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Abstract

In this article, we provide additional state-
ments and proofs complementing the main
paper. We present here the proofs of the
statements given in the main paper. The sec-
tion numbers in this document are arranged
in correspondence to the respective sections
in the main paper.

3 Related Work: OWL, OSCAR, and
SLOPE

3.1 Proof of Proposition

Proof. 1. Let a = |w|. Let us assume WLOG that
ap > --- > aqg > 0. Then the Lovész extension
p(a) = 2%, aici, where ¢; = f(i) — f(i — 1) (See
[1]). We get the result.

2. The derived penalty is non-decreasing since ¢ >
0. And since ¢ forms a decreasing sequence, P is
submodular. Hence the result.

O

4 SOWL - Definition and Properties

The below Lemma states that Qs is a valid norm.

Lemma 4.A. Letw € RY. Qg(w) defined in (SOWL))

is a valid norm if ¢y + -+ 4+ cq > 0.

Proof. From Proposition [3.1) we see that we can de-
rive a submodular function P such that P()) = 0 and
P(A) >0for AC1,...,d. Now, Qs is a special case
of norms proposed in [2, Section 2], which are indeed
valid norms. O
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The below statements show that for every c satisfying
c1 > - > cq, there exists ¢ satisfying ¢; > -+ > ¢4 >
0, such that Qs is same for both ¢ and é.

Lemma 4.B. Let w € R%. Given ¢ € RY such that
c1 > >cq. Let k be the minimum integer such that
cp+---+cqg>0. Then define ¢ € R? such that & = ¢;
fori=1,...)k—1,¢s=cx+ -+ +cq, and ¢; =0 for
i =k+1,...,d. Explicitly mentioning the dependency
of Qs on ¢ as Ns(w; c), we have NQs(w;c) = Qs(w; é).

Proof. Let P be the submodular function constructed
from ¢, and P be the corresponding function con-
structed from é. From [2, Lemma 3], we see that both
have the same Lower Combinatorial Envelope, which

implies that Qg (w;c) = Qs(w; ). O

4.1 Proof of Proposition [4.3

Proof. 1. Once we make the assumption on the lat-
tice, the objective in is separable in
terms of variables within each group G;. And the
result follows.

2. This candidate &, is optimal only if for small
perturbations around 7,,, the objective function
increases. Let us denote by I'(n) = Zle Cingy
the Lovész extension of P. From [I], we see that
around 7,,, we have the decomposition of I" as

k

D(n+dn) =T(n) + Y T;(dn;),
j=1

where I'; is the lovasz extension of the function
P;, which is defined over all C; C G; as P;(C;) =
P(g1 U-~-Ugj,1 UC]‘) —P(g1 U---Ug]—,l). For
all dn sufficiently small, we require that

d ’LU2 d w2
Ty tdy) >y 24T
D gy F D +dn) >3 Tt 4T

i=1 i=1 *
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This is equivalent to

d w2 w2 k
—L— — L)+ Ty(dn;) >0
;(nﬂrdm Tl') 2Tl

i =1

k d 1 1
Li(dn) >y wi|———-+
()
— i \(mi+dm))
Following [3], the above equation is satisfied for
all dn > 0 if and only if V7,

2
w;
Lj(dny) > Yy —dn; = s"duy, (1)
i€g; "t
w? . ~ _ w?
where s; = - Defining §; = Tws, T3 and

is equivalent to 5(C;) < };J"Eg?)),VC’j C Gj. The
J J
statement follows.

O

4.2 Stability of the grouping variable 7,

Proposition 4.C. Given w € RY, and let the mini-

mizer of (SOWL)) n, € D*. define the following quan-

tities

( H“’Qj Il2 . lwg, ll2 )
. VA (G;) VARG
1. B(w) =minjy, L 1) ,
19;] + 19h]
A (G5 AR (Gr)

( lwu;llz llwo, Il2

o VATl /A U950 —A; (aiD

2. Vj(ng) - mlniegj T | ool ;
(\/Ajuﬁm*\/f\mgj\)—A,-(\um)

where u; = {1 € G;li < i}, and v; = G; \ u;. Define
7(w) = min; 5 (wy).

Let w = w++e, and let ng be the minimizer of (SOWL))
for . Then ng € DF if ||e]loo < min(B(w),y(w)).

