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Abstract
We present minimax bounds for classification
and clustering error in the setting where covariates are drawn from a mixture of two
isotropic Gaussian distributions. Here, we define clustering error in a discriminative fashion, demonstrating fundamental connections
between classification (supervised) and clustering (unsupervised). For both classification
and clustering, our lower bounds show that
without enough samples, the best any classifier or clustering rule can do is close to random
guessing. For classification, as part of our upper bound analysis, we show that Fisher’s
linear discriminant achieves a fast minimax
rate Θ(1/n) with enough samples n. For clustering, as part of our upper bound analysis,
we show that a clustering rule constructed
using principal component analysis achieves
the minimax rate with enough samples. We
also provide lower and upper bounds for the
high-dimensional sparse setting where the dimensionality of the covariates p is potentially
larger than the number of samples n, but
where the difference between the Gaussian
means is sparse.

1

Introduction

We consider lower bounds and upper bounds for Gaussian classification and clustering. We focus on the
setting with two classes/clusters of isotropic (spherical) Gaussian distributions. Our results reveal the
dependency of classification and clustering errors on
the dimension of the covariates/features p, number of
samples n, sparsity of the optimal classifier/clustering
rule s = kΣ−1 (µ1 − µ0 )kp
0 , and separation between
two classes/clusters ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 ).
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Note that ρ is invariant under linear transforms of the
features, and we are interested in the difficult case when
ρ = O(1) is small.
Gaussian classification [11] is the problem of labeling a
new sample using its features, given already observed
samples with both the label and the features, where
we have a prior distribution over the labels, and each
class’s features are distributed according to a Gaussian
distribution. The classification error of classifier is defined as the probability that the classifier mislabels a
sample, which we also term as the risk of the classifier.
When analyzing classification algorithms, we are interested in bounding the excess risk, which quantifies how
much worse the trained classifier is compared to the
optimal classifier – the Bayes classifier. In this paper
we present a fast Θ(1/n) minimax rate for Gaussian
classification, even without the classes being completely
separable (the Bayes error is not 0). For lower bounds,
we also show that without enough samples, the performance of any classifier is close to random guessing.
Random guessing uniformly randomly assigns a sample into one of the two classes, and its classification
error is 1/2. For upper bounds, we show that Fisher’s
linear discriminant [11] achieves the minimax rate for
classification of two balanced isotropic Gaussian distributions. In the sparse setting, we use a `1 regularized
optimization problem to estimate the Bayes classifier.
Gaussian clustering [11] is the problem of labeling a
new sample using its features, given already observed
unlabeled samples with only the features. The features
are distributed according to a mixture of two Gaussian
distributions. We define clustering error in a discriminative fashion, and in the spirit of classification error:
we define it as the minimum classification error over
the two mappings of the two clusters to the two labels.
It is easy to see that the Bayes classifier is the optimal
clustering rule, and the clustering error is equal to the
Bayes classification error. We show that a clustering
rule constructed using principal component analysis
achieves a fast Θ(1/n) minimax rate. In the sparse
setting, we first use a thresholded estimate of the optimal clustering rule’s support, and then apply principal
component analysis to estimate the optimal clustering
rule.
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We would like to note that when the separation between the two classes/clusters is constant, our results
for classification and clustering are tight up to logarithmic factors in dimension p, number of samples n, and
sparsity s. One of our key contributions is the derivation of classification and clustering minimax risk lower
bounds. This presents particular technical challenges,
since unlike metrics, risk lower bounds do not trivially
satisfy a triangle inequality (which is critically used in
typical lower bound derivations).

Related Work Until recently, results giving a
Θ(1/n) minimax rate relied critically on a strict separation assumption (the Bayes classifier’s classification error is 0) [15]. Without
√ this assumption, the best known
results √
were O(1/ n) classification error rates [21, 6],
or o(1/ n) minimax rates[17, 14]. For certain nonparametric problems, matching upper and lower bounds
[17] for classification excess risk are known. However,
matching upper and lower bounds in parametric problems are not
√ known, although Theorem 13.21 of [5]
gives a o(1/ n) fast rate upper bound for parametric
classification problems under a VC dimension condition
and Tsybakov’s low noise condition. In a recent result,
[16] showed that it is possible to achieve a O(1/n) rate
for excess risk in Gaussian classification without such a
separation assumption. The question of a lower bound
for this setting remained open. Resolving this and
proving a matching lower (minimax) bound is one of
the contributions of this paper.
For clustering, most previous works have focused on
recovering each cluster [19, 10]. Despite other discriminative clustering methods without theoretical guarantees [22, 13], only [1] has formally defined clustering error. Our definition of clustering error draws
fundamental connections between classification (supervised) and clustering (unsupervised), and in particular,
is different from that of [1]. Using the notations of
Section 2.2, for a clustering rule C, [1] defines the
clustering error as min{Pr[C 6= C∗ ], 1 − Pr[C 6= C∗ ]},
where C∗ is the clustering rule using the Bayes classifier. In this paper, we define the clustering error as
min{Pr[C 6= Y ], 1 − Pr[C 6= Y ]}, where Y is the latent
indicator in the Gaussian mixture model. In the former
definition, the risk of an optimal classification rule is
always zero, and hence does not reveal the inherent
“hardness” of the problem, which (as is intuitive) is characterized by the distance between the cluster centers –
a quantity we denote by ρ in the sequel. Conversely,
defining the clustering error as we do, we obtain results
that explicitly depend on ρ. Section 4.3 gives a more
detailed comparison.

