Proceedings of Machine Learning Research vol 65:1-49, 2017

ZigZag: A new approach to adaptive online learning

Dylan J. Foster DJFOSTER @CS.CORNELL.EDU
Cornell University

Alexander Rakhlin RAKHLIN @ WHARTON.UPENN.EDU
University of Pennsylvania

Karthik Sridharan SRIDHARAN @ CS.CORNELL.EDU
Cornell University

Abstract

We develop a new family of algorithms for the online learning setting with regret against any
data sequence bounded by the empirical Rademacher complexity of that sequence. To develop a
general theory of when this type of adaptive regret bound is achievable we establish a connection
to the theory of decoupling inequalities for martingales in Banach spaces. When the hypothesis
class is a set of linear functions bounded in some norm, such a regret bound is achievable if and
only if the norm satisfies certain decoupling inequalities for martingales. Donald Burkholder’s
celebrated geometric characterization of decoupling inequalities (Burkholder, 1984) states that
such an inequality holds if and only if there exists a special function called a Burkholder function
satisfying certain restricted concavity properties. Our online learning algorithms are efficient in
terms of queries to this function.

We realize our general theory by giving new efficient and adaptive algorithms for classes in-
cluding £, norms, group norms, and reproducing kernel Hilbert spaces. The empirical Rademacher
complexity regret bound implies — when used in the i.i.d. setting — a data-dependent complexity
bound for excess risk after online-to-batch conversion. To showcase the power of the empirical
Rademacher complexity regret bound, we derive improved rates for a supervised learning gener-
alization of the online learning with low rank experts task and for the online matrix prediction
task.

In addition to obtaining tight data-dependent regret bounds, our algorithms enjoy improved
efficiency over previous techniques based on Rademacher complexity, automatically work in the
infinite horizon setting, and adapt to scale. To obtain such adaptive methods, we introduce novel
machinery, and the resulting algorithms are not based on the standard tools of online convex
optimization. We conclude with a number of open problems and new directions, both algorithmic
and information-theoretic.

1. Introduction

In the online supervised learning task, a learner receives data (x1,y1), ..., (Zn,yn) in a stream. At
time ¢ they receive an instance x; and must predict y; given the instance and the previous observations
(z1,91,) ..., (x4-1,yt-1). The learner’s prediction, denoted ¢, is evaluated against y; according to
a loss function £( 9,y ); for classification this is typically a convex surrogate for the zero-one loss
lo1(9,y) = 1{y # y} such as the hinge 10ss lhinge(¥,y) = max{0,1 -7 -y}. The learner’s overall
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performance is measured in terms of their regret against a benchmark function class F:
n n
2 (G ye) = inf Y (f (1), ye)- (D
t=1 feF t=1

In the statistical setting, each pair (z, y;) is drawn i.i.d. from some joint distribution D. In this
case, a bound on (1) is appealing because it immediately translates to an excess loss bound for the
batch statistical learning setting after online-to-batch conversion. At the other extreme is the fully
adversarial setting, where no generating assumptions on the data are made. We would like to develop
methods that enjoy optimal guarantees in both worlds.

Our goal is to come up with prediction strategies that adapt to the “difficulty” of the sequence.
In the statistical setting, optimal excess risk behavior has long been understood through empirical
process theory and, in particular, Rademacher averages (Bartlett and Mendelson, 2003). Empirical
Rademacher averages were shown to be an attractive data-dependent measure of complexity that can
be used for model selection and for estimating the excess risk of empirical minimizers. The question
considered in this paper is whether there exist prediction strategies such that empirical Rademacher
averages control the per-sequence regret (1). As we show below, the empirical Rademacher average
is the best sequence-based measure of complexity one can hope for.

Let us formally define the empirical Rademacher complexity of the class F:

n
Radr (1) =Esup ) e f(x1), 2
€ feFi=1
where the Rademacher sequence € € {+1}" is drawn uniformly at random and z1., = (71, ..., Zy).

The questions studied in this paper are:

* When does there exist a strategy (¢;) such that

Yl ye) — inf Y 0(f(20),y¢) < D(F,n) -Radz(z1.) 3
=1 feFia

for every sequence x1.,,,y1:n?
* What is the best constant D(F,n)?

* When can the strategy (¢;) be efficiently computed?

We provide a characterization of when the bound (3) is achievable, and, furthermore, develop
efficient algorithms based on a new set of techniques. The algorithms are parametrized by a certain
special function that has been studied in probability theory and harmonic analysis for the last three
decades. Interestingly, the function is neither convex nor concave (see Figure 1), yet it satisfies a
property called “zig-zag concavity”. The main message of this paper is that this special function can
be used for algorithmic purposes and to answer the above questions.

We begin our analysis by showing that Rad is an “optimal” data-dependent regret bound in
the following sense:

Lemma 1 (Sequence Optimality) Let ¢ be the absolute, hinge, or linear loss and let F be any
class of functions with value bounded by 1. Let B(x1.,) be a data-dependent regret bound for which
there exists a strategy () guaranteeing

Zn:f@myt)— infzn:f(f(ﬂft)vyt) < B(21:n). “4)
t=1 feria
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Then
Radr(z1:) < B(z1:) VXim,.

The same result holds for the zero-one loss if we restrict to F and (y;) with range {£1}.

Lemma 1 reveals that no data-dependent regret bound can improve upon Rads beyond the
factor D(F,n). As we will soon show, the question of identifying D (JF, n) is an extremely rich one.
When one restricts to linear function classes, this question is deeply tied to theory of Banach space
geometry and, in particular, to martingales in Banach spaces.

In Sections 3-5 we assume that F is a class of linear functions indexed by a unit ball; Section 6
will concern the general case. For the linear case, we assume that x;’s lie in the unit ball of a separable
Banach space (B, |-|) and

F={zr(w,z)|weB" |w|. <1},

with |-| . being the dual norm and 2B the dual space. We then observe that
n

2 €Tt
t=1

Consider the Euclidean setting, where F is the unit /5 ball. It is known that gradient descent with

Radr(z1n) =E sup > e{w,z;) =E

€ Jw|s<1t=1

an adaptive step size yields a regret bound of order \/ ¥, |2;|* for any sequence. Khintchine’s
inequality then gives a further upper bound of order E.|>.}-; €;2:||. Hence, adaptive gradient descent
answers the questions posed earlier for the specific case of linear functions indexed by Euclidean ball.
This is one of the very few cases known to us where the bound of Rad s was previously available.!

2. Background

Let (B, |-|) be a separable Banach space and (B*, |-|.) denote its dual. This paper focuses on
the problem of online supervised learning described in Protocol 1. Input instances belong to some
subset X € B and predictions g; are real valued. Outcomes y;’s are selected from some abstract
label space ). Throughout this paper we assume that the loss (g, y) is convex and 1-Lipschitz in
its first argument. We also assume that there exists some bounded domain [-B, B] such that for all
y €Y, 3y € [-B, B] such that the derivative with respect to the first argument ¢'(g,y) = 0 (that is,
minimum is achievable in the compact set). Call such a loss function well-behaved. We remark that
this bound B never explicitly appears in our results, and its only purpose is to enable application of
the Minimax Theorem, which requires compactness.

Definitions For p € (1,00), let p’ = p/(p — 1) denote its conjugate, and p* = max{p,p’}. An
X-valued tree x is a sequence of mappings (x;);, with x; : {il}ti1 - X. When ey, ...,¢, are
independent Rademacher random variables, the tree x is simply a predictable process with respect to
the dyadic filtration. Recall that a sequence of random variables (Z; )}, is a martingale if for each ¢,
E[Z:| Z1,...,Z-1] = Zs-1, and is called a martingale difference sequence if B[ Z; | Z1,..., Zi1] =
0. For a given martingale (Z;), we let (dZ;) denote its corresponding martingale difference sequence,
ie. dZ, = Z, — Z;_;. For a matrix X € R™9_ et X;,. denote the sth row and X ; denote the jth

) 1
column. We define its (p,q) group norm as | X |, . = (Ze[ap X [7) - (1X. | Jicta)lp- The

1. The other example is Rad # for the /., ball, attained by diagonal AdaGrad (Duchi et al., 2011).
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Protocol 1 Online Supervised Learning
1: fort=1,...,ndo
2: Nature provides x; € X.

3 Learner selects randomized strategy q; € A(R).
4 Nature provides outcome y; € ).

5: Learner draws ¢; ~ q; and incurs loss £( ¢,y ).
6: end for

Schatten p-norm is defined as | X||s, = Tr((XX DE )% We let | X |, denote the spectral norm
(Schatten So,), | X |s: denote the trace norm (Schatten S1), and | X | denote the Frobenius norm
(Schatten S5). For a set A ¢ R?, assumed to be symmetric, the atomic norm with respect to A is
given by |z 4 = min{a | z € a-conv(A)}.

3. Deriving algorithms: Adaptive relaxations and zig-zag concavity

Let us propose a simple schema for designing algorithms to achieve (3). It will turn out that
considering this scheme naturally leads to us to decoupling inequalities for Banach space-valued
martingales via a deep result of Burkholder (1984). We begin by observing that by convexity of the
loss function,

(@G> ye) = E(w, e}, 9e) < (Gosge) - (G = w, 1)) (5)

and hence, denoting the derivative by ¢} = ¢/ (4, y¢),

n

Y l(Gesye) = inf S L((w,xe), ye) <G g +
t=1 t=1

HwH*Sl t=1

. ©6)

n
Z é;:ﬂt
t=1

Rather than aiming for the adaptive bound of empirical Rademacher averages in (3), we shall
aim for Radz (210, £,,,) = Ec| S e:ls4], a quantity that is always tighter than Radz(z1.,) =
E|>7, e:z¢| because £ is 1-Lipschitz.

Foster et al. (2015) proposed a general framework called adaptive relaxations for deriving
algorithms to achieve data-dependent regret bounds. Adaptive relaxations are a compact tool for
reasoning about minimax strategies on a round-by-round basis.

Definition 2 An admissible relaxation Rel : ULy X' x [-1,1]" — R satisfies the initial condition

n n
Rel(z1:p,01.,) > Zé,':xt -D-E Z el @)
t=1 € llt=1
and the recursive condition
Rel(z1:4-1,01,_1) > sup inf sup [§;- ¢ + Rel(z1y, £1,)].2 (8)

zeeX Ut he[-1,1]

2. In original game, ¢ = ¢' (4, y:). We have moved to an upper bound by allowing the adversary to choose #; arbitrarily.
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Proposition 3 Suppose Rel is an admissible relaxation. If at each time t the learner plays the
strategy
§¢ = argmin sup [g) Ay + Rel(wy.4, Ei:t)], 9)
g fe[-11]
regret is bounded as

Zg(ghyt) — inf Zg(f(xt)ayt) <D-E + Rel(@)
t=1 | €

n
Z Etal't
t=1

The takeaway from Proposition 3 is that if we can design an adaptive relaxation for which the end
value Rel(@) is not too large, we will have succeeded in achieving the upper bound of empirical
Rademacher complexity>. But how should we find such a relaxation? Let us try the simplest possible
choice:

Rel(wlita Ell:t) =

t t

Z E;az s Z € sf;:B s
s=1 s=1

This relaxation clearly satisfies the initial condition, but it is not so clear how to demonstrate the
recursive condition. The challenge in analyzing this relaxation is that the function z — |A + z| —
D| B + ez| is neither convex nor concave. Virtually all potential functions used in online learning
are convex and the absence of such a property makes it difficult to bound the relaxation’s growth

under possible outcomes for the gradient ¢;. Let us propose a surrogate potential with more tractable
analytical properties:

-D-E
€

Proposition 4 Suppose there exists a function U : B x B — R satisfying

1. U(z,2") 2 |z| - Da"].

2. U is zig-zag concave: z — U(x + 2,2’ + €2) is concave for all z, 2" € B and € € {1}.

3. U(0,0) <0.
Then the adaptive relaxation

t t
Rel(zy.4,01;) = E U(Z O, Z esﬁgxs) (10)
Lt s=1 s=1

is admissible.
Property 1 of U clearly implies that the relaxation satisfies the initial condition, and Property 3

ensures that the end value is at most 0. The zig-zag concavity property (2) is most critical, as it
implies that the simple gradient-based strategy

d t—1 t-1
-1 g U(Z Vs oz, Y elias + o (1

do €1t s=1 s=1

a=0

achieves admissibility. We remark that this strategy is horizon-independent whenever U does not

depend on n (which we will show is usually the case). Furthermore, one may avoid re-drawing the

random signs, and, hence, the computation time is simply the evaluation of the derivative of U.
The full description of the ZigZag algorithm is given in Section 5, but before that let us spend

some time deriving such U functions — called the Burkholder functions — and connecting their

existence to other properties of the Banach space.