Proof. 1t is easy to see that Condition 1 in Proposition
(4.3) is met when ||€]|cc < Bp(w). And Condition 2 is
satisfied when ||€||lo0 < vp(w). O

4.3 Proof of Theorem [4.4]

Proof. We construct the proof by establishing the fol-
lowing results. We introduce the notion of group co-
herency, which is inspired from [4] which will help es-
tablishing the proof.

Definition 4.D. A group G; having indices [s,e], 0 <
s < e <d, is defined to be Coherent if there does not
wietwy | wiptetw?

ezist an index i such that Za—— PP

Proposition 4.E. A group G; is coherent if and only
if the inequality in Proposition is satisfied.

Proof. Trivial to see. O

The following Lemma gives the conditions under which
two adjacent groups can be merged while maintaining
coherency.

Lemma 4.F. Consider a lattice D% and assume
|wi] > -+ > |wa|. Let us assume that the groups
G; and Gjy1 are coherent, and let max({ili € G;}) >
min({ili € Gj11}). The group G;UG;41 is also coher-
llwg; Il2 llwg,; 2

VAUGD VA (G

ent if and only if

Proof. Tt the condition is not satisfied, obviously the
merged group is not coherent. We now show that this
is a sufficient condition too. W.l.o.g, let us assume
j = 1 and denote the indices in G; and Gy are [1 : h]
and [h + 1 : d] respectively. Choose an index m € [1 :
d]. Let us consider the case m < h. The following
relations hold because G; and Go are coherent.

1/w%+.”+w72n _ \/wyzn+1+"'+w,21
\/Al(m) \/Al(h)*.Al(m) ’

g, Vet
\/m Az(d —h)
w? cw?
VWrpa e fwg is sandwiched between

V/Az(d—h)+A1 (h)— A1 (m)
the rhs of the above two expressions,
/A1 (m) Az (d—h)+A; (h)— A (m)
soning as above holds for m > h case also. Thus G;UGs
is coherent. O

Since
we have

. A similar rea-

Lemma 4.G. Let w € RY and 1, be the minimizer

of (SOWL)). If |wi| > --- > |wq|, then (Ny); > -+ >

(nw)d'

Proof. Let n,, € D with unique values 0j,7 =
1,...,k. W.lo.g., let us assume that £k = 2. As a
contradiction, let do > 1 corresponding to adjacent
groups G and Gy. We denote d; = |G1],d2 = |G2|. By
optimality conditions from Proposition ([4.3)), we have

llwg, ll2 llwgy ll2

, and ¢g,4+1 > 0. Since

\/Cl+"'+cd2 \/Cd2+1+"'+cd1+’i2
€1 > -+ > cq, We have
| W, +1] > lwg, |2
G, T tom
g, Jwa,|
>

VCdot1 + - F Cay+d, — \/Cdat1

This is impossible since |wg,| > |wg,+1| and ¢q, >
Cdy+1, and hence the result. O
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Proof of Theorem [4.4] continued. Lemma .Gl
shows that the ordering of 7, follows that of |w|.
Hence when |w| is sorted, the coherent groups G, in
n are contiguous. The sorting of |w| takes O(dlogd)
time. Algorithm [I| starts with coherent groups of size
1, and Lemma [£.F] guarantees that the groups evolv-
ing are all coherent. Thus Algorithm [I| computes 7,
which satisfy the conditions of Proposition The
outer loop is executed exactly d — 1 times, and the in-
ner loop is executed as many times a merge is made
which is also upper bounded by d — 1. Hence the re-
sult. O

4.4 Proof of Theorem [4.5]

Proof. Before analyzing the solutions of the proximal
operator of Qg, let us now analyze the solutions 7 ob-
tained from solving the regression problem . Re-
calling the equivalence to submodular penalties, we
denote denoting I'(n) = Zle cing)- Now eliminating
w, we arrive at the following equivalent problem only
in 7.

r;lzig J(n) +T'(n) (2)

Where J(n) =y M 'y, M@ =
(XD () XT + n)\I) . The following proposition
gives necessary and sufficient conditions for 7

belonging to a particular lattice D*).

Proposition 4.H. Consider a lattice D) along with
its partition Gi,...,Gr. For the problem , the so-
lution ©) € D* with unique values 51 > > Sk in the
respective partitions if and only if the following state-
ments hold true, where we denote by v the subgradient
at & with respect to the positivity constraint 6 > 0.