2

Problem Setup

2.1

Classification

The Gaussian classification problem is specified as follows. Suppose we use X ∈ Rp to denote the features,
and use Y ∈ {0, 1} to denote the label. Then joint
distribution over the features and the label is then specified by a simple Bernoulli distribution for the prior
distribution over Y , and that the features conditioned
on each of the two labels are distributed according
to Gaussian distributions, with the same covariance
matrix but different means. We thus have:
X | Y ∼ N (µY , Σ),

(1)

Pr[Y = 1] = π1 , Pr[Y = 0] = π0 .

(2)

A classifier is a function C : Rp → {0, 1}. A linear
classifier with parameter w ∈ Rp , b ∈ R is defined as
1(wT x + b > 0).
The classification error of a classifier C is defined as
the probability that the classifier mislabels a sample
R(C) = Pr[C(X) 6= Y ].

(3)

For a linear classifier C(x) = 1(wT x + b > 0), the
classification error can be written as
w
1 − π1 Φ( √

T

µ1 +b
)
wT Σw

w
− π0 Φ(− √

T

µ0 +b
).
wT Σw

(4)

The optimal classifier is the Bayes classifier C∗ (x) =
N (µ1 ,Σ)
1( ππ01 N
(µ0 ,Σ) > 1), which is a linear classifier
C∗ (x) = 1((µ1 − µ0 )T Σ−1 x
1
π1
m + (−µT1 Σ−1 µ1 + µT0 Σ−1 µ0 ) + log
> 0). (5)
2
π0
A classifier is trained using n i.i.d.
samples
(x1 , yi ), . . . , (xn , yn ), where we have access to both the
features and the label.
2.2

Clustering

The Gaussian clustering problem is specified as follows.
Suppose we use X ∈ Rp to denote the features. No
label is observed. The samples are distributed according to a Gaussian mixture model with two mixture
components, each with the same covariance matrix but
different means:
X ∼ π1 N (µ1 , Σ) + π0 N (µ0 , Σ).

(6)

A clustering rule is a function C : Rp → {0, 1}. A
linear clustering rule with parameter w ∈ Rp , b ∈ R is
defined as 1(wT x + b > 0). Note that, in the clustering
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problem, we can view the classification label Y as a
latent variable, and in particular, it is natural to use an
error metric similar to classification error as clustering
error. Here, we define the clustering error of a clustering
rule C as
R(C) = min{Pr[C(X) 6= Y ], Pr[C(X) 6= 1 − Y ]},
(7)
where a minimum is taken over two possible labelings
because there is no access to the true label.

out sparsity, and in the high-dimensional sparse setting
where the difference between the means is sparse.
Our lower bounds show that when there are not enough
samples, the best any classifier can do is close to random
guessing. For the general setting, we show that Fisher’s
linear discriminant method achieves the minimax rate
up to constant factors. Note that the constants in the
bounds can be improved.
3.1

General Setting without Sparsity

T

For a linear clustering rule C(x) = 1(w x + b > 0),
the clustering error can be written as
w
min{π1 Φ( √

T

µ1 +b
)
wT Σw

w
+ π0 Φ(− √

T
µ1 +b
)
wT Σw

w
π1 Φ(− √

T

µ0 +b
),
wT Σw

T
µ0 +b
)}.
wT Σw

w
+ π0 Φ( √

(8)

3.1.1

Lower Bound

For the lower bound, we consider Gaussian classification
problems where Pr[Y = 1] = Pr[Y = 0] = 1/2, X |
Y ∼ N (µY , I) with µ1 = −µ0 = µ. In this case, the
Bayes classification error is 1 − Φ(kµk2 ). We will index
each classification problem with µ.