3. We omit proof of Proposition 3 for space, but the proof of Theorem 11, the main algorithm, uses the same technique
and is self-contained. See also Foster et al. (2015).
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4. Zig-Zag functions, regret, and UMD spaces

What have we gained by reducing our problem to finding a U function? We will now show that U
exists if and only if (B, |-|) is an Unconditional Martingale Difference (UMD) space. Informally,
in a UMD space lengths of martingales are comparable to those of random walks with independent
increments (see Definition 6). We call U a Burkholder function in reference to Donald Burkholder’s
central result characterizing UMD spaces in terms of the existence of these functions (Burkholder,
1984).

In Proposition 4 we assumed that the Burkholder function U satisfies U(z,2’) > |z| - D|z
We will soon see that it is often easier to find an efficiently computable zig-zag concave function U,
that, as before, satisfies U, (0, 0) < 0, but the first requirement in Proposition 4 is replaced with

'l

Up(z,2") 2 o] - D '[["

for some p > 1 (i.e. p # 1). However, the simple observation that for any number a > 0, a =
%infmo{nap + (p - 1)~ Y@=V} will allow us to algorithmically use a U,, function for any p to

obtain the desired regret bound Rad # (this is described in detail in Section 5). This motivates our
complete Burkholder function definition:

Definition 5 A function Uy : B x B — R is Burkholder for (||, p,Dy) if
1. Up(z,2") > || - Djf"|".
2. U;B is zig-zag concave: z U?(:E +z,2' + €z) is concave for all x,x' € B and € € {+1}.
B 4
3. U,;(0,0) <0.
For concreteness, here is a simple example for the scalar case: The function
U5 (2,2") = |af* - 2|

is Burkholder for (||,2,1). The reader can easily verify that this function is zig-zag concave by
observing that U5 (x + 2,2’ + 2) is in fact linear in z. Perhaps the most famous U function is
Burkholder’s construction for general powers in the scalar case: For p € (1, 00) the function

U (z,2') = ap(f2] - Bl (Je] + 2/])7

is a (||, p, Bp) Burkholder function upper bounding |z|” — 85|z'|" for appropriate v, Bp.

4.1. When does a zig-zag concave U function exist?

It turns out that the most common Banach spaces used in machine learning settings — such as /£,
spaces, group norms, Schatten-p classes, and operator norms — all happen to be UMD spaces, and
that each UMD space comes with its own U function. This leaves us with the exciting prospect
of using their corresponding U functions to develop new adaptive online learning algorithms with
improved data-dependent regret bounds. Without further ado, let us define a UMD Banach space:

4. This condition is without loss of generality.



Z1GZAG

Definition 6 A Banach space (|B, || - |) is called UMD,, for some 1 < p < oo, if there is a constant
C,, such that for any finite B-valued martingale difference sequence (X;)}, in L,(B) and any
fixed choice of signs ()}, (where each ¢, € {+1}),

n p n p
E|Y eX: <COE|>. Xy . (12)
t=1 t=1
The space (B, ||-|) is called UMD if there is a constant Cy such that
T T
E sup ZGtXt < CiEsup ZXt . (13)
TN ||t=1 TN ||t=1

Burkholder (1984) proved the following geometric characterization of UMD spaces in terms of
existence of appropriate zig-zag concave U functions.’

Theorem 7 (Hytonen et al. (2016), Theorem 4.5.6) For a Banach space (B, || -
are equivalent:

), the following

1. B is UMD,, with constant C,.
2. There exists Burkholder function U? 1B x B~ Rfor (||-|,p, Cp).
Theorem 7 is strengthened considerably by the following fact:

Theorem 8 Let p € (1, 00). If UMD, holds with constant C,, then

* Forall g€ (1,00), UMDy, holds with constant C, < 100(% + %:)Cp-

» UMD, holds with C1 = O(C)).

Furthermore, if UMD holds with constant Cy, then for all p € (1, 00) there is some constant C;,for
which UMD,, holds.

With these properties of UMD spaces established, we proceed to state our main theorem on
achieving the Rad r regret bound in these spaces.

Theorem 9 Ler (B, |||) satisfy UMD, with constant C,, for any p € [1,00). Then there exists
some randomized strategy achieving the regret bound.:

E| > (G, ye) - ianf(f(xt),yt)] <O|CLEEsup||>. &' (Ge, ye) ) (14)
t=1 feFia € r<n||i=1
<O CP]E(H; Yo el (e, ye )y +?El[a)]<H$tH log(n))) (15)
=1 n
<O CPE(E > ey +m[a)](thH log(n))). (16)
€ t=1 te[n

5. Burkholder (1984) does not work with U functions directly but rather an equivalent property called {-convexity. The
U function presentation first appeared in Burkholder (1986). See Hytonen et al. (2016) or Osekowski (2012) for a
modern exposition.
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This shows that a bound on C,, for any p gives D(F,n) < C,, in (3), up to an extra additive log n
factor®.

An interesting feature of this theorem is that there are multiple ways through which it can be
proven. In the appendix it is proven purely non-constructively by plugging the UMD inequality (13)
into the minimax analysis framework developed in Foster et al. (2015). In Section 5 it is proven
constructively by using the existence of the U function to exhibit a particular strategy for the learner.

Let us remark that the bound in (14) has the desirable property of adapting to scale, in that it does
not require an a-priori upper bound on the data norms maxp,,] ||

With Theorem 9 in mind, we finally state bounds on C,, for classes of interest.

Theorem 10 The following UMD constants hold:

* (R,[): Cp=p" ~1Vpe(l,o0) © R -s,), pe(1,00): Cp=O((p*)?).
© (R [Ip), pe(1,00): Cp=p*—1. o R |0/l ]5): C2 = O(log?d).

* R% -1/ ]le): C2 = O(logd). o (R [-|p.g), pq € (1,00): Cp=O(p*q*).
© (R [-|a/l-|a+): C2 = O(loglA)). o (1, ||3) for Hilbert space H: Ca = 1.

4.2. Efficient Burkholder functions

Burkholder’s geometric characterization, Theorem 7, implies existence of a Burkholder function
U? whenever a space (B, |-|) has UMD constant C,,. Unfortunately, the generic U function
construction (see Hytonen et al. (2016), Theorem 4.5.6) is not efficiently computable; it is expressed
in terms of a supremum over all martingale difference sequences. However, the construction of
concrete U functions has been an active area of research in the three decades since Burkholder’s
original construction. This is because one can exhibit a U function to certify that a space is UMD for
a specific constant C,,, and discovering sharp UMD constants is of general interest to the analysis
community (Osekowski, 2012).

Let us begin by stating Burkholder’s optimal U function construction for the scalar setting. This
function was originally obtained by solving a particular partial differential equation. This function is
graphed in Figure 1.

Example 1 (|-|”, Hytonen et al. (2016), Theorem 4.5.7) For any p € (1, 00), the function

U, (,9) £ ap(|2] = Byly|) (Ja] + [y)"™ (17

-1
is Burkholder for (|-|,p, Bp) , where o, = p(l - ]%)p , Bp = p* — 1. By is the sharpest constant
possible.

Observe that all of the Burkholder function properties (Definition 5) are preserved under addition.
This leads us to a construction for £, norms in the vector setting, which inherits the optimal constants
from Burkholder’s scalar construction.

6. All of the log n factors incurred in this paper arise when passing from bounds of the form [E sup.._,, F’- to those of the
form E F}, for some random process (F%). This is notable technical issue with most martingale inequalities involving
the L1 (8) norm, including for example Doob’s well-known maximal inequality.
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Example 2 (¢, norm)

U (z,9) = Y UR (25, 1) (18)
i€[d]

is a Burkholder function for (|-||b,p, Bp), with B, as in Example 1. Uf;p can be computed in time

O(d).
Example 3 (Weighted ¢, norm) Let ||x| 4 = \/(xz, Ax) for some PSD matrix A. Then
L .
Uy (2,y) 2 Uy (A2, ATPy)

is a Burkholder function for ({3 4,2, 1). UgQ’A can be computed in time O(d?).

Figure 1: U} (z,2") (blue) and ||’ - 85]2’” (orange) for p = 3.

Another useful construction extends Burkholder’s scalar function to general Hilbert spaces. This
is useful as it applies even to infinite dimensional spaces such as RKHS.

Example 4 (General Hilbert Space, Hytonen et al. (2016), Theorem 4.5.14) Let H be some Hilbert
space whose norm will be denoted |-| .

U () = ap(z ]2 = Bplyl) (e + ly )P (19)

is a Burkholder function for (||-|1,p, Bp) for each p € (1,00), where oy, and (), and are as in
Example 1. This function works for all Hilbert spaces, even those of infinite dimension. For p = 2
this function and its derivatives can be implemented efficiently using the Representer Theorem.

We can lift the former construction to a construction for group norms in the same fashion as in our
construction for £, norms.

Example 5 ((p,2) Group Norm) In this example we consider group norms over matrices in R¥?,
The function,
a £l
UP(z,y) = Y U2(a,y),
i€[d]
where U%P is the general Hilbert space Burkholder function (19), is a Burkholder function for
(I (p.2)> 25 Bp)- Uépﬂ) can be computed in time O(d?).

Group norms are used in multi-task learning. Furthermore, Example 5 works not just for R, but
more generally for R? x H for any Hilbert space . This makes it well-suited to multiple kernel
learning tasks.

As we will show in the sequel, there are a number of algorithmic tricks we can use to achieve
Rad F-type bounds even when we do not exactly have a U function for a class of interest.
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5. Algorithms and applications

Recall that our goal is to design algorithms whose regret is bounded by Radr(z1:,0}.,) =
E| >, €lixe|. We now present an algorithm, ZIGZAG (Algorithm 2), which efficiently achieves a
regret bound of this form whenever we have an efficient Burkholder function U?, evenif p # 1.

Algorithm 2 Z1GZAG
1: procedure ZIGZAG(U,, p,n) > U, is Burkholder for (|-|,p, 8). n > 0 is the learning rate.
2: for timet=1,...,ndo

3 Let Gi(a) = Egeqany gUp(Z’;j Olxs + axy, Y421 €slhxs + opamy).

4 Predict g = -G(0). > More generally, use the supergradient.
5: Draw independent Rademacher ¢; € {£1}.

6 end for

7: end procedure

Theorem 11 Denote the prediction of Algorithm 2 as ;" to make the dependence on the sequence
(€t)t<n explicit. Algorithm 2 enjoys the regret bound,

p 1 ,
s n—@‘l))]so. (20)

(nﬁp —

n e . n 1 n
E[Z Cg ye) = inf D 0(f(xe),ye) = = > el
€Lz feFia p =1
A few remarks are in order. A naive application of the relaxation technique would yield a bound
n P -
z Etgzl‘t + - 7’]7(10 - ))7 (21)
t=1 p'-1

which falls short of the goal of achieving Rad r for the following reason. Observe that for any p > 1,

z'/P = 1inf(mc +

1 1-p"\ & ;
5 inf K ) = 717r>1(f] U, o(x). (22)

P -
Recall that n > 0 is a parameter of Algorithm 2. (22) combined with (21) suggest that if we
chose the optimal 7 in hindsight, the regret of ZIGZAG would be bounded by {/Ec| Y7, e:lia¢|”.
However, this bound is always worse than Rad via Jensen’s inequality, and is indeed sub-optimal
for ¢, norms. Luckily, (20) reveals that for ZIGZAG, the Rademacher sequence (€;)¢<, used by
the algorithm and the Rademacher sequence appearing in the regret bound are one and the same,
which allows us to adapt 7 to | Y} €:4;x|| for a particular playout of the sequence (¢t );<,, to get the
desired Rad # bound. This tuning of 7 via doubling is stated in the next result.

Lemma 12 Define

b p
Z étglltﬂft

t=a

/ — AP
(p(xtlitzv ’€t12t2)6t1:t2) = /B sSup
t1<a<b<ts

Consider the following strategy:

1. Chooseng = (B-p)7P for p>2and ny = 1 for p < 2. Update with n; = Z_ﬁno.

10
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2. In phase i, which consists of all t € {s;,...,8;+1— 1}, play Algorithm 2, ZIGZAG, with
learning rate n;.

3. Take s1 =1, syy1 =n+ 1, and siyy = inf{7 [ 9@ (271,05 .0 1, €550m-1) > n;(plfl)}, where
N is the index of the last phase (note that whether t = s;,1 can be tested using only information
available to the learner at time t).

This strategy achieves

E Zf(iﬁuyt) — inf Zé(f(xt),yt)] < 0(52 1og2n E
€lt=1 feF i3 &€’

n

I ol
Z ezt
t=1

+ min{logn +(p- ﬁ)%,ﬁp 1ogn}).
(23)

Remark 13 In the above bound, (x;) and ({}) may adapt to the sequence (e;) drawn by the
algorithm (unless the adversary is oblivious), but may not adapt to (e}).

5.1. /, norms

We now specialize our generic algorithm to the important special case of £, norms. We use [E (without
subscript) to denote the expectation with respect to the learner’s randomization.

