the expectation for the first term in is given by
Ely- V. (z@x)] = Z Ely-e,x0e]+Ey-2@e e +2Ely-z;-e; Qe; ®e)).
Now for the second term in (3), let f(z) := V,g(2’) - © ® u. The transposition
of the second term in is given by
E[(Varg(a') -z ©u) @ 2] = E[f(z) ® 2]
=E[V.f(2)],
where we have swapped modes 2 and 3 in E[(V,g(z'))(z ® £ ® u)] to obtain
the above. We will compute V,, f(z) and then switch the tensor modes again to
obtain the final result. We have
vmf(x) =V, (Vw/g(x/)x ® u)
= (V9(@) s @u@ut (Vugla) Velz®u),  (5)

X

The first term is given by
E [(vf,)g<x'>> TRUR u} ~E [(V%(f)) URUSR u}
So the second term in is given by
S (Varg(a)) - (e G umey).
Note that
E[(Vag(a) (e ®@u®e;)] =Ele; ® Vag((z,u) ® €] = E[g(2') - (e; @z @ ;)]

since if we apply Stein’s left to right-hand side, we obtain the left hand side
of the equation. Swapping the modes 2 and 3 above, we obtain the result by
substituting in .

We need to mention that, Lemma [3] can be directly proved by Theorem [J] as
specific form of score function for Gaussian input. Here, we have provided step
by step first principles proof of the lemma for easy understanding. O



1.2 Proof of Lemma @
By replacing y by y* in Proof of Lemma [3| (Appendix , we have that
M; =E, [V3(y*)] =E, [V3E, [y°|h = ¢]]

=E, Vi Z (wj(uj,w>+bj)3 = ZQj’LUj'Uj@Uj@Uj.
J€lr] J€lr]

Note that the third equation results from the fact that for each sample only
one of the uj, j € [r] is chosen by h and no other terms are present. Therefore,the
expression has no cross terms.

1.3 Proof of Theorem
Proof.

Ms = E.[y* - Ss(z)] = Ep [Exly” - Ss(z)|h = ¢;]]

=E, B[y Ss(@)lh=e;]] =B | > (w;{us,z) +b;)°

=E, |V3 | ) (wiluj,z) +5;)° | | =D w;-uf®.

j€lr] jelr]

Note that the fourth equation results from the fact that for each sample only one
of the u;,j € [r] is chosen by h and no other terms are present. Therefore,the
expression has no cross terms. |

2 Tensor Decomposition Method

We now recap the tensor decomposition method |Anandkumar et al. [2014] to
obtain the rank-1 components of a given tensor. This is given in Algorithm ||
Let M3 denote the empirical moment tensor input to the algorithm.

Since in our case modes are the same, the asymmetric power updates in [Anarnd-
kumar et al., 2014] are simplified to one update. These can be considered as
rank-1 form of the standard alternating least squares (ALS) method. If we as-
sume the weight matrix U (i.e. the tensor components) has incoherent columns,
then we can directly perform tensor power method on the input tensor M\g to
find the components. Otherwise, we need to whiten the tensor first. We take a
random slice of the empirical estimate of M3 and use it to find the whitening
matrl Let V be the average of the random slices. The whitening matrix w
can be found by using a rank-r SVD on V as shown in Procedure [2 I

2If E[y|z] is a symmetric function of z, then the second moment Mp is zero. Therefore,
we cannot use it for whitening. Instead, we use random slices of the third moment M3z for
whitening.



Procedure 2 Whitening

input Tensor T € R4*xdxd,

1: Draw a random standard Gaussian vector 6 ~ N(0, I).
. Compute V =T(I,1,0) € R4,

. Compute the rank-r SVD V = UDlag( NUT.

. Compute the whitening matrix W = U Diag(A~1/2).

2
3
4
5: return T(W,W,W).

Procedure 3 SVD-based initialization when r = O(d) [Anandkumar et al.|
2014)

input Tensor T' € R"™*"*7,
1: Draw a random standard Gaussian vector 6 ~ N(0, I..).
2: Compute u; as the top left and right singular vector of T(I,I,0) € R"™".
3: Qg < uj.
4: return ag.

Since the tensor decomposition problem is non-convex, it requires good ini-
tialization. We use the initialization algorithm from |[Anandkumar et al., 2014]
as shown in Procedure [3] The initialization for different runs of tensor power
iteration is performed by the SVD-based technique proposed in Procedure
This helps to initialize non-convex power iteration with good initialization vec-
tors when we have large enough number of initializations. Then, the clustering
algorithm is applied where its purpose is to identify which initializations are
successful in recovering the true rank-1 components of the tensor.

3 Expectation Maximization for Learning Un-
normalized Weights

If we assume the weight vectors are normalized, our proposed algorithm suffices
to completely learn the parameters w;. Otherwise, we need to perform EM
to fully learn the weights. Note that initializing with our method results in
performing EM in a lower dimension than the input dimension. In addition, we
can also remove the independence of selection parameter from input features
when doing EM. We initialize with the output of our method (Algorithm [1}) and
proceed with EM algorithm as proposed by Xu et al.| [1995], Section 3. Below
we repeat the procedure in our notation for completeness.
Consider the gating network

_wp(xlvy) _ )
gj(%”)—m sz L, w; =20,

p(xlvy) = a;(v;)~1b;(x) eXp{Cj(Vj)th(CU)L



Algorithm 4 Robust tensor power method |[Anandkumar et al.l |2014]

input symmetric tensor 7 € R4*¥*? number of iterations N, number of ini-
tializations L, parameter v.
output the estimated eigenvector/eigenvalue pair.
1: Whiten T using the whitening method n Procedure [2}
2: for r=1to L do
3:  Initialize d(()T) with SVD-based method in Procedure

4. fort=1to N do
5: Compute power iteration update
T ]7&(7) 7&(7')
dET) — (£, ;75,4 75) (6)

IT(L, a7, ai”))l|

6: end for

7: end for

8 S = {a(TN+1) T E [L]}

9: while S is not empty do

10:  Choose a € S which maximizes |T(a, a,a)|.
11: Do N more iterations of @ starting from a.
12:  Output the result of iterations denoted by a.
13:  Remove all the a € S with |{(a,a)| > v/2.

14: end while

where v = {wj,v;,7 = 1,--- ,r}, and the p(z|v;)’s are density functions from
the exponential family.

In the above equation, g;(x,v) is actually the posterior probability p(j|z)
that z is assigned to the partition corresponding to the j—th expert net. From
Bayes’ rule:

gy(o.0) = plile) = ) o) = 3 wp(al)

Hence,

i, ©) = 3 Py,



where O includes u;,j =1,--- ,r and v. Let
Q) =33 A wO) g (2,1),
t

Q) = S Py D) mpa®ly;), j e [r]
t

Q:(0;) = Y Py Pz mp(yP]z®,6;), j e [r]
t

QU =>"S" PO mw;, with w={w,...,w,}
t o

The EM algorithm is as follows:

1. E-step. Compute

k k k
wPp(e® | )p(y®e®, o)

S 0 p(a® [ p(y O ®, )

k
£ W) =

2. M-Step Find a new estimate for j =1,--- ,r

k+1 e k+1
u§ D _ arg max Qj(uj)7 VJ(» T argmax Q?(Vj)a

Uj Vi

(k+1) _ w -
w = arg max Q , s.t. w; = 1.
w ; 4
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