It is easy to see that using the Bayes classifier as a
linear clustering rule minimizes the clustering error,
and this error is equal to the Bayes classification error.

The following theorem provides a lower bound for Gaussian classification when enough samples are available.

A clustering rule is trained using n i.i.d. samples
x1 , . . . , xn . Here we only have access to the features,
but not the latent indicator (the label).

Theorem 1 (Classification excess risk lower bound).
Let ρ > 0 be a fixed number. For sufficiently large p
and n, and any classifier C trained using n samples,
we have

2.3

Excess risk

Note that in both classification and clustering, the
Bayes classifier minimizes the error, and the minimum
error is the Bayes classification error. Taking this
into consideration, for a given Gaussian classification
or clustering problem, we define the excess risk of a
classifier or clustering rule C as
E(C) = R(C) − R∗ ,
(9)
R
where R∗
=
1/2 − 1/2 |π1 N (µ1 , Σ) −
π0 N (µ0 , Σ)| dx > 0 is the Bayes classification
error.
2.4

Assumptions

In this paper, we consider classification and clustering
of two balanced isotropic Gaussian distributions. In
classification, we consider distributions of the type
Pr[Y = 1] = Pr[Y = 0] = 1/2 and X ∼ N (µY , σ 2 I).
In clustering, we consider distributions of the type
1
1
2
2
2 N (µ1 , σ I) + 2 N (µ0 , σ I). Our setting is similar to
those presented in [4, 8, 1]. We will present results
in the general setting without any sparsity, and then
results with the following sparsity assumption s =
kΣ−1 (µ1 − µ0 )k0 = kµ1 − µ0 k0 .

3

Bounds for Gaussian Classification

In this section, we present lower and upper bounds for
Gaussian classification, both in the general setting with-

maxkµk2 =ρ/2 Eµ [Eµ (C)] & e−ρ

2

/8

min{ ρ1 np , ρ}.

(10)

The proof of Theorem 1 is based on the following theorem for general classification problems, which provides
a “triangle inequality” in Fano’s method [25] for a
fixed classifier’s excess risk in different classification
problems.
Theorem 2 (A “triangle inequality” for classification excess risk). Let i correspond to a classification
(i)
problem where Pr[Y = y] = πy and X | Y ∼
(i)
pY (X). Denote the Bayes classifier as C∗(i) (x) =
(i) (i)
(i) (i)
1((π1 p1 (x))/(π0 p0 (x)) > 1). Suppose we have
another classification problem j. Then for any fixed
classifier C,
Z
(i) (i)
(i) (i)
Ei (C) + Ej (C) ≥
min{|π1 p1 − π0 p0 |,
C∗(i) 6=C∗(j)
(j) (j)

(j) (j)

|π1 p1 − π0 p0 |} dx.

(11)

Indeed, for a classification problem where Pr[Y = y] =
πy and RX | Y ∼ pY (X), a classifier C’s excess risk
E(C) = C6=C∗ |π1 p1 − π0 p0 | dx where C∗ is the Bayes
classifier (Theorem 2.2, [7]).
To construct a packing for applying Fano’s method,
we use the following lemma on existence of sparse sets
(Lemma 4.10, [18]). This lemma is also known as the
Gilbert-Varshamov bound (Theorem 17.2, [12]). It is
stated here for completeness.

Minimax Gaussian Classification & Clustering

Lemma 1 (Existence of sparse sets (Lemma 4.10,
[18])). Let Ψ = {ψ ∈ {−1, +1}p : kψk0 = s} for
positive integers p and 1 ≤ s < p/4. Then there exists
ψ1 , . . . , ψN such that the Hamming distance δ(ψi , ψj ) >
s/2 for all 1 ≤ i < j ≤ N , and log N ≥ 5s log ps .

of the MAP classifier. The MAP classifier CMAP is a
linear classifier, and it can be written as

We
briefly
sketch
Theorem
1’s
proof.
Let
us
consider
the
set
M
=
{µ
|
p
( ρ2 /4 − sα2 ), ±αψ1 , . . . , ±αψp−1 ) ∈ Rp } where
s = (p − 1)/6 > p/8, and ψ1 , . . . , ψp−1pare as given in
√
Lemma 1. And we set α = 0.001 min{ 1/n, ρ/(2 s)}.
Using Theorem 2 we can show that for any fixed

Thus, we can use
P(4) to compute its classification error. Let ŵ = n1 (2yi − 1)xi . When conditioned on
µ, Eµ [R(CMAP )] → 1/2 uniformly for all µ, because
|µT ŵ/kŵk2 | → 0 uniformly. This establishes that the
MAP classifier’s classification error approaches 1/2 as
n max{ρ2 , ρ4 }/p → 0 and p, n → +∞.