Example 6 Fix p € (1,00). Let 3, be the strategy produced by ZIGZAG (Algorithm 2) using the

Burkholder function Uff from Example 2 with the learning rate tuning strategy from Lemma 12. This
strategy achieves

E[ig(gt’yt) - }?ﬁig(f(wt),yt)] < O(I{«:]g

n
Y el
=1

~(p*)210g2n+ (p*)Qlogn). (24)
p

This algorithm serves as a generalization of AdaGrad to all powers of p. If we take p = 2, the result
recovers the regret bound for full matrix AdaGrad (Duchi et al., 2011) up to logarithmic factors:

E[zl i) - ;g;§£<f<xt>,yt>] < 5(1@\ | t’jzl”xtné). @5)

We can also recover the regret bound for diagonal AdaGrad (Duchi et al., 2011) by taking p =
1+1/logd:

n n
E[Z 0(9t,yt) — inf Zf(f(l‘t),yt)] <O|E Y [|ziml2 |- (26)
t=1 feria ie[d]
Here x1., ; denotes the ith row of the data matrix (x1,%2,...,%,) € R

There is also a direct construction of a U function for ¢1 due to Osekowski (2016), which is stated
in the appendix as Example 9. Using this function we will achieve (26), but without having to
use the learning rate tuning strategy, and with only O(log d) factors in the regret bound instead of
O(log2d).
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6. Beyond linear function classes: Necessary and sufficient conditions

The aim of our paper is to analyze conditions for the existence of adaptive methods that enjoy
per-sequence empirical Rademacher complexity as the regret bound. In this quest, we introduced
the UMD property as a necessary condition. In the present section, we consider arbitrary, possibly
nonlinear function classes F < [-1,1]% and show that a closely related “probabilistic” UMD
property offers both a necessary and sufficient condition.

For this section we restrict ourselves to absolute loss Z,ps(9,y) = |J — y| and assume that

y=[-1,1].
Theorem 14 Let F c [-1, 1])( be any class of predictors. The following statements are equivalent:

1. There exists a learning algorithm and constant B such that the following regret bound against
any adversary holds:

ZEabs(gtayt) — inf Zgabs(f(xt)ayt) < BESUPZth(xt) +b.
t=1 feFia € feFi=1

2. For any X valued tree x = (X1, ...,%X,) where each x; : {1} - X, there exists constant
C such that
n n
E [sup Z etf(xt(€1;t_1))] <CE [sup Z e f(xe(er-1)) [+ ¢, 27
¢ LfeFt=1 € LfeF t=1
where € = (€1,...,€,) and €' = (€],...,€,) are independent Rademacher random variables.

Moreover, B =0(C) and b = ©(c). More generally 2 implies 1 for any loss ¢ that is 1-Lipschitz and
well-behaved as in Section 2, for any choice of ).

6.1. Function classes with the generalized UMD property

We now give examples of function classes that satisfy the generalized UMD inequality (27).

Example 7 (Kernel Classes) Let H be a Reproducing Kernel Hilbert Space with kernel K such

that sup ey /K (z,2) < B, and let F = {f € H | || f|# < 1}. Then there are constants K, Ko such
that the generalized UMD property (27) holds with

n

n
E sup Z erf(xe(€1:4-1)) < K4 E sup Z er f(x¢(€1:-1)) + KoBlog(n).
€ feFi=1 &€ feF t=1

The next example is that of homogenous polynomial classes under an injective tensor norm. The
full description of this setting is deferred to Appendix A.

Example 8 (Homogeneous Polynomials) Consider homogeneous polynomials of degree 2k, with
coefficients under the unit ball of the norm (|| (1, k) {k+1,...2%) )+ in (R)®2X . Then there exist
constants K1, Ko such that the generalized UMD property (27) holds with

E sup z erf(x¢(€1:4-1)) < K1 k? logQ(d) E sup Z erf(xe(€r:e-1)) + Kok? logQ(d) log(n).
€ feF =1 €€ feF t=1

12
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6.2. Necessary versus sufficient conditions

When we take F to be the unit ball of the dual norm |-|, as in previous sections, the inequality in
(27) becomes:

E <CE
€ €,

)

. (28)

n n
Zetxt(el:t—l) Zegetxt(el:t—l)
t=1 t=1

This condition is sometimes referred to as a probabilistic one-sided UMD inequality for Paley-Walsh
martingales (Hytonen et al., 2016). Comparing the condition to the UMD inequality (13) one
observes three differences: The Rademacher sequence €’ is drawn uniformly rather than being fixed,
we only consider Paley-Walsh martingales (trees), and there is no supremum over end times. The
supremum in (13) does not present a significant difference, as it can be removed from UMD, at a
multiplicative cost of O(logn). The randomization over € is more interesting. It turns out that if in
addition to (28) we require the opposite direction of this inequality to hold, i.e.

E

(N34

<C'E

)

n
Z Cllsftxt(ﬁl:t—l)
t=1

n
Z erX¢(€1:4-1)
t=1

then this is equivalent to the full UMD property (13) up to the presence of the supremum (Hytonen
et al., 2016, Theorem 4.2.5). Thus, (28) can be thought of as a one-sided version of the UMD
inequality.

There are indeed classes for which one-sided UMD inequality holds but the full UMD property
does not. A result due to Hitczenko (1994) shows that there is a mild separation between these
conditions even in the scalar setting:’

Theorem 15 (Hitczenko (1994)) There exists a constant K independent of p such that for all

pe[l, o),
p

<KPE
€€’

p

IEE . (29)

n
Z GtXt(Glzt—l)
t=1

n
Z Gllsetxt(ﬁl:t—l)
t=1

When p = 1 this result is exactly the generalized UMD inequality (27), and for p > 1 it gives a
one-sided version of the UMD,, condition. This bound is quantitatively stronger than what one
would obtain from the UMD, property, since (Burkholder, 1984) shows that the full two-sided
UMD,, condition requires K > p* — 1. In the next section we show that the stronger constants in the
one-sided inequality (29) can be used to obtain improved rates for the low-rank experts setting of
Hazan et al. (2016) The full UMD,, inequality would not be sufficient for this task due to its larger
constant. However, we remark that the gap here is only in logarithmic factors, and that the separation
between the one-sided and full UMD properties is very mild for all examples we are aware of.

6.3. Application: Low-rank experts

In this section we consider a supervised learning generalization of the problem of online learning
with low-rank experts (Hazan et al., 2016). Within Protocol 1, we take X = {z ¢ R? | 2o < 1} and
take our set of predictors to be the simplex: F = {x — (w,z) |w e Ag}. Welet Y =[-1,+1] and
take ¢ to be any well-behaved loss.

The challenge stated in (Hazan et al., 2016) is to develop algorithms for this setting whose regret
scales not with the dimension d (as in the standard experts bound of O(v/nlogd)), but rather scales

7. See also Hitczenko (1993); Cox and Veraar (2007, 2011).
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with the rank of the observed data matrix X1, = (21 | ... | z,) € R®". Hazan et al. (2016) gave an
algorithm obtaining regret O(/n - rank(X7.,)) and showed a lower bound of Q(/n - rank(X1.,)).
Note that these bounds differ by a factor of /rank(X7.,); improving this gap was stated in (Hazan
et al., 2016) as Open Problem (1). Using Hitczenko’s decoupling inequality, this gap can be closed
for the supervised setting.

Theorem 16 For the supervised experts setting, there exists a strategy (1) that attains

S 0(Gi, 1) - ]icn]I;ZK(f(azt),yt) < O(\/n : rank(Xl;n)) + O(log nlog d). (30)
t=1 &7 =1

This bound matches the lower bound given in (Hazan et al., 2016) up to a low-order additive log d
term. The result has two main ingredients: First, using Hitczenko’s inequality, we show that there
exists an algorithm whose regret is bounded by a quantity that closely approximates the empirical
Rademacher complexity Rad 5 for the class F. Then, following Hazan et al. (2016), we show that the
empirical Rademacher complexity of F on a sequence x1., can be bounded as O(y/n - rank(X1:,)).

Our approach also yields improved rates in terms of approximate rank of the matrix Xi.,, which
was stated as Open Problem (3) in (Hazan et al., 2016). Define the y-approximate rank of X via
rank, (X) = min{rank(X") | |X - X| 0 <7, | X0 < 1},

Theorem 17 There exists a strategy (1) that for all v > 0 attains

n n
ZE(Qt, yt) — }reljfEZK(f(:ct),yt) < O(\/n -rank, (X1.,) + 'y\/nlog d) +O(lognlogd). (31)
t=1 t=1

Furthermore, the strategy is the same as that of Theorem 16.

A bound matching (31) up to log factors was given in (Hazan et al., 2016), but only for the stochastic
setting.

Lastly, we give improved rates for Open Problem (2) of (Hazan et al., 2016), which asks for
experts bounds that only depend on the max norm of X7.,,. Recall that

[ X max = min [Uloo 2]V loo 2,
UERdXd,VER"Xd,X:UVT

where |||« 2 denotes the group norm.

Theorem 18 There exists a strategy (1) that attains

n n
> G ) = 0L Y £(f (@), ) € OV | Xio ) + Olognlogd).  (32)
t=1 t=1
Furthermore, the strategy is the same as that of Theorem 16 and Theorem 17.
For Theorem 16, Theorem 17, and Theorem 18, the key idea is to (almost) achieve the empirical
Rademacher complexity in the online setting, then apply bounds that had previously been used in the

statistical setting to get tight data-dependent bounds. Since all of of these theorems are derived as
upper bounds on the empirical Rademacher complexity, they are actually achieved simultaneously by
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a single algorithm, and this algorithm needs no knowledge of the rank, approximate rank parameter
¥, Of max norm a-priori.

While our bounds depend on the ambient dimension d, they do so only weakly, through an
additive log d term that does not depend on, for example, \/n. Therefore, they improve on (Hazan
etal., 2016) as long as the dimension d is at most exponential in \/n.

It is important to note that the new bounds we have stated do not immediately transfer to the
online linear optimization setting considered in (Hazan et al., 2016) due to the condition on the
loss £. Rather, they act as supervised analogues to the results in that paper. We do not yet have an
efficient algorithm that obtains (30) because we do not have an efficient U function analogue for the
one-sided UMD inequality.

6.4. Application: Online matrix prediction

We are not yet aware of a construction for an efficient Burkholder function for matrix classes such
as the spectral norm, trace norm, and more generally the Schatten p-norm ball. Nonetheless, the
UMD constants for these classes (given by Theorem 10) imply the existence of algorithms with new
tradeoffs for online matrix prediction, which we highlight below.

In the online matrix prediction setting (Hazan et al., 2012) one takes X = [d] x [d] and the
hypothesis class F to be a set of d x d matrices. Writing x; = (i, j¢) for the ¢’th input instance, we
let F'(xz;) = F[iy, ji] denote the (i, j; ) th entry of the matrix. Suppose one wishes to compete with
a class G of low rank — for concreteness, rank » — matrices with entry magnitudes bounded by 1.
A standard approach to developing efficient algorithms for this setting is to take J to be a convex
relaxation of G:

F={Fer™||F|5<rVd}.

Then G ¢ F, but the worst-case sample complexity of F is larger than that of G. We show the
existence of an algorithm for competing with F whose regret matches that of G when the data ()
is favorable, matches the optimal worst-case behavior of F for unfavorable data, and more generally
interpolates between these regimes.

Let ¢ be any convex 1-Lipschitz loss and ) = [-1,+1]. Let Nyow = max;|{t|i; =i}| and
Neol = max;|[{t | j¢ = j}|; these are the maximum number of times an entry appears in a given row
or column, respectively.

Theorem 19 There exists a strategy () that achieves the following regret bound:

ZE(Qtvyt) - }irn‘g__ze(F(xt)vyt) < 6(\/; d- \/maX{NrOW7Ncol})- (33)
t=1 =1

Remark 20 Consider the average regret Reg,, /n, which appears as an upper bound on excess risk
after online-to-batch conversion.

o When entries are drawn from the uniform distribution, N1, Nyow ® n/d, which yields

Reg, [rd

n n

This implies that the algorithm will begin to generalize after seeing a constant number of rows
worth of entries, which is the best possible rate in this setting, even if one competes with G
directly.
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o Any entry pattern satisfying Neol, Nrow ~ n/d, is sufficient to obtain the optimistic Reg, [n ~
\/rd/n rate. Remarkably, this can happen even when the entries are chosen adaptively, so
long as the condition on N.o and Niqy, is satisfied once the game ends.

e In the worst case Reg, [n ~ \/rd[\/n, which is the standard worst-case Rademacher com-
plexity bound for the trace norm, and is obtained when the entry distribution is too “spiky”.

The i.i.d./optimistic bound of \/rd/n matches that obtained by (Foygel and Srebro, 2011,
Theorem 4) for the statistical learning setting up to logarithmic factors, but the algorithm does not
need to know in advance that the entries will be distributed i.i.d.

The worst-case \/rd/+/n bound is weaker than that of Hazan et al. (2012), which obtains worst-
case regret of Reg,, /n ~ \/rd>3/?/n, because it does not fully exploit that well-behaved losses such
as fpinge are effectively bounded (see Shamir and Shalev-Shwartz (2014) for a discussion). One can
achieve the best of both worlds by using the standard multiplicative weights strategy to combine the
predictions of the two algorithms. One could also combine predictions with the transductive matrix
prediction algorithm proposed in Rakhlin et al. (2012), which will obtain a tighter \/FdS/ 2 /n rate if
there are no repetitions in the observed entries.

