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This document contains proofs and supplementary details for the paper “Generalized Pseudolikelihood Methods
for Inverse Covariance Estimation”. All section, equation, table, and figure numbers in this supplementary
document are preceded by the letter S (all section, equation, table, and figure numbers without an S refer to the
main paper).

S.1 COMPUTATIONAL ASPECTS OF THE PseudoNet ESTIMATOR

S.1.1 Proximal gradient method for computing the PseudoNet estimate

In Algorithm 1 below, we fully specify our proximal gradient method for computing the PseudoNet estimate (it
is straightforward give an accelerated proximal gradient method as well). Assuming the iterates are sparse, the
computational cost of each iteration of Algorithm 1 is dominated by computing the soft-thresholding operator,
and therefore costs O(p?).

Algorithm 1 Proximal gradient method for computing the PseudoNet estimate

Input: data matrix X € R"*P, tuning parameters Ay, Ay > 0
Output: estimate (22et
initialize starting point Q € S¥ | (the space of p x p positive definite matrices); optimization tolerance e > 0;
line search parameters Tinis, 8 € (0,1)
repeat
compute Vg(Q2), using Equation 4
choose 7 via backtracking line search as follows
set T < Tinit
set € prox,, ), (2 — 7Vg(Q2)) using Equation 3

while g(©2) > g(©) — Tr ((Vg(2)T(2 ~ Q)) + |2 — I3 do

update Q Proxy, (2 — 7Vg(£2))
update 7 < BTinit
end while
output 7
update < prox,, ), (2 —7Vg(Q2))
until stopping criterion is satisfied, i.e., ||Vg(Q2) + z||r/||Q||F < € (z is any subgradient of h evaluated at §2)
output Qe = Q
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S.1.2 Choice of tuning parameters

Here, we give a way to choose the tuning parameters A; and Ay in the PseudoNet optimization problem (1).
We propose choosing these parameters by selecting the (A1, Ay) pair that minimizes the following Bayesian
information criterion-like score over a grid of tuning parameter values:

p
Bic(A\1, A2) = Y _ Bic(A1, A, J), (S.1)
j=1

where

)

Bic(\, A2, j) = nlogrss(Ai, A2, j) + logn x HE led{l,...,p}, L#7, Q;‘ft()\l,)\g) # O}

2
n P QI‘lCt()\laA2)

rss(A1, A2, j) = Z Xij — Z Q]n]:tiXik ’
im1 ks 5 (A A)

and Q“et(/\l,/\g) is the solution of the PseudoNet optimization problem (1) for a particular A\; and As. This
method is simple to implement and computationally inexpensive, especially when combined with the screening
rules that we described in Section S.1.4, and which we elaborate on below.

S.1.3 Sequential strong screening rules for PseudoNet

Lemma 2.1, presented in the main paper, forms the foundation for our screening rules; its proof is given below.
We also provide an algorithmic specification of our screening rules in Algorithm 2.

Sequential strong rules build on the work of Banerjee et al. (2008, Theorem 4), who first observed that variables
can be dropped from their particular optimization problem by arguing from their dual problem and block
coordinate descent procedure. Mazumder and Hastie (2012) also derive screening rules for the GLasso by
arguing from the GLasso’s optimality conditions. Although all of these rules are safe, i.e., they do not commit
violations, we unfortunately do not use block coordinate descent to compute the PseudoNet estimate, and a
careful inspection of PseudoNet’s optimality conditions reveals that these conditions are not separable in the
entries of Qnet, making the framework of Tibshirani et al. (2012) more appropriate here.

Algorithm 2 Sequential strong screening rules for PseudoNet

Input: data matrix X € R"*?; nonincreasing sequences of tuning parameters (A:(Lk));:l, ()\g))jzl

Output: estimates Q“et()\(lk), )\(212)), k=1,....,m, £=1,...,s
for/=1,...,sdo
compute Qet(AY ALY using Equation 1 with A, A
for k=2,...,r do
compute N, the set of nonzero variables, using Equation 6 with Q“et()\
repeat
compute Q“t()\(lk), )\(26)) using Equation 1 with N, )\gk), )\gé)
check (all variables) for violations using the optimality conditions for (1) (see Equation S.2)
add any violating variables back into N
until there are no violations
output Q“et(/\ﬁ’“), )\y))
end for
end for

k—1 L k—1 4
FTA) AT A

S.1.4 Proof of Lemma 2.1

Proof. By considering the gradient of the smooth term in the objective of the PseudoNet optimization problem
(1), given by (4), in a componentwise fashion, we can express the optimality conditions for (1), evaluated at the
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off-diagonal entries of Q?ft()\gk), )\ée)), as
cuO AN <A ) =0
AP =aF e Qe Y)Y >0 (5.2)
CiAP A =l i Yy <o,

Now assume that ’C’ij()\gk_l), )\g))’ < ZAgk) - )\gk_l). Then we have that

k Y4 k YA k— YA k— V4
‘Cij()\g DY ))’ < ‘Cz‘j(/\g DY) TPV RPN ))) + ‘Cij()\g RV
< AE) AL op )\ (kD)

k
=",

with the first inequality following by the triangle inequality; the second by the assumptions that the C;; are

nonexpansive and nonincreasing, as well as by the assumption in the statement of the lemma; and the third
because we assumed that Agkil) > )\gk). By checking (S.2), this implies that Q;‘J‘?t()\gk), )\ée)) = 0 is a solution. [

S.2 ADDITIONAL NUMERICAL RESULTS FOR THE SYNTHETIC
EXAMPLES

We present the variable selection accuracies and estimation errors for PseudoNet and CONCORD on the synthetic
data described in Section 3.1, with p = 1000, In Table S.1. We also present the percentages of variables that our
screening rules suggest dropping, as well as the percentages of violations, on this same data (i.e., with p = 1000
again) in Figure S.1. (We presented these results with p = 3000 in Section 3.1 of the main paper.)

Our experimental settings correspond to ultimately running PseudoNet and CONCORD 145,200 and 6,600 times
and estimating p(p+1)/2 = 500, 500 and 4, 501, 500 parameters, respectively. Computing the mean across A, A
gave similar results.

n = 200 n = 400 n = 800
PseudoNet CONCORD PseudoNet CONCORD PseudoNet CONCORD
AUC Median 0.68 0.65 0.81 0.73 0.91 0.86
IQR 0.02 0.01 0.01 0.01 0.01 0.01
Squared Frobenius norm Median 6391.48 20150.68 5722.84 18805.59 4205.49 14990.35
IQR 84.70 513.99 26.18 245.65 18.22 192.78
05 operator norm Median 2.51 5.17 2.41 5.07 2.56 5.84
2 IQR 0.01 0.06 0.01 0.03 0.01 0.03
Elementwise ¢; norm Median 17480.45 35959.79 21640.10 46951.74 21749.16 51526.46
IQR 65.71 323.46 35.01 240.09 26.38 276.32
Elementwise fo, norm Median 1.34 2.93 1.06 2.32 0.67 1.38
IQR 0.01 0.04 0.01 0.02 0.01 0.03
Wallclock time (secs.) Median 73.72 103.23 40.76 71.02 14.60 20.46
IQR 3.23 41.53 1.76 29.54 0.70 7.08

Table S.1: Median and interquartile range for PseudoNet and CONCORD’s areas under the curves (AUCs), estimation
errors in several matrix norms, and wallclock times (p = 1000). Higher median AUC is better, lower median estimation
error and wallclock time is better; best in bold. PseudoNet outperforms CONCORD across all sample sizes and metrics.

