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Abstract
We develop computationally efficient algorithms
for online multi-class prediction. Our construction is based on carefully-chosen data-dependent
surrogate loss functions, and the new methods
enjoy strong mistake bound guarantees.
To illustrate the technique, we study the combinatorial problem of node classification and develop a prediction strategy that is linear-time per
round. In contrast, the offline benchmark is NPhard to compute in general. We demonstrate the
empirical performance of the method on several
datasets.
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Introduction

As a motivating example, consider the problem of classifying nodes in a network in an online manner. On each round,
we make a multi-class prediction, observe the outcome, and
move to the next node. The aim is to incur a small number of mistakes by taking advantage of the known network
structure. Properties of the graph that may lead to better
prediction accuracy in this natural prediction problem have
been investigated in [9, 10, 4, 17, 12], among others.
How does one model such a multi-class prediction problem, and what are the good prediction methods? The first
two sections of this paper are devoted to these general questions, and the later sections address the particular problem
of node classification.
Let y1 , . . . , yn be a sequence with values in {1, . . . , k} ,
[k] that we wish to predict in an online manner. If we denote by ybt = ybt (y1 , . . . , yt 1 ) 2 [k] the (possibly randomized) prediction made by an algorithm A on round t, the expected average number of mistakes incurred on a sequence
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where 1 {·} is the indicator function. For any algorithm A,
the function µA can be shown to satisfy
1 X
1
µA (y) = 1
.
(2)
kn y
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In words, the performance of any algorithm, when averaged over all possible sequences, cannot be better than random guessing. This version of a No-Free-Lunch Theorem
should come as no surprise, since we have not made any
assumptions or specifications that distinguish one sequence
from another.
Prior knowledge about the prediction problem at hand may
be formalized by positing distributional assumptions on the
sequence, a prevalent approach in time-series prediction.
In the context of node classification, this might involve an
assumption on the process that generated the graph, such as
the Stochastic Block Model with latent class memberships.
An alternative approach is to directly model the solutions to
the prediction problem, bypassing the step of modeling and
estimating the stochastic process generating the data. This
paper is devoted to this second approach, which appears
to be a convenient alternative for complex online problems
such as node classification in a social network. It has also
been shown that this latter approach, aimed directly at the
problem of prediction rather than the problem of estimation, may circumvent computational hardness of finding the
best model given the data [13]. Let us now describe this approach.
From (2), an algorithm may be better on some sequences
(in terms of the expected average number of mistakes) only
at the expense of being worse on some other sequences.
This immediately suggests a modeling approach: pick an
algorithm A such that µA is small on the sequences we expect to see in practice. For instance, in node classification,
we might hope to develop an algorithm with small µA on
sequences of node labels that do not have too many disagreements on the edges of the graph. At the outset, it is
not entirely clear that this task is possible in general. More
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precisely, suppose we pick a function : [k]n ! R that
should control the expected number of mistakes on each
sequence. Is there an algorithm that guarantees µA = ?
For k = 2, this question was asked and answered by Cover
[7]. More precisely, Cover’s result states that under the
stability condition
| (. . . , 1, . . .)

(. . . , 2, . . .)|  1/n,

(3)

(for any coordinate, keeping the rest fixed), there
P is an algorithm satisfying µA = if and only if 2 n y (y) =
1/2. The proof of this fact relies crucially on the stability condition (3), which ensures that a certain optimization
problem has a solution within the probability simplex.
For k > 2, the analogous result may be stated as:
Lemma 1. Suppose
erty
max (. . . , r, . . .)
r2[k]

: [k]n ! R has the stability propk
1X
1
(. . . , i, . . .) 
k i=1
nk

(4)

for any coordinate. Then there exists an algorithm A with
the expected average number of mistakes function µA =
if and only if
1
,
k

E (u1 , . . . , un ) = 1

(5)

where ui ’s are independent uniform on [k]. Moreover, the
randomized algorithm A has an explicit form: on round t,
given y1 , . . . , yt 1 , the probability distribution qt for predicting the class label is given by
qt (i) =
where the scores
i

