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8 Appendix

A Proof of Theorem 1

We first introduce the following lemma.

Lemma 3. When the rows of X1, ..., X; are independent subgaussian random vectors, with mean zero, covariance X1, ..., %,
respectively. Let
X''x
Cy = maxmax (M,T (H M, .
t€lm] j€[p] n jj

Then with probability at least 1 — 2mpexp (—cn) — 2mp~2 for some constant ¢, we have

Cy < 2maxmax(2;1)jj.
1€[m] je[p]

Proof. As shown in Theorem 2.4 of [25], ¥ ! will be a feasible solution for the problem of estimating M;. Since we’re
minimizing (MT$,M,) ;j» we must have

<max (X, 'Ex

Ta
max (Mt ZtMt)jj e

J€lp] ua

Based on the concentration results of sub-exponential random variable [26], also Lemma 3.3 of [17], we know with

probability at least 1 —2pexp (—cn) for some constant ¢, we have

max (Z;7'5,Z1) ;; < 2max (7).
J€lp] Jj€lp]

Take an union bound over ¢ € [m], we obtain with probability at least 1 —2mpexp (—cn),

Cy < maxmax (M!$,M,) ;; < maxmax (L, 1,51 TS 2maxmax (X, ') ;;.

i€lm] jelp] 7 ielm] jelp) YT el jelp)
O
Now we are ready to prove Theorem 1, recall the model assumption
v =XB; +e&, t=1,...,m, a7
and the debiased estimation
B =B +n ' M X" (v — X,By), (18)

we have
pu _fA 1 T * R 1 T
Bt :Bt + ;MtXt (XtBt _XtBt) + ;MtXt 8[
A A 1
__R* * T
=0 — — _ .
Br + (M2 — 1) (B Bl)+nM1Xt &

For the term (M,£, —I) (B} — B,), define

xmax

b)
xmin

C, = 10ecy
we have the following bound

(M2 = D)(B7 =Bl < max e —ejlee[1B7 — Bl

1 16A I
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Noticed that
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Our next step uses a result on the concentration of x> random variables. For any coordinate j, we have

(n TMtXT& 2 < MG Zé

Ms

1

where (&;) icm] are standard normal random variables. Using Lemma 9 with a weight vector

_ (Cye* Cyo*  Cyo?
o n ’ n B n

and choosing t = \/m+ k’%, we have

P (CMG s \/7 S+ logp <2exp | — (ﬁ+%)z

6%462 2+2v/2(1 + 82y

A union bound over all j € [p] gives us that with probability at least 1 — p~!

C2,62 C2,62
Y (n*le]TM,XTe,)2 <3m ( "2 ) ++2logp ("2) . VYjielp). (20)

i€[m]

Combining (19) and (20), we get the following estimation error bound:

ng _Bj||2 = Z <M,Zt Bt)] [ _1MtXtT8t] j>2

i€[m]

Y 2 (18— (B — R+ [ M)
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where the first inequality uses the fact (a+5)? < 2a®+2b?, and the second inequality uses (19) and (20)), the last inequality
uses the fact that va+b < \/a+ v/b. For every variable j € S, we have

« 91C,c6|S 1 1
18, < 1GOBWmIOED  36,  [H 102
n

plug in K > 3 Amin, C, = 10ec%, %,CM < 2K, we obtain
min

X 182064 A2 (S| /m]1 1
HBJ‘H2§ eCy mz>>(25| ‘\/ﬁ ng+6KG m+ ng.
Aln n

'min

From (21) and the choice of A*, we see that all variables not in S will be excluded from $ as well. For every variable j € S,
we have

I1Bjll2 > [1Bjll2 = ||B; — Bjll2 > 24" — A" = A*.

Therefore, all variables in S will correctly stay in $ after the group hard thresholding.
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B Proof of Corollary 2

From Theorem 2 we have that S(A*) C § and

1820ec% A& 0S| /mlog p m+logp
+6Koy | 8L
7\'3/211 n

'min

1Bj —Bjll2 <

(22)

with high probability. Summing over j € S, we obtain the £; /¢, estimation error bound. For the prediction risk bound, we
have

m

I ¢ R * xmaxm 5 *
o L 1B BB < 3 B 7

7}\'max . 2
==Y |B;—Bjll>.
m =

Using (22) and the fact that B — B is row-wise |S|-sparse, we obtain the prediction risk bound.

C Fixed design analysis

In this section, we present our theoretical results for the DSML procedure for fixed design, we will state the results without
proof since the process is essentially the same as the case for random design. The results and comparisons are summarized
in Table 3 and 4. We start by describing assumptions that we make on the model in (1). We assume the following condition
on the design matrices {X; }" .

Approach | Communication Assumptions Min signal strength Strength type
Lasso 0 Mutual Tne oherence \/ eer Element-wise
Sparse Eigenvalue n
Mutual Incoherence | log p ) .
Group lasso O(np) Sparse Eigenvalue \/ - (1 +== Row-wise
Generalized Coherence 1 log p ) IS|log p .
DSML o(p) Restricted Eigenvalue \/" (1 T )T Row-wise

Table 3: Conditions on the design matrix, and corresponding lower bound on coefficients required to ensure support recovery with p
variables, m tasks, n samples per task and a true support of size |S]|.

Approach

Assumptions

£y /¢, estimation error

Prediction error

Lasso

Restricted Eigenvalue

IS|?log p
n

|S|log p
n

Group lasso

Restricted Eigenvalue

IS| logp
B

15|

n

()

DSML

Generalized Coherence
Restricted Eigenvalue

181

logp  |S]*logp
sVt T

Is| log IS (log p)?
n (1 + 7’7) T2

Table 4: Conditions on the design matrix, and comparison of parameter estimation errors and prediction errors. The DSML guarantees
improve over Lasso and have the same leading term as the Group lasso as long as m < n/(|S|210gp).