µ, if Eµ > 4 × 10−9 e

−ρ2 /8

ρ

sα2 then we must have

−ρ2 /8

Eµ0 < 4 × 10−9 e ρ sα2 for all other µ0 6= µ. This
observation reduces the problem to a testing problem.
So using Fano’s method, we can show that
−9 e

−ρ2 /8

sα2 ]
ρ
n maxµ6=µ0 KL(Pµ k Pµ0 ) + log 2
≥1 −
log |M |
2
nsα + log 2
= Ω(1),
≥m1 −
log |M |
Pr[Eµ (C) ≥ 4 × 10

(12)

where Pµ is the joint distribution of X, Y with parameter µ, and the probability is over the uniform distribution of µ on M . Here, we used KL(Pµ k Pµ0 ) =
1
0 2
2 kµ − µ k2 . Finally, we have
max Eµ [Eµ (C)] ≥
µ

1
|M |

P

µ∈M

Eµ [Eµ (C)]

CMAP (x) = arg maxy Pr[Y = y | X = x, (x1 , y1 ), . . . ]
P
= 1(( (2yi − 1)xTi )x > 0).
(15)

3.1.2

Upper Bound

We show that Fisher’s linear discriminant achieves the
minimax rate. Here we consider isotropic Gaussian
classification problems with Pr[Y = 1] = Pr[Y =
0] = 1/2 and X|Y ∼ N (µY , σ 2 I), where µ1 , µ0 ,
and σ are unknown. We assume that kµ1 k2 =
O(1),
kµ0 k2 = O(1), and σ = Θ(1). Thus ρ =
p
2
(µ1 − µ0 )T Σ−1 (µ1 − µ0 ) = O(1) and e−ρ /8 =
Ω(1).
P
For y = 1, 0, let ny = P
1(yi = y). We estimate
1
each class’s mean µ̂y = ny yi =y xi . And the trained
classifier is Ĉ(x) = 1(ŵT x+ b̂ > 0) where ŵ = µ̂1 − µ̂0 ,
and b̂ = 21 (−µ̂T1 µ̂1 + µ̂T0 µ̂0 ).
Theorem 4 (Fisher’s
linear discriminant upper
p
bound). Let ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 ) = O(1).
When n & p log δ −1 /ρ4 , with probability at least 1 − δ,
for Fisher’s linear discriminant, we have

2

2

e−ρ /8 2
e−ρ /8 2
sα Pr[Eµ (C) ≥ 4 × 10−9
sα ]
&
ρ
ρ
&e

−ρ2 /8

ρ

2

sα2 & e−ρ

/8

min{ ρ1 np , ρ}.

E(Ĉ) .
(13)

The next theorem states that when there are not enough
samples, the best that any classifier can do is close to
random guessing. Random guessing uniformly randomly assigns a sample into one of the two classes, and
its classification error is 1/2.
Theorem 3 (Impossibility of classification). For
sufficiently large p and n, let ρ > 0.
When
n max{ρ2 , ρ4 }/p → 0 and p, n → +∞, then for any
classifier C trained using n samples, we have
inf C maxkµk2 =ρ/2 Eµ [Rµ (C)] →

(14)

Indeed, notice that maxµ Eµ [Rµ (C)] ≥ E[Eµ [Rµ (C)]],
where the outer expectation is taken over the uniform
distribution of µ on kµk2 = ρ/2, and RHS is equivalent
to a Bayesian problem with a uniform prior over µ.
In the Bayesian problem, it is easy to see that any
classifier’s classification error is lower bounded by that

log 1δ .

(16)

The proof of Theorem 4 is based on Theorem 1 of
[16], which connects parameter estimation error with
classification excess risk. We state this theorem here
for completeness.
Theorem 5 (Classification excess risk upper bound
(Theorem 1, [16])). In a Gaussian classification problem
with Pr[Y = 1] = Pr[Y = 0] = 1/2 and X | Y ∼
N (µY , Σ), the excess risk of a linear classifier C(x) =
1(wT x + b > 0) is bounded by
2

E(C) . ρe−ρ
T

1
2.

1 p
ρn

/8

(e21 + e20 ) + e31 + e30 ,

(17)

T

w µ1 +b
w µ0 +b
where e1 = | √
+ ρ/2|
− ρ/2| and e0 = | √
wT Σw
p wT Σw
T
−1
with ρ = (µ1 − µ0 ) Σ (µ1 − µ0 ).

