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Abstract

A number of statistical estimation problems can be addressed by semidefinite programs (SDP).
While SDPs are solvable in polynomial time using interior point methods, in practice generic SDP
solvers do not scale well to high-dimensional problems. In order to cope with this problem, Burer
and Monteiro proposed a non-convex rank-constrained formulation, which has good performance
in practice but is still poorly understood theoretically.

In this paper we study the rank-constrained version of SDPs arising in MaxCut and in Z5 and
SO(d) synchronization problems. We establish a Grothendieck-type inequality that proves that
all the local maxima and dangerous saddle points are within a small multiplicative gap from the
global maximum. We use this structural information to prove that SDPs can be solved within
a known accuracy, by applying the Riemannian trust-region method to this non-convex problem,
while constraining the rank to be of order one. For the MaxCut problem, our inequality implies that
any local maximizer of the rank-constrained SDP provides a (1—1/(k—1)) x 0.878 approximation
of the MaxCut, when the rank is fixed to k.

We then apply our results to data matrices generated according to the Gaussian Zy synchro-
nization problem, and the two-groups stochastic block model with large bounded degree. We prove
that the error achieved by local maximizers undergoes a phase transition at the same threshold as
for information-theoretically optimal methods.

Keywords: Semidefinite programming, non-convex optimization, MaxCut, group synchronization,
Grothendieck inequality

1. Introduction

A successful approach to statistical estimation and statistical learning suggests to estimate the object
of interest by solving an optimization problem, for instance motivated by maximum likelihood, or
empirical risk minimization. In modern applications, the unknown object is often combinatorial,
e.g. a sparse vector in high-dimensional regression or a partition in clustering. In these cases, the
resulting optimization problem is computationally intractable and convex relaxations have been a
method of choice for obtaining tractable and yet statistically efficient estimators.
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In this paper we consider the following specific semidefinite program

maximize (A, X)
subjectto  X;; =1, i€ [n], (MC-SDP)
X0,

as well as some of its generalizations. This SDP famously arises as a convex relaxation of the
MaxCut problem', whereby the matrix A is the opposite of the adjacency matrix of the graph to be
cut. In a seminal paper, Goemans and Williamson (Goemans and Williamson, 1995) proved that
this SDP provides a 0.878 approximation of the combinatorial problem. Under the unique games
conjecture, this approximation factor is optimal for polynomial time algorithms (Khot et al., 2007).

More recently, SDPs of this form (see below for generalizations) have been studied in the con-
text of group synchronization and community detection problems. An incomplete list of references
includes Singer (2011), Singer and Shkolnisky (2011), Bandeira et al. (2014), Guédon and Ver-
shynin (2016), Montanari and Sen (2016), Javanmard et al. (2016), Hajek et al. (2016), Abbe et al.
(2016). In community detection, we try to partition the vertices of a graph into tightly connected
communities under a statistical model for the edges. Synchronization aims at estimating n elements
g1,...,9n ina group G, from the pairwise noisy measurement of the group differences g, 1gj. Ex-
amples include Zy synchronization in which G = Zo = ({+1,—1}, - ) (the group with elements
{+1, —1} and usual multiplication), angular synchronization in which G = U(1) (the multiplica-
tive group of complex numbers of modulo one), and SO(d) synchronization in which we need to
estimate n rotations Ry, ..., R, € SO(d) from the special orthogonal group. In this paper, we will
focus on Zg synchronization and SO(d) synchronization.

Although SDPs can be solved to arbitrary precision in polynomial time (Nesterov, 2013),
generic solvers do not scale well to large instances. In order to address the scalability problem,
Burer and Monteiro (2003) proposed to reduce the problem dimensions by imposing the rank
constraint rank(X) < k. This constraint can be solved by setting X = oo where 0 € R™**. In
the case of (MC-SDP), we obtain the following non-convex problem, with decision variable o

maximize (o, Ao)
subjectto o = [oy,...,0,]" € R, (k-Ncvx-MC-SDP)
||O'Z'”2 =1, i€ [TL]

Provided that & > +/2n, the solution of (MC-SDP) corresponds to the global maximum of (k-
Ncvx-MC-SDP) (Barvinok, 1995; Pataki, 1998; Burer and Monteiro, 2003). Recently, Boumal
et al. (2016) proved that, as long as k > V/2n, for almost all matrices A, the problem (k-Ncvx-
MC-SDP) has a unique local maximum which is also the global maximum. This paper proposed
to use the Riemannian trust-region method to solve the non-convex SDP problem, and provided
computational complexity guarantees on the resulting algorithm.

