Automated Inference with Adaptive Batches

Supplementary Material

A Proof of Lemma 1

Proof. We know that —V/{z(z) is a descent direction iff the following condition holds:
Vis(2)TVi(x) > 0. (10)
Expanding ||Vlg(z) — V{(x)||? we get
Vs (@) |2 + [ VE@)|? — 2945 (0)T Vi) < [|Ves (@),
= —2V/ip(z)T'Vi(z) < —||VL(z)|3 <0,

which is always true for a descent direction (10). O

B Proof of Theorem 1

Proof. Let Z = E[z] be the mean of z. Given the current iterate z, we assume that the batch B is sampled
uniformly with replacement from p. We then have the following bound:

IV f(w;2) = V() |* < 2|V f(w;2) = Vf(z,2)|? + 2V f(=,2) - VE()]?
< 2L%||z - 2|12 + 2|V f(z, 2) — VE(2)|?
=2L% ||z — 2|* + 2||E.[V f(z, 2) — Vf(z, 2)]|]”
< 2L%||z — 2|1 + 2E. ||V f (=, 2) — V(z, 2)|?
<2L%||z — z||> + 2L2E. ||z — 2|°
=2L%||z — z||* + 2L2 Tr Var.(z),

where the first inequality uses the property ||a + b[|? < 2||al|? + 2||b||?, the second and fourth inequalities use
Assumption 1, and the third line uses Jensen’s inequality. This bound is uniform in z. We then have

E.||Vf(x;2) — VE(z)||* < 2L%E. ||z — 2||* + 2L2 Tr Var,(z)
= 4L% Tr Var,(z)
uniformly for all z. The result follows from the observation that
1

B |V f(x;2) = Vi(z)|.

C Proof of Lemma 2

Proof. From (5) and Assumption 2 we get

T La? 2
Ux41) < U(we) — gy VE(xe) + THQtH :

Taking expectation with respect to the batch B; and conditioning on ¢, we get

Elt(zi11) — ()] <Uwi) — ") — aEg] " Ve(z) + To-Bgi|?
La?
ER
—t(z2) ~ €a*) (@ = “o) | VU + To B

La?

<(1—2n(0 — Z0) ) (¢law) — ) + LBl

where the second inequality follows from Assumption 3. Taking expectation, the result follows. O

=) = Ua*) = a|| VU@ II* + = (V&) |* + Elled| +Ele.]" VE(x1))
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D Proof of Theorem 2

Proof. We begin by applying the reverse triangle inequality to (4) to get
(1= 0)E|Vis(2)| < E[Ve()]
which applied to (4) yields

02
mﬂillw(ﬂﬂt)ll2 > E|[Ves(zi) — V()| = Elle]|. (11)
Now, we apply (11) to the result in Lemma 2 to get
N N La 15}
E[l(ze41) — (")) < E[b(ze) — €(z*)] — (a — JEIIVe(ze)]?,

where 3 = % > 1. Assuming o — L‘X;ﬂ > 0, we can apply Assumption 3 to write

Elt(ren) — )] < (1 - 200~ 25 %)) Blt() - ("))

which proves the theorem. Note that max,{« — L";B} = ﬁ, and p < L. It follows that

0< (1-2p(a- La;ﬁ)) <1

The second result follows immediately. O

E Proof of Theorem 3

Proof. Applying the reverse triangle inequality to (4) and using Lemma 2 we get, as in Theorem 2:
La?

Elt(z01) — ")) < Elt(ey) — ()] — (o~ 227

where 8 = % > 1.

JEIVE)|?, (12)

We will show that the backtracking condition in (7) is satisfied whenever 0 < ay < 5% First notice that:

Loif o o
2 = 2

1
O<Oét§ﬂ7L — —oy +

Thus, we can rewrite (12) as
«
Ell(zi11) — €(2*)] < E[f(xe) — £(x7)] — ?t]EHW(xt)H?
< E[l(z;) — £(z")] — cai B[ VE(,) 1%,
where 0 < ¢ < 0.5. Thus, the backtracking line search condition (7) is satisfied whenever 0 < ay < Tlﬂ

Now we know that either oy = «p (the initial stepsize), or oy > 25%’ where the stepsize is decreased by a factor
of 2 each time the backtracking condition fails. Thus, we can rewrite the above as

Ef(re1) — £(a*)] < Eff(2) — (")) — emin (ag, 52 VL)

26L
Using Assumption 3 we get
Bforr) — ¢)] < (1~ 2eumin (0o, 337 ) )l — (e

Assuming we start off the stepsize at a large value such that min(ap, w%) = 26%’ we can rewrite this as:

Elt(wis) — ()] < (1= 57 Bl — @)
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F Algorithmic Details for Automated Big Batch Methods

The complete details of the backtracking Armijo line search we used with big batch SGD are explained in detail
in Algorithm 2. The adaptive stepsize method using Barzilai-Borwein curvature estimates with big batch SGD
is presented in Algorithm 3.