S.3 ADDITIONAL NUMERICAL RESULTS FOR THE MINIMUM
VARIANCE PORTFOLIO OPTIMIZATION EXAMPLE

In addition to the numerical results given in the main paper, we consider here the realized risk and Sharpe ratios
for various estimators and estimation horizons, after accounting for borrowing costs (at an 8% annual percentage
rate) and transaction costs (at 0.5% of the principal); Tables S.2 and S.3 present the results, and we generally
see the same trends as in the main paper. PseudoNet achieves the lowest risk when the estimation horizon is
small, and otherwise is within 5% of the lowest risk. PseudoNet also achieves the highest Sharpe ratio four (out
of eight) times, and is otherwise within 5% of the highest Sharpe ratio.
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Figure S.1: Percentages of dropped variables excluding diagonal entries (dashed line, right vertical axes) and violations
(solid line, left vertical axes) for PseudoNet’s screening rules (A2 = 1, p = 1000); first column is n = 0.2p, second is
n = 0.4p, third is n = 0.8p. The rules never commit a violation.

H PseudoNet CONCORD  Sample GLasso CondReg  Ledoit

35 14.98 16.75 33.70 16.29 17.61 15.32
40 14.79 16.73 26.46 16.27 17.54 15.21
45 14.98 16.75 23.13 16.28 17.43 15.21
50 14.77 16.73 20.87 16.10 17.39 15.15
75 14.82 16.76 17.25 15.38 16.98 14.91
150 14.81 16.80 15.18 14.74 16.17 14.45
225 14.85 16.81 14.77 14.64 15.85 14.29
300 14.96 16.86 14.74 14.73 15.88 14.29

Table S.2: Realized risk for various estimators and estimation horizons H, after accounting for borrowing and transaction
costs, in the portfolio optimization example. Lower is better; best in bold. PseudoNet is best 5/8 times.

Qualitatively, we find that, although PseudoNet does provide sparse estimates, these estimates are usually
somewhat denser than those provided by CONCORD (as expected); Figure S.2 plots these estimates (from a
randomly chosen investment horizon and trading period). Thus, owing to its (comparatively) denser and better
estimates, PseudoNet can reduce risk by hedging, for example, by taking a short position in a stock whose returns
are negatively correlated with another stock that it also takes a long position in. To this end, we consider the size
of the short side of a portfolio z € RP, which is defined as the ratio of the magnitude of all the short positions
in the portfolio to the magnitude of the portfolio, expressed as a percentage, i.e.,

100 x <Z min{xi,0}> / <Z|x|) .

Table S.4 presents the size of the short side, averaged over all trading periods, for various estimators and
estimation horizons, and we indeed see that the size of PseudoNet’s short side is larger than CONCORD’s,
GLasso’s, and CondReg’s.

S.4 SUSTAINABLE ENERGY APPLICATION

Here, we present an evaluation of PseudoNet on the task of recovering the conditional independencies
between several wind farms on the basis of historical wind power measurements at these farms; wind
power is naturally intermittent (as are many renewable resources), and thus understanding the relation-
ships between wind farms can help operators forecast, plan, and dispatch. We obtained hourly wind
power measurements from July 1, 2009 through September 14, 2010 (440 days) at seven wind farms from
http://www.kaggle.com/c/GEF2012-wind-forecasting; see Hong et al. (2014) for further details, as well as
a summary of a recent Kaggle competition based on this data. Each group of 48 columns in the data set cor-
responds to two days (i.e., 48 hours) of hourly wind power measurements at a particular farm; to model the
nonlinear relationship between wind power at different locations, we consider five radial basis function kernels
spread evenly and evaluated at each hourly measurement (see, for example, Wytock and Kolter (2013); Ali et al.
(2016) for a similar approach). Thus, p = 7 x 48 x 5 = 1680. Each row in the data set considers wind power
measurements starting 12 hours after the (start of the) previous row; for example, the first row considers wind
power measurements from 1:00 pm on July 1, 2009 through 12:00 pm on July 3, 2009, the second row from 1:00



Alnur Ali, Kshitij Khare, Sang-Yun Oh, Bala Rajaratnam

H PseudoNet CONCORD Sample GLasso CondReg Ledoit

35 0.47 0.42 0.35 0.42 0.42 0.44
40 0.46 0.42 0.50 0.43 0.43 0.41
45 0.40 0.41 0.30 0.40 0.41 0.36
50 0.43 0.42 0.23 0.40 0.41 0.38
75 0.41 0.40 0.36 0.34 0.40 0.33
150 0.42 0.42 0.27 0.33 0.43 0.36
225 0.46 0.45 0.33 0.33 0.48 0.38
300 0.49 0.45 0.32 0.32 0.44 0.37

Table S.3: Sharpe ratios for various estimators and estimation horizons H, after accounting for borrowing and transaction
costs, in the portfolio optimization example. Higher is better; best in bold. PseudoNet is best 4/8 times.
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Figure S.2: Estimates provided by PseudoNet (left) and CONCORD (right); darker means larger in magnitude.

am on July 2, 2009 through 12:00 am on July 4, 2009, and the last row from 1:00 am on September 12, 2010
through 12:00 am on September 14, 2010. Thus, n = 877. Computing the PseudoNet estimate here therefore
corresponds to learning the structure of a spatiotemporal graphical model.

The left panel of Figure S.3 presents the PseudoNet estimate’s sparsity pattern. The nonzero super- and sub-
diagonal entries suggest that at any wind farm the previous hour’s wind power (naturally) influences the next
hour’s, while the nonzero off-diagonal entries, for example, in the (4,6) block, uncover farms that may influence
one another: for example, farms 4 and 6 may be nearby, or (perhaps more interestingly) they may not be
nearby'. Wytock and Kolter (2013), whose method placed fifth in the Kaggle competition, as well as Ali et al.
(2016) report similar findings (see the left panel of Figure 7 as well as Figure S.3, respectively, in these papers).
The right panel of Figure S.3 evaluates PseudoNet’s screening rules on this data set: the rules never commit a
violation.

S.5 PROOF OF LEMMA 4.1

We prove this result by first establishing, in the following lemma, that the gradient of the smooth term in the
objective in the PseudoNet optimization problem (1), Vg, is Lipschitz continuous. The squared Frobenius norm
penalty in the PseudoNet optimization problem (1) makes doing this much cleaner, letting us move completely
away from the strategy used in Oh et al. (2014, Theorem 3.1).