6.5. Application: Empirical covering number bounds

Having developed online learning algorithms for which regret is bounded by the empirical Rademacher
complexity, we are in the appealing position of being able to apply empirical process tools designed
for the statistical setting to derive tight regret bounds for the adversarial setting. One particularly
powerful set of tools is that of covering numbers and, in particular, chaining.

Definition 21 (Empirical Cover) For a hypothesis class F : X — R, data sequence x1.,, and
a>0,asetV cR" is called an empirical covering with respect to £y, p € [1,00), if

12 1/P
VieF JveV st. (E Z(f(xt)—vt)p) <a. (34)
1

t=

The set V is a cover with respect to lo, if Vf € F Ju eV s.t. |f(xr) — v < VE e [n].

We let the empirical covering number Nj,(F, «, x1.,) denote the size of the smallest c-empirical
cover for F on x1., with respect to £,

Because our task is simply to obtain bounds on the empirical Rademacher complexity on a
particular sequence z1.,, we can obtain regret bounds that depend on the data-dependent empirical
covering number defined above, instead of a worst-case covering number. Such bounds have proved
elusive in the adversarial setting, where most existing results are based on worst-case covering
numbers (e.g. Rakhlin et al. (2010)). In particular, we derive two regret bounds based on the classical
covering number bound (Pollard, 1990) and Dudley Entropy Integral bound (Dudley, 1967) for
Rademacher complexity.

Theorem 22 (Empirical covering bound) For any class F ¢ [-1, +1]X satisfying the generalized
UMD inequality (27) with constant C, there exists a strategy () that attains

> i) - inf Y £(f(an)o) <O(C- int {an + Viog i (Frarzia)n} ). (39
t=1 f€~7:t:1 a>0
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Theorem 23 (Empirical Dudley Entropy bound) For any class F ¢ [-1,+1]% satisfying the
generalized UMD inequality (27) with constant C, there exists a strategy () that attains

n n 1
;e(gt,yt)—}gjfrtzzlz(f(xt),yt)go(c-gig{a-m/a \/log/\/'g(f,é,ajlm)ndé}). (36)

More generally, since our upper bounds depend on the empirical Rademacher complexity
conditioned on the data x1.,, more powerful techniques — such as Talagrand’s generic chaining —
may be applied to derive even tighter data-dependent covering bounds than those implied by (36).

Cohen and Mannor (2017) recently obtained bounds in the online learning with expert advice
setting that scale with the empirical covering number of the class F = Ay (the simplex on countably
many experts) on the data sequence. They derive regret bounds that scale as

in(f){om + Noo (AN, a, 1) + \/NOO(AN, Oé,wl:n)n}-
a>

This bound falls short of the covering bound (35), which enjoys logarithmic scaling in the
covering number . As a corollary of our empirical Rademacher complexity regret bound, we derive
a rate with the correct dependence on N for the supervised learning generalization of the experts
setting described in the previous section.

Theorem 24 For the supervised experts setting, there exists a strategy (1) that attains

Zﬁ(@t, Yt) — finAf Zﬁ(f(a:t), yt) < O(ing{an + \/logN1(Ad, a,xlzn)n}) +O(lognlogd).
t=1 €Ad =1 a>
(37

This bound does not apply to the countable simplex Ay due to the low-order additive log(d) term,
but offers an improvement on two fronts: First, it has the correct logarithmic dependence on the
empirical cover, and second, it scales with the ¢1-cover instead of the £.,-cover. Note that one always
has V7 < Neo.

The extraneous log(d) can be replaced by the worst-case data-independent covering number
(i.e. sup,,, cxn log N1 (An, «, 1)), and so can apply to the countable simplex Ay if X' possesses
additional structure a-priori. We leave replacing log(d) with an empirical covering number or
removing it entirely as an open question.

We conclude this section by noting that one can further derive an improvement on (37) based on
the data-dependent Dudley chaining.

Theorem 25 For the supervised experts setting, there exists a strategy () that attains

n

> 0(Ge,y¢)- inf ané(f(xt),yt) < O(inf{an + /1 \/log/\/'Q(Ad,5,a:lzn)nd5})+0(lognlogd).
=1 felAy =1 a>0 a
(38)

7. Discussion and further directions

We considered the task of achieving regret bounded by the empirical Rademacher complexity Rad
in the adversarial online learning setting. We showed that Rad r satisfies a notion of sequence
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optimality, and derived necessary and sufficient conditions under which this bound can be achieved
based on a connection to decoupling inequalities for martingales, namely the UMD property. We
leveraged Burkholder’s geometric characterization of UMD spaces to derive efficient algorithms
based on Burkholder/Bellman functions. Most importantly, we showed that achieving tight data-
dependent regret bounds such as Radr reduces to the crisp mathematical task of exhibiting a
Burkholder function with the zig-zag concavity property. We used this observation to give efficient
algorithms for classes based on £, norms and group norms, and to derive improved rates for settings
such as matrix prediction and learning with low-rank experts.

This work leaves open a plethora of new directions centered around applying the Burkholder
function method in online learning and optimization.

Related work (Foster et al., 2015) was the first work to explore data-dependent regret bounds via
symmetrization techniques, but focused on non-constructive results instead of developing efficient
algorithms. The present work extends the algorithmic directions proposed in that paper.

General function classes Much of the existing work on adapting to data in online learning focuses
on the experts setting, where of particular interest are small loss or L*-type bounds. Existing UMD
results fall short in this setting because they have only been developed for the symmetric setting
of the ¢1 ball, a superset of the probability simplex, thus leading to looser bounds. Extending our
algorithmic results to non-symmetric sets like the simplex and more generally abstract function
classes as in (27) is an interesting direction for future research.

Designing U functions The design of U functions and related objects called Bellman functions
has witnessed significant research activity in areas from harmonic analysis to optimal stopping and
stochastic optimal control (Osekowski, 2012; Nazarov and Treil, 1996; Nazarov et al., 2001). The
applicability to our setting has been limited so far by a focus on bounds that have sharp constants
and are dimension- and horizon-independent. We anticipate that designing new U functions from a
computer science perspective — for example, exploiting that we are tolerant to logarithmic factors in
most settings — will allow us to unlock the full power of these techniques for learning applications.
One such example — an elementary derivation of a scalar U function with sub-optimal constants —
is given in the appendix as Theorem 41.

Beyond UMD UMD is far from the only martingale inequality that can be certified using Burkholder
functions. For example, the textbook (Osekowski, 2012) applies the Burkholder technique to inequal-
ities all across probability, in both discrete and continuous time. We anticipate that this technique will

find extensive application in and around online learning for a wide range of settings and performance

measures.

Tighter rates for specific losses The Rad + bound is not tight for strongly convex losses such as
the square loss. Offset rademacher complexity techniques have been used to obtain tight worst-case
rates in this case (Rakhlin and Sridharan, 2014). Developing UMD-type inequalities for the offset
Rademacher complexity and more generally developing martingale inequalities to support other
types of loss structure should yield new adaptive algorithms for a number of settings.
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Appendix A. Proofs

Proof [Proof of Lemma 1] Recall that £hinge (9, y) = max{0,1 -4y}, Labs(9,y) = 9 — yl, lin(9,y) =
—{ - y. Fix a sequence z1.,, and let y; = ¢; where € € {+1}" is a Rademacher sequence. By our
hypothesis, we have

Blr1n) 2 IEE[;Z/(M) - g;éf(f(:ct),et)] > Ig[— ;g;ti/(f(m,et)]-
For the linear loss, observe that since ¢, cannot react to €;, we immediately have
n n n —_—
B 3 i) - g 30| <] - g 320, 0| - R (o)
For the absolute and hinge losses, we will use two facts. First, since |f(z;)| < 1, both losses

satisfy £(f(x¢),€e) = 1 — f(x¢)e. Second, without any assumption on the range of g, one has
0(Gt,€¢) > 1 — Gyer. Therefore, whenever £ is the absolute or hinge loss, one has

Ig[ég(@t, €t) — }?ﬁéf(f(xtl Gt)] 2 Ig[é(l —Ji€r) — }Eﬁi(l - f($t)€t):|

E —Giep — Inf )y —
E[Z Y€t }Ielft; f(l"t)et]

t=1

IEE[— chgl]f__é _ﬁtf(l’t)]‘

The above is equal to Rad z(z1.,) as in the linear loss case, so we have shown that for each loss our
hypothesis implies Rad z(x1.,) < B(21:0,). [ |

Proof [Proof of Proposition 4] We stress that this proof is meant to serve as a warmup exercise. See
the proof of Theorem 11 for the correctness proof for the full ZIGZAG algorithm (Algorithm 2),
which is more computationally efficient and attains a stronger performance guarantee.

Recall that the relaxation is given by

t t
Rel(zy.,01;) = E U(Z s, Z eségxs).
€1:¢

s=1 s=1
We first show that the initial condition property is satisfied.

Initial Condition

The initial value of the online learning game is:

Zf(ﬁnyt) — inf Zf(f(xt),yt) -D- Rad]:(l‘l:nagllzn)'
t=1 feria
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Linearizing as in (6) and expanding out Rad r, we have
n n
Z é;xt Z Gta.’lft
t=1 t=1
Now use property 1 of the function U:

< Zn: :l;tgg + EU(Z el{/l‘t, Z Etggl‘t).
t=1 €

t=1 t=1

n
< Guly + -D-E
t=1 €

M=

Oty + Rel(x1m, £1.,,)-

~+
—_

This establishes the initial condition.
Admissibility Condition First, observe that we have

sup inf sup E[yjtﬁg + Rel(w14, 014, elzt)]
o Peog

t t
= supinfsu [Qtﬁg + E U(Z E;:):S, Z etfgxs)].
€1:¢

xt Yt Z; s=1 s=1

Define a function G; : R — R:

t—1 t—1
Gi(a) = EE U(Z llxs + amy, Z elixs + etamt).
1:t
s=1 s=1

Zig-zag concavity (property 2 of U) implies that G;(«) is concave in . With this definition, the
above is equal to

= supinf sup[g)tﬁg + Gt(ég)].

Ty Yt Z;

Observe that the strategy prescribed in (11) is equivalent to g = —G}(0). Moving to an upper bound
by replacing the infimum with this choice of ¢, we have:

= supsup[-G1(0) - £, + G4 (€))].

Tt t
By concavity of G, this is upper bounded by:
< sup G¢(0)
T
= Rel('rl:tfl ) gll:t—l y €1:t-1 ) .

Hence, Rel is an admissible relaxation, and if we play the strategy g; in (11) we will have

> UG, ) — inf Y U(f(z¢), ) - D-Radz(21m, £1.,)
=1 feria
<Rel(z1:m,01.,,) < Rel(z1:p-1,01.-1) < --. < Rel(@).

Finally, by property 3 of U, Rel(@) = U(0,0) < 0, and so the final value of the game is at most
zero. This implies that the regret bound of Rad z(z1.,,¢}.,,) is achieved. |
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A.l. Proofs from Section 4

Proof [Proof of Theorem 8] For the case p, g € (1, 00), we appeal to Theorem 34.
Now consider the case ¢ = 1, and suppose UMD,, holds for p € (1,00) with C,. Then by
Theorem 34, Cy < 200C,,. Finally, by Theorem 35, C; < 108C53 < 108 - 200C,,.
For the converse direction, we appeal to Pisier (2011), Remark 8.2.4.
|

Proof [Proof of Theorem 9] Fix some C' > 0 to be chosen later. Define the minimax value for the a
game where the learner’s goal is to achieve the Rad r regret bound:

Here ((x));-, denotes repeated application of the operator * for ¢ = 1,...,n. From this definition,
there always exists some randomized strategy making predictions in [-B,+B] whose regret is
bounded by

V=

st 2[00 5000

xy qeA([- BﬁB])yts[—lﬁ—l] De~qr Tn

Z el (9, y) s

t=1

CEEsup +V.