3.2

Sparse Setting

In the sparse setting, we consider Gaussian classification problems with Pr[Y = 1] = Pr[Y = 0] = 1/2 and
X | Y ∼ N (µY , σ 2 I), with the additional requirement
that µ1 − µ0 is s-sparse (kµ1 − µ0 k0 = s).
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3.2.1

Lower Bound

Similar to Section 3.1.1, for the lower bound we consider
the Gaussian classification problems where Pr[Y = 1] =
Pr[Y = 0] = 1/2, X | Y ∼ N (µY , I) with µ1 = −µ0 =
µ. The additional requirement here is that µ is s-sparse
(kµk0 = s).
The following theorem, in parallel with Theorem 1,
establishes a lower bound for the excess risk of sparse
classification.
Theorem 6 (Sparse classification excess risk lower
bound). Let ρ > 0 be a fixed number. For sufficiently
large p and n, let 1 ≤ s < p, then for any classifier C
trained using n samples, we have
maxkµk2 =ρ/2 Eµ [Eµ (C)] & e−ρ

2

kµk0 =s

/8

min{ ρ1

s log
n

p
s

, ρ}.
(18)

The proof of Theorem 6 is similar to that of Theorem
1, and it is also based on Lemma 1 and Theorem 2.
Theorem 6’s proof is omitted for brevity.
3.2.2

Upper Bound

We show that a modified version Fisher’s linear discriminant achieves the minimax rate in sparse classification.
Here we consider isotropic Gaussian classification problems with Pr[Y = 1] = Pr[Y = 0] = 1/2 and X|Y ∼
N (µY , σ 2 I), where µ1 , µ0 , and σ are unknown. In the
sparse setting, µ1 − µ0 is s-sparse (kµ1 − µ0 k0 = s).
We assume that kµ1 k2p= O(1), kµ0 k2 = O(1), and
σ = Θ(1). Thus ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 ) =
2
O(1) and e−ρ /8 = Ω(1).
To train the classifier C(x) = ŵT x + b̂, we split the
i.i.d. samples into two parts of size n(1) ≈ n(2) ≈ n/2.
On the first part of the data, we estimate each class’s
P
P
(1)
(1)
mean µ̂y = n1y y(1) =y xi where ny = 1(yi = y)
i
for y = 1, 0. We estimate ŵ by solving the following `1
regularized optimization problem
minw kw − (µˆ1 − µˆ0 )k22 + λkwk1 ,

(19)

p
with λ = Θ(σ log p/n). When σ is unknown, empirically cross validation is known to be effective in
selecting a suitable regularization parameter λ [9]. To
estimate b̂, we use the second part of the data and ŵ
1
b̂ = 12 ŵT ( n(2)

P

(2)

xi ).

(20)

The following theorem, which is a special case of the
result for parameter recovery using `1 regularized optimization [20], shows that we can successfully recover
µ1 − µ0 using ŵ.

Theorem 7 (Sparse mean estimation using `1 regularized least squares). Let θ ∗ ∈ Rp be a s-sparse vector
(kθk0 = s < p/2). Suppose we observe θ̂ = θ ∗ + . Set
λ = 4kk∞ . If we estimate θ ∗ using
ŵ = arg minw kw − θ̂k22 + λkwk1 ,

(21)

then we have
kŵ − θ ∗ k1 . skk∞ ,
√
kŵ − θ ∗ k2 . skk∞ .

(22)

A key component in the proof of Theorem 7 is that
I satisfies the restricted eigenvalue condition, which
follows from the fact that I satisfies the Restricted
Isometry Property [23].
The next theorem, in parallel with Theorem 4, shows
that sparse Fisher’s linear discriminant achieves the
minimax rate up to logarithmic factors.
Theorem 8 (Sparse
p Fisher’s linear discriminant upper
bound). Let ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 ) = O(1).
When n & s log p log δ −1 /ρ4 and 1 ≤ s < p/2, then
with probability at least 1 − δ, sparse Fisher’s linear
discriminant satisfies
E(Ĉ) .

4

1 s log p
ρ n

log 1δ .

(23)

Bounds for Gaussian clustering

In this section, we present lower and upper bounds for
Gaussian clustering, both in the general setting without
sparsity, and in the high-dimensional sparse setting
where the difference between the means is sparse.
4.1
4.1.1

General Setting without Sparsity
Lower Bound

For the lower bound, we consider Gaussian clustering
problems where X ∼ 12 N (µ1 , I)+ 12 N (µ0 , I) with µ1 =
−µ0 = µ. In this case, the optimal clustering rule’s
error is equal to the Bayes classification error 1 −
Φ(kµk2 ). We will index each clustering problem with
µ.
Similar to Theorem 1, the following theorem provides
a lower bound for Gaussian clustering, but with a
different dependency
p on the separation between the
two clusters (ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 )).
Theorem 9 (Clustering excess risk lower bound). Let
ρ > 0 be a fixed number. For sufficiently large p and n,
and any clustering rule C trained using n samples, we
have
maxkµk2 =ρ/2 Eµ [Eµ (C)] & e−ρ