=

i

1
+
k

i

1
k

k
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1 , i, ut+1 , . . . , un ).
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and Cn (F ) a constant that measures “complexity” of F .
From (5), the smallest allowed value of Cn (F ) is
✓
◆
1
Cn (F ) = 1
EdH (u, F )
(10)
k
n
1X T
1
= max
e wt e ut
(11)
w2F n
k
t=1
where ej is the jth standard unit vector and u =
(u1 , . . . , un ). For k = 2, this value of Cn (F ) can be written as half of the Rademacher averages of the set F , a result
that has appeared many times in the literature (e.g. in [5],
where elements of F are termed static experts). Indeed, the
reader familiar with the online learning literature will recognize (8) as an upper bound in the regret inequality and
Cn (F ) as the regret with respect to the set F of “experts.”
Lemma 1 together with the standard definition (8) can be
employed to model many interesting prediction problems.
Consider, once again, the problem of online node classification on a network. How can the graph structure help us in
making good predictions? As already mentioned, one basic
property we may expect is label similarity for neighboring
nodes. To capture this “smoothness” of the labeling with
respect to the graph in the function, one may define a set
of -smooth labelings as the set
F = {w 2 [k]n : wT Lw  }

(12)

(7)

To compute the prediction when is defined as in (8), one
needs to be able to evaluate , which is an integer program
(maximization of a linear function over the discrete set F ).
While this computation may be NP-hard—e.g. for the case
when F in (12) is defined with respect to a weighted graph
Laplacian with negative weights—the authors of [13, 12]
proposed polynomial-time methods that nearly attain the
mistake bound of (y). The idea is to relax the combinatorial subset F , used in the definition of , to a larger
subset of the hypercube with a polynomial number of constraints, so that the optimization problem can be solved
in polynomial-time. As shown in [13, 12], the integrality gap for relaxing the integer program only appears in
the lower-order term Cn (F ), which is good news from the
point of view of prediction accuracy. However, while the
approach leads to polynomial-time methods, the algorithms
are not easily implementable and not computationally efficient in practice on large-scale problems. The obstacle is,

Lemma 1 should be viewed as a tool for modeling
prior knowledge without stochastic assumptions on the sequence. As soon as (5) is verified for the chosen function
, there is an explicit algorithm with a guaranteed performance µA (y) = (y) on all sequences.
Occasionally, it is easier to check that the inequality
E (u1 , . . . , un )
1 k1 (rather than the equality) holds.
In this case, the algorithm is guaranteed a mistake bound
µA (y)  (y) for all y 2 [k]n .
is to take F ✓ [k]n

(y) = dH (y, F ) + Cn (F )

w2F

1X
1 {wt 6= yt }
n t=1

in terms of the graph Laplacian L and a parameter , and
then define as in (8) (recall that L = D A where D is
the diagonal matrix of node degrees and A is the adjacency
matrix). This approach was investigated in [13].

The proof is postponed to the Appendix.

A standard approach to constructing
and define

n

dH (y, F ) , min

(6)

j=1

are computed as

nE (y1 , . . . , yt

for the normalized Hamming distance

(8)
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in fact, the stability condition (4), as it forces the optimization problem to be some approximation to the combinatorial problem restricted to the hypercube.
In summary, the applicability of Lemma 1 is limited by
the stability condition (4), and the methods developed so
far (for combinatorial prediction problems described in
[13, 12]) are polynomial-time, but may not be efficient in
practice. This served as a motivation for the present paper.
When computational efficiency is a concern, a natural approach is to employ a convex surrogate loss function ` that
serves as an upper bound on the zero-one loss. As a first
attempt, we may define

mistakes µA at most
dH (y, F ) +

for k = 2. For k > 2, the first term gains a multiplicative
factor 2 1 k1 .

2

Surrogate Loss

Why is stability (4) required for Lemma 1? For brevity, let
us drop the time index t and consider a single time step.
Denoting by ¯ the average of all i , the condition q(i) 0
for all i is equivalent to
¯

n

1X
(y) = min
`(wt , yt ) + Cn0 (F ).
w2F n
t=1

(13)