Lemma S.5.1. Suppose (Q(i))fzo is a sequence of PseudoNet iterates with monincreasing objective value. Let
Q be any of the iterates here. Also, let L = 1/0? + ||S||2 + \a, with || - |2 denoting the ly operator norm

The true wind farm locations are censored in the data set.
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Table S.4: Average size of the short side for various estimators and estimation horizons H in the portfolio optimization

example.

H PseudoNet CONCORD Sample GLasso CondReg Ledoit
35 6.91 0.06 41.13 0.63 1.77 20.50
40 6.80 0.06 38.64 0.67 1.91 20.45
45 6.64 0.05 36.89 0.83 2.21 20.31
50 6.60 0.04 35.46 1.36 2.43 20.33
75 5.93 0.04 30.89 8.60 4.11 20.13
150 5.74 0.02 25.65 23.34 7.58 19.60
225 5.59 0.01 23.68 23.35 9.34 19.26
300 5.22 0.00 22.45 22.43 9.41 18.85
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Figure S.3: Left: sparsity pattern for the PseudoNet estimate (black means nonzero, and each block corresponds to
a wind farm). Right: percentages of dropped variables excluding diagonal entries (dashed line, right vertical axes) and
violations (solid line, left vertical axes) for PseudoNet’s screening rules (A2 = 1); the rules never commit a violation.

(mazimum singular value), and let £ be a constant that uniformly lower bounds Qy;, i = 1,...,p. Then we get

that V2g(2) = LIz 2.

Proof. Let Jyet be the objective in the PseudoNet optimization problem (1). Then we have that

p p
= Tlog Qi + (A2/2) Y 0% < Juet (),

i=1 i=1

since the ¢; term in the objective in (1) is nonnegative, and the trace term can be expressed as a nonnegative
quadratic form. The lefthand side here approaches co as either Q;; — oo or Q;; — 0, i.e., £;; must be uniformly
bounded away from oo and 0 by some u and ¢, respectively, for i = 1,...,p, owing to the righthand side of the
expression. Thus, we can upper bound the eigenvalues of (5) with

1/02 + ||1S]15 + Az,

as claimed. ]

Obtaining linear convergence is now immediate. As g is smooth, the conclusion in Lemma S.5.1 is equivalent to
V2g(Q) =X Llzy,e <= [[Vg(Q) — Vg(Q)|r < L||Q — Q| p, where @ € 8%, and L = 1/£ + ||S||2 + A2. Now,

P
since ¢ is also Ap-strongly convex, the claim follows by Schmidt et al. (2011, Proposition 3). O
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S.6 SATURATION RESULTS

The statement and proof of Theorem 4.4 make use of a matrix A € R"™*P(P~1/2 containing the columns of the
data matrix X arranged in a particular fashion; this matrix is defined as

Xy Xs X4 -+ Xp1 X, O 0
X: 0 0 X3 X4 X5 -+ Xp1 X, O 0
A 0 X; 0 0 X, O oy 0 X4 X5 X -+ Xpo1 X, O 0
0 0 X; o0 0 Xs 0 0 Xz 0 - 0 X,

In order to make the statement and proof of Corollary 4.5 clearer, we also describe the SPLICE and SPACE es-
timators in more detail here.

We can obtain a SPLICE estimate by first minimizing the following objective, alternately over the variables
D ¢ RP*P and B € R”*?, where D is a diagonal matrix and the diagonal entries of the matrix B are set to zero,

1 1< 1
—§logdetD+EZﬁHXi—X_i(Bi.)T||§+)\1||BH1, (S.3)

i=1 U

where X_; denotes the data matrix X after removing the ¢th column, and B;. here means the ith row of B after
removing the entry Bj;;; then, for any iteration i, we compute the estimate

Q) — (PU-D)=2(1 — B), (S.4)

with PL() referring to the estimate at the end of the ith iteration (DU~1 and B are interpreted similarly).

Turning to SPACE, we can compute a SPACE estimate by minimizing the following objective, alternately over
the variables Q4iag and o,

2

p p
Q iag,jj
— (1/2)log det Qaiag + M [|Qosrllt + (1/2) Y Quaingii | Xi — > Qofrij % X, (S.5)
i—1 i 1ag, 11

where Qgiag i; refers to the (i,4)th entry of Qqiag (Qofrij is interpreted similarly). As a reminder, Qgiae € RP*P
is a matrix of the diagonal entries of €2, with its off-diagonal entries set to zero; Qog € RP*P is a matrix of
the off-diagonal entries of {2, with its diagonal entries set to zero; and we form the SPACE estimate, for any
iteration 7, as Qpe () = foi)ag + Qgg To be clear, the superscripts involving ¢ here are interpreted just as
with SPLICE above (also, we note that in the optimization problem (S.5), we have set the “weights” for each
regression subproblem ¢ to Qqjag,ii, as recommended by Peng et al. (2009)).

Since the objectives in the defining optimization problems for many pseudolikelihood-based estimators include
terms that go beyond pure lasso regressions, it is perhaps not clear that pseudolikelihood-based estimators can
also saturate.

S.6.1 Proof of Theorem 4.4

Proof. We proceed by first showing that there exists a CONCORD estimate that saturates; then we show that
the PseudoNet estimate does not saturate.

A CONCORD estimate is defined as a solution to the following (convex) optimization problem:

minimize  —(1/2)log det(Qiag) + (1/2) Tr SQ* + A1 [|Qog1, (S.6)

where, as a reminder, Qe € RP*? is a matrix of the diagonal entries of (2, with its off-diagonal entries set
to zero; S € RP*P is the sample covariance matrix, i.e., S = (1/n)XTX, and X € R"*? is a data matrix;
Qo € RP*P is a matrix of the off-diagonal entries of €, with its diagonal entries set to zero; A\; is a tuning
parameter; and || - ||; is the elementwise ¢; norm.
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Letting

2
p

p
JCOH(Qdid.g :1nf 1/2 Z ZQinj +)‘1HQOHI|1’ (S?)

2
we see that the optimization problem (S.6) above is equivalent to

minimize —(1/2)log det(QF;,,) + Jeon (Qiag)-

diag

Next, define
0, T
Q3
Qup
Qa3
211X, Qs
Q20 X5 :
b= | Q3Xs | — : ’
. ¥ QZp
: Q34
QPI)XP Qg5
Qs
L Qp*l,p |
i.e., b€ R™ and w = vech Q2 € RP?P~1)/2,
Then we can express (S.7) as
inf (1/2)]1b — Aw} + Adflw]l, (38)

which is evidently a lasso problem with variable w.

Then, by Tibshirani (2013, Lemma 14), for any b, A, and A\; > 0, there exists a solution @(Q4iag) of (S.8) (note
that we have written here the solution & as a function of Qgiag to emphasize the dependence on Qgiag) that will
have at most min{np, p(p — 1)/2} nonzero entries for any value of Qgiag; thus, when p > n, card &(Qaiag) < np,
as claimed. The final claim in the statement of the result follows by invoking Tibshirani (2013, Lemma 3).