€ 1<n

Zﬁtf (9t ye )t
t=1

See Foster et al. (2015) for a more detailed discussion of this principle. We will show that for the
value of C' given in the theorem statement one has ¥ < 0. To begin, observe that in view of the
linearization inequality (6), the minimax value V is bounded by

sup inf sup E O (Yo, ye )Y +
<< @y 0eA([-B,+B]) y,e[-1,+1] Ie~ae >>t_1 [; (9t Yt )Vt
Using the minimax theorem swap technique for regret analysis — see Foster et al. (2015)® — the last
expression is equal to

su su 1nf O (Y, ye ) e +
[ ][ 000
Choose i = argmin s Ey, ., [£(f,y:)]. By the assumption on the loss, the minimizer is obtained in
[-B,B]and so Ey, ., [¢' (97 ,y)] = 0. With this (sub)optimal choice, we obtain an upper bound of
n n
<<Sup sup B » [Z C(G y)gs + ]

Tt preA([-1,+1]) Yt~Pt soqLt=1
Since g; is the population minimizer, we have E, p, [¢' (97, Y£) 07 ] = Eyonp: [ (97, ) 197 = 0. The
proceeding expression is thus equal to

—CEsup

€ m<n

Z el (D, y) e

t=1

g: (yt yt)ﬂﬁt

- C’Esup

TN

Z el (T, ye )zt

t=1

Z (yt, yt)xt
t=1

C]Esup

Tn

Zﬁtf (97 ye) e
t=1

(95 ye)me

n n
<<sup sup E >> [ 25,@;7%)% CESUP Zﬁtf (ytayt)xt ]
zt preA([-1,+1]) VP, Lllt=1 TN ||¢t=1
n T
< <<Sup sup E >> [sup ZE’(Q;,yt)xt CIEsup Ze% (97, yt) e ]
wt peeA([-1,+1]) P, _ L T<n|lt=1 T<n||t=1

8. A word of caution: we use the assumption on the loss that there exists a minimizer for every label within some bounded
domain precisely so that we can now use minimax theorem restricting ¢:’s to be in bounded domain.
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Observe that we may rewrite the above expression as

Z ﬁtgl(??; (p1:t), yt)Xt(yl:t—l)
t=1

Z el(@t* (pl:t)7 yt)xt(yl:t—l)
t=1

‘—CEsup

TN

|

where P = (p1,...,pn) is a sequence of conditional distributions over y.,, X is a sequence of
mappings x; : Y1 - X, and 9} (p1+) is the minimizer policy described above. For any fixed
choice for P and x, we have that (¢'(9; (p1:t), y¢ )Xt (y1:4-1) )1<n is @ martingale difference sequence,
because the choice of ; guarantees E[¢'(9; (p1:¢), ye)xt(y1:4-1) | y1:4-1] = 0.

Therefore, if UMD, holds with constant C;, we have (by choosing a uniform random sign
sequence in Definition 6) that for any fixed P, x,

Yol (G )
=1

supsup E [sup

X P Y1n~P| 7<n

> el (97 (p14), ye)xe (Y1:4-1)
t=1

Z f’(?ﬁ; (Pl:t), yt)xt(yl:t—l)
t=1

<CiEEsup

€ 17<n

Esup

TN

This implies that the inequality holds for the supremum over P and x, so we have

el (G )

- CEsup
t=1 €

TN

|

n
S T L
2t preA((-La)¥Pff,_ [ € ren

Thus, if we take C' > Cq:
<0.

We have established that there exists a strategy (¢;) guaranteeing

N
el (e ye)wy
-1

E[Z €(gt,yt) — inf Zf(f(wt%yt)] < CiEEsup
=1 feFia €

TN

Treating (¢'(4t, yt)xt)e<n as a fixed sequence, we may now apply Corollary 40 to remove the
supremum over end times:

<4CL E

n
Z ftfl(?)t, yt)l“t
t=1

+5C; max|x¢ | log(n).
te[n]
By the standard contraction argument for Rademacher complexity, since |¢'| < 1,

<4CE

€

n
Z €t Tt

t=1

+5Cy max|z¢| log(n).
te[n]

Finally, recall that by Theorem 8, C; < O(C,).
[

Proof [Proof of Theorem 10] Most of the proofs in this theorem use the following fact: If (X )<,
is a martingale difference sequence, its restriction to a subset of coordinates is also a martingale
difference sequence. This allows one to prove the deterministic UMD property (12) for complex
spaces by building up from simpler spaces.

24



Z1GZAG

* (R, |]): Burkholder (1984) shows that for all p € (1,00), C, = p* — 1.

¢ (Rdv HH;D)’ fOI‘p € (17 OO):

n p n
E Z GtXt = Z E Z GtXt
Xlli=1 pie[d) Xli=1

p
. (39)
p

p p

=" -DE

(p*—l) Z g ZXt[Z] ZXt
ie[d] " It=1 t=1

The middle inequality here uses the UMD,, constant for the scalar case.

o (R, ||), for p € {1, 00}: We will start with £o.. Set p = logd, and observe that for £, by
Theorem 34, ¢, has Co = O(C,,) = O(p*) (the second bound is from the previous example).
Then we have, for any sequence of signs,

n 2
<OPHE|Y. X
t=1 Iy
n 2
SO(p*)IE(dl/p 3 X ) .
t=1 0

Since d'/'°8¢ = O(1), the last expression is at most

> x,

t=1

2
O(p")E

[ee)

Finally, note that p* = O(logd).

The same argument works for the ¢; norm using p = 1 + 1/log d. Alternatively, the constant
can be deduced from duality using Theorem 37. That these constants are optimal follows from
Hytonen et al. (2016), Proposition 4.2.19.

(R?, |-|.4/]-] .4+ )- Let us focus on ||-| 4+. Assume A = {ay,...,ay}. Observe that

A+ =max{(y,z) |y € conv(A)}

= max{ > bi{as, ;)| 0 ¢ A(N)}

€[ N]

=]

Since we assumed A4 is symmetric:

H( (a;, z; )ze )H

= | Az, where A € R™*¢ is the matrix of elements of A stacked as rows.

For any martingale difference sequence (X¢)¢<pn, (AX¢)1<p is also a martingale difference.
Therefore, we can deduce the UMDy, property for |-| 4+ from our result for || . The UMDy
property for |-| 4 follows from Theorem 37.

o (R4, I-Ils,), for p € (1, 00): Hytonen et al. (2016) Theorem 5.2.10 and Proposition 5.5.5.
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o (R ||l|5): C2 = O(log®d). We will build up from the Schatten p-norms in the same
fashion as for the £, spaces. Let p = log d. For any sequence of signs,

2
<E

[

E

n n
Z €1 Xy Z €1 Xy
t=1 t=1

2
SP
Using Theorem 34 to get Cy < O((p*)?) for S,

2
<O((p)*)E

n
2, X
t=1

Sp

)

< 0(<p*>2>E(d1/P

n

>, X
t=1
Since d'/'°8¢ = O(1), the preceding expression is at most

n

2. Xi
t=1

Once again, p* < logd. The constant for ||-|5; follows from Theorem 37, since the trace norm
is dual to the spectral norm.

2
O((r")")E

g

o (R |- ,.4), for p,q € (1, 00): For any sequence of signs, we apply the UMD property for
£, row-wise:

p p

=ZE

p,g i€[d]

n

Z Gt(Xt)i-

t=1

E

n
Z €1 Xt
t=1

We know ¢, has C, < O(q*). By Theorem 34, this implies that C,, for £, has C, < O(p* - ¢*).

q

n p
<O@p*-q") ) B> (X0
ie[d] llt=1 q
n p
=0(p"-q")E| > X,
t=1 D,q

e (H,|-|%) for any Hilbert space H: See Example 4.

|
A.2. Proofs from Section 5
A.2.1. PROOFS FOR ALGORITHM 2
Proof [Proof of Theorem 11] We will show that the strategy achieves the regret bound
n n n P
IEE ;ﬁ(@?%layt) - }Ielﬁggﬁ(ﬂ?t)vyt) - ‘I’mp(ﬁp t; thl@fl:t*l,yt)ﬂft )] <0. (40)
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Our proof technique is to define a relaxation

Rel(z1., 014, €1:¢) = Ty (ZE'mS,Zesﬁ xs)
p

s=1

and show that the relaxation is admissible for the following game:

I}

This relaxation is slightly generalized compared to Definition 2 in that Rademacher sequence
(€¢)¢<n also appears as an argument. This is essential to accomplish the coupling of the algorithm’s
randomness and the regret functional Rad:.

With the game defined we can proceed to showing that the relaxation satisfies the admissibility
and initial conditions, with one extra step of linearization in the initial condition.

)

n
Z etﬁgxt
t=1

e Ut A t=1

<<sup inf sup IE>> [ > ity — }n]f: > fa)ly - q’n,p(ﬁp
€
1 t=1

Initial Condition In view of (6),

ZE(?nyt) — inf Zf(f(xt)7yt) - \Ijn,p(/Bp
_ feFi3

n
Z Etfl(?)n Yt) Ty
t=1

n n p
< Z gxt - \I/mp(ﬁp gxt )
t=1 t=1
n n p
< Z + \I’np( tl‘t ) - \1’7771,(51) Z etaxt )
t=1 t=1

. p)

= ZQ ft ( th.’ﬂt ,Bp Z Etgéﬁt
el + ZU (Zﬁta:t,Zetﬁtcvt)

t=1 t=1

~+

IN
N I

~+
1}
—_

E; + Rel(l'l:na Ell:na Elin)'

Il
=
Q@>

~+
Il
—_

Admissibility Condition

sup inf sup E[g)tﬁg + Rel(x1:4, 014, elzt)]

¢ Ut e/ €

= supmfsupE[yté' +-U (Z K'zs,Zesf ZL'S)]
p

xy Yt oog €t s=1 t=1
t t

—supmfsup[yté +E U (Z K;ws,ZESE;:ES)]
Ty Yt g =1 t=1

= sup 1nf sup[ytﬁ + Gt(ﬁ )]
Tt
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Plugging in the strategy specified by Algorithm 2, the last expression is at most

sup sup[ G,(0) -4, + Gt(a)]
2

Tt t

< sup G¢(0)
Tt

!
= Rel(21:4-1,014_1, €1:4-1)-

Finally, since U, is Burkholder we have Rel(&) o< U,(0,0) < 0, and so the final value of the game
is at most zero. This implies that (40) is achieved. |

Proof [Proof of Lemma 12] In what follows we will leave the dependence of @, x¢, £; on €141
implicit for notational convenience. We will handle this dependence at the end of the proof.

Assume N > 1. Otherwise, the algorithm’s regret is bounded as 27, S = 4n, -1

Siv1—1 Si+1-1
[ZZ 05 yt) mfZﬁ(f(xt) Yt) ] [Z[ 2 g l’yt)_}i‘relﬂf; tg. E(f(wt)’yt)]]

t=s;

Using the regret bound for Algorithm 2 (note that that algorithm has an anytime regret guarantee)
given by Theorem 11:

1N sig 1 P 1 -1
< E[— Z[mﬂg Z elime| + —1); P ]]
Lpiz f=s; p -1

Introducing a new supremum:

B[ LS o ‘ Lo
< c ;Z:ZI i (xsi:siﬂfla 8i18i+1—1’63i:3i+1*1)+Eni .

The doubling condition implies that 1;® (L s,:s;,, -2, 05 5., 25 €ssisi41-2) < m—(p -1

observe that since |z|| < 1, we have that for any C' > 0,

). To use this fact,

/
niq)(msiisiﬂ—la éSi:Si+1—1’ 68128141—1)

b p
/
= mﬂﬁ sSup Z etlyry
5;<a<b<sii1-1||t=a
b p
/
<mi(1+1/C)PB,  sup Y edlyxs|| +n,CPBE.
8;<a<b<sii1-2||t=a

For C = p:

< nie®(x57,'sz+l 2,5 651'57,+1_2) + nlpp/ﬁg
= 6771 B + nlpp/Bp
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Returning to the regret bound, we have

JREAN L -1
El = ) p ; 74 T p ]
E[p;[enz +7]ppﬂp+p,_1771

IN

IN

L @) -
IE’ 62771 +pp5p771

i=1
We will handle with the left-hand term first. Now observe that

/ -(p'-1)
nN—lq)(st,ysN?EsN,l:sN?ESN—IISN) > -1 -

Rearranging further implies

—(p' -1
anl : s (I)(st—lzsN’E;Nq:SN) 6SN—1:SN)1/10 < (I)(xl:n7€,1:n7 Elzn)l/p.
Finally, since n;(p’_l) _ 2772'_7({,1_1),
S D) 1) SR i g gN (') 1 b
an p = 770 p 227' < 2.9 770 p < 4¢(ﬂfl;n7€/1:n761:n) /P — 4/6p sup Z etaxt .
= =t 1<a<b<n||t=a

For the second term, observe that n; < ng for all ¢, so
N
> 0P Bhmi < pPBhmo - N.
i=1

Finally, by the invariant 2N_1776 = < O(21m, 61:n)1/ P we established earlier,
N < log(q)(xllrh gllzn? elzn)l/pn(()p’_l)) +1

Putting everything together, the regret is bounded as

b
Z Etg,lg-%'t

t=a

b
Z €t££-75t

t=a

E max{2eﬁp sup
€

1<a<b<n

+pp6£770(10g( sup

1<a<b<n

népl—l)) + 1),4770—@’_1)}

b b , ,
< E|:2€/Bp sup Z elimy +ppﬁ£no(log( sup Z elimy n(()p _1)) + 1) + 4176(7’ _1)]
€ 1<a<b<n||t=a 1<a<b<n||t=a
Using that ||a¢| < 1:
S D)), gD
<2eB,E sup ||> elya|| + P’ Bomo log (n e ) +4n, "
€ 1<a<b<n||t=a

For the choice 19 = (3, - p) "

b
Z etégxt +log(n) + (p-ﬁp)z%l.

t=a

<2efpE sup

€ 1<a<b<n
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For the choice ng = 1:

b
Z Etf,,fl't

t=a

<2efpE sup

€ 1<a<b<n

+pPBy log (n) +4.