However, the stability condition required by the lemma
fails for interesting loss functions, such as the hinge loss,
and Lemma 1 no longer applies. A different approach is
needed.
The use of convex surrogates, such as the hinge loss, has a
long history within both online and statistical learning, with
roots in the analysis of Perceptron and large-margin classifiers, and dating back to the early days of Machine Learning. Within the context of online supervised learning, the
surrogate-loss approach leads to mistake bounds for linear
predictors (see [11, 8, 15, 6] and the references therein) in
terms of the surrogate loss of the best classifier. In contrast,
Lemma 1 with defined in (8) yields a prediction method
that enjoys a mistake bound in terms of the zero-one loss
of the comparator (rather than a surrogate loss), and the
method can be polynomial-time if F can be relaxed as in
[13, 12]. Therefore, it is natural to ask whether the use of
a surrogate loss function can further speed up computation
and still yield a mistake bound in terms of the zero-one loss
of the comparator. In the next section we indeed show that
this is possible, with an interesting transition between binary classification and k > 2.
The main contribution of this paper is a new approach
to multi-class classification that employs a carefullyconstructed data-dependent surrogate loss. Section 2 is devoted to this general analysis. Section 3 is devoted to the
node classification problem, while Section 4 contains experiments.
We close this section with an informal statement about the
prediction performance and running time of the developed
method for node classification.
Theorem 2 (Informal, see Theorem 6). Consider the set
1
1
1
F defined in (12) and let M = 2
L + 2n
In
, with
In identity and L the graph Laplacian. There is an O(n)
per round algorithm A with expected average number of

1p
2 · trace(M ),
n

min

i

i

 1/k,

(14)

which follows from the stability condition (4) and the definition of i . Hence, stability of is a sufficient condition
for ensuring that q is a proper probability distribution.
A general approach to designing a surrogate loss function is
to first compute scores = ( 1 , . . . , k ) that correspond
to “likelihood” of each class for the given example. We will
compute these scores in a manner different from (7), and,
in particular, we will not be able to guarantee (14). Yet,
we will design a prediction strategy that will coincide with
(6) if it happens that the scores do satisfy (14). Hence, this
paper provides a strict generalization of Lemma 1.
In the setting of supervised learning with side-information
x and multi-class label y, scores are typically computed as
functions of the x-variable (see e.g. [16, Chapter 17]). For
the online multi-class prediction problem, we also follow
the route of calculating the scores, but the analysis will be
more intricate since the scores depend on the global structure of F . The scores will be computed as solutions to a
certain optimization problem, and, for the time being, suppose that i ’s are given to us.
A natural approach to extending Lemma 1 beyond stability
is to construct q greedily. Let us find the level ⌧ such that
k
X

[

⌧ ]+ = 1,

i

(15)

i=1

where [a]+ = max{a, 0}, and define the support set
S( ) = {j 2 [k] :

j

> ⌧}

of size s , |S( )| and the distribution q = q( ) via
qj = [

j

⌧ ]+ = (

j

⌧ ) · 1 {j 2 S( )} .

Just as in Lemma 1, the value qj can be written as
0
1
X
1
1
A · 1 {j 2 S( )} .
qj = @ + j
i
s
s
i2S( )

(16)
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The expected classification loss when the prediction is
drawn from q is simply

1
k

Eyb⇠q 1 {b
y 6= y} = 1

Figure 1: Blue region represents the distribution q.
Henceforth, we shall encode the class label by the standard
basis vector y 2 {e1 , . . . , ek }.

From the form of q in (16) (which we now write as q( )
to emphasize the dependence on the given score vector), if
y2
/ S( ),
1 q( )> y = 1  ⇠( , y).
On the other hand, when y 2 S( ),

For g 2 Rk and y 2 {e1 , . . . , ek } we define a -dependent
surrogate loss as
(
⇠(g, y)
if y 2
/ S( )
P
` (g, y) =
j2S( ) gj 1
>
1 g y+
if y 2 S( )
|S( )|

Hence, we have that

for any surrogate loss function ⇠ : Rk ⇥ {e1 , . . . , ek } ! R
with the property that

and for any j 2 [k],

⇠( , y)

1

q > y.

0
1 @ X
y +
|S( )|

q( )> y = 1

1

1

1A .

i

i2S( )

Eyb⇠q(

[1 {b
y 6= y}] = 1

)

q( )> y  ` ( , y)

⇠(ej , y)1 {y 2
/ S( )} + 1 {y 6= ej } 1 {y 2 S( )}

whenever y 2
/ S( ).

` (ej , y).

