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A Gradients of Log-likelihood

Similar to Eq. (5) in the main text, the gradients of
log-likelihood with other weights and biases are,
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where µn = Ep(h|vn,xn)
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= σ(W vh>vn +Whxxn +

bh). All the negative parts of these gradients are in-
tractable to calculate, and must be approximated dur-
ing learning.

B Derivation of Matrix-based BP

In this section we give additional proof details of our
matrix-based BP update equations.

B.1 Proof of the update rule for Mvh in Eq. (13):
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Then, one can verify the update of Mvh (13) holds.
The derivation is analogous for updating Mhv (14).

B.2 Proof of the update rule for τ v in Eq. (16):
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Then, one can verify the update of τ v (16) holds. The
update of τh in Eq. (17) is derived similarly.

B.3 The (i, j) element of pairwise belief matrix:

Γij =
τ(vi = 1, hj = 1)∑

vi,hj
τ(vi, hj)

=

exp(wvh
ij )τvi τ

h
j

Mvh
ij M

hv
ji

exp(wvh
ij )τvi τ

h
j

Mvh
ij M

hv
ji

+
(1−τvi )τhj

(1−Mvh
ij )Mhv

ji

+
τvi (1−τhj )

Mvh
ij (1−Mhv

ji )
+

(1−τvi )(1−τhj )

(1−Mvh
ij )(1−Mhv

ji )

We can denote the intermediate terms

Γ11 = exp(W vh) ◦ (τ v · τh>) ◦ (1vh −Mvh) ◦ (1hv −Mhv)>,
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Then, the pairwise belief matrix Γ = Γ11

Γ11+Γ01+Γ10+Γ00 .
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