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A Upper Bound

Lemma 1. Let € be defined as in the proof of Theorem 1. Then

Proof. Let & = £ N E). Then from the definition of £,
E=EUENE)U...U(E1NEran...N&),
and from the definition of &,
ENE1N...NE=(EJNE_1N...0E)U(E NE-1N...N&E).

It follows that the probability of event £ is bounded as
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From the definition of 57], it follows that

P(EY, &, ..., E_1) < P(Fi € Lyst tp(d) ¢ [LY(), U (4)]) +
P(Fi e Ipst up(i) < pu(i), &, ..., E_1)-
Now we bound the probability of the above two events. The probability P(£), £J, ..., £/ ;) can be bounded similarly
and we omit this proof.
Event 1: 3i € I s.t. wy(4) ¢ [Ly(¢), Uy (7))

Fix any ¢ € I,. Let ¢, be the k-th observation of row ¢ in the row exploration stage of Rank1Elim and /(%) be the index of
that stage. Then

n

=L o(hy, ()
. £(k
¢y, — a(4) Z %
=1 k=1
is a martingale difference sequence with respect to history hy, . . ., hZ( k) in step k. This follows from the observation that
=L o(hy, ()
. £(K)
E [ck’hg,..., Z(k,)} :u(z)ZT,
j=1

because column j € [L] in stage ¢(k) is chosen randomly and then mapped to at least as rewarding column hZ( I (4)- By
the definition of our sequence and from the Azuma-Hoeffding inequality (Remark 2.2.1 of Raginsky and Sason [26]),
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for any stage ¢. By the union bound,
P(3i € Ips.t. ag(i) ¢ [LY (i), UY(i)]) < 2Kn~2
for any stage /.

Event 2: 3i € I s.t. wy(i) < pa(i), &, ..., &

We claim that this event cannot happen. Fix any i € I,. When ¢ = 0, we get that uy (i) = u(i)(1/L) Zle o(y) > pa(i)
from the definitions of G (7) and 4, and event 2 obviously does not happen. When ¢ > 0 and events &, ..., &), happen,
any eliminated column j up to stage £ is substituted with column j’ such that 7(j’) > ©(j), by the design of Rank1Elim.
From this fact and the definition of ty(4), e (é) > pa(%). Therefore, event 2 does not happen when ¢ > 0.

Total probability

Finally, we sum all probabilities up and get that

This concludes our proof. m

Lemma 2. Let event £ happen and m be the first stage where~A7,,, < uAY /2. Then row i is guaranteed to be eliminated by
the end of stage m. Moreover, let m be the first stage where A, < [LA}/ /2. Then column j is guaranteed to be eliminated
by the end of stage m.

Proof. We only prove the first claim. The other claim is proved analogously.

Before we start, note that by the design of Rank1E1im and from the definition of m,

U

~ AL -
Ap=2""< HT <2 MDA, . ©6)

By the design of our confidence intervals,

1 & logn @ logn
— > Ch(ij) + < Uy (i) + 2
Nm, < Nm Nm
j=1
. logn logn
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Nm
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where inequality (a) is from LV, (i) < @, (i), inequality (b) is from n,,, > 4A-2logn, and inequality (c) is by (6). Now
note that

Uy (i) — U (i) = q(a(i") — (i) = pAy

for some ¢ € [0, 1]. The equality holds because u,,(i*) and @, (¢) are estimated from the same sets of random columns.
The inequality follows from the fact that events &, . .., EY,_; happen. The events imply that any eliminated column j up
to stage m is substituted with column j' such that o(j") > ©(j), and thus ¢ > u. From the above inequality, we get that

I
8T <, (1) — 2y 2

ﬁm(i*) + MA;J - [ﬁm(i*) - ﬁ'rn(i)] -2 Nim Nm
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Finally,

j 1 m
K
® 1 . [logn
< 7zcnz(lm7])7 )
Nm = Nm

where inequality (a) follows from @, (:*) < UY, (¢*) and inequality (b) follows from LY (i*) < LY, (i), since i* € I,
and i,, = argmax .y L} (7). Now we chain all inequalities and get our final claim. m

Lemma 3. The expected cumulative regret due to exploring any row i € [K| and any column j € [L] is bounded as

AN
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Proof. We only prove the first claim. The other claim is proved analogously. This proof has two parts. In the first part, we
assume that row 4 is suboptimal, AY > 0. In the second part, we assume that row i is optimal, A} = 0.