Now, turning to the PseudoNet optimization problem (1), we have that the trace plus the squared Frobenius
norm penalty in the objective in (1) can be expressed as

=

(n/2) Tr SO + (A2/2) ZQ (1/2)> 0 TXTXQi+()\2/2)iQfQi

1 i=1

1,7=1 i

=(1/2),

M@

QF (XTX + 1) Q

i= j=1 9

s
Il
—

= (1/2)

HMﬁ

(S.9)

where, as a reminder, e; is the ith standard basis vector in R?.

Thus, following a similar argument as above, we can express (1) as a lasso problem with variable w € R? (=172
A € RPOHEPXP(P=1)/2 314 b € RP™P); however, in this case, the solution W(Qdiag) can have p(p—1)/2 nonzeros,
as claimed. O
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S.6.2 Proof of Corollary 4.5

Proof. We prove these results by following a strategy similar to the one we used in the proof of Theorem 4.4.
Note that, at the end of some iteration i — 1, we can consider the variables D (for SPLICE) and Qgiag (for
SPACE) fixed, and then optimize over B (for SPLICE) and g (for SPACE). Accordingly, we let (for SPLICE)

(1/Diy )Xy (By.)T
| <1/D%;‘1;>X2 (B2)"
ol (1/D35 X5 |, wa=| (Bs)" |
T
(1/D57), (Bp.)
(1/D{ x4 0 0 0 - 0
0 (1/DS )X, 0 0 - 0
AGTY = 0 0 (/DS NX5 0 - 0 ,
0 0 0 0 - (/DX
i.e., bi;l) e R, wy € RP?~Y  and Aé;l) e R"*P(P=1) We also let (for SPACE)
[ Q12
M3
_ — - le
QY x, Qa3
NG Q
g, Y Xs ’
pih) = OV xs | wepe = Q'zp ,
: Q34
=Ty Q35
L 91(7117_1))(10 J :
Qsp
prl,p i

X2 X3 X4 Xp—1 Xp 0

X1 o0 0 X3 X4 X»5 Xp—1 Xp 0
A=) _ 0 X1 0 0 X2 0 0 X4 X5 X6 Xp—1 Xp 0
spc -

0 0 X1 0 o X2 o 0 X3 0 --- 0
where we write )~(j = Q;;ﬁl)Xj; S0, bgz;l) € R", wepe € RPP~Y/2 and Agf;l) e RW*PP—1)/2, Applying
Tibshirani (2013, Lemma 14) as before, and noting that applying (S.4) does not affect the sparsity pattern of
B for SPLICE, gives the required results. O

S.7 STATEMENT OF REGULARITY CONDITIONS FOR AND PROOF OF
THEOREM 4.2

S.7.1 Statement of regularity conditions for Theorem 4.2

Below, we state the regularity conditions required to establish the consistency of PseudoNet. The conditions are
similar those required in Khare et al. (2015), which are in turn similar to those in Peng et al. (2009), except
that here we must additionally control how the new tuning parameter Ay grows with n. When it is particularly
helpful to emphasize the dependence of the tuning parameters A; and A2 on n, we write A\, = A and Ay, = Ao.

[=}

prl



Generalized Pseudolikelihood Methods for Inverse Covariance Estimation

i. Sub-Gaussian rows. We require that the rows of the data matrix X are i.i.d. sub-Gaussian random vectors,
i.e., there exists a constant ¢ > 0 such that, for all t € R?, we have that Eexp(t? X;.) < exp((c?/2)tTt), i =
1,...,n, where, as a reminder, X;. is the ith row of X.

ii. Correlation restrictions. For all n, we require that the minimum and maximum eigenvalues of the underlying
covariance matrix X9, i.e., )\min(Eo) and )\maX(EO), are uniformly bounded away from zero and infinity (note
that we omit the notational dependence of 37, as well as some related quantities, on n, for simplicity).

iii. Incoherence. We require that there exists a constant « < 1 such that, for all (i,j) € AS, where A,, here is
the support of the off-diagonal entries of the underlying inverse covariance matrix Q0. i.e.,

Ay ={(i,j):1<i<j<p QU #0},

we have that

—1 — ‘

Lij 4, (@3 Whag) (La, 4, (Wit Wiing)) ' signw) | < a. (S.10)

Here, the sign here is interpreted elementwise; wgff and ngag are the vectorizations of the off-diagonal and
diagonal entries, respectively, of the underlying inverse covariance matrix Q°, i.e.,

0 0 0 0o .
Wogg = VeC QOH’ Wdiag = VEC Qdiag7
L(wog; Wiiag) equals the logdet plus trace terms in (1) evaluated at (wog, Wiiag)s %€

L(wog, Waiag) = —(1/2)log det((Qging)®) + (n/2) Tr(S(Q%)%);

T 0 0 e . 2 2 . p te . . .
and L;; ., (Wog: Waiag) 18 an element of the negative (p? x p*)-dimensional Fisher information matrix at
0,0 ;
(woff’ wdiag)’ t.e.,

=1 0 8QL(("J(O)ﬂ“’ wgiag)

Lij’kz(u)gﬂ‘,wdiag) =E N i,j,k,fz 1,...,[)

0 0
awoff,ij Wot, ke

(we abuse notation somewhat and write w;; = €;;).

iv. Accurate diagonal estimates. We require the existence of accurate diagonal estimates Wgiag such that

loo = Op(V/(logn)/n).

||d)diag - wgiag

v. Support size and tuning parameter restrictions. As n — oo, we let ¢, = O(W)7 Munr/qn — 0,
A/ logn — oo, and Ay, = 0(A1,,), where ¢, = |A,| (note that we make explicit here the notational
dependence of the tuning parameters on n).

0 | .

vi. Signal restrictions. As n — 0o, we require that s, /(A1,n\/@n) — 00, where s, = max(; jjea, |Wog i;

Condition (iii) can be interpreted as requiring bounded correlation between the rows of El‘c A, (w2, wgiag) and

the columns of (E::‘nAn (W, wgiag))_l. Khare et al. (2015) as well as Peng et al. (2009) also use this condition;
see Khare et al. (2015) for examples that satisfy this condition.

S.7.2 Proof of Theorem 4.2

Proof. Define w; = szw i =1,...,p, where, as a reminder, the Qi; are estimates of the diagonal entries of Q°

that are assumed in condition (iv) (see the statement of Theorem 4.2), and consider the change of variables for
the off-diagonal entries of 2

wij = =05 ()2, i =1,.p, i #
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where § € RPP~Y and again w = vec (2; then we can express the trace term in the objective in the PseudoNet op-
timization problem (1) as

P
nTr SO = (w;/Q})Q X" XQ,

<.
=

2
p
= Z wZ/Qu Zwlﬂ
=1 9
2
p . . p
= Zwi (1/9”) QiiXi + Zwin
=1 VES] 2
2
p p R
i=1 Ve 2
2
p p R . 1/2
= Zwi Xi — Zeij (Q_”/Q“) Xj . (Sll)
=1 Ve 9

Equation S.11 is equal to the objective of the SPACE optimization problem (cf. Peng et al. (2009, Equation 10)
and/or the trace term in Khare et al. (2015, Equation 12)), up to constants and for fixed diagonal entries; thus,
the log det term (which is only a function of diagonal entries) plus the trace term in the objective in (1) are also
equivalent to the corresponding terms in the SPACE’s objective. This implies that properties A1-A4 and B0O-B3
in the supplement for Peng et al. (2009) also apply to the logdet plus trace terms in the objective in (1).

