Spatial Decompositions for Large Scale SVMs

A Proofs

A key concept to derive oracle inequalities and learning rates, which is used in the proof of Theorem is the
concept of entropy numbers, see [Carl and Stephani (1990) or [Steinwart and Christmann| (2008, Definition A.5.26).
Recall that, for normed spaces (E,|| - ||g) and (F,|| - ||r) as well as an integer ¢ > 1, the i-th (dyadic) entropy
number of a bounded, linear operator S : ' — F is defined by

ei(S:E— F):=e;(SBg,| - |Ir)

21.—1
= inf{a >0:3s1,...,89i-1 € SBg such that SBg C U (sj +€BF)} ,
j=1

where we use the convention inf () :== oo, and B, as well as By denote the closed unit balls in E and I, respectively.

Proof of Theorem [3.1, We denote by H the RKHS over X with Gaussian kernel of width Yyay. Let fo € H. Then,
we can w.l.o.g. assume that || fo|lcoc < 1, since the Gaussian kernel is bounded. For every j € {1,...m} we define

fi=1a,fo= f0|Aj and remark that fj, € H (4;) due to |Steinwart and Christrnann| (]2008L Exercise 4.41)).

Ymax

Hence, f; € H,, . by definition of H, Furthermore, since 7y; < Ymax for every j € {1,...m}, Steinwart and
|Chr1stmann| (]2008L Proposition 4.4.6) ShOWS that HAYmax C H,, with
5 /2
max
10, < (222) " U6l 5)

Hence, we find that f; € I;T%. for every j € {1,...,m}. Since

fo=>_fi
i=1

we conclude that fy € H by definition of H. Next, we observe with that

D Nl Sl = S A, <3 (”’““‘) I < 3, (7> T
Jj=1 j=1

By using the latter inequality and the bound for the approximation error given in |Steinwart and Christmann|

d
2008, Theorem 8.18) with tail exponent 7 = oo since X is compact and with A = Z;n:l Aj (7’;?") , we find that

S Al + Raph) ~Rip < 324 () sl + R~ i
j=1 ! j=1

d
< max{cq, Cq,3CNE } Z Aj (FY;MX) Vi + Voo (6)

j=1 J

m
a —d
S c Z A]’YJ + ’yglax )
Jj=1

where ¢ := max{cq, ¢q gcng } With cq, &g 5 > 0. Next, Eberts and Steinwart| (2015, Theorem 6) provides the bound

_d+2p
e;(id : Hy(Aj) = La(Pxa,)) < aji” % for i > 1 with a; = é\/Px(4;)r o v; ", where ¢, is a positive
constant depending from p. For the constant a from Theorem [B.I] this yields

1

<max{cpm; (Z)\ v 2p> 2p,2}>2p
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= | maxq cpCpym?2zr 2 Z (/\]_ V;
=1
< <max

< <max{cpcp162pr<2/\ . Px(4;)

+
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N———
|
[N}
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N———
<

m d+2p p
<G Y oAy 7 (Aj)> + 4P

J=1

where we used that || - ||, < mFTp|| |1 for 0 < p < 1, as well as mr? < 167 by and that C, := cff’é%plfid.

Then, by using Theorem (EI), the concavity of the function ¢ — t727 for t > 0 and the fact that 7 > 1 with
7 < n we obtain that

m
> Xillfo, a0 5, + Re.p(fory) = Rip

j=1
s}
_at1 432¢T 7\ ° 307
<0 (oM ta Al +Rep(fo) - R +c<a2pn1>““"’+3<f> e
j=1
P e
m _d+2p
< 9¢ Z/\jvj +8 | +C | Cpr?? Z)\ ? Px(A)) | n7t44rn7!
j=1
g+1
qql q+2
+3<432CNE T> 307
n n
at1
m atep p q+2—-p
< 9¢ Z/\jvj +8 | +C | Cpr?? Z)\ ? Px(4;) | nt
j=1
qp7\ T 32\ 30
q+2-p 4
“’(nT) +3<C§ET> s
g+1
A - d op [N 1, ’ 1 o
< Coapa| DN e+ (7P DoNT 7 Px(4)) | no
j=1 j=1
T i T P T
q+2—-p q+2
TR )
n n n
p e
- -d B op [ N~ o1 -2 1 T i+
< Cgdpg Z)‘j’Yj + Ymax + | 77 ZAJ’ voF Px(4;) | n +(H)
j=1 j=1

holds with probability P™ not less than 1 — 3e™7, where the constants C’/g?d,p,q and Cg 4,4 are given by
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p(g+1) pr(g+1)