We now claim that ` is a surrogate loss function in the
following sense:
Lemma 3. For any
Eyb⇠q(

)

2 Rk and any j 2 [k],

[1 {b
y 6= y}]

[⇠(ej , y)1 {y 2
/ S( )} + 1 {y 6= ej } 1 {y 2 S( )}]

 ` ( , y)

(17)

` (ej , y).

Before proving the Lemma, let us interpret the result. We
think of the statement as an interpolation between the
“nice” case when stability holds and the case when it does
not hold. If satisfies stability (14), S( ) = [k] and the
left-hand side of the inequality (17) is
Eyb⇠q(

y 6= y}]
) [1 {b

We now bring back the time index t. Elements of F ✓ [k]n
will now be denoted by f , and, abusing the notation, ft
shall stand for the basis vector associated to the class ft (to
avoid writing double subscripts in eft ). We proved
n
X
t=1

E

y
bt ⇠q(

inf

f 2F

Proof of Lemma 3. First, for any j 2 [k] and any y 2
/
S( ),
` (ej , y) = ⇠(ej , y).
On the other hand if y 2 S( ), then for any j 2 [k]
P
1
i2S( ) ej (i)
>
` (ej , y) = 1 ej y +
|S( )|
P
1
i2S( ) ej (i)
= 1 {ej 6= y} +
|S( )|
 1 {ej 6= y} .

1 {b
yt 6= yt }

(

n ✓
X
t=1

⇠(ft , yt )1 {yt 2
/ S(

t )}

+ 1 {yt 6= ft } 1 {yt 2 S(

1 {y 6= ej } ,

which corresponds to the situation in Lemma 1 when is
defined as in (8). That is, the expected error is compared
to the zero-one loss. If the support of the distribution q is
smaller than [k] and y is outside this support, the zero-one
loss of the prediction strategy is compared instead to the
surrogate loss of the comparator.

t)



n
X

` t(

t , yt )

inf

n
X

f 2F t=1

t=1

Using convexity of the loss for any
` (g, y)

t )}

◆)

` t (ft , yt ),
and y, we have that,

` (h, y)  rg ` (g, y)> (g

h)

for any g, h 2 Rk . Thus
n
X
t=1

E

y
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inf

f 2F

(

t)

(18)
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+ 1 {yt 6= ft } 1 {yt 2 S(


n
X
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t (

t
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t )}

◆)
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where rt is defined as
ra ` t (a, yt )|a=

t

=

⇢

E

r⇠(
1

|S(

if yt 2
/ S( t )
otherwise
(20)

t , yt )

1S(
t )|

yt

t)

y
bt ⇠q(

n
X
t=1

What could be a good convex surrogate loss ⇠(g, y)? First,
observe that the surrogate itself can depend on . Of
course, we require that ⇠ ( , y)
1 when y 2
/ S( ).
An additional property that would make the bound interpretable is that for any h 2 {e1 , . . . , ek }, ⇠ (h, y) 
↵1 {h 6= y} for some ↵. Such an inequality would allow
us to express the mistake bound purely in terms of the indicator loss of the comparator. As we now show, the hinge
loss

1 {b
yt 6= yt } = 1. Hence, from (18),
E

y
bt ⇠q(

t)

 inf

with 1S denoting the indicator vector of coordinates in S
and r⇠( t , yt ) being the gradient with respect to the first
coordinate.
In Section 3.1 we show how one can use a relaxation-based
approach to produce t ’s that yield a good upper bound for
the right-hand side of (18). For now, let us just denote this
bound by Bn .

t)

f 2F

1 {b
yt 6= yt }

(

X

t:yt 2S(
/

+

⇠(ft , yt )
t)

X

t:yt 2S(

t)

E

y
bt ⇠q(

1 {yt 6= ft }

t)

)

1 {b
yt 6= yt }

+ Bn .