Now, let L(6) denote the logdet plus trace terms in the objective in (1) (with variable off-diagonal entries
6 € RPP=1) and fixed diagonal entries Wdiag), and let Bcl(egff, clqyl/Z)\Ln) be a ball of radius clqyl/z)\l n, for a

constant ¢; > 0, with center 0%, i.e., B., = {0 : |0 — 0%]]> < clq}L/Q)\Ln}, where 0% is the application of the

same (strictly monotone) transformation in (S.7.2) to the underlying off-diagonal entries w’.

First, we show that the unique, global solution (owing to the strong convexity of (S.12)) of the following “re-
stricted” optimization problem lies in B., with probability tending to one as n — oo:

minimize L(@) + )\1 n El?éj (Qiinj)1/20ij —+ ()\2771/2) Zzyﬁ] Q”Q]JQ (812)

0:0.4c =

Let ap = g2/ * M\ n, and let v € RP?P~Y with uge = 0 and [lullz = ¢, for a constant ¢ > 0. Fix § € B, to be
equal to §° o T anu. Then we have that

(€:92,,)1/26°

p
)\l,n Z

i#]

(Qiiﬁjj)m@z‘j‘

off,ij

p
-2
i#]

(Qus235) 2 (080, — 015)|

P
= Al’nan Z ’(Qiiﬂjj)l/zu”

= o(ai), (S.13)

with probability at least 1 —O(n~?), as the diagonal estimates Q,; are uniformly bounded with high probability;
the second line here follows by the triangle inequality, the third by the choice of 6, the fourth by the Cauchy-
Schwarz inequality and the definition of u, and the fifth by the definition a, = ga/*A1_p..
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We also have that

p
(A2n/2) ZQ“QM (0%, — > Q503 (S.14)
i#J i#J

P
= (A2,n/2) Z €255 (00 i)~ Z i€ (005,55 + i)

i i#j
p

= —)\gman Z Qiiéjjegﬁ)ljui]‘ - ()\2771/2)0(2 Z Qiiﬂjju%. (S15)
i#] i#]

We get for the first term in (S.15) that

p
“Namam ¥ Q600 i < O(Agnangy?)lull2
i#]
= o(a)|lull2, (S.16)

with probability at least 1 —O(n~?); the first line here follows by the Cauchy-Schwarz inequality, and the second
by the assumption that Mg, = 0(A1,).

Similarly, we get for the second term in (S.15)

—(A2,n/2)cx ZQHQMuzg < o(ap)]lull3, (S.17)
i#£j

with probability at least 1 — O(n=?).
Putting (S.16) and (S.17) together, we get for (S.14) that

p
(A2.n/2) ZQan Oomii)® = Y Q05 | < olar) (lullz + [lul3) (S.18)
i#£] i#£]

with probability at least 1 — O(n=?).

Next, let Jye(€) equal the objective in (1) (with fixed diagonal entries Wqiag); combining (S.13) and (S.18), we
get

Jnct(e) - Jnct(9 ) > L(e) L(Ggff)

p p
= A | D) P00 51 = >

i#] i#]

(Qif255)" /20,

off,ij

P
— (A2 n/2 Z Q”QN eoff zg - Z Q“QJJ 93;
i#j i#]

> L(0) — L(0gs) — Olay,) — o(ar)

n n

By the same arguments in the proof of Lemma S-3 in the supplement for Peng et al. (2009), it follows that
the (unique, global) solution to the restricted problem (S.12) lies in B.,, with probability at least 1 — O(n=");
this also implies (by a simple contradiction argument) that the event sign 0 A, = 51gn9 occurs with high
probability.

By construction, the solution 6 to the restricted optimization problem (S.12) satisfies the support “block” of
the optimality conditions for the unrestricted optimization problem (1). Next, we show that 6 satisfies the non-
support (the complement of the support) block of the optimality conditions for the unrestricted optimization
problem (1).
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The optimality conditions for the unrestricted optimization problem (1) are

’

Li;(0) + X2n S

“ j9 j = _Al,n(Qiinj)l/z sign 92‘]‘ if Qij 75 0
|L;;(0) + X282y

0,10,
9 A C S.19
i§250i5] < )‘17n(Qiinj)1/2 if 0;; = 0, ( )

where L;j (9) = OL(6)/00;;; this establishes the analog of Lemma S-1 in the supplement for Peng et al. (2009),
and also implies that Lemma S-2 there applies to the unrestricted optimization problem (1) here. We wish to
show that (with high probability)

max L (6) + Ao 20825035 < Arn (Quf25) 2.
(4,5)€As,

We begin by taking an exact (since L/An is affine) first-order Taylor expansion of L;\n (é) around 69, i.e.,

Loy (0) = L, (6°) + Ly, 4, (0 —6°)
N—_——

=L, (0°) + (Ly, 4, (6°) — Ly, 4, (0°) v+ Ly, 4, (0%)0. (S.20)

AdApAn

However, we also have that, with probability at least 1 — O(n™"),

Ly (0) = =10 (€::05) /2 sign 69 . (S.21)
Equating (S.20) and (S.21) and rearranging, we get

—11 -1 ~ N ’
v=— (L e (90)) (Al,n(aﬁnﬁ)l/? sign6 + L, (6°)+ A, Anv) . (S.22)

Repeating a similar analysis for any (i,j) € AS, we get

Li;(0) = Li;(0°) + Aija, (0°)0 + L 4, (0°)0. (S.23)

Now, plugging (S.22) into the third term on the righthand side of (S.23), we get
Lij(0) = Li;(0°) + Aij a, ()0

N A~ —1 =1 -1 .
- Al,n(Qquj)l/QLij,An (90) (L.A,I.An (90)> sign QOAn

—n o -1,
= L a,(0%) (L0, (%) Lo, (6)

1"

—_ —i 1
— Lij 4,(0°) (L.A,L.An (90)> A, 4,0

Applying the triangle inequality and rearranging yields

L5003 2L, (09 (Ea, (09) " sieml, |

"

— — 17 -1
(850,00 = L 09 (o, 09) A, )0

_ — -1,
+ |Lij a, (6°) (LAnAn(QO)) Ly, (6°)
+|L;(6°)].