2

/8

min{ ρ13 np , ρ}. (24)
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Similar to the proof of Theorem 1, the proof of Theorem 9 is based on the following theorem for general
clustering problems, which provides a “triangle inequality” in Fano’s method [25] for a fixed clustering rule’s
excess risk in different clustering problems.
Theorem 10 (A “triangle inequality” for clustering excess risk). Let i correspond to a cluster(i)
(i)
ing problem where X ∼ π1 p1 (X) + π0 p0 (X).
∗(i)
Denote the optimal clustering rule as C (x) =
(i) (i)
(i) (i)
1((π1 p1 (x))/(π0 p0 (x)) > 1). Suppose we have
another clustering problem j. Then for any fixed clustering rule C,
Ei (C) + Ej (C)
Z
(i) (i)
(i) (i)
≥ min{
min{|π1 p1 − π0 p0 |,

kµ1 kp= O(1), kµ0 k = O(1), and σ = Θ(1). Thus
2
ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 ) = O(1) and e−ρ /8 =
Ω(1).
Our method for clustering is similar to that of [1].
To estimate a clustering
rule, we first compute the
P
xi , then we compute the largest
sample mean m̂ = n1
v̂ of the sample
eigenvalue’s normalized eigenvector
P
covariance matrix Σ̂ = n1 (xi − m̂)(xi − m̂)T . Next,
we use Ĉ(x) = v̂ T x − v̂ T m̂ as the estimated clustering
rule.
Theorem 11 (Clustering upper bound). For sufficiently large n and p, let ρ = kµ1 − µ0 k2 /σ = O(1).
When n & p log(pn)/ρ6 , the expected excess risk of Ĉ
satisfies
E[E(Ĉ)] .

C∗(i) 6=C∗(j)
(j) (j)

(j) (j)

π0 p0 |} dx}.

(25)

Indeed, for a clustering problem where X ∼ π1 p1 (X) +
π0 p0 (X),
a clustering rule C’s
R
R excess risk E(C) =
min{ C6=C∗ |π1 p1 − π0 p0 | dx, C=C∗ |π1 p1 − π0 p0 | dx}
where C∗ is the optimal clustering rule. This follows
from the definition of clustering error (7), and the Bayes
classifier’s classification error (Theorem 2.2, [7]).
The proof of Theorem 9 is similar to that of Theorem 1. However, in clustering we have KL(Pµ , Pµ0 ) .
ρ4 (1 − µT µ0 /(kµk2 kµ0 k2 )) (Proposition 24, [1]). Thus,
in clustering the dependency on ρ is different from
classification.
Notice that, for a classification problem, we can always
remove the labels, and treat it as a clustering problem.
Denote the learned clustering rule as Ĉ, then both Ĉ
and 1 − Ĉ can be used as classifiers for the original
classification problem. Thus we have the following
corollary to Theorem 3, which states that, without
enough samples the best any clustering rule can do is
close to random guessing.
Corollary 1 (Impossibility of clustering). For sufficiently large p and n, let ρ > 0.
When
n max{ρ2 , ρ4 }/p → 0 and p, n → +∞, then for any
clustering rule C trained using n samples, we have
inf C maxkµk2 =ρ/2 Eµ [Rµ (C)] →
4.1.2

log(pn).

(27)

(j) (j)

|π1 p1 − π0 p0 |} dx,
Z
(i) (i)
(i) (i)
min{|π1 p1 − π0 p0 |,
C∗(i) =C∗(j)
(j) (j)
|π1 p1 −

1 p
ρ3 n

1
2.

To prove Theorem 11, we will use the following corollary
on the connection between parameter estimation error
and clustering error, which follows from Theorem 5
and the definition of clustering error (7).
Corollary 2 (Clustering excess risk upper bound). In
a Gaussian clustering problem with X ∼ 21 N (µ1 , Σ) +
1
2 N (µ0 , Σ), the excess risk of a linear clustering rule
C(x) = 1(wT x + b > 0) is bounded by
E(C) . min{ρe−ρ

2

/8

(e21 + e20 ) + e31 + e30 ,

ρe−ρ

2

/8

(f12 + f02 ) + f13 + f03 },

T
µ1 +b
wT Σw

w
where e1 = | √
wT µ1 +b
|√
wT Σw

T
µ0 +b
+
wT Σw
T
w
µ
+b
0
|√ T
− ρ/2|
w Σw

w
− ρ/2|, e0 = | √

f1 =
+ ρ/2|, f0 =
p
ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 ).