Notice, that for any j 2 [k],
`hinge (ej , y) = 2 · 1 {ej 6= y} .
On the other hand, `hinge ( , y)
1 + 1/|S( )| whenever yP 2
/ S( ). Indeed, the value of ⌧ in (15) is
1
i2S( ) i 1/|S( )|, and the maximum value of
|S( )|
is at least its average on S( ), implying that the difference
in (21) is at least 1/|S( )|.
Hence, ⇠ ( , y)
1 when y 2
/ S( ) and, further, for
any j 2 [k], we have that ⇠ (ej , y)  1+ 2 1 1 {ej 6= y}.
S( )

`hinge (g, y) , 1 + max g > er

g > y.

r:er 6=y

(21)

possesses the desired properties after an appropriate scaling.
Lemma 4. Suppose there is a method for choosing
that (18) is upper bounded by Bn . Take

t

`hinge (g, y)
.
1 + 1/|S( )|

⇠ (g, y) =

such

(22)

Then
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X
t=1

E

y
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t)
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t)
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)

t=1

E

y
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t)
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yt 6= yt }  inf

n
X

f 2F t=1

t ),

Surprisingly, for binary classification we are able to upper
bound regret with respect to the zero-one loss of the comparator class F with an efficient method based on surrogate
loss, as long as the linearized problem in (18) can be solved
efficiently. We contrast our result with the typical mistake
bounds in terms of the surrogate loss of the comparator, a
price paid for computational efficiency.
While the online linear optimization problem with respect
to F may be, once again, computationally intractable, we
can now take a superset F 0 F for which this optimization
is efficient and Bn is nontrivial. What distinguishes this
approach from the one taken in [13, 12] is that F 0 no longer
needs to be a subset of the hypercube. In Section 3 we shall
take an ellipse that roughly approximates F , making the
computation of the scores essentially O(n) per step after
initial pre-processing.

3

1 {ft 6= yt } + Bn .

Proof of Lemma 4. First, when yt 2
/ S(

1, implying

+ Bn

In particular, for binary classification (k = 2), we obtain
the regret bound
n
X

When y 2
/ S( ), we have that |S( )|  k
⇠ (ej , y)  2 1 k1 1 {ej 6= y}.

it holds that

Node Classification in Networks

The techniques developed in this paper will be illustrated
on the problem of node classification in networks. In its
simplest form, the problem is to predict a multi-class label at each time step, with the true outcome revealed after
each step. We suppose that the order of node presentation
is fixed ahead of time, although this restriction is easily removed since the proposed method will not depend on the
order of the unseen nodes.
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Several properties of the graph have been investigated in
connection to the number of mistakes incurred by a prediction method. These include the cluster structure [9], the
cut-size of the graph [10], cuts of random spanning trees
[4], and random spanning trees on weighted graphs [17].
The approach of this paper is more aligned with the notions
of supervised online or statistical learning, whereby the
quality of prediction is compared to a benchmark set. This
benchmark set captures the prior knowledge of the practitioner as the set of good solutions, as described in Section 1. In particular, we are interested in problems where
the graph structure induces homogeneity (or, a like-dislike
structure in case of signed graphs) of the observed sequence
of outcomes.
To be more concrete, let the graph G = (V, E), |V | = n, be
fixed and known to us. At each time step t = 1, . . . , n, we
are required to predict a label of each node, without repetition. Our prediction is ybt 2 {e1 , . . . , ek }, and the observed
outcome is yt 2 {e1 , . . . , ek }. To model the problem, we
choose, as before, a set F ✓ [k]n .
To be consistent with the vector notation used in the previous sections, we represent F as a subset of
(
)
X
k⇥n
W = W 2 {0, 1}
:
Wi,t = 1 8t 2 [n] . (23)
i

A vector g 2 [k]n is identified with a matrix W such that
Wi,t = 1 {g(t) = i}. Let W i denote the ith column of
W T.
For the rest of the paper, we shall focus on the following
generalization of the set F defined in (12), written in the
present notation as
(
)
k
X
i T
i
F = W 2 W :
(W ) LW  
(24)
i=1

where L is a positive semidefinite matrix. Examples of L
are:
1. graph Laplacian: L = D A, where D is the diagonal
matrix of node degrees and A is the adjacency matrix
2. weighted/signed Laplacian:
P L = D W , where D is
diagonal with Di,i = j |Wi,j |, W is the matrix of
edge weights
3. normalized graph Laplacian: L = I

D

1/2

AD

1/2

For the first example, the quadratic form in (24) is the value
of the cut induced by the labeling W . The other two examples have similar interpretations as measuring “homogeneity” of the labeling W with respect to the graph. As mentioned before, optimization over these sets is, in general, an
NP-hard problem.