The first term here is (strictly) less than A, (€2:€2,;)'/2/2 by condition (iii), and the remaining terms are o(1.,),
with probability at least 1 — O(n~?), by the same arguments in the proof of Peng et al. (2009, Theorem 2).
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Now, let R;j(é’) = )\Q’nQ“‘ijeij; repeating a similar analysis as above, we get
Ry (8) = Ri;(6°) + (R5j.a, (60°) = Rija, (69)) v R 4 (6%)0
= Rij(eo) + Rij,An(GO)v
= >\2,nQiinj0?j + )\Z,nQiinjvij
<o(A1n) + )\2,nQiinj01q71/2)\1,n
= O()‘l,n)v

where the penultimate line follows since ||v||s = ||é — 62 < clq},/z)\lm = v;; < clq}l/Q)\Ln, and the last line
. 1/2 ..
since ¢’ “A1., — 0 by condition (v).

Putting these findings together, we get, with probability at least 1 — O(n=?),

s (L (0) + Ry (O] < Aun(ia35)' /272 + 000n),
%, n

as required.

Thus, since the (unique, global) solution to the restricted optimization problem (S.12) satisfies the optimality
conditions for the unrestricted optimization problem (1) (which also admits a unique, global solution), and since
the restricted solution lies in B,,, we obtain the required results. O]

S.8 STATEMENT OF REGULARITY CONDITIONS FOR AND PROOF OF
THEOREM 4.3

The assumption that sufficiently accurate estimates of the diagonal entries of the underlying inverse covariance
matrix Q% i =1,...,p, are available is critical in establishing that the SPACE, CONCORD, and PseudoNet es-
timates are consistent, even in a high-dimensional setup. An obvious estimate for the underlying diagonal entries
is 1/S4, ¢ = 1,...,p, where S here is the sample covariance matrix. However, S is not invertible when p > n,
and so these estimates are not defined; an alternative approach is to consider the entries of a generalized inverse
of S, but this turns out to be difficult, as well. Theorem 4.3 below instead provides a two-step method to obtain
these estimates and rigorously establishes their accuracy, resolving an important gap in the literature, and may

also be of independent interest.

S.8.1 Statement of regularity conditions for Theorem 4.3

Assume conditions (i), (ii), (v), and (vi) that were stated above for Theorem 4.2. Assume further that there
exists a constant § < 1 such that

—1
0 0 . 0
‘Ei,Az; (ZA%,,A%) signi) ;| <90

, i¢ AL j=1,...p, (S.24)

where

dn:kniax |{€:€€{1,...,p}7 £k, 925#0}‘,
seesD

Al ={k:ke{l,....p}, k#j, Q) #0},

and the sign in (S.24) is interpreted elementwise. As a reminder, d,, denotes the maximum number of nonzero
entries in any row of Q°; when d,, is bounded in n, this theorem yields estimates satisfying condition (iv) above,
even when p > n. We note that (S.24) is similar but not equivalent to condition (iii) above.

S.8.2 Proof of Theorem 4.3

We start by considering the estimation of the pth diagonal entry for ease of exposition. As discussed later, the
argument below (all the way to Equation (S.47)) can be repeated verbatim for estimation of the ith diagonal
entry with obvious notational changes.
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Note that, since d,, = O(gy), conditions (i), (ii), (v), and (vi) imply that din/z)\l,n 0, dflogn/m 0. and
(1/M1.)((dn/n)logn) /2 — 0.

Let (n7,1) = Q,./Qyp, i.e., n is the pth (off-diagonal) row of  divided by the pth diagonal entry. Let S again
denote the sample covariance matrix. Consider the function

p—1
JP(”) = (nTv 1)5(77T7 1)T + )‘l,n Z |77'L|7
i=1

where again Ay ,, is the tuning parameter. This a convex function, and any global minimizer of this function will
be sparse in 77. This will immediately lead to an estimate of the sparsity in the pth row of {2. The function J,, is the
same objective function used by Meinshausen and Bithlmann (2006) in their neighborhood selection procedure
(up to a simple transformation of the parameter 7). Note that Meinshausen and Bithlmann (2006) provide
a consistency proof for the sparsity pattern obtained by minimizing J, under a set of regularity assumptions
(for example, Gaussianity).? We provide a proof of sparsity selection consistency for J, below under a set of
related but different assumptions from those in Meinshausen and Biithlmann (2006) (for example, under a general
sub-Gaussian tail setting).

Let 7Y denote the true value of the parameter 7. Also, for ease of exposition, we use 7, = 772 = 1 below, but
the vector n will always refer to the (p — 1)-dimensional parameter defined above. We now obtain the required
result through a sequence of lemmas.

Lemma S.8.1. For any v > 0, there exists a constant C, > 0 such that, with probability at least 1 — O(n~7),
logn

0
max |9 — 2| < C
1<¢,j,<p| Y ”|_ K n

for large enough n.

Proof. Fix 1 <4,j <p. Let py = Expo [(Xli + le)2] and p— = Exo [(XM — le)2]. It follows that

Pr(lsy; — 35 >
> 4t>

17’L
:Pr(
n
177,
2 Pr| |- Xoi— X0:)2 —
. >+r<‘n2(4 W -

= (Ko + X0)* = (X — Xg5)” = (g — 1)
=1
1 n

> 2t> . (S.25)

Note that X, + X; are sub-Gaussian random variables (by condition (i)), and their variances are uniformly
bounded in 4, j, and n (by condition (ii)). For any c¢s > 0, it follows, by (S.25) and Rudelson and Vershynin
(2013, Theorem 1.1), that there exist constants K; and K independent of 7, j, and n such that

1 —Kon(car/lo8n 2
o <|Sij2?j >CV 0g"> < Kye (e V) = Kye K207 logn
n

for large enough n. Using the union bound and the fact that p = O(n"), for some k > 0, gives us the required
result. O

Next, let
L(n) =", HSHn", 17,
and let

p
di(n) =2 1S, (S.26)
i=1

for 1 <i < p—1, denote the elements of the gradient of L. Then we obtain the following results.

2Note that, by combining the sparsity patterns for all the rows of  using the neighborhood selection procedure, one
can obtain an estimate for the sparsity pattern in Q°. However, a drawback is that the resulting pattern is not necessarily
symmetric. On the other hand, our goal in this section is to show consistency of a procedure, which uses the sparsity
pattern for neighborhood selection solely for estimating the diagonal entries of Q°.
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Lemma S.8.2 (Optimality conditions). n minimizes Jp, if and only if

di(n)  =—Mipsignn;  ifpi#0, 1<i<p-1 (S.27)
ldi(m)] < Ain ifn;=01<i<p-—1. .

Also, if |d;(7)| < A1n, for any minimizer 7, then by the continuity of d; and the convexity of J,, it follows that
M = 0, for every minimizer 1 of Jp.

Lemma S.8.3. For every 1 <i<p-—1,
Exo [di(n°)] = 0.