(28)
ρ/2|
and

The proof of Theorem 11 uses Proposition 6 of [1],
which gives the error of using v̂ to estimate the direction
of µ1 − µ0 . We state it here for completeness.
Proposition 1 (Proposition 6, [1]). Suppose n > 4p,
define cos β = ∆µT v̂/k∆µk
q2 . For any 0 ≤ δ < (p −
√
−1
2
1)/ e, if max{4/ρ , 2/ρ} max{d,8nlog δ } < 1/180,
then with probability at least 1 − 12δ − 2e−n/20 , we
have
q
√
p
p
10
sin β ≤ 14 max{4/ρ2 , 2/ρ} p 10
n log δ max{1, n log δ }.
(29)

(26)

Upper Bound

For the upper bound, we will consider the setting
with X ∼ X ∼ 12 N (µ1 , σ 2 I) + 12 N (µ0 , σ 2 I) where
µ1 , µ0 , and σ are unknown. We assume that

4.2

Sparse Setting

In the sparse setting, we consider Gaussian clustering
problems with X ∼ 12 N (µ1 , σ 2 I) + 12 N (µ0 , σ 2 I), with
the additional requirement that µ1 − µ0 is s-sparse
(kµ1 − µ0 k0 = s).
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4.2.1

Lower Bound

The proof of Theorem 13 uses Proposition 9 of [1]
regarding performance of support recovery.

Similar to Section 4.1.1, for the lower bound we consider the Gaussian clustering problems where X ∼
1
1
2
2
2 N (µ1 , σ I) + 2 N (µ0 , σ I) with µ1 = −µ0 = µ.
The additional requirement here is that µ is s-sparse
(kµk0 = s).

Proposition 2 (Proposition 9, [1]). Assume that n ≥
1, √
p ≥ 2, and α < 1/4. Define S̃ = {i : |(µ1 − µ0 )i | ≥
4σ α}. Then S̃ ⊆ Ŝ ⊆ S with probability at least
1 − 6/n.

The following theorem, in parallel with Theorem 9,
establishes a lower bound for the excess risk of sparse
clustering.
Theorem 12 (Sparse clustering excess risk lower
bound). Let ρ > 0 be a fixed number. For sufficiently
large p and n, let 1 ≤ s < p, then for any clustering
rule C trained using n samples, we have

We briefly sketch Theorem 13’s proof. Let β̂ be the
angle between v̂Ŝ and µ1 − µ0 , β̄ the angle between
(µ1 − µ0 )Ŝ and µ1 − µ0 , and β the angle between
v̂Ŝ and (µ1 − µ0 )Ŝ . Proposition 1 shows β is small.
Proposition 2 shows β̄ is small. Using the triangle
inequality in spherical geometry we have β̂ ≤ β̄ + β.
Thus establishing Theorem 13.

maxkµk2 =ρ/2 Eµ [Eµ (C)] & e−ρ
kµk0 =s

2

/8

min{ ρ13

s log
n

p
s

, ρ}.
(30)

The proof of Theorem 12 is similar to that of Theorem
9, and it is omitted for brevity.
4.2.2

4.3

Comparison of Different Clustering Error
Definitions

Here we compare our definition of clustering error with
that of [1], and show relationships between the two
definitions. We define clustering error as
min{Pr[C 6= Y ], 1 − Pr[C 6= Y ]}

Upper Bound

Here we consider isotropic Gaussian clustering problems with X ∼ 12 N (µ1 , σ 2 I) + 12 N (µ0 , σ 2 I), where
µ1 , µ0 , and σ are unknown. In the sparse setting,
µ1 − µ0 is s-sparse (kµ1 − µ0 k0 = s). We assume
that kµ1 k =
p O(1), kµ0 k = O(1), and σ = Θ(1).
Thus ρ =
(µ1 − µ0 )T Σ−1 (µ1 − µ0 ) = O(1) and
2
e−ρ /8 = Ω(1).
Our method for sparse clustering is similar to that of
[1]. Let S = {i : µ1 − µ0 6= 0} be the set of relevant features. We first construct an estimate
Ŝ of the
P
set of relevant features. Let m̂ = n1
xi and Σ̂ =
P
1
1+α
(xi − m̂)(xi − m̂)T . Let τ̂ = 1−α
min1≤i≤p Σ̂ii
n
p
where α =
6 log(np)/n + 2 log(np)/n. Now let
Ŝ = {i : Σ̂ii > τ̂ }. Next, we compute the largest
eigenvalue’s normalized eigenvector v̂ of the sample covariance matrix restricted to coordinates in Ŝ. Finally,
we use Ĉ(x) = v̂ T xŜ − v̂ T m̂Ŝ as the estimated clustering rule, where xŜ and m̂Ŝ are x and m̂ restricted to
coordinates in Ŝ, respectively.
Theorem 13 (Clustering upper bound). For sufficiently large n, p, and s < n/4, let ρ = kµ1 − µ0 k2 /σ.
When α < 1/4 and n & s2 log(pn)/ρ8 , the expected
excess risk of Ĉ satisfies