Let In be the n ⇥ n identity matrix. For a positive semidefinite matrix L, the set F can be relaxed as follows:
(
)
✓
◆
k
X
1
1
k⇥n
i T
i
F ✓ W 2 R
:
(W )
L W 
2
2
i=1
(
)
✓
◆
k
X
1
1
k⇥n
i T
i
\ W 2R
:
(W )
In W 
2n
2
i=1
(
)
✓
◆
k
X
1
1
✓ W 2 Rk⇥n :
(W i )T
L+
In W i  1 .
2
2n
i=1
Denote the last set by F̄ and observe that
v
u k
uX
sup W • Y = t (Y i )T M Y i
W 2F̄

for M ,

1
2 L

+

(25)

i=1

1

1
2n In

and any Y 2 Rk⇥n .

The sets F defined in (24) can be employed to model
smoothness of prediction with respect to the graph. While
other models are also possible, we only focus on these for
the lack of space, and because the solutions are particularly
simple.
3.1

Computing the Scores via Relaxations

We now introduce one last ingredient before deriving the
algorithm. Consider the following online protocol. On
k
each round
p t = 1, . . . , n, we predict kt 2 R andpobserve
rt 2 kB2 in the Euclidean ball of R of radius k. The
goal is to attain small regret
n
X
t=1

rTt (

t

ft )

for any f 2 F ⇢ W, as defined in (23). The vector ft
is now the standard basis vector corresponding to the tth
column of f , matching the convention used in the previous
sections.
It is tempting to view the problem through the lens of Online Convex Optimization. However, the dimensionality of
the set F is n and a naive application of gradient or mirror
descent yields a trivial bound. With a bit of work, however,
a closed-form algorithm can be developed. The analysis
below is based on the idea of relaxations.
A real-valued function on [nt=1 (B2 (D))t such that
Reln (r1 , . . . , rn )
and
inf

sup {rTt

k
t 2R krt kD

t

inf

n
X

f 2F t=1

r>
t ft

(26)

+ Reln (r1 , . . . , rt )}

 Reln (r1 , . . . , rt

1)

(27)
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is called admissible. In this case, any algorithm for choosing t such that (27) holds guarantees that
n
X
t=1

r>
t

inf

t

n
X

f 2F t=1

r>
t ft  Reln (;).

(28)

Next, we will write down a relaxation function for the case
of F defined in (24), prove its admissibility, and derive an
algorithm for choosing t ’s. At time t, define the matrix
Yt = [r1 , . . . , rt , 0, . . . , 0] 2 Rk⇥n by stacking the observed vectors. Let Yti be ith row (whose jth coordinate is
rj [i] · 1 {j  t}). Since F̄ ◆ F ,
inf

n
X

f 2F t=1

r>
t ft 

n
X

inf

f 2F̄ t=1

r>
t ft

v
u k
uX
= t (Y i )T M Y i
n

Algorithm 1 Prediction with Surrogate Loss
input Matrix L, parameter 
1: Pre-compute M = (L/2 + In /2n) 1
2: Set T = trace(M ), A = 0, G = []
3: for t = 1, . . . , n do
4:
Compute v = Mt,. ⇥ G, the numerator in (30)
v
5:
Compute scores t = pA+k·T
6:
Compute the mixed strategy qt ( t ) as in (16), predict ybt ⇠ qt , and observe yt
7:
Compute gradient rt as in (20) and set G = [G; rt ]
2
8:
Update A = A + 2r>
t v + Mt,t · krt k2
9:
T = T Mt,t
10: end for
output
Theorem 6. The average expected number of mistakes µA
for the above algorithm is at most

n

n

i=1

inf

, Reln (r1 , . . . , rn )

f 2F

1X
1p
1 {ft 6= yt } +
2 · trace(M ).
n t=1
n

for the binary prediction case. For k > 2, the bound is
1
1
1
by (25), where recall that M = 2
L + 2n
In
2 Rn⇥n .
✓
◆
n
For t  n, the proof of admissibility suggests the definition
1
1X
1p
2 1
inf
1 {ft 6= yt } +
2 · trace(M ).
v
k f 2F n t=1
n
u k
n
X
uX
Reln (r1 , . . . , rt ) , t (Yti )> M Yti + D2
M [j, j].
i=1

4

j=t+1

(29)