While the theory of Boumal et al. (2016) suggests the choice k = O(/n), it has been observed
empirically that setting k& = (1) yields excellent solutions and scales well to large scale appli-
cations (Javanmard et al., 2016). In order to explain this phenomenon, Bandeira et al. (2016) con-
sidered the Zo synchronization problem with k£ = 2, and established theoretical guarantees for the

1. In the MaxCut problem, we are given a graph G = (V, E') and want to partition the vertices in two sets as to maximize
the number of edges across the partition.
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local maxima, provided the noise level is small enough. A different point of view was taken in a re-
cent unpublished technical note (Montanari, 2016), which proposed a Grothendieck-type inequality
for the local maxima of (k-Ncvx-MC-SDP). In this paper we continue and develop the preliminary
work in Montanari (2016), to obtain explicit computational guarantees for the non-convex approach
with rank constraint £ = O(1).

As mentioned above, we extend our analysis beyond the MaxCut type problem (k-Ncvx-MC-
SDP) to treat an optimization problem motivated by SO(d) synchronization. SO(d) synchronization
(with d = 3) has applications to computer vision (Arie-Nachimson et al., 2012) and cryo-electron
microscopy (cryo-EM) (Singer and Shkolnisky, 2011). A natural SDP relaxation of the maximum
likelihood estimator is given by the Orthogonal-Cut SDP problem

maximize (A, X)
subjectto  X;; =1y, i € [m], (OC-SDP)
X >0,

with decision variable X. Here A, X € R™*" are matrices with blocks denoted by (A;;)1<i j<m.
(Xij)1<i,j<m, where n = md and A;;, X;; € R¥*4 This semidefinite program is also known as
Orthogonal-Cut SDP. In the context of SO(d) synchronization, A;; € R*? i5 a noisy measurement
of the pairwise group differences ;" 1Rj where R; € SO(d).
By imposing the rank constraint rank(X) < k, we obtain a non-convex analogue of (OC-SDP),
namely:
maximize (o, Ao)

subjectto o = [01,...,0m]" € R™K, (k-Ncvx-OC-SDP)
olo; =14, i€[m)]

Here the decision variables are matrices o; € R¥*¢,

According to the result in Burer and Monteiro (2003), as long as k£ > (d + 1)+/m, the global
maximum of the problem (k-Ncvx-OC-SDP) coincides with the maximum of the problem (OC-
SDP). As proved in Boumal et al. (2016), with the same value of k£ for almost all matrices A,
the non-convex problem has no local maximum other than the global maximum. Boumal (2015)
proposed to choose the rank k adaptively: as k is not large enough, increase k to find a better
solution. However, none of these works considers & = (O(1), which is the focus of the present
paper (under the assumption that d is of order one as well).

1.1. Our contributions

A main result of our paper is a Grothendieck-type inequality that generalizes and strengthens the
preliminary technical result of Montanari (2016). Namely, we prove that for any e-approximate
concave point ¢ of the rank-k non-convex SDP (k-Ncvx-MC-SDP), we have

SDP(A) > f(o) > SDP(A) — ﬁ(SDP(A) + SDP(—A)) — ge, (1)

where SDP(A) denotes the maximum value of the problem (MC-SDP) and f(o) is the objective
function in (k-Ncvx-MC-SDP). An e-approximate concave point is a point at which the eigenvalues
of the Hessian of f( -) are upper bounded by ¢ (see below Definition 1 for formal statements).
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Surprisingly, this result connects a second order local property, namely the highest local curva-
ture of the cost function, to its global position. In particular, all the local maxima (corresponding to
¢ = 0) are within a 1/k-gap of the SDP value. Namely, for any local maximizer o*, we have

F(o") > SDP(A) — ﬁ(SDP(A) + SDP(—A)). o)
All the points outside this gap, with an ne/2-margin have a direction of positive curvature of at least
size €.