Al (Restricted Eigenvalues): Let C(s,L) = {A € R? | ||Ay<||1 < L||Av]l1,U C [p],|U| < s}. There exists a constant kK > 0
such that

min  ATS,A > «||Ay |3,

t=1,...
AeC(|S|,L)

,m.
There exists a constant ¢, < oo such that

max AL %, Ag < ¢max||A5||%.

AERP

The above assumption is commonly assumed in the literature in order to establish consistent estimation in high-dimensions
[36]. Al imposes restrictions directly on the sample covariances X,, however, it is well known that the assumption will
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hold with high-probability when rows of X; are i.i.d. sub-gaussian or sub-exponential random vectors with population
covariance satisfying A1 [37, 38].

We will also need the following notion of coherence of the design matrices.
Definition 4 (Generalized Coherence). For matrices X € R"™P and M = (my,...,mp) € RP*P, et

u(X, M) =max||Zm;—ej||-
Jelp]

be the generalized coherence parameter between X and M, where ¥ = n~'XTX.  Furthermore, let u* =
min; ¢ [, Minyeppxp 4(X;, M) be the minimum generalized coherence.

This assumption is more relaxed than the mutual coherence parameter [39]. As shown in Theorem 2.4 of [25], u(X;, X! )<
2+/log(p)/n with high-probability when the rows of X; are i.i.d. sub-gaussian vectors with covariance matrix X.

The following theorem is our main result, which is proved in appendix.
Theorem 5. Assume that Al holds and that the generalized coherence condition satisfies u* < C, lo% for some constant

C,. Suppose A in (2) was chosen as . = AGy/ k’% with constant A > /2. Furthermore, suppose that the multi-task
coefficients in (1) satisfy the following bound on the signal strength

_ 20 [512A2C2m|S)?(log p)?
min [T ;2> 22 TSP | 6m + 232G logpim 20 @3

Jes t€[m]

where Cy is a constant that only depends on {M,}"_|. Then the support estimated by the master node satisfies S (A*)=S

1-A2/2 _ 1

with probability at least 1 —mp p

Based on Theorem 1, we have the following corollary that characterizes estimation error and prediction risk of DSML,
with the proof given in the appendix.

1-A%2/2 _ -1

Corollary 6. Suppose the conditions of Theorem 5 hold. With probability at least 1 —mp p~ ', we have

Slo [512A2C2|S|2(log p)?
Z||B —B; ||2<|\|f “ll&‘?( er) +6C2,m+2V2C3 logp

and

512ACm|S|*(log p)*

2
Zn +6Cy, +

o E - ) < 2V2Ciloxy
! 1112 = n m '

D Collection of known results

For completeness, we first give the definition of subgaussian norm, details could be found at [26].

Definition 7 (Subgaussian norm). The subgaussian norm | X |y, of a subgaussian p-dimensional random vector X, is
defined as
Xy, = sup supg™"*(E|(X,x)|)"/9,
xeSP—1g>1

where SP~1 is the p-dimensional unit sphere.
We then define the restricted set C(|S|,3) as

C(IS1,3) = {A e R?|[|Ape]ls < 3[[Au[1,U < [pl, [U] < [S]}-

The following proposition is a simple extension of Theorem 6.2 in [36].
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7\4 = AGU 710gp
n

Proposition 8. Let

with some constant A > 2\/2 be the regularization parameter in lasso. With probability at least 1 — mpl_Az/ 8,
A 16A logp
18— B 1 < ~-olsly/ <=2,
where K is the minimum restricted eigenvalue of design matrix Xi,...,Xp;:
T (XX
AT (525 A
K = min —
refmaec(sl3)  ||As|l5
Proof. Using Theorem 6.2 in [36] and take an union bound over 1,...,m we obtain the result. O

Lemma 9 (Equation (27) in [40]; Lemma B.1 in [8]). Let &1,&s,...&n be ii.d. standard normal random variables, let
v=1,e, V) #0, My = m " (&2 —1)v; and m(v) = I“‘tl‘l‘z. We have, for all t > 0, that

2
P(Iny| >1) < 2exp <_2+2\tf2tm(v)) :

The next lemma relies on the generalized coherence parameter:

Definition 10 (Generalized Coherence). For matrices X € R"*P and M = (my,...,m,) € RP*P, [et

u(X, M) =max||Zm;—ej|
Jelp]

be the generalized coherence parameter between X and M, where ¥ = n~'XTX.  Furthermore, let u* =
min; ¢ [, Minyeppxp 4(X;, M) be the minimum generalized coherence.

Lemma 11 (Theorem 2.4 in [25]). When X; are drawn from subgaussian random vectors with covariance matrix X;, and
X,Zf]/2 has bounded subgaussian norm ||X,Z;1/2\|\V2 < 6x. When n > 24log p, then with probability at least 1 —2p~2,
we have

Amax [logp

X, 271 < 10ec$
u(X; t ) €0y Ao n

For subgaussian design, we also have the following restricted eigenvalue condition [38, 17].

Lemma 12. When X; are drawn from subguassian random vectors with covariance matrix ¥;, and bounded subgaussian
norm ox. When n > 4000s'cx log (60‘?31’) where s = <l —1—30000%) S|, and p > ', then with probability at least
(—n/4000CE

1—2exp ), for any vector A € C(|S|,3) where we have

XTx 1
AT <fn’) A> EkminHASH%.