Algorithm 2 Big batch SGD: backtracking line search
1: initialize starting pt. x, initial stepsize «, initial batch size K > 1, batch size increment dy, backtracking
line search parameter ¢, flag F' =0
2: while not converged do
3:  Draw random batch with size |B| = K
4:  Calculate Vg and V/{g(x;) using (6)
5. while ||V{g(z)||* < Vs/K do
6: Increase batch size K < K + 0
7
8
9

Sample more gradients
Update Vg and V{g(x;)
: Set flag F' =1
10:  end while
11:  if flag FF == 1 then

12: Q4 a*2

13: Reset flag FF =0

14:  end if

15:  while (g(z; — aVig(xy)) > lg(zy) — cou||VEs(2¢)]|* do
16: o af2

17:  end while
18: Ti41 = Tt — aVﬁB(xt)
19: end while

Algorithm 3 Big batch SGD: with BB stepsizes
1: initialize starting pt. z, initial stepsize «, initial batch size K > 1, batch size increment ¢, backtracking
line search parameter ¢
2: while not converged do
Draw random batch with size |B| = K
Calculate Vg and Gp = V{p(z) using (6)
while ||G5|]? < Vz/K do
Increase batch size K < K + {k
Sample more gradients
Update Vi and Gp
end while
10:  while lg(z — aVig(z)) > lg(x) — ca||Vig(z)||* do
11: o<+ a2
12:  end while
13:  z <+ x—aVig(x)
14: if K < N then

15: Calculate & = (1 — Vg/(K||G5l/?))/v using (8) and (9)
16:  else

17: Calculate & = 1/v using (9)

18:  end if

19:  Stepsize smoothing: a < a(l — K/N)+ aK/N

20:  while l5(z — aVig(z)) > l5(z) — ca||Vis(z)|]? do
21: a—af2

22:  end while

23:  x <+ x—aVig(x)

24: end while




Soham De, Abhay Yadav, David Jacobs and Tom Goldstein

G Derivation of Adaptive Step Size

Here we present the complete derivation of the adaptive stepsizes presented in Section 5. Our derivation follows
the classical adaptive Barzilai and Borwein (1988) (BB) method. The BB methods fits a quadratic model
to the objective on each iteration, and a stepsize is proposed that is optimal for the local quadratic model
(Goldstein et al., 2014). To derive the analog of the BB method for stochastic problems, we consider quadratic
approximations of the form ¢(z) = Eg f(z, ), where we define f(z,6) = %||z — 0||* with 0 ~ N (z*,0?1).

We derive the optimal stepsize for this. We can rewrite the quadratic approximation as
Ua) = Eof(2,0) = SEqlla — ]2 = Sla”a — 227a* —E(676)] = _ (e —2*|]* + do?),
since we can write

E(676) = EZQ2 ZW Z 924+ 02 = ||l2*|? + do?.

i=1
Further, notice that:

Eg[Vi(z)] = Ep[v(z — 0)] = v(x — ), and
Tr Varg[VL(2)] = Eg[v?(x — 0)" (x — 0)] — v (z — )T (2 — 2*) = dv?o?

Using the quadratic approximation, we can rewrite the update for big batch SGD as follows:

1
xt+1:xt—at®2y(xt—9i): 1 Vo J?t—f— |B| Ze ‘B‘ Z§u

i€B ieB ieB

where we write 0; = z* + o&; with & ~ N(0,1). Thus, the expected value of the function is:

Ell(xi41)] = Ee lﬁ ((1 —vay) T + vagx* + V[;;Tt Z€1>

i€B

v voo
= —E¢ [ ||(1 —voy)(z — tz& + do?
2 ‘B‘ i€B
2
v . voo
=2 [ 10 = va (@ — )| +E WZ@ +do”
ic€B

2
(n(lmt)(xtx I+ 0 W)

VAN

Minimizing E[¢(x¢41)] w.r.t. oy we get:

wo L B[V £, (z)]||
v |E[V s, (2)][|* + A Tr Var [V £ (x0)]
_ 1 IEHVEBt (xt)H ‘é I Tr Var[V f ()]
v E||Vig, (z H
1 ( |Bl | TrVar[Vf(ﬂCt)]>
v B[ Ve, ()]
1- 6%
>

Here v denotes the curvature of the quadratic approximation. Thus, the optimal stepsize for big batch SGD is
the optimal stepsize for deterministic gradient descent scaled down by at most 1 — 62
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H Details of Neural Network Experiments and Additional Results

Here we present details of the ConvNet and exact hyper-parameters used for training the neural network models
for our experiments.

We train a convolutional neural network (LeCun et al., 1998) (ConvNet) to classify three benchmark image
datasets: CIFAR-10 (Krizhevsky and Hinton, 2009), SVHN (Netzer et al., 2011) and MNIST (LeCun et al.,
1998). The ConvNet used in our experiments is composed of 4 layers, excluding the input layer. We use 32 x 32
pixel images as input. The first layer of the ConvNet contains 16 x 3 x 3, and the second layer contains 256 x 3 x 3
filters. The third and fourth layers are fully connected (LeCun et al., 1998) with 256 and 10 outputs respectively.
Each layer except the last one is followed by a ReLu non-linearity (Krizhevsky et al., 2012) and a max pooling
stage (Ranzato et al., 2007) of size 2 x 2. This ConvNet has over 4.3 million weights.

To compare against fine-tuned SGD, we used a comprehensive grid search on the stepsize schedule to identify
optimal parameters (up to a factor of 2 accuracy). For CIFARI10, the stepsize starts from 0.5 and is divided
by 2 every 5 epochs with 0 stepsize decay. For SVHN, the stepsize starts from 0.5 and is divided by 2 every 5
epochs with 1le—05 learning rate decay. For MNIST, the learning rate starts from 1 and is divided by 2 every
3 epochs with 0 stepsize decay. All algorithms use a momentum parameter of 0.9, and SGD and AdaDelta use
mini-batches of size 128.

Fixed stepsize methods use the default decay rule of the Torch library: a; = ag/(1 + 1077t), where o was
chosen to be the stepsize used in the fine-tuned experiments. We also tune the hyper-parameter p in the
Adadelta algorithm, and we found 0.9, 0.9 and 0.8 to be best-performing parameters for CIFAR10, SVHN and
MNIST respectively.

Figure 3 shows the change in the loss function over time for the same neural network experiments shown in the
main paper (on CIFAR-10, SVHN and MNIST).
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Figure 3: Neural Network Experiments. Figure shows the change in the loss function for CIFAR-10, SVHN, and MNIST
(left to right).