Figure 1 illustrates the landscape of the rank-k non-convex MaxCut SDP problem (k-Ncvx-
MC-SDP). We show that this structure implies global convergence rates for approximately solving
(k-Ncvx-MC-SDP). We study the Riemannian trust-region method in Theorem 3. In particular, we
show that this algorithm with any initialization returns a 0.878 x (1 — O(1/k)) approximation of
the MaxCut of a random d-regular graph in O(nk?) iterations, cf. Theorem 5.

SDP(A) global optimizer a local optimizer

a saddle point with
e curvature

Figure 1: The landscape of rank-k non-convex SDP

In the case of Zy synchronization, we show that for any signal-to-noise ratio A > 1, all the
local maxima of the rank-k non-convex SDP correlate non-trivially with the ground truth when
k > k*(X\) = O(1) (Theorem 6). Furthermore, Theorem 7 provides a lower bound on the corre-
lation between local maxima and the ground truth that converges to one when A\ goes to infinity.
These results improve over the earlier ones of Bandeira et al. (2016) and Boumal et al. (2016), by
establishing the tight phase transition location, and the correct qualitative behavior. We extend these
results to the two-groups symmetric Stochastic Block Model.

For SO(d) synchronization, we consider the problem (k-Ncvx-OC-SDP) and generalize our
main Grothendieck-type inequality to this case, cf. Theorem 9. Namely, for any e-approximate
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concave point ¢ of the rank-%k non-convex Orthogonal-Cut SDP (k-Ncvx-OC-SDP), we have

f(o) = SDP,(A) —

(SDP,(A) + SDP,(—A)) — ¢, 3)
kqg—1 2

where kg = 2k/(d + 1), SDP,(A) denotes the maximum value of the problem (OC-SDP) and
f (o) is the objective function in (k-Ncvx-OC-SDP). We expect that the statistical analysis of local
maxima, as well as the analysis of optimization algorithms, should extend to this case as well, but
we leave this to future work.

1.2. Notations

Given a matrix A = (A4;;) € R"™", we write ||[A|i = maxi<j<n ) ioq |Asj| for its
operator {i-norm, [|Allop or |[|Alj2 for its operator fy-norm (largest singular value), and
IAllr = (327, 325, AZ)Y/? for its Frobenius norm. For two matrices A, B € R™*™, we write
(A, B) = Tr(ATB) for the inner product associated to the Frobenius norm (A, A) = ||A||%. In
particular for two vectors u, v € R™, (u, v) corresponds to the inner product of the vectors u and v
associated to the Euclidean norm on R"™. We denote by ddiag(B) the matrix obtained from B by
setting to zero all the entries outside the diagonal.

Given a real symmetric matrix A € R"*", we write SDP(A) for value of the SDP problem
(MC-SDP). That is,

SDP(A) = max{(A,X) : X = 0,X;; = 1,i € [n]}. 4)

Optimization is performed over the convex set of positive-semidefinite matrices with diagonal en-
tries equal to one, also known as the elliptope. We write Rg(A) = SDP(A) + SDP(—A) for the
length of the range of the SDP with data A (noticing that for every matrix X in the elliptope, we
have SDP(A) > (A, X) > —SDP(—A)).

For the rank-k non-convex SDP problem (k-Ncvx-MC-SDP), we define the manifold My, as

M ={oc eR™ 0= (01,00,...,00) ", |loilla =1} = SF I xsF 1w .. xskL. (5

n times

where S¥=! = {2 € R¥ : ||z||a = 1} is the unit sphere in R¥. Given a real symmetric matrix
A € R™™™ for o € My, we write f(0) = (o, Ac) the objective function of the rank-k non-convex
SDP (k-Ncvx-MC-SDP). Our optimization algorithm makes use of the Riemannian gradient and
the Hessian of the function f. We anticipate their formulas here, deferring to Section 3.1 for further
details. Defining A = ddiag (AO'O’T), the gradient is given by:

gradf(o) =2(A - A)o. (6)
The Hessian is uniquely defined by the following holding for all u, v in the tangent space 7, M.:
(v, Hess f(0)[u]) = 2(v, (A = A)u). )