Row i is suboptimal
Let row 7 be suboptimal and m be the first stage where A, < nAY /2. Then row ¢ is guaranteed to be eliminated by the
end of stage m (Lemma 2), and thus

m

E > E[RY(i)|He] 1{F}

£=0

ZIE [RY (i) | He] 1{Fs}

By Lemma 4, the expected regret of choosing row ¢ in stage ¢ can be bounded from above as

E[Re(0) | Hel 1{Fe} < (AY +max Af)(ne = ne),
. £

where max;ey, A} is the maximum column gap in stage £, n, is the number of steps by the end of stage ¢, and n_; = 0.
From the definition of F, and Ag, if column j is not eliminated before stage ¢, we have that

AV < 281 _ 2 2mHHA,, < gm—L+IAU
T I ’

From the above inequalities and the definition of ny, it follows that
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where the last inequality follows from logn > 1 for n > 3. From the definition of Am,l in (6), we have that

gm-1_ 1 2
A77171 :U’AU
Now we chain all above inequalities and get that
n—1
E | E[RY ()| H] ]1{5}1 <6-2-22m2AV logn + 1 < iﬁu logn+1.
£=0

This concludes the first part of our proof.

Row i is optimal

Let row ¢ be optimal and m be the first stage where A, < pAY /2. Then similarly to the first part of the analysis,

384
lZE [RY (i) | He n{ﬂ}] <Z maXA V(e —ng_1) < AT logn + 1.

This concludes our proof. m

Lemma 4. Let u ~ P, and v ~ Py be drawn independently. Then the expected regret of choosing any row i € [K| and
column j € [L] is bounded from above as

Eu(®)v(") —u(@)v(i)] < A+ Aj.
Proof. Note that for any z, y, z*, y* € [0, 1],
ey -y =atyt —wyt eyt —ey =yt —w) +alyt —y) < (@ -a)+ (Y —y).
By the independence of the entries of u and v, and from the above inequality,
Eu@@®)v(5") —u(@)v()] = a(@®)v(5%) — a(@)v(y) < (@) —ali) + (0(G7) —0(5)) -

This concludes our proof. m

B Lower Bound

In this section we present the missing details of the proof of Theorem 2. Recall that we need to bound from below the
value of f(u,v) where

and

B(a,5) = {(@, ) € [0, 1% x [0,1]" : a(i*) = ("), 5(*) = 0'(G"), w (5,0) < w* (@, 0)}
Without loss of generality, we assume that the optimal action in the original model (@, v) is (¢*, j*) = (1,1). Moreover,
we consider a class of identifiable bandit models, meaning that we assume that

(i, i, 5,5") € [0, 1% x [0,1°%,  (i,5) # (7', 5") = 0 < d(u@)v(j),u(i")v(j")) < +oo.

This implies in particular that @(3*)o(j*) must be less than 1. An intuitive justification of this assumption is the following.
Remark that for the Bernoulli problem we consider here, if the mean of the best arm is exactly 1, the rewards from optimal
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pulls are always 1 so that the empirical average is always exactly 1 and as we cap the UCBs to 1, the optimal arm is always
a candidate to the next pull, which leads to constant regret. Also note that by our assumption, the optimal action is unique.
To get a lower bound, we consider the same optimization problem as above, but replace B with its subset. Clearly, this can
only decrease the optimal value.

Concretely, we consider only those models in B(u, 7) where only one parameter changes at a time. Let
By(@,0) = {(@,0) : @’ € [0,1)%, Fig € {2,...,K},e € [0,1] s.t. [Vi # io : @' (i) = u(i)] and @' (i9) = @(1) + €},
Bu(@,9) = {(, ) : ¥ € [0, 1%, Fjo € {2,..., L}, € [0,1] s.t. [Vj # o : 9'(j) = 5(7)] and ' (jo) = (1) + €} .