 21
E[E(Ĉ)] . ρ13 s log(ns)
+ ρs2 log(pn)
.
(31)
n
n
Although the above bound is not as tight as other
previous bounds, we would like to note that sparse
Gaussian mixture problems and sparse principal component analysis problems are both computationally
and statistically challenging [3, 2, 19, 24, 10].

(32)

with Y being the latent indicator in the Gaussian mixture model, whereas in [1] it is defined as min{Pr[C 6=
C∗ ], 1 − Pr[C 6= C∗ ]}.
One advantage of our definition is that we can empirically evaluate the clustering error if true labels are
given. This is because our definition of clustering error
is the same as classification error in the corresponding
classification problem. However, empirically evaluating
[1]’s clustering error is not straightforward even if true
labels are available.
Proposition 3 ([1]’s clustering error upper bound
(Proposition 7, [1])). For the clustering problem considered in 4.1.2, [1]’s clustering error of a linear clustering
rule C(x) = 1(wT x + b > 0) is bounded by
min{Pr[C 6= C∗ ], 1 − Pr[C 6= C∗ ]} . (1 + 2 ρ + | sin β|),
(33)
0)
0
if |b + wT (µ1 +µ
| ≤ (σ1 + k µ1 −µ
k2 2 )kwk2 for some
2
2
√
1
1 ≥ 0 and 0 ≤ 2 ≤ 4 , and | sin β| ≤ 1/ 5, where

cos β =

wT (µ1 −µ0 )
kwk2 kµ1 −µ0 k2 .

Also, our clustering error definition captures the intrinsic hardness of the clustering problem better than
[1]’s definition. For [1]’s definition, a linear clustering rule’s clustering error can be upper bounded using
Proposition 3. Following [1], with high probability we
have min{Pr[C 6= C∗ ], 1 − Pr[C 6= C∗ ]} . sin β. For
our definition, from Corollay 2 it is easy to derive that
min{Pr[C 6= Y ], 1 − Pr[C 6= Y ]} . ρ| sin β|2 + | sin β|3
holds with high probability. Thus when | sin β| . ρ,
which requires n  p/ρ6 , we can easily “convert” these
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two definitions into one another up to a constant. Despite this observation, [1]’s definition does not, in a
straightforward fashion, exhibit an impossibility result
similar to Corollary 1. When n  p/ρ2 , Corollary 1
shows the clustering error defined by us approaches
1/2, which can be interpreted as random guessing. But
it is not straightforward to make such an interpretation
using [1]’s definition, and to our knowledge an impossibility result using [1]’s definition of clustering error is
not known.

5

Conclusion

In this paper, we presented minimax lower and upper bounds for Gaussian classification and clustering. Our results explicitly show how the statistical
difficulty depends on dimension p, number of samples n, sparsity of the optimal classifier/clustering
rule p
s, and separation between two classes/clusters
ρ = (µ1 − µ0 )T Σ−1 (µ1 − µ0 ). Our results here focus on classification and clustering of two isotropic
(spherical) Gaussian distributions with equal proportions.
In future work, we plan to improve the bounds’ dependency on separation ρ. Here we have shown that, in the
general non-sparse setting when n max{ρ2 , ρ4 }/p → 0
and p, n → +∞, both classification and clustering are
close to impossible. But efficient procedures for classification (Fisher’s linear discriminant) and clustering
(principal component analysis) achieve minimax rates
when nρ4 /p → +∞ and nρ6 /p → +∞ . In the sparse
setting, for classification and clustering we have sample lower bounds n = Ω(s log ps /ρ2 ) for classification
and n = Ω(s log ps /ρ4 ) for clustering. But efficient
procedures for classification (sparse Fisher’s linear discriminant) and clustering (sparse principal component
analysis) requires nρ4 /(s log p) → +∞ for classification
and nρ8 /(s log p) → +∞ for clustering. We conjecture
that there is a statistical and computational tradeoff in
both classification and clustering problems, similar to
the result on sparse principal component detection [2].
Another part of future work is to extend this paper’s
results to general Gaussian distributions.
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