Writing z;(€e1:4-1) and £;(€14-1) to make the adversary’s dependence on the sequence € explicit,
the main term of interest in the above quantity is

b
Z etg;lf(el:t—l)xt(elzt—l)

t=a

E sup

€ 1<a<b<n

It remains to remove the supremum and decouple the data sequences (z;) and (¢}) from the
Rademacher sequence €. Since ¢;x; can only react to €11, the sequence (€.£;x¢ i<y, is a martingale
difference sequence. Since H Zi’:a etlyxs H < n, we may apply Corollary 33 to arrive at an upper bound

: ).

Now observe that since Algorithm 2 uses a Burkholder function U,, for (|-|,p, 8p), Theorem 7 and
Theorem 8 together imply that the UMD inequality (13) holds with constant O(/3,), therefore, the
above is bounded as

Note that the variables (x;) and (¢}) no longer depend on the Rademacher sequence appearing in the
sum. Lastly, we apply Corollary 33 once more to remove the remaining supremum and arrive at the
bound,

Proof [Proof of Example 6] (24) is obtained by plugging the optimal UMD constant p* — 1 into
the bound for Lemma 12. For (25), observe that for any sequence z; we have E |7 e:2¢ [, <

\/IEE ISPy ez = \/IE‘,6 > | 2/l5. Applying this fact with the algorithm’s bound for p = 2 gives

the regret bound
n
O( Z\Ifiwt ||§ : 10g2 n + logn),
t=1

For (26), observe that with p = 1/ log d we have the regret bound

O(E

b
> ey (€r-1) e (€1:6-1)

< O(log(n) E sup
t=1

€ 1<b<n

b
Yoeili(ere-1)me(er:-1)

< O(Bp log(n)EE sup
¢ t=1

€ 1<b<n

< O(,Bp log?(n) EE

b
Yoeili(er-1)me(e-1)
t=1

n
Z Gt&{/xt
t=1

- log dlog® n + log? dlog n)
P

30



Z1GZAG

X|, < d='7| X| ;. For our choice of p = 1+ 1/log d we have d'~/7 = O(1).

However for any X,

n
<OlE Z elyzy| - logdlog®n +log® dlog n)
€ lle=1 1
n
<OlE Z et - logdlog?n +log? dlog n)
€ lle=1 1
n
=0| > E|> ea[i]|- log dlog? n + log? dlogn
ie[d] © lt=1

<Ol > A Do(me[i])?- logdlog2n+log2dlogn)
i€[d] t=1

=0| > |z1m,il2- log dlog® n +log? dlog n)
i€[d]

A.2.2. SIMPLIFIED DOUBLING TRICK

In this section we derive a variant of the doubling trick given in Lemma 12 which achieves an upper
bound on Rad £ rather than Rad £ itself, but does so with improved dependence on constants and
low-order terms. This strategy will be used as a subroutine in subsequent algorithms.

Lemma 26 Suppose we have an anytime regret minimization algorithm ({;) that guarantees a
regret bound of the form

| -
. n‘(”‘>],
p' -1

n n 1
(s, —inf ) ¢ , < -|nKPE
; (yt yt) }Ef; (f(ﬂﬁt) yt) p[ﬁ .

n
Z €Ty
t=1

where p > 1 is fixed and ) is a parameter of the algorithm. Define

b
Z €+t

t=a

p
O(24y4,) = KPE  sup

€ t1<a<b<ts

Consider the following strategy
1
1. Choose ng < 1 arbitrary. Update withm; =2 »-11;_1.
2. In phase i, which consists of all t € {s;, ..., s;+1 — 1}, play strategy () with learning rate 7).

3. Take sy =1, syy1=n+1, and s;41 = in{T | i ®(zs,:r) > ni_(p,_l)}, where N is the index of
the last phase.

This strategy achieves

b
Z €1t

t=a

n
Z €E+Tt
t=1

p\1/p
) + 776(1’ -1)

p\ 1/p '-1)
) +my " .

ZE(Qt,yt) — inf Zﬂ(f(xt),yt) <K|E sup
t=1 feFia ¢

1<a<b<n

<C- (p’)Q‘K(IEE
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Proof [Proof of Lemma 26] We assume N > 1. Otherwise, the algorithm’s regret is bounded as
2771—(10'—1) _ 477(;(10’_1)'

n n N [si+1-1 Si+1—1
Zf(ﬂt,yt)—}Hﬁzf(f(xt),yt)S Z[ > E(gjt,yt)—}njfr > f(f(ﬂﬁt)ayt)]
t=1 & =1 &7 t=s;

=1L t=s;

Using the assumed regret bound (note that that algorithm has an anytime regret guarantee):

1 sl " 1 (p'-1)
< - KpIE + T
P ;[m t;i €1t - 177@ :|
Introducing a new supremum:
1 L -
< 2‘9;[771@($5¢:5H1—1) + = 1 ]
Using the invariant 7;®(zs,:s,,,-1) < n_(p .
1 1\ X
S—(1+ - )Zl(p D
p p-1/4
N
—(p'-1
_ Z"i ('-1)
i=1

(p'-1)

Observe that 7y _1P(2sy_;:sx) > My-; - and so rearrangingimplies

77]_\1(521_1) < (I)(xSN—lisN)l/p < (I)($11n)1/p'

Finally, we can check that 7, (1) =2n, (1) o 2N, P @1 ®(x1.) 7. Now,

Z €+tTt

t=a

-1 1y -1
Zn_(p ) - _(p_ )ZQZ £2-2Nn6(p_ ) < <I>($1;n)1/p— K|E sup

p\1/p
=1 € 1<a<b<n ) '
This gives the first inequality. For the second, apply Doob’s maximal inequality (Theorem 32).
In particular, let Z; = suplgastZfza €+t H Then Z is a sub-martingale, so Doob’s maximal in-
equality implies E, sup,,, Zf < (p)PE. Z5. Applying Doob’s inequality once more shows that
E.Zh < (p’ [ |

A.3. Proofs from Section 6

Since we restrict to the absolute loss in this section and restrict to y; € [-1, +1], we can also restrict
to §; € [-1, +1] without loss of generality, since for any value of y; the loss may always be decreased
by clipping ¢, into this range. In the proof below, any infimum over ¢, is understood to be over this
range.

32



Z1GZAG

Proof [Proof of Theorem 14] We shall first show that 2 implies 1, specifically for constant B = 2C.
We can write down the minimax value for the proposed regret bound and check if it indeed is
achievable. To this end, note that

V= <<Suplnf sup >> [zn:f@t,yt)—}nﬁif(f(ﬂft),yt)—QCESUPZn:th(CUt)]
1 & o1 € feF =1

xrr Yt yte[ 1+1] . =1

<<sup sup inf E >> sup[Z(ﬁ(yt,yt) 0(f(x),ye)) - 2C’IEsupZetf(3:t)]

Tt ptEA[ ].+].] Gt Yt~ t=1 feFlt=1

<<<sup sup  inf E >> sup[Z€ (G, ye) (G — () - QCEiupZetf(wt)]

Tt preA[-1,+1] Ut Yt~pt o1 feFLt=1

setting ¢, to be minimizer of E £(g, v, ), we have

<<<sup sp inf E» sup[zz (3 ) i - f(wt))—201§sggietf(wt)]

Tt preA[-1,+1] Ut Yt~Dt =1 feF Lt=1

sup sup inf E >> sup[z =00 ye) f () - 2C'Esup26tf(xt]

o preA[-1,+1] U¢ YoPe|f, | feFlim1 feF t=1

s s B sl SR £ - G0 ) - 20 Bs e (o)
eF t=

Tt preA[-1,+1]Y7P[ | feFLt=1 Yi~pt

<

———
_ = —

s B sl G - 00 () - 20Bsp S s o)

Tt preA[- 1+1]yt,yt Pl g feFlLt=1

—
f——

wp sp B E» sup[zezw'(@:,y;)—e'@:,yt)) (21) - 20EsupZetf(:rt]

Tt peA[-1 +1]yt’yt ~pt €} -1 feFlLi=1 feF t=1
<<sup E>> sup[z 2¢; f (1) - 2CIE sup Z etf(xt)]
T € t=1 feFLt=1

-supEsup[z 26 f (1€ 1)) ~ 20 Esup Y exi(ehy a]
x € feFlizl € feFi=1

However by 2, we have that the above is bounded by 0 and so we can conclude that the minimax
strategy does attain the regret bound proposed in 1.

Now to prove that 1 implies 2 (with constant B), notice that we have an algorithm that guarantees
regret bound:

n n n
ZE(% y¢) — inf Z 0(f(x¢),y:) < BEsup Z erf(xt)
t=1 feFia € feFi=l
Assume now that the adversary at time first provides input instance x;(€1:;—1 ) Where x is any arbitrary

X valued binary tree. Also assume that y; is picked to be ¢; a draw of a coin flip. In this case, we
have from the regret bound that

Zﬁ(yt,et) 1an€ f(x¢(€1:4-1)), €t) <BE§upZetf(xt(61t 1))
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Taking expectation we find that,

@[éﬁ(;&t,et) mf Zé f(xe(ert-1)), 6t)] <B E iupZﬁtf(xt(eu 1))

Now notice that irrespective of what ¢j; the algorithm picks, E, £(¢;, €;) = 1. Hence,

[supEu (f Gealeran), et»] <5 B sup 3t ()

feF =1

However note that when y € {1} and a € [-1, 1], we have that ¢(a,y) = |a —y| = 1 — ay. Hence
from above we conclude that,

[supZetf(xt(elt 1))] <B IE supZetf(xt €1:4-1))

feF t=1 &€ feF =1

Since the above is true for any choice of x, we have shown that 1 implies 2 with constant B. |

Proof [Proof of Example 7] Let x be some X'-valued tree. Observe that by the reproducing property,

Esup ZUtf(Xt(U)) =E
O’feft:l ag

tilatm-,xt(o))

H

and likewise E, ¢ sup e » Yiref(xe(0)) =Eoe| Xty €K (-, %¢(0)) |4
Since H is a Hilbert space the deterministic UMD property for power 2 is trivial. For any fixed
sequence € € {+1}",

n 2
E t;UtK('aXt(U))

H

n
E Z EtO'tK(',
7llt=1

By Corollary 36, this implies there is some C' such that

S 00K (- x1(0))

t=1

= CIEsup

H 0 1<n

Z eror K (,x(0))

t=1

Esup

g 1<n

H

Now suppose ¢ is drawn uniformly at random. For a fixed draw of o, Corollary 40 implies that the
RHS enjoys the bound

Esup ZetK( xi(0))|| <2E x¢(0))]| +5max|K(-,x¢(0)) | log(n)
€ r<n ||+=1 o € H te[n]
<2E(> &K (-,x¢(0))|| +5Blog(n).
“llt=1 H
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A.3.1. POLYNOMIALS

Suppose we receive data z,...,z, € R? and want to compete with a class F of homogeneous
polynomials of degree k. Any homogeneous degree k polynomial f may be represented via a
coefficient tensor M in (R?)®* via

f(x) = (M,x@’k).

We may take M to be symmetric, so that My = My (1), ~x) for any permutation. We may thus
work with a class M ¢ (R?)®* of symmetric tensors, then take F = {x > (M, x®k> | M e M} Our
task is then to decide which norm to place on M. Following, e.g., Adamczak and Wolff (2015);
Wang et al. (2016), we define a class of general tensor norms. Let J = {Ji,..., Jy} be a partition
of [k]. For some € [d]" and J < [k], let oy = (s )ses. We then define

N
| M|, =supd > Ma[]al, |[2'], <1vie[N]E, (42)

!
ae[d]” =1

o~

where z! € (R?)®//1l, Under this notation we have IM||¢1y (2} as the spectral norm and || M |4 oy
as the Frobenius norm when k£ = 2 and M is a matrix. In general, M||{1},{2},...,{k} is called the
injective tensor norm.

Proof [Proof of Example 8] Fix an X-valued tree x. Then we have

n n
ESUpZO’tf(Xt(O')) =FE sup Zat<M,Xt(U)®2k> =K
9 feF t=1 9 MeMit=1 g

- 2k
Z O'tXt(U)®
t=1

(1, k), {k+1,....2Kk)

For some tensor 7" € (R?)®2*, we can define its flattening T into a R *4" matrix and verify that in
fact

k) (kL. 2k) = max > Tapuavs = (u,Tv) = [T,

k
u,veR4d |HU‘H2’HUH2S1ae[d]k,ﬂe[d]k

-----

so in fact this is the spectral norm of the flattened matrix. Let X; € R* *?" be the flattening of
(x¢)®%. Then

n n
Esup ) ouf(x¢(0)) =E| > 0:Xe(0)]|
7 feFt=1 7 lt=1 o
so we can prove the desired inequality by applying the UMD inequality for the spectral norm. Recall
from Theorem 10 that the UMD inequality for the spectral norm has a constant of order log? (dim),
which for this application translates into a constant of order O(k?log?(d)). We finally apply Corol-

lary 40 as in Example 7 to get the result. |

A.3.2. LOW-RANK EXPERTS

In this section we prove Theorem 16. The proof relies on the following key lemma, which is proven
using the one-sided UMD property for scalars.
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Lemma 27 There exists a strategy (1)) for the experts setting that guarantees

logd 1/logd
) ; (43)

S e ye) - inf S €(F (o)) < O(E
=1 feFia €

n
Z €T
t=1

where ¢ is any well-behaved 1-Lipschitz loss.