1. 7 satisfies the order constraints for the lattice
DH),

2. 1) satisfies Zz‘egj T M= @)yl2 + 7, =
A;i(1G), V5 =1,... k.

3 s= g—g satisfies s(C) < c1 + -+ + ¢, VO C V.

Proof. Point 1 is the requirement of the lattice as-
sumption. Define H € R*** with each Hy; =1 if
i € G; and 0 otherwise. The lattice assumption in-
cluded in leads to the following reduced problem,
where we denote t; = A;(|G;]).

. T
min J(HS)+0 't (3)

The first order conditions for optimality for the above
equation leads to the following gradient equation,

which proves the point 2.

D Ml MU HOYIE + 75 = 1,V (4)
i€EA;

This means at optimality, § solves the above non-linear
system of equations. Now, from optimality conditions
of , we have

ey M~ (@H)yl3 + vi = si, (5)

with s is an element of the subgradients of I" at 7, and
v; the subgradient of the positivity constraint on 7;.
Invoking the properties of Lovész extensions [I], we
denote by P the submodular function derived from c.
For any € R%, we characterize the subgradient as
follows.

Claim 4.1. Let s be the subgradient of T' at . Then
subgradient s should satisfy (a) s € B(P)(Base poly-
tope) and (b) s"n =T(n).

Proof. Follows from the definition of the lovasz exten-
sion. O

Point (a) in the above claim is thus shown to be nec-
essary. Whereas the following claim shows that, since
i) satisfies (5]) and (4)), the point (b) in the above claim

is redundant.

Claim 4.J. Let 71 = H§ be consistent with . Then
in Claim[{.1, condition (a) implies the condition (b).

Proof. For s € B(P), s'n = I'(n) is satisfied as soon
as S(g1U' . 'Ugi) = P(glLJ' . Ugl) NOW7 from and
s(GiU---UG;) =t1+---+t; = P(GiU---UG;). O

Now the condition s € B(P) is equivalent to the con-
dition s(C) < ¢1 + -+ 4 ¢}, VC C V. This completes
the proof. O

Proof of Theorem [4.5] continued.

1. When ﬁ(” ) > 0,Vi, the optimality conditions

%

translate to
5 = A;(1G51).

i€g; ((5](-“) + n,u)2 i€g; (771-(“) + n,u)

(6)

. 2 Z ,y-2
This implies (8 +n = &, 7
plies (37 +mue) = Ty @
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which is independent of .
Y2
Let C; C Gj, then, s(Cj) = Y ——F——

_ Zieas ¥t 6,0, )

Ziegj yi
Then VC C {1,...,d => s(Cug)).
Jj=1
(10)

This implies that s(C) does not depend on 1, and
we arrive at the statement.

2. From the optimality condition , we see that

2
n icg.: Yi
5?) 0, when Zeig” < nA,
A;(1G51)
o Ziegj %2
V=t

The first part of the theorem guarantees that
5,9) =0, for all £ > j. Also, the problem can
now be reduced in terms of the positive values of
7 and the first part of this theorem applies.

4.5 Proof of Corollary

Proof. From Theorem it is clear that 7, can be
computed in O(dlogd) time. And the first order opti-
mality condition for gives

(nw)i
(7791)2' + A

Hence the result. O

5 Regularization with SOWL

5.1 Proof of Proposition
Proof. Consider the following proposition.

Proposition 5.A. Consider w € R?, and Let the

minimizer of (SOWL)) n, € D*. Then Qs(w) =
k

> =1 VA (1G5 lwg, [|2-

Proof. Once the lattice assumption is made, I' is linear

function on 1. The problem (SOWL)) is then separable
in terms of the groups G; and we get the result. O

Proof of Proposition continued. Given 7,
Corollary shows that the norm is equivalent to the
group lasso penalty, and the conditions 1, 2 are the op-
timality conditions of the group lasso [5]. And Given
W, 7 is optimal if and only if it satisfied the conditions
given in Proposition[£.3] The convexity of the problem
() guarantees that (w,7) is indeed optimal. O

5.2 Proof of Theorem [5.3

Proof. First we note that if §; = 0, then G = J°.Now
let us consider the restricted problem only on the sup-
port J, and denote the minimizer as w.