- g+1 _9q g+1 _9q
CB,d,p,q := max{9¢, C-Cy 77 C-da+2=r 3eiis -432%730} and Cg 4 p,q := max{9¢,C-Cy™*7" 3-C-4a+2=r 9cii’ -
43272 90}, O

Proof of Theorem[3.3 First we simplify the presentation by using the sequences A i= con~ (BTdr and A 1=
'1

_ . L (g+1) . . o _ _d3
c3n~ " with k := m. Then, we find with Theorem together with r, = cyn™", A\, ; = rp A, and
Vn,j = Yn and with 377 Px(A;) =1 and m,, < 1697 that
Rr.p(foay) —RLp
» q+1
o d o =z q+2_p T\ 5=
_ 1 — _ q
< Cﬁvd7p7q Z A”,jr)/n,j + Vflax + T’?lp Z An,J’Yn,j : PX (AJ) n ! + (ﬁ)
j=1 j=1

d3 z—d | B op [ —d5—15— 5 N ’ _1 PNt
= Cﬁ,d,p,q mnrn)‘n’}/n +’7n + Tnp Tn )‘n Tn ! ZPX(AJ) n + (7)
j=1

q+1 a+1
1 ~— ~ —d)Y—p~— _ +2— TN\ a+2
< 16905, (An%d + 3 + (rﬁ(z DNLPA, 2 1) T4 (7) ! )
n
n—pu(2—d) q+2—p T gié
< —(B+d)k,,+dk —Bk —
< Ciudpyg (n n +n + n—P(B+d)ry—(d+2p)r+1 + n
q+1
e nfp[u(Qfd)f(ﬁer)ann] q+2—p T %
= ngdpq 2n + p] + (=
i had) &) n_ KZ+ n
, n RS @-d)—(Brdi2)s] |zt
_ — PR —
= Cpudpq|2n 7" + 5(a+2)(a+1) + (n)
n (B(a+2)+d(a+1))(a+2-p)
g | TR 2
—BkK
< Cpudpaql| 2n + £(a+1) + (7)
7, B+ +dq+) n
B(a+1) B(a+1) pa+1) (B+d+2)(a+1) atl
< Cudpy <2n_13(c1+2)+d(q+1) + n” F@FnFaeFD T aF2 [V(Q_d)_ﬁ(q+2)+d(q+1)]+ (Tn—l) a+2 >
+1 _ B(a+1)
< Chogagrit? -n~ F@Dta@n 6

holds with probability P™ not less than 1—3e~7, where the constants C .. 4,p 4, C1,¢2,c3 > 0 depend on 3,v,d, p,q
and the constant C . ¢ 4,4 > 0 depends on 3,v,&,d, q. Furthermore, we remark that we chose p sufficiently close

to zero such that £ > % (u(d —2)+ éé}ﬁ%%) > 0. O

B Appendix

Theorem B.1. Let P be a distribution on X XY with noise exponent q € (0,00] and let L : Y x R — [0, 00] be
the hinge loss. Furthermore let (A) be satisfied with Hj := H.,(A;) and assume that, for fized n > 1, there ewist
constants p € (0,1) and aq,...,a, > 0 such that for all j € {1,...,m}

1

ez(ldHj—>L2(PX‘A7))§a]z_%, 1>1. (7)
Finally, fit an fo € H. Then, for all fited 7 >0, A= (A1,..., m) >0, vy = (71,---,%m) > 0 and

1
m 2p
1 -p_2p
@ :=max { c,m? Z)\j aj ,2
j=1
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the VP-SVM given by satisfies

m
> Aillfo, a0 15, + Re.p(foaqy) —Rip
j=1 ‘
. g+l
“ _qt1 432¢T T\
< 9| D Aila foll g, +Rep(fo) =Rip| +C (a0 ) 757 43| ——HE= |+

=1

307

n

with probability P™ not less than 1 — 3e™", where C' > 0 is a constant only depending on p.