With this lemma, we need one more fact to prove Theorem 16, which is a corollary of John’s
theorem about the volume of a minimum-volume enclosing ellipsoid.

Lemma 28 (Hazan et al. (2016), Lemma 12) Let K be a symmetric convex set in R®. There exists
a positive semidefinite matrix = such that for all ¢ € K,

(. Zr) < sup (f,2) <d-(x,Ex). (44)
E *

Applying Lemma 28 to the intersection of the £, ball and span(z1.,) gives a Euclidean approxima-
tion to the ¢, norm in terms of the rank of X7.,.

Corollary 29
There exists some positive semidefinite = € R¥™? such that for all S € span(x1.y,),

(S,28) < |52, < rank(X1.,) - (S, ES). (45)

We can now proceed to the proof of the main theorem.
Proof [Proof of Theorem 16] By Lemma 27, there exists a strategy whose regret is bounded by

O(E

We now complete the upper bound using concentration. Let Z = | ¥} €24, Then we can

write (EE > €y ||£gd

We will upper bound this quantity in terms of the rank. First observe that by Corollary 29, there
exists a PSD matrix = such that

logd)l/logd

n
Z €tT
t=1

[ee)

1/logd 1/logd L
) as (E Z'°¢?) [1og , where the expectation is over the sequence e.

n n
E E €Tt < rank(le) E Z €exe|l ,
“lle=1 0o =1 =
where |z|z = (x, Zx).
Observe that since |-|= is Euclidean,
E Zﬁtﬂft E Zetﬂft = ZHI’tHES ZHItHOO S\/ﬁ,
€ lle=1 = \ =1 = t=1 t=1

where the second-to-last inequality uses Corollary 29. This establishes that

E Z < /rank(Xy.p)n.
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Now, since |zt < 1, Lemma 38 implies that with probability at least 1 — § over the draw of ,
Z <O(EZ +1og(1/4)).

By the law of total expectation, this establishes that for all § > 0,

¢

Taking § = n~ 8¢, the above quantity is bounded by

O(((\/m +log(n) ]Og(d))logd)l/logd)’

which is further bounded as

logd

1/logd
1/logd
) SO(((\/rank(Xlzn)n+log(1/5))10gd+n1°gd5)/ ¢ )

n
Z €EtTt
t=1

o0

O(\/rank(Xl;n)n +log(n) log(d)).

Proof [Proof of Theorem 17] This result is proven from the same starting point as in Theorem 16.
Recall from Lemma 27 that there is a strategy whose regret is bounded by

O(E

Suppose rank. (X1.,) = 7. Then there exist matrices X7, € R¥>" and Z;.,, € R¥™ such that

logd)l/logd

n
Z €tT¢
t=1

oo

’
Xl:n = Xl;n + Zl:n’

with rank(X7,,) = 7 and | Z |« < 7. Using z; to denote the ¢th column of X7, and z; to denote the
tth column of Z;.,, triangle inequality implies

1/logd 1/logd
_ logd
(Ig: ) - (E1xinel=)

1/logd 1/logd
< O((]EHX{:ne‘ligd) ¥ (Euzmeuﬁgd) )
€ €

logd 1/logd logd 1/logd
=0 (IE ) +0 (E )

o0
Since the loss matrix in the first term has rank 7, this term can be bounded exactly as in Theorem 16.
We now show how to bound the second term. First, observe that since || Z1., |« < 7, the standard
estimate on the maximum of d subgaussian random variables (e.g. Kakade et al. (2009)) gives

Yez| <O(yy/nlogd).
t=1 o0

logd

n
Z €Tt
t=1

oo

n n
Z Et.CL'llf Z €2t
t=1 t=1

oo

E
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Lemma 38 implies that with probability at least 1 — § over the draw of €

Y ez|| <O(yy/nlogd+vlog(1/d)).
t=1

oo

Applying the law of total expectation (and recalling that v < 1), this implies that for all § > 0

:

Taking § = n~ 8¢, the above is finally bounded as

O(y/nlogd+~lognlogd).

logd

1/logd
1/logd
) SO(((’y\/nlogd+fylog(l/é))logd+nl°gd5) floe )

n
Z €2t
t=1

[ee]

Proof [Proof of Theorem 18] This proof follows the same structure as Theorem 16 and Theorem 17.
Starting from Lemma 27, we have that there is a strategy whose regret is bounded by

O(E

Observe that E. Y7 ezt = E¢| X1:m€| .- From the definition of the max norm, there exist
U e R4V e R™4 such that X1, = UV and | U so 2]V [ 0,2 = || X1:n | max- With this observation,
we have

logd)l/logd

n
Z €tT
t=1

[ee)

)

E|X1nelo =E|UVe|_, = ]EHU ivtet
€ € € t=1

[e9)

where v; denotes the tth row of V. Now, observe that

U = max|u;|2 = ma a ; = max |U =|U
1U lloo,2 g;[d>]<lluz\lz rgel[d>]<$}ﬁ”2><ﬂ<uuw) w:ﬂgufﬂll T = [Ull2- 0o,

SO [|loo,2 is actually the 2 — oo operator norm. This implies that

<Ulleo2 - E
€

o0

n
EHUZUtEt
‘Al =1

n
Z Vi€t
t=1

2

Proceeding with the standard Euclidean calculation for Rademacher complexity (e.g. Kakade et al.
(2009)), and using that |[v¢[2 < |V |e,2 Vt, the above implies that

n
Z €Ty
t=1

<Ulso2 IV oo 2v/7 = [ X1in | max v/

o0

E

Once again, we appeal to Lemma 38, which implies that with probability at least 1 —  over the
draw of ¢,

< O(IX [max - v/n +1og(1/0)).

n
Z €tTt
t=1

(o]
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Again using the law of total expectation, this implies that for all § > 0

:

Taking § = n~ 8¢, we have

logd l/logd Ulog d
) < O ((1X s - Vi + og(1/8))'%% + i 5,) /)

n
Z €+t
t=1

[ee]

O(| X [ max - /1 +log nlogd).
|

We now focus on proving Lemma 27. The structure of this proof will follow that of Theorem 14,
which gives an upper bound on regret in terms of Rad whenever the one-sided UMD inequality
holds. To achieve the desired bound in this framework, we will need the following corollary of
Hitczenko’s decoupling inequality Theorem 15.

Corollary 30 (One-sided UMD inequality for ¢, norms) There exists some constant K such that
forallp>1,

n p n p
E||> exi(e)|| <KPE| > eexi(e)] , (46)
o | P » s<lli=1 »
where x is any X -valued tree.
Proof [Proof of Corollary 30] Simply apply Theorem 15 coordinate-wise. |

With this inequality, we proceed to prove Lemma 27.
Proof [Proof of Lemma 27] Let p = log d. Recall that we have defined

1 1
1\ =— + p )
n.p(T) p(nm 71"

We first will prove that there is a strategy () that achieves

Y l(Ge,ye) — inf Y O(f (), ye) < ‘I’n,p(CE
t=1 feria €

n p
Z €Tt )
t=1 oo

for some C' > 0. This portion of the proof will closely follow Theorem 14. Fix C' to be decided later
and define
i

The infimum over g, is understood to range over [-B, +B], as guaranteed by the assumption on the
loss in Section 2. Observe that the regret bound we desired is achievable if there is a value for C'
such that VV < 0. Using the minimax theorem, the value is equal to

p )]

(o9}

S ST M DOUURBES I ORI (CF=
t=1

re Yt yre[-1,+1] 4op Lt=1

n
Z €tT¢
t=1

n

Z €Tt

V:<<sup sup inf E >> SUP[Z@(Z)hyt)—E(f(xt)7yt))_q;n7p(CE
Tt preA[-1,+1] Yt Yt~pe 2

o1 JeFLt=1 €
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Linearizing the loss, the above is bounded by

<<<sup sup inf E >> sup[zf(yt,yt )(Ge = f(ae)) - ¥ ,p(CE

Tt preA[-1,+1] Ut Yt~pe o JeFLt=1

I
)

Setting ¢; to be minimizer of E ¢(g,y,), we have

< <<sup sup inf E >> sup[z OG5 y0) (07 = fxy)) - \I/mp(C’E
xt preA[-1,+41] Ut Yt~Pe voq feFLE=1
-1

1)

n
Z €Tt
t=1

sup sup inf E >> [ —el(ﬁfyyt)f(éﬂt)—‘lfn,p(CE
wt peA[-1,41] Gt Yt~Pe t1f€ ‘

Z Bl
)]

n p
Z €EtTt )]
t=1 o

Tt preA[-1,+1]Yt~Pt o1 feFLi=1 vi~pe

<<sup sup E>> sup[z< E £(35,0) - e'(yt,ya)f(xt)—\vn,p(mg?

sip sup  E >> sup[zw(yt,yz>—e'(@;,yt>)f<xt>—wn,p(mg )
t=

Tt preA[-1,+1] Yt,Yi~Dt " 1fe]-' t=1

<<sup s BB sl S ) - ) () -y CE

Tt ptEA ].+1 yf7yt ~Pt et t= ]fe‘; t=
p )|
[}

(il
Jl

Z €tT¢

<<sup E>> sup[z 2¢, f(x1) - ¥, p(CE

Ty € t=1 feFLt=1

= supEsup[E 2e; f(x¢ (")) - W J,(CE

x € feFlizl

Using that the simplex A, is a subset of the ¢; ball:
n
> exi(e) > exi(€)
t=1 t=1
Using (22), this is upper bounded by
p
t=1 oo
We can replace the left /., norm with the £, norm as an upper bound:
p
) .
We now apply the one-sided UMD property for the £, norm Corollary 30:
p
) .

Finally, since p = log d, there is some constant A such that |z, < A|z|. pointwise. Therefore, if
we take C' = O(K )P, the expression is bounded by zero.

< supE[Q - \Iln,p(CE
x € oo €

p

= supE [

-CE
€ll¢=1

< supE Q[Q
x €p

n
-CE
€l¢=1

P
< sup E | okr

x &€ D

Z GtXt(GI)
t=1

p
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Now, to achieve the bound stated in the theorem, simply using the doubling trick given in
Lemma 26 on top of the strategy described above. Since p’ = O(1), the doubling strategy will
guarantee a regret bound of

P )UP)

Proof [Proof of Theorem 15] This theorem is an immediate corollary of (Hitczenko, 1994), Theorem
1.1. We will spend a moment to explain this in detail, as that theorem is stated in terms of tangent
sequences, which are a concept that otherwise does not appear in the present paper.

Given an adapted sequence (Z; )<y, we define its decoupled tangent sequence ( Z| )<y, as follows:
At time ¢, conditioned on Zy.;_1, sample Z; as an i.i.d. copy of Z; under the conditional distribution
Pr(Z | Z1,...,Zs-1). Then (Z])i<y satisfies

Zﬂ(yjt,yt) — inf Zé(f(:ct),yt) <0 K(E ZGtJUt
t=1 feFia “lliz1

1. Identical conditional distribution: Pr(Z} | Z1,...,Z1-1) =Pr(Z | Z1, ..., Zs-1)
2. Conditional independence: Pr(Z1,...,Z) | Z1,...,Zn) = [1}\.. Pr(Z] | Z1,...,Zy)

With this definition, (Hitczenko, 1994), Theorem 1.1 is stated as follows:
There is some universal constant K such that for any adapted sequence (Z;) and its decoupled
tangent sequence (Z), for any 1 < p < oo,

P
<K?

p
: 47

n

2. %

t=1

E

n
Sz
t=1

We now show how to conclude Theorem 15 from this result. Observe that for a Paley-Walsh
martingale (e;x¢(€e-1))};, its decoupled tangent sequence is given by (e;x;(€x-1))}, where
¢’ is an independent sequence of Rademacher random variables. Furthermore, this sequence is
distributed identically to (eje;x¢(€s1-1))}.;. Therefore Theorem 15 follows from specializing (47)
to Paley-Walsh martingales. |

A.3.3. ONLINE MATRIX PREDICTION

Proof [Proof of Theorem 19] Recall that F = {F e R™? | | F||, < 7}. We will take 7 = \/d, which
implies that F contains all matrices F' with rank(F') <rand |F| ., < 1.