Let f'(u,v) be the optimal value of the above optimization problem when B(@, ¥) is replaced by By (@, v) U By(4,7) C
B(u,v). Now suppose that (4’,7") € By(@,v) and ig = 2. Then, for any ¢ # 2 and j € [L], d(a(:)v(j), @ (i)' (5)) =0
and for ¢ = 2 and any j € [L], d(u(?)v(j), @' ()0’ (5)) = d(@(2)v(j), (a(l) + €)(j)). Hence,

K L L

> da@)u), @ Zdﬂ 0(7), (u(1) + €)o(7)) -

i=1 j=1

Reasoning similarly for By (@, 7), we see that f'(u, 0) satisfies

f(a,v) = mme Z Z (@(i*)o(5*) — a(i)v(j))ei

st Vey € (0,1 —3(1)], e € (0,1 — a(1)]
K
Vi #1, Zd(ﬂ(i)@(j),ﬂ(i)(ﬁ(l) +ev))eiy; =1

L
Vi1, Y da(i)o(), (@(1) + e)oli))en > 1.
j=1

Clearly, the smaller the coefficients of ¢; ; in the constraints, the tighter the constraints. We obtain the smallest coefficients
when ey, ¢y — 0. By continuity, we get

f(w,0) = OOO)KMZZ@ )5 (5*) — a(i)v(5))ciz

21]1

stV # 1, Zd(a(i)«v(j» a(i)o(1))ei; > 1
Vi 1, d(a(i)o(j), u(1)v(4))ei; > 1.

Let

1/d(a(i)v(1),a(1)v(l)), j=1landi>1;
cij =9 1/d(@(1)ov(y),u(l)o(l)), i=1landj > 1;
0, otherwise.

We claim that (¢; ;) is an optimal solution for the problem defining f’.

First, we show that (c; ;) is feasible. Let ¢ # 1. Then Zle d(a()v(y), w(1)v(4))e;,; = d(u(i)o(l),a(1)v(1))e; 1 = 1.
Similarly, we can verify the other constraint, too, showing that (c; ;) is indeed feasible.

Now, it remains to show that the proposed solution is indeed optimal. We prove this by contradiction, following the ideas
of [6]. We suppose that there exists a solution c of the optimization problem such that c;, j, > 0 for ¢o # 1 and jo # 1.
Then, we prove that it is possible to find another feasible solution ¢’ but with an objective lower than that obtained with c,
contradicting the assumption of optimality of c.
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We define ¢’ as follows, redistributing the mass of ¢;,_j, on the first row and the first column:

0, t=1tpand j = Jo;
, ~d(u(io)v(jo), u(1)v(jo)) . _ . S
Cip,1 + Cig,jo d(ﬂ(lo)@(l),ﬂ(l)f)(l)) , 1L=10 al‘ldj =1 H
=
d(u(io)v(jo), ulig)v(1)) . o
C1,j0 + Cig,jo d(ﬂ(l)@(jo),ﬂ(l)f)(l)) s, 1= 1 andj =170
Cij, otherwise.

It is easily verified that if c satisfies the constraints, then so does ¢’ because the missing mass of ¢;, j, is simply redistributed
onc; ,andc} ; . For example, for i = ig we have

L

> d(alio)v(5), a(1)o(f))ely ; — Y d(@lio)v (i), w(1)a(5))ei 5

j=1 j=1

= d(alin) o). (1) (1)ei i Gy O i datia)oCin). (1))
=0

while for i & {10}, ¢} ; = s 50 XL, d(a(i)o(3), a(1)5(3))¢h,; = S, d(@(@)o(s), a(L)o(j))es

i, j=1
Now, we prove that the objective function is lower for ¢’ than for ¢ by showing that the difference between them is negative:

K L K L
A= @)o(1) —a@i)o(i)c,; — > > (@1)p(1) — a(i)o(j))e;
i=1 j=1

i o1y d@(i0)oo). w(1)o ()
= ciogo { (A1) = alio) () ZE T
+(0(1) - v(jo))u(l)d(u(mg;gzizggz(ll)))