Proof. Let £0 denote the submatrix of X° formed by using the first r rows and columns. It follows, by the
definition of %, that, for every 1 < i < p,

p p
2
0 E 050 § 0\—150
j=1 PP j=1

O

Lemma S.8.4. For any vy > 0, there exists a constant Cy > 0 such that, with probability at least 1 — O(n™"7),

logn
()| < .
max |di(n”)] < Cryyf—>

Proof. 1t follows, by Lemma S.8.2, that

2 O -
di(1°) = o > X [ Yo nh Xy
=1 =1

is the difference between the sample covariance and population covariance of X; and Z§=1 n?Xj. It follows,

by condition (ii) and the definition of 7%, that the variance of 37, 19X, given by ((°)",1) £° ((n°)", I)T, is
uniformly bounded over n. The proof now follows along the same lines as the proof of Lemma S.8.1.

Note that AP is the set of indices corresponding to the nonzero entries of 72. Also note that |A?| < d,,. Next,
we establish properties for the following “restricted” minimization problem:

I
i T (5.28)

Lemma S.8.5. There exists C > 0 such that, for any v > 0, a global minimum of the restricted minimization
problem (5.28) exists within the ball {n : |n — n°||2 < CV/d, 1 n}, with probability at least 1 — O(n=7) for
sufficiently large n.

Proof. Let &y, = v/dnA1,,n. Then, for any constant C' > 0 and any u € RP! satisfying u; = 0 for every j ¢ AP
and ||ul|2 = C, we get by the triangle inequality that

p—1 p—1 p—1
SO =D+ gl < dn Y Juy| < Can/dy- (S.29)
j=1 j=1 j=1

Again, let

L(n) =", DTS, 1"
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y (S.29) and a second-order Taylor series expansion around n°, we get

Jp(n° + énu) — J,(n°)

p—1 p—1
L(n® + Gw) = L®) = A [ S 1001 = D 109 + Gyl
j=1 j=1

> ap, Z ’U,jdj(?]o) + di Z Z ujuijk — Capy/ dn)\l,n
jeAL JEAL ke AT,

> Gy, Z ujd;(n°) + a2 Z Z ujur(Sik — E?k) +a? Z Z UjUk;Egk — a2, (S.30)
jeAR jeAD ke AL jeADL ke AL,

Note that A1 5 /e — 00 and dy/ 87 5 () as n — oo, since (1/A1n)((dn/n)logn)/? — 0 and d/* A — 0.

It follows, by the Cauchy-Schwarz inequality, Lemma S.8.1, and Lemma S.8.4, that for any v > 0 there exist
constants C, and C; , > 0 such that, with probability at least 1 — O(n™"7),

& > wid(n) < CCyy ) I;Zg”an = 0(a2) (S.31)

jeEA

and

a2 logn .
T D wun(Si =) < cyc%zm/% = o(&2). (S.32)

JEAD ke AY,
Also, by condition (ii), it follows that

e
S wjupsy, > P (D) (S.33)

JEAE ke AL,
Combining (S.30), (S.31), (S.32), and (S.33), we get that
Tp(n° + dnu) = Jp(1°) >

with probability at least 1 — O(n~7), for large enough n.
Choosing C' = 4Apnax(2°) + 1, we obtain that
JP(UO + anu) > Jp(no);

m
u:u(Aﬁ)czo, [[ull2=C

with probability at least 1 — O(n~7), for large enough n. Hence, for every n > 0, a local minimum (in fact
a global minimum due to convexity) of the restricted minimization problem (S.28) exists within the ball {n :
ln —n°l2 < Cv/dyA1 4}, with probability at least 1 — O(n~"), for sufficiently large n. O

Lemma S.8.6. There exists a constant C; > 0 such that, for any v > 0, the following holds with probability at
least 1 — O(n= 7).

For any n in the set
S={n:ln-1"llz 2 Civ/dpAin, 1; =0Vj ¢ AL},

we have ||d g (1)[|, > VdnAin, where d a3 (n) = (d; (1)) ;¢ 42 -

Proof. Recall that &, = v/dyA1,,. Choose n € S arbitrarily. Let u =1n— n°/é&,. Tt follows that u; = 0, for every
J & AP and ||ul| > Cy. By a first-order Taylor series expansion of d 4, it follows that

dap(n) = dag(n°) +20mSap apuas
= dap(n°) + 26030 ap vz + 20m (Sapan — Shpap) vaz- (S.34)
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By Lemma S.8.1 and Lemma S.8.4, it follows that, for any v > 0, there exist constants C>,, and Cs  such that

d 4z ()2
~ d,logn G dn+/logn
2 2 [ Sy aazlly = Coaf == = Canllulle ===
> Luun
= (QO) 2
- nA 7L
Vit max(m)

with probability at least 1 — O(n~7) for large enough n. The last inequality follows by condition (iii) and since
dn(logn/n)'/? = 0.

Choosing C1 = Amax(92°) + 1 leads to the required result. O

The next lemma establishes estimation and model selection (sign) consistency for the restricted minimization
problem (S.28).

Lemma S.8.7. There exists Co > 0 such that, for any v > 0, the following holds with probability at least
1 —0(m™") for large enough n:

a. there exists a solution to the restricted minimization problem (S.28)

b. (estimation consistency) any global minimum of the restricted minimization problem (S5.28) lies within the
ball {n : [In = n°ll2 < Cav/dn A1 n}

c. (sign consistency) for any solution i of the restricted minimization problem (S.28), signt); = sign 77?, for
every 1 < j <.
Proof. The existence of a solution follows from Lemma S.8.6.

By the optimality conditions for the restricted minimization problem (S.28) (along the lines of Lemma S.8.2), it
follows that, for any solution 7 of (S.28), |d; ()| < A1, for every j € AL It follows that ||d 42 ()], < VdnA1n-
Estimation consistency now follows from Lemma S.8.7.

Note that, by condition (vi) and the fact that d,, < ¢y,
> 205V dpAin,

for every j € AP and for sufficiently large n. Sign consistency now follows by combining this fact with ||n—n°||2 <

CQ V dn)\l,n-

2 Amax(ﬂo

The next lemma will be instrumental in showing that the solution set of the restricted minimization problem
(S.28) is the same as the solution set of the unrestricted minimization problem for .J, with high probability.

Lemma S.8.8. For any v > 0, any solution 1) of (S.28) satisfies

Igax |d; (D) < A,

with probability at least 1 — O(n~7) for large enough n.
Proof. Let v > 0 be given, and let /) be a solution of (S.28). If C,, = {sign7 = signy"}, then Pr(C,) >
1 —O(n=77") for large enough n (by Lemma S.8.7). Now, on C,, it follows by a first-order expansion of d 4»
around 7° and the optimality conditions for (S.28), that
“Aiasignily = dap(9)
= dar(n°) + 2548 4z lin
= Hpfii, + d.Af; (770) +2 (SAﬁAﬁ - E?L\QAQ) (I (835)
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where @, =% —n°, and H,, = 22?4;;#;.

Hence,
i = =M1 o, signne — Hy M ge () — 2H, ' (Sazaz — S ap) i (S.36)

Now, let us fix j ¢ AP. By a first-order Taylor series expansion of d;, it follows that
d;() = d;j(n") + 25 4z .