2. Main results

First we define the notion of approximate concave point of a function f on a manifold M.
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Definition 1 [Approximate concave point] Let f be a twice differentiable function on a Riemannian
manifold M. We say o € M is an e-approximate concave point of f on M, if o satisfies

(u,Hessf(o)[u]) < e(u,u), Vu e TzM,

where Hess f (o) denotes the Riemannian (intrinsic) Hessian of f at point o, Ty M is the tangent
space, and (- - is the scalar product on T, M.

Note that an approximate concave point may not be a stationary point, or may not even be an
approximate stationary point. Both local maximizers and saddles with largest eigenvalue of the
Hessian close to zero are approximate concave points.

The classical Grothendieck inequality relates the global maximum of a non-convex optimization
problem to the maximum of its SDP relaxation (Grothendieck, 1996; Khot and Naor, 2012). Our
main tool is instead an inequality that applies to all approximate concave ponts in the non-convex
problem.

Theorem 2 For any e-approximate concave point o € My, of the rank-k non-convex problem
(k-Ncvx-MC-SDP), we have

#(o) > SDP(A) — ﬁ(SDP(A) + SDP(—A)) — gs. (8)

2.1. Fast Riemannian trust-region algorithm

We can use the structural information in Theorem 2, to develop an algorithm that approximately
solves the problem (k-Ncvx-MC-SDP), and hence the MaxCut SDP (MC-SDP). The algorithm we
propose is a variant of the Riemannian trust-region algorithm.

The Riemannian trust-region algorithm (RTR) Absil et al. (2007) is a generalization of the trust-
region algorithm to manifolds. To maximize the objective function f on the manifold M, RTR
proceeds as follows: at each step, we find a direction £ € T, M that maximizes the quadratic
approximation of f over a ball of small radius 7,

& = argmax { f(0) + (grad(0),€) + (¢ Hessf(0)[¢]), € € ToM, €]l < o},
(RTR-update)

where grad f (o) is the manifold gradient of f, and the radius 7, is chosen to ensure that the higher
order terms remain small. The next iterate 0™V = P (o + £*) is obtained by projecting o + £*
back onto the manifold.

Solving the trust-region problem (RTR-update) exactly is computationally expensive. In order
to obtain a faster algorithm, we adopt two variants in the RTR algorithm. First, if the gradient of
f at the current estimate o is sufficiently large, we only use gradient information to determine the
new direction: we call this a gradient-step; if the gradient is small (i.e. we are at an approximately
stationary point), we try to maximize uniquely the Hessian contribution: we call this an eigen-
step. Second, in an eigen-step, we only approximately maximize the Hessian contribution. Let us
emphasize that these two variants are commonly used and we do not claim they are novel.

For the non-convex MaxCut SDP problem (k-Ncvx-MC-SDP), we describe the algorithm con-
cretely as follows. In each step, first we find a direction u! using the direction-finding routine
outlined below?.

2. Throughout the paper, points o € M}, and vectors u € T, M, are represented by matrices o, u € R™** and hence
the norm on T, M, is identified with the Frobenius norm ||u|| .
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DIRECTION-FINDING ALGORITHM

Input : Current position o'; parameter i;
Output : Searching direction u® with ||uf| F = 1;
Compute ||gradf(o!)|| r;
If lgrad f (o) || P > pic
Return u! = gradf (o) /||gradf (c?)| F;
Else
Use power method to construct a direction u! € T,, M, such that
lufllp =1, (u’, Hess f (0")[u']) > Amax(Hess (")) /2,
and (u', gradf(c')) > 0; Return u’.
6: End

SR

Given this direction u!, we update our current estimate by o'™! = Py, (of + n'u?) with n an

appropriately chosen step size. We consider two specific implementations for the parameter p and
the choice of step size:

(a) Take pug = oo, which means that only eigen-steps are used. In this implementation, we take
the step size n%; = (u,Hessf(o")[u'])/(100]|A|)1).