Lemma 5. The relaxation in (29) is admissible, the algorithm has closed form
t

=

M [t, :]Yt

qP
k

i
i
>
i=1 (Yt 1 ) M Yt 1

1

+ D2

Pn

j=t

M [j, j]
(30)

and
Reln (;) = D

p

trace(M )
v
u n
uX 1
= Dt
i (L/2 + 1n⇥n /2n)
i=1

where D
maxt krt k and
value of A.

i (A)

denotes the ith eigen-

The vector of scores t can be computed in O(t ⇥ K) time,
given that M is initially pre-computed.
3.2

The Algorithm

We are now ready to put all the pieces together and write
down the complete algorithm. For concreteness, take ⇠
to be the surrogate loss defined in (22) of Lemma 4, and
observe that D2  2.

Experiments

To evaluate our algorithm on real world data, we used
the following graph datasets: political blogs dataset (1222
nodes and binary labels), citeseer dataset (3312 nodes and 6
classes), and cora dataset (2708 nodes and 6 classes)[14, 1].
We also used the MNIST with random background noise
dataset [2] and created a graph with 12000 nodes (one node
per image) with points being connected if the Euclidean
distances between the images were smaller than a given
threshold. This dataset has 10 classes, one for every digit
from ’0’ to ’9’.
Since our method is built for the online classification scenario, we first run experiments where we track the average accuracy so far over a single pass over the n nodes
as the labels of each one are revealed in an online fashion. The following figure shows the plot of average accuracies with number of rounds for (a) our method, (b) Zhu et
al [18] (we added extra regularization for better accuracy)
and (c) Belkin et al [3]. The first plot shows the average
error
Pt up to a given round while predicting online, that is,
j=1 1 {ŷt 6= yt } /t against t. We run the other two methods in an online fashion re-evaluating predictions based on
most recently observed labels. The first plot shows the results for the political blogs dataset. If this is contrasted to
the table, which has results in the batch setting, it is clear
that while on the Political blogs dataset the Belkin et al
method and our method perform roughly the same, in the
online setting our method far outperforms the other two.

Efficient Online Multiclass Prediction on Graphs via Surrogate Losses

losses more generally. For the case of prediction on graphs,
where the function is defined in terms of quadratic forms,
the proposed methods run in time linear in n per iteration.
The proposed method — while theoretically derived — exhibits good predictive performance in our experiments.

1
our method
Zhu et al
Belkin et al

0.9

average error up to that round

0.8

Future work includes developing efficient methods for
other interesting models, beyond the Laplacian-based set
F . Among other interesting directions is the setting with
side information at the nodes, and the case of a timeevolving graph.
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Since the Zhu et al [18] and Belkin et al [3] results are
developed for the statistical semi-supervised setting we
also use our method in this setting by updating the online
algorithm first over the labeled points and then using it
over unlabeled nodes to make predictions. Specifically,
we used a 90-10 split of points into labeled and unlabeled
(randomly chosen split each time). For the Zhu et al
[18] and Belkin et al [3], we used a validation set to
pick parameters (10% of training data). We found that in
general our method was very robust against changes in
parameters. Hence, we simply picked a fixed  for each
experiment that only depended on n the number of data
and not the data itself. The following table summarizes the
accuracies on the various datasets.

Ours
[3]
[18]

MNIST
85.9± 0.5
82.0 ± 1.7
19.3 ± 3.0

Citeseer
74.0 ± 1.0
71.2 ± 1.6
72.9 ± 1.4

Cora
81.7 ±1.6
78.3 ± 1.4
67.0 ± 2.2

Political
95.2 ± 0.9
94.9 ± 1.7
54.1 ± 2.9

We see that our method performs favorably in most cases,
the bold font represents best method to within statistical
significance. In fact, that a graph based approach (where
graph simply picked based on tresholding distances between images) should even work this well for the MNIST
with random background noise is surprising. Nearest
neighbor and soft nearest neighbor approaches are known
to perform badly for this dataset as random noise blows up
distances between images even within the same class.

5

Summary and Future Directions

This paper developed new efficient algorithms that combine several ideas: surrogate loss minimization and relaxations. This approach falls outside the scope of Lemma 1
since the required stability condition fails. Yet, we presented a mistake bound in terms of the zero-one loss for
binary classification, and a mix of zero-one and surrogate
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CDS&E-MSS 1521529 and 1521544.
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