Writing
(1)0(1) ~ a(io)o (o) = ((1) ~ (io)) o) + (1) ~ 5(jo)) (1)

we get
8 = i 0(1) = (i) (o(1) OIS o))
s (010) = o) () G B )

To finish the proof, it suffices to prove that both terms of the above sum are negative. First, u(1) — @(ig),v(1) —
0(jo); Cig,jo > 0, hence it remains to consider the terms involving the ratios of KL divergences. Note that both ratios
take the form d(doég :Z‘)q) with @ < 1, but one must be compared to o < 1 while the other can simply be compared to 1. For
the first such term, showing the negativity of the difference is equivalent to showing that for o = 9(jo)/7(1) < 1,

d(ea(io)v(1), au(1)o(1))
d(u(io)v(1), u(1)v(1))
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Lemma 5 below shows that for fixed (p,q) € (0,1)2, f : a ~ d(ap, aq) is convex, which proves the above inequality.
For the second term, it remains to see whether the ratio of the KL divergences is below one. Lemma 5 proven below shows
that the function o — d(ap, aq) is increasing on (0, 1), showing that

d(u(io)v(jo), u(io)v(1))
A@MoGo),aho(D) ~

Thus, the proof is finished once we prove Lemma 5.

Lemma 5. Let p, g be any fixed real numbers in (0, 1). The function [ : o — d(ap, aq) is convex and increasing on (0, 1).
As a consequence, for any o < 1, d(ap, aq) < d(p, q).

Proof. We first re-parametrize our problem into polar coordinates (r, ) :
p =rcosf
q =rsinf

In order to prove the statement of the lemma, it now suffices to prove that fy : r — d(rsin6,r cos6) is increasing. We

have
cos 0

fo(r) =7 cosflog <

which can be differentiated along r for a fixed 6 :

1—rsinf sin @ — cos 6 cos 6
o(r) = 1 1 .
Jo(r) = cosblog <1 —rcos&) * 1—rsinf - cosflog (sin@)

> + (1 —rcosf)log <HCOS€>

sin 6 1—rsiné

Now, we can differentiate again along r and after some calculations we obtain

v (sin @ — cos 0)?
0 () = (1 —rsind)2(1 —rcosb) >0

which proves that the function fp is convex. It remains to prove that f4(0) > 0 for any 6 € (0, 7/2). We rewrite f4(0) as
a function of 0 :

cos 0

16(0) = cosflog (
= o(0)

Let us assume that there exists 8 € (0, 7/2) such that ¢(fy) < 0. Then, in this direction f;(0) < 0 and as fy(0) = 0
for any 6 € (0,7/2), it means that there exists ro > 0 such that fp, (r9) < 0. Yet, fo,(r0) = d(r¢ cosbp,rosinby) > 0
because of the positivity of the KL divergence.

) +sinf — cos 6

sin 6

So by contradiction, we proved that for all # € (0,7/2), f;(0) = ¢(¢) > 0 and by convexity fy is non-negative and
non-decreasing on [0, +00).

B.1 Gaussian payoffs

The lower bound naturally extends to other classes of distributions, such as Gaussians. For illustration here we show the
lower bound for this case. We still assume that the means are in [0, 1], as before. We also assume that all payoffs have a
common variance o2 > 0. Recall that the Kullback-Leibler divergence between two distributions with fixed variance o is
d(p,q) = (p — q)%/(202). Then, the proof of Theorem 2 can be repeated with minor differences (in particular, the proof
of the analogue of Lemma 5 becomes trivial) and we get the following result:

Theorem 3. Forany (u,v) € [0,1)% x [0, 1]¥ with a unique optimal action and any uniformly efficient algorithm A whose

regret is R(n), assuming Gaussian row and column rewards with common variance o2,

.. . R(n) 202 1 202 1

| f > E —_— E —.

imin @(]*) A ‘ AE + ﬁ(l*) ‘ ‘ v
ie[K\{i*} JelLN{F*} 7