1
min §||XJIUJ —ylI3 + AQ(wy)

As )\ — O the objective in the above problem tends to
2y Ty+ wJZJ gwz —y " Xwz. It is easy to see that
wg — w’ due to the invertibility of ¥ 7 7. We now
construct a candidate w by concatenating ws with
zeros for the remaining columns. We shall now show
that the candidate solution is an optimal one. From
the optimality conditions of the reduced problem, Vj =
1,...,k—1, we have

XQTJ(XJ(UA}j_w})_FeJ): (‘gJDH jH

=g —why = -n(Sg.7) "D VA (191) e
’ g, [|2

+0,(n"%).
Now,
(W —ig) +O0p(n”%)
A5
Y | wg + O, (0”2
Tog, o) @+ O 2)

= | XJe (X7 —y)|2 < An,

Xy — XjeXgg =ze,

=Sz 7 (Sg7)7 D (

where the last line used the irrepresentability condi-
tion. Thus w converges to w* in probability and proves
the theorem. O

5.3 Proof of Theorem [5.1]

Proof. Let us denote by I'(n) = Zle cing)- The prob-
lem is jointly convex in w,n and first order condi-
tions are neccessary and sufficient. They are

o7 (Xw—y)w\% —0 (11)
w2 l
——5 +8;+h; =0, (12)

where s; denotes the subgradient of I' with respect to
71;, and h; the subgradient with respect to the positiv-
ity condition on 7;. Obviously, when 7; > 0, h; = 0.
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When 7; = 0, we see that from that w; = 0.
Substituting this in , h; = —s;

Let us assume 7);(\) # ﬁj(/\) and different from the
rest. This implies that s; = ¢;. This leads to the
following equations which follows from ) and .

b, )
o= =gl (X —y)
@2 1
Ci = 772 )\2 (Xw y) €T (X’LU y)
1 N
lei —cj| = )\2 (X —y)" (ziz] —ajz) ) (Xb —y)
< pHXw—yH%HfEi%T — zjz] |2
1
< pHyH% zi +zjll2 |2 — ;2

IN

1
FHZUH%\/Q +2pij\/2 — 2pi;

1
= 3z llvlzy/4 - 403

We know that |¢; — ¢;| > C > 0, where C =
ming<q(ck — cg+1). This implies that

1
0<C<lei— il < 5 Iyl /1 - 403,

This is impossible to happen for all A > 0 and leads to
a contradiction for the assumption that 7;(X) # 7; ().
We define \g = %(4 - 4p?j)% and we have 7;(\) =
7;(A) for all X > Ag. O

5.4 Proof of Theorem [5.4]

Proof. The proof proceeds by proving the following
lemmas. In this section we denote by Let A = supp(7n).

Lemma 5.B. Consider the prob (). Let |[A| =
Then the following statements hold true.

22

2,2
== (13)
Cr Cr41

Proof. Consider any j < r, and perturb 7, for i =
Jy...,m as n; = n; — h for a fixed h > 0. Then the
difference of the objective in @ for n and 7} is given
as

T

1 1
2 J— J— .
Zzi (m—h+)\ ni—i—)\) cih >0,

=7

because of the optimality of 7. Rearranging the terms
we have,

T

22 - '
ZZ:; e > ;cl.

for j = r, we get the first condition. The proof of
the next condition is similar by perturbing the n; for
1> 7. O

Lemma 5.C. Consider the following modified problem
of @, where Z = [z9,...,24], ¢ = [cay...,cq.

d—1 22
()

If problem (@ has ezactly r non-zero values in n at
optimality, then problem has exactly r — 1 non-
zero entries in 1.

Proof. Trivial. O

Lemma 5.D. Let H; be the hypothesis that n; = 0.
Then {z|H; is rejected and |A| = r} = {z]22 > A\c?}.

Proof of Theorem [5.4] continued. We now choose
VAc, = @71 (1—3%), which leads to the following

2d
bound.

P(H; rejected and |A| = r) <P(z2 > A¢, and |A| = r — 1)

<Pz} > Ae,)P(|A| =7 —1)
<P(|zi] > VA, )P(|A] =7 —1)
<L P(A|=r-1)
Hence the FDR is given as
d 1 do
FDR = 2 - Z; P(H; rejected and |A| = r)
qdo qdo
= P(|5 = .
Z (81=r-1="2
O

6 Additional Plots

We show in Figure[I]the proximal denoising plots given
in the main paper with error bars.

Yolo)

(a) (b)

Figure 1: Proximal denoising plots @), and @ refer
to examples in Figures , [Bb| respectively.
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