Using (S.36), we get that

(1) = di(0°) + 2845 — ) 4p) itn + 25 4p) "t
= —2)\1,n(227A5)TH,:1 sign 77231 +d;(n°) — 2(227Aﬁ)THgldAg (n°) +
—A(37 4p) Hyy ' (Sagan — g az) o+ 2(Si 4z — X 4z) . (8:37)

We now individually analyze all the terms in (S.37).
It follows, by (S.24), that the first term satisfies

=210 (3] ) H,  signnyp | < 01, < A (S.38)

It follows, by Lemma S.8.4 and since (1/A;,,)((dn/n)logn)/? — 0 and d}/Q)\l,n — 0, that the second term
dj(n") is o(A1,,) with probability at least 1 — O(n~7=") for large enough n.

Also, by condition (ii) and the definition of H,, we get that

B _ 1 S Amax(Q0)

0 T 1 0 1 0 max

H2(2j)Aﬁ) H, ‘2 < HEJ}AQ 9 ||2Hn 2 < )\min(QO) H (EAﬁAﬁ) H2 < )\min(Qo)’ (S.39)
where || - ||2 here denotes the {5 operator norm (maximum singular value). It follows, by Lemma S.8.4 and since

(1/A1.0)((dn /n) logn) /2 — 0 and dy/*A1,, — 0, that the third term in (S.37) satisfies

— Amax QO
2050 )" g )| < 52105V )| = o). (5.40)

Let b =2H,'%; 4». Note that, by (S.39), the norm of b is uniformly bounded in 7 and r. Also note that the jth

element of the vector <S AP AP — Z&p Ap) b is the difference between the sample and the population covariance

of X; and ZkeAﬁ b X). Using the same line of arguments as in the proof of Lemma S.8.4, it follows that there
exists a constant Cy, > 0 such that

logn

((Sapar = Zhpar) b)j‘ < o\ — = (S.41)

max
JEAL

with probability at least 1 — O(n=7~") for large enough n. By (S.39), (S.41), claim (b) in Lemma S.8.7, and
since (1/A1.,)((dn/n)logn)*/? — 0 and d}/2/\1m — 0, we have that the fourth term in (S.37) satisfies

IN

A5 ap) o (Sagar = Elap ap) 2|[(Sagar = Slpap) bll, Nl

o) ( dnlsg”\/dnxla (S.42)

= o(A1n), (S.43)

with probability at least 1 — O(n~7""") for large enough n.
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By Lemma S.8.1, claim (b) in Lemma S.8.7, and condition (ii), the fifth term in (S.37) satisfies

Q(Si,Aﬁ - E?Ag)Tﬂn

§2\

R d, lo
Sian — E?Aﬁ 2 [dnll2 = O ( e \% dn}‘Lﬂ) = 0(A1,n)- (S.44)

n

It follows, by (S.37), (S.38), (S.40), and (S.42)-(S.44), that, for any j ¢ AZ,
|d; (M| < Avns

with probability at least 1 — O(n~7~") for large enough n. The result now follows by the union bound, and from
the fact that p = O(n"). O

Let v > 0 be chosen arbitrarily. Let Cp;, denote the event on which Lemma S.8.7 and Lemma S.8.8 hold. It
follows that Pr(C, ) > 1 —O(n~7"*), for large enough n. Now, on C,, ,,, any solution of the restricted problem
(S.28) is also a global minimizer of J, (by Lemma S.8.2). Hence, there is at least one global minimizer of J, for
which the components corresponding to (AP )¢ are zero. It again follows, by Lemma S.8.2, that these components
are zero for all global minimizers of J,. Hence, the solution set of the restricted minimization problem (S.28) is
the same as the solution set for the unrestricted problem (i.e., the set of global minimizers of J,). Hence, on
Cp.n, the assertions of Lemma S.8.7 hold for the solutions of the unrestricted minimization problem for .J,.

Now, let B2 = AP U{p}. Using the sparsity in Q° it can be shown that Qgp is also the diagonal entry corresponding

to the index p in (Z%p BP) . Let A{’L be the set of indices corresponding to the nonzero entries of any minimizer

A _1 A -~
7 of Jp, let €, be the diagonal entry corresponding to the index p for (Sgﬁ@) ,and let B2 = A2 U {p}. Tt
follows that B2 = B2 on C,.,, and that

1 = 5,1 < [[(Smzmn) ™~ (Shyen) |
-1 —1
=< H(SBﬁBﬁ) H2|’SB£B£—E%7155 QH(EOBmsg) H2
< Anax(@) || (Sms) 7 1Sz — Sl
< dnAmaX(QO)H(S’BﬁBg)_lH max | — 3. (S.45)

2 1<i,j<p

Note that, by Lemma S.8.1, there exists a constant C.,, such that

[logn
0 0
||S - Zn”max = 123);19 ‘Sij - Eijl < Cv-m P

with probability at least 1 —O(n~7~") for large enough n. Let D,, denote the event on which the above inequality
holds. Hence, on D,,, we get

-1 -1 -1 -1
H(SBﬁBﬁ) H2 = H(Zozszsﬁ) H2 + H(stﬁlsﬁ) - (Csr) H2
-1
< Amax(QO) + dn)\max(QO) ‘ (SBi’,,Bf’L) ‘2 1?}3{};1) |SZJ - E(i)j
1
S )\max(QO) + Amax(QO)ny—H@dn Oin (846)
for large enough n. Tt follows, by (S.45), (S.46), and since d,, (logn/n)'/? — 0, that on C,,,, N D,,
A 1
|QPP - Qgp| S 2)\1211ax(90)0’y+ﬁdn O’in (847)

for large enough n.
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For every 1 < i < p, the above argument can be repeated verbatim by considering 7 to be the ith (off-diagonal)
row of QY normalized by the corresponding entry, and constructing the J;, A%, etc. accordingly. Then, by
maximizing J;, we can obtain A% such that there exists a set C;, with Pr(Ci,) = 1 — O(n~77*) for large
enough n, and /lﬁl = A on C; . Again, it can be shown in exactly the same way as above (for the case of the

. -1
pth row), that if €;; is the diagonal entry corresponding to the index i for (Sgi Gi ) , then on C; , N D,

. 1
10 — Q%] < 2Amax(°)2C, 1 diny/ Oi " (S.48)

It follows, by (S.47) and (S.48), that on ("_,C; ) N D,

max | — Q%) < 202 (Q0)C,ypdpy ) 22T (S.49)
n

1<i<p

Since

Pr (M0, Cin) N Dy) = 1= (p+1)O(m™7™") = 1 - O(n™")
for large enough n, we have achieved our goal.

Note that the estimation accuracy in Lemma S.8.7 is v/d,A1,,. Hence, an estimate of §2,, based on 7 has
estimation accuracy larger than or equal to v/d,A; 5. Since

/1 dpl
dn ogn =V dn ogn = 0( V dn)\l,n)v
n n

(1/M1.2)((dn/n)logn)'/? — 0, and d}«/Q/\l,n — 0, it follows that a two-step procedure gives a provably better
estimation accuracy than direct lasso based estimates of the diagonal entries of Q.
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