Proof of Theorem[B.1l One can obtain the result directly by an application of [Eberts and Steinwart| (2015}
Theorem 5). To this end, we note that the hinge loss is Lipschitz continuous and can be clipped at M = 1. Since
H is the sum-RKHS of RKHSs with Gaussian kernels and the Gaussian kernel is bounded, w.l.o.g. we assume for
fo € H that || fo]loo < 1. Hence, |L o fo]loo < 2 and therefore By = 2. Furthermore [Steinwart and Christmann
(2008, Theorem 8.24) showed that for the hinge loss the constants V' and 9 from Eberts and Steinwart| (2015|

Theorem 5) can be achieved by V = 6cgp, and 9 = 7+7- That means

m
> Al o, 5, + Re.r(fory) = Rip

j=1
1 1
G P\ FpmIEIR 72V7T\ > | 15BoT
<9 NllLa foll2 +R —R: cl— 3 i
< 9 (oIl + R o)~ Rip | + (5)7 s (BT
+1
q+1 _a_ a2
= a?P\ T+2=p 432¢3t T 307
=9 NllLa ol +R —R; C|— 3 —NE— —
; l1a, folll +Rep(fo) = Rip | + <n> + ( . +=
holds with probability P™ not less than 1 — 3e™". O

C Some more details for results

In this section we give some more technical details the pseudo-code for local SVMs (Algorithm , and some more
results of the experiments. Firstly, some more details on how the experiments were performed:

Hyperparameter grid We used 1iquidSVM’s default grid: the A are geometrically spaced between 0.01/7 and
0.001/7 where 7 is the number of samples contained in the k — 1 folds currently used for training. The ~ are
geometrically spaced between 5r and 0.2r7n~ /¢ where r is the radius of the cell, d is the dimension of the
data and 7 is as above.

Spatial partitioning scheme The segmentation for mid-sized data sets n < 50000 finds centers for the Voronoi
cells using the farthest-first-traversal algorithm on the entire data set. For larger data sets a random
subsample of the full data set is created and the splitting described above is applied recursively.

In 1iquidSVM, this is achieved with value 6 for the partition argument to scripts/mc-svm.sh (or the -P

6 mode of svm-train).

Random Chunks scheme The data is split into random partitions of the specified size. In 1iquidSVV, this is
achieved with value 1 for the partition argument to scripts/mc-svm.sh (or the -P 1 mode of svm-train).
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Algorithm 1 Local SVM training and testing.

Require: A training dataset D, split into cells D1,...,D,,, m > 1, a set I' C Rso of «-candidates, a set A C Rso of
A-candidates, the number of folds k for cross-validation, and a test set DT, split into cells DY ,...,DZL.
Ensure: Test error
1: for all j=1,...,m do

2:  Split the cell D; into k random parts Dj1,..., Dj k.
3: for all/=1,...,k do
42 ;,4 = Dj \Djyg
5: cache pre-kernel matrix (z1,z2) — ||x1 — x2]|2 for 21,22 in D;-ye
6: for all vy € " do
7 use cached pre-kernel matrix to calculate kernel matrix with bandwidth
8: for all A € A do
9: Train an SVM fp/ Ay of the form (possibly using as warm-start the solution for the previous A-candidate).
7
10: Calculate and save the validation risk RL’DJ. (fpr A 7)
, RS
11: end for
12: Let fp; .~ be the linear combination of the (fD.;J{A’,Y)lggSk with weights exponential in RL,Dijyg(fD;,wAﬂ).
13: Save the validation risk Rz p; (fp; 2~)
14: end for
15: end for
16: end for
17: for all j=1,...,m do
18:  Select the «y;, Aj-combination minimizing the combined validation risk.
19: end for
20: for allj=1,...,mdo
21:  Calculate test error R, p7(fp,,x,.,;) on test cell D] .
D] 5257,
22: end for

23: return global test error ﬁ > |DT| 'RL,DJT (fDjAj75)-

Table 6: Training times divided by the product of training set size, cell size and dimension (in seconds times 10%).
This shows that the time complexity in is fulfilled quite nicely.

2000 5000 10000 15000

training time

HIGGS 33 29 29 29
HEPMASS 22 19 19 20
GASSENSOR 20 19 19 19
SUSY 45 39 38 38
COVTYPE 10 9 9 9
COD-RNA 52 51 45 48

SKIN 116 117 106 111
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test error
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o o 0.23 1
0.160 A-moEM-bts me-d
0.36 - 2e-04 -
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,’F‘i“".—i‘: a
! ! —1 0140 : [ 0e+001 : ; ¥
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Figure 4: Training time vs. test error, this is the final trade-off.