Let X; = e;, ® e;, be the incidence matrix for the entry (i, j;). Then we may write F'(z¢) =
(F, X;). With this notation, we have

Rad}—(xl:n) =7E

n
Z €1 X¢
t=1

o
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From Theorem 10, the class F has UMD constant C; < log?(d). Therefore, by Theorem 9, there
exists a randomized strategy that guarantees’

n
Y eXy

t=1

n
Z GtXt

t=1

€

E Zé(g}t,yt) — inf ZZ(F(wt),yt)] < O(TCPE(E
=1 FeFia

+m[a>]<||xt||alog<n>))
teln

)

We now apply concentration to remove the expectation over €. Observe that the spectral norm of
each X, is bounded by 1 (since each X; is an indicator matrix). Hence by Theorem 6.1 of Tropp
(2012) we have, letting 0% = max {|| %, X, X/| .| %, X/ X|}. we have that with probability at
least 1 — § over the draw of e,

= 6(1"\/3]EIE

a.’

< O(olog(d]d)).

n
Z €1 X¢
t=1

Since each X has || X¢|, < 1, the law of total expectation then implies that

n
Z EtXt
t=1

(e

1653 < O(olog(nd)).

(o

(X¢) are incidence matrices, and so 3, XtXtT and ), X: X;. A straightforward calculation reveals:

o= \/max{m?xm it = i} max|{¢ | o = 7)1} = v/inax (N, Moot

A.3.4. EMPIRICAL COVERING NUMBER BOUNDS

Proof [Proof of Theorem 22 and Theorem 23] Theorem 14 proves that when the one-sided UMD-
property (27) holds, there exists a strategy whose regret is bounded as

CEsup ) e f(z¢).
€ feFt=1

Since this quantity is the statistical Rademacher complexity, we may apply the classical covering
number bound (Rakhlin and Sridharan, 2012, Proposition 12.3):

E sup i erf(xy) < O((illl(f){an +/log M1 (A, a,xlzn)n}).

€ feF =1

Likewise, the classical Dudley entropy integral bound (Rakhlin and Sridharan, 2012, Theorem
12.4) yields:

Esupzn:etf(xt) < O(zxgg{a-nJr [al\/log./\/'g(}", 5,3:1;n)nd(5}).

€ feF =1

9. One can deduce the existence of a deterministic strategy achieving this bound from Theorem 14.
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Proof [Proof of Theorem 24 and Theorem 25] By Lemma 27, there exists a strategy whose regret is
bounded by

logd l/logd
Observe that
n
E thmt —E sup Zetf(a:t)
€ll¢e=1 € felAqt=1

We prove the theorem by appealing to the followmg classical empirical process bounds (Rakhlin and
Sridharan, 2012, Proposition 12.3, Theorem 12.4). For Theorem 24:

E sup Eetf xt) < O(lnf{om + \/logNl(Ad,a xln)n})

€ feAgit=1

For Theorem 25:

E sup Zetf(xt) < O(mf{om + fal \/IOgNQ(Ad,(S,.'L'l;n)nd(S}).

€ feAgt=1

To show the final bound, proceed with the concentration argument used in the proof of Theo-
rem 16.

Appendix B. UMD spaces and martingale inequalities
B.1. Stopping inequalities
Let (Z;) be a martingale. For two stopping times 71, 72, we define its stopped version as Z;* ™ via

dZ7'™ = dZ1{t > 1) 1{t < 7).

Proposition 31 (Hytonen et al. (2016), Proposition 3.1.14) Forany p € [1,00),
E|Z7 P < 2P E| Z,|”.

Theorem 32 (Doob’s Maximal Inequality) For any martingale (Z;)t»1 taking values in (9B, ||-||)
and any p € (1, 00],

T p n p
Esup||>.dZ|| <(")PE|>.dZ (48)
TN ||t=1 t=1
Furthermore
Pr(sup Z dZ|| > )\) < — YA>0. 49)
TN [|¢t=1

More generally, (48) and (49) hold when the sequence (|| thl Zt|)r>1 is replaced by any non-negative
submartingale (F;)r»1.
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Corollary 33 [f (F,,) is a non-negative submartingale and F,, < A almost surely then for all n > 0,
1
E[maxFT] < (logA+logn)- E[F,]+ —.
TN 7’]
Proof [Proof of Corollary 33]

E[maxFT] = foo Pr(maxFT > /\)d/\
0

TN

1/77 TN n
A
<E[R] [, Linel
1 A n
n

1
= (log A +logn)- E[F,] +—.
n

B.2. UMD inequalities

Theorem 34 (Hytonen et al. (2016), Theorem 4.2.7) Suppose (B, ||-|) is such that the determin-

istic UMD inequality

n p n
E Z thZt < Cg E Z dZt
t=1 t=1

p

holds for p € (1, 00). Then the determinstic UMD inequality

n q n
E Z thZt < Cg E Z dZt
t=1 t=1

holds for any q € (1, 00), with
!
q g
Theorem 35 (Pisier (2011), Theorem 8.23) Suppose that the deterministic UMD inequality

2
<CisupE

n

2

> dZ,

t=1

n
Z EtdZt
t=1

suplE

n

holds for any sign sequence. Then the Ly UMD inequality

5z,

t=1

n
Z étdZt
t=1

< 54C5 Esup

n

E sup

n

holds as well.
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Corollary 36 If deterministic UMD inequality

2
<C

n 2
SE(> dz,
t=1

holds for any sign sequence, then the Ly UMD inequality

E Z étdZt
t=1

Esup < 108Cs Esup

Z EtdZt

S dz,
t=1

holds as well.

Theorem 37 (Hytonen et al. (2016), Proposition 4.2.17) If (B, |-|) is UMD, with constant C,,
then (B*, |-|+) is UMD,y with constant C,y = C,,.

B.3. Concentration for Rademacher complexity

Lemma 38 (Bartlett et al. (2005), Theorem A.2) With probability at least 1 — § over the draw of

€,

max log(1/4
<E|. +\JE -2maxy| log(1/9) + “[”]”y; 5(1/0)
€ €
< 2IE Z eyl + rnaxHytH log(1/6).
t=a
Lemma 39 For any fixed sequence y1, . .., Yn, with probability at least 1 — & over the draw of e,
sup Zetyt < 4]E +2maxHytH log(n/d).
1<a<b<n||t=a
Corollary 40
E sup Z erye|| < 41E +5 max||yt | log(n).
€ 1<a<b<n||t=a

Proof [Proof of Lemma 39] Consider Z = H th):a €+t H for fixed a, b and a fixed sequence y1, . . . , Yn.
Applying Lemma 38 and taking a union bound over all possible pairs (a,b), of which there are
strictly less than 12, we have that with probability at least 1 — §,

Z €LYt Z EtYt

t=a t=a

<2 sup E

1<a<b<n €

sup + 2maxHyt [log(n/d).

1<a<b<n

By Proposition 31:

n
<4E
€ll¢=1

+ 2@3@3{”%\\ log(n/é).
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Appendix C. Burkholder/Bellman functions
C.1. Elementary design of U functions

The following construction for the scalar case does not obtain optimal constants, but should give the
reader a taste of how one can construct a U function from first principles.

Theorem 41 (Elementary Scalar U Function) Let k > 4 be an even integer. Then the function

ot = (52 () (O3 )

k, with UMD constant

Cp < ak?
fOI’ some constant .

Proof Let fj(:c, y) = 2% — C2*2y% — By*. We will show that U is Burkholder for an appropriate
choice of constants B and C'.
Fix h € R and let G(t) = U(z + ht,y + eht) for € € {+1}. By direct calculation we have

(Y R Py U RN

Since k is even, 2* 442 is a square; we will simply drop this term.

(el o)l

< 2h* i ¥ 120 k-2 /" 3y| - Ca* 2 - B g yh2
2 2 2

By Young’s inequality, we have

20(" )t = (2¢(*, %)wl)- o < T (e W) e R (R P

N—— | —’ b
a

_3, k=2
where we have applied a - b < k 50 ak2 kigb .

Returning to G"'(0), we now have

o< ((5) 55 -0) e (ale('T) -2 ()]

In particular, we can take C > 2(’2“) and B > ﬁ(QC(k_Q))kﬂ(k)il.
<0.

This certifies that G is zig-zag concave. To see the upper bound property, observe by that Young’s
inequality,

2 2
2 — 0P 22 - ByF > Exk - (EC% + B)yk
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Hence, if we take U(z,y) = %ﬁ(m, y), we have

U(z,y) > zF - (C’g + gB)yk.

C.2. U functions for p = 1

Definition 42 ((1,1) Weak Type Burkholder Function) A function U : 8 x B - R is (||, 5)
Burkholder for weak type if

1. Uz, ") > I =] > 1} - B||2"].
2. U is zig-zag concave: z — U(x + ez,x’ + 2) is concave for all z,2' € X and € € {+1}.
3. U(0,0) < 0.

Lemma 43 Suppose we are given a weak type Burkholder function U\ weak for (|-, B). Then for
all arguments x,y with x|, |y| < B, the following function is Burkholder for (||-|,1,C(log(B/¢))
up to additive slack e:

N
Ui (@,y) 2 € Upweak (/A y/ Mk, (50)
k=1
where N = [B/e] and \j, = ke.

Proof [Proof of Lemma 43] Let V(z,y) = |z| - C'Blog(B/¢)|y| — €. We will show that U(z,y) >
V(z,y) when |z, [y[ < B.

V(z,y) = |z| - C'Blog(B/e)|y| - €

N
<etey U{|z] 2 A}~ C'Blog(Bfe) |y - ¢
k=1

N
< 3 [0} el yIN) + -yl | - 1og(BJe) ]
k=1 k
T
~Upa(ag) +e Y Iyl - C'8log(B/e) |
k=1 "k

N
= Uya(o.9) + Blyl 3 1 = C'B1ox(B/o)l
=1

<Upa(z,y) + OByl log(N) - C'Blog(B/e)|yl

For sufficiently large C':

<Upa(z,y).

It can be seen immediately that U (z,y) is zig-zag concave and has Uy,,1(0,0) <0. |
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C.2.1. (-CONVEXITY

Definition 44 Say (B, |-|) is (-convex if there exists ¢ : B x B — R such that
1. ( is biconvex.

2. C(zy) <le+yl i ] =yl =1,

Given a such a function {, we can construct a “canonical” function » which satisfies some
additional properties

Definition 45

u(z,y) & max{¢(z,y), |z +y[}, max{|z],|y|} <1
’ |+l max{|z[, [y} = 1.

Then w is biconvex, has ((0,0) <(0,0), and satisfies

w(z,y) <|z+y|  if max{|z], [y} >1.
Also, u(zx,y) = u(-z,-y).
Assumption 1 u(z,-z) <0.

The ¢ function given in Example 9 satisfies this condition. More generally, most ¢ functions can be
made to satisfy this property with a slight blowup in the UMD constant they imply (c.f. (Burkholder,
1986, Lemma 8.5)).

By (Burkholder, 1986, 8.6) Assumption 1 implies u(x,y) < u(0,0) + |z + y|. The following
argument due to (Burkholder, 1986) shows how to create a U function from the function .

Theorem 46 Suppose |-|| is (-convex and u satisfies Assumption 1. Then this space is UMD with

weak type estimate
n
2
Pr( Y dZy| > 1) < E
t=1

u(0,0)
for any martingale difference sequence (dZ;). Furthermore, the function

n
Z thZt
t=1

w(r+y,y—x)
Ulz,y) =1- 2220070
(,9) 2(0.0)
is weak-type Burkholder for (||, ﬁ), in the sense of Definition 42.

Proof [Proof of Theorem 46] For the weak type estimate, we will start with the base function

2
~ u(0,0)

V(z,y) = 1{]z] > 1} lyll-

We will now show that V' (z,y) < U(z,y). First, observe that

Hlz| 21} = 1{[(z+y) + (z -y)| 2 2} < W{max{[z +y], |y - 2|} 21} <1{2[y[ 2 u(z +y,y - 2)},
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where the last inequality follows from the additional property of « from Definition 45. We have now
established

Viz,y) <1{2|y| 2 u(z +y,y -2)} -

2y
u(0,0)"”

= 1020y - u(z + - ) + u(0,0) 2 u(0,0)} - ——

u(0,0)

[yl

By the second additional property of « from Definition 45, 2|y| - w(x + y,y — ) + ©(0,0) > 0, and
so we may apply Markov’s inequality

2yl -u(@+y,y—2) +u(0,0) 2

B u(0,0) u(0,0)

Iyl
=U(z,y).

Observe that U(0,0) = 0 and, since u is biconvex, —u(z + y,y — x) is zig-zag concave, and so U is
itself zig-zag concave. We can now prove that the UMD property holds with constant ﬁ < ﬁ
using the standard step-by-step peeling argument with U described in Hytonen et al. (2016), Theorem

4.5.6. |

Example 9 (f‘{” Osekowski (2016)) Define

z(z,y) = a(ig’y) _%’ |z +y| +|z-y| <2/a
Hx;y\_\ log(4(Jz+y| +]z-yl)) - H:v;yl\’ lz+yl+ |z -y > 2/a

Then define
((z,y) =

2 d
log(3a) (1 + ;z(xl,yz))

For a > dlog d the (-convexity properties are satisfied and the bound

2 1
0,0) < 1-
¢(0,0) log d +log(2log d)( 2logd)

is achieved.
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