(b) Take ug = |All2. When |gradf(c")[|F > wpe. we choose the step size nh, =
pe/(20]|All1).  When |lgradf(c!)||F < ug, we choose the step size 7l =
min{/A5,/(216]|All1); Al /(12| Al]2) }, where A, = (uf, Hess f (o) [u']).

In each eigen-step, we need to compute a direction v € T, My such that ||ul|r = 1 and
(u,Hessf(o)[u]) > Amax(Hessf(c))/2. This can be done using the following power method.
(Note that the condition (u?, gradf(co!)) > 0 can always be ensured eventually by replacing u’ by
—ut))

POWER METHOD

Input : o, Hess f(0); parameters Ny, jip;
Output : u € T, My, such that ||u||r = 1 and (u, Hessf(o)[u]) > Amax(Hessf(0))/2;

1:  Sample a u° uniformly randomly on T, M, with ||u°||f = 1;
2: Fort=1,...,Npg

3: u® < Hessf(o)[u' ™ + pg - u* 1

4: ul < ut/||ut|| p;

5: End

6: Return u®.

The shifting parameter /15 can be chosen as 4[| A|[; which is an upper bound of ||Hess f (o) ||op.
We take the parameter Ny = C' - ||Al|1 log n/Amax(Hess f(o)) with a large absolute constant C'.
In practice, when choosing the parameter Ny, we do not know Apax(Hessf (o)) for each o, but
we can replace it by a lower bound, or estimate it using some heuristics. It is a classical result that
—with high probability— the power method with this number of iterations finds a solution u! with the
required curvature (Kuczynski and Wozniakowski, 1992).
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Theorem 3 There exists a universal constant ¢ such that, for any matrix A and € > 0, the Fast
Riemannian Trust-Region method with step size as described above for each iteration and initialized
with any oo € M, returns a point o* € M, with

1
f(0") = SDP(A) — ———= (SDP(A) + SDP(~4)) - ga, )
within the following number of steps with each implementation

(a) Taking pg = oo (i.e. only eigen-steps are used), then it is sufficient to run Ty < c-n||A||? /&
steps.

(b) Taking pe = ||Alle, then it is sufficient to run T = Ty + T steps in which there are
Ty < c-nmax (||A|3/€2, | All1/e) eigen-steps and T, < c - Rg(A)|All1/||All3 gradient-
steps.

The gap Rg(A)/(k—1) = (SDP(A)+SDP(—A))/(k—1) in Eq. (9), is due to the fact that Theorem
2 does not rule out the presence of local maxima within an interval Rg(A)/(k — 1) from the global
maximum. It is therefore natural to set ¢ = 2Rg(A)/(n(k — 1)), to obtain the following corollary.

Corollary 4 There exists a universal constant ¢ such that for any matrix A, the Fast Riemannian
Trust-Region method with step size as described above for each iteration and initialized with any
o9 € My, returns a point c* € M, with

F(0") > SDP(A) — %(SDP(A) + SDP(—A)) (10)

within the following number of steps with each implementation
(a) Taking pe = oo , then it is sufficient to run Ty < ¢ - nk? (n||A||1 /Rg(A))? eigen-steps.

(b) Taking nug = ||Al|2, then it is sufficient to run T = Ty + T steps in which there are Ty <
c-nmax (n?k?[|A]3/Rg(A)?, nk||All1/Rg(A)) eigen-steps and Ti; < c-Rg(A)[| Al /]| All3
gradient-steps.

In order to develop some intuition on these complexity bounds, let us consider two specific
examples.

Consider the problem of finding the minimum bisection of a random d-regular graph G, with
adjacency matrix Ag. A natural SDP relaxation is given by the SDP (MC-SDP) with A = Ag —
EAg = Ag — (d/n)11T7 the centered adjacency matrix. For this choice of A, we have || A||; < 2d,
|All2 = 2v/d — 1(1 + 0,(1)) (Friedman, 2003), SDP(A) = 2nv/d — 1 + o(n) and SDP(—A) =
2nv/d — 1 + o(n) (Montanari and Sen, 2016) (with high probability). Using implementation (a)
(only eigen-steps), the bound on the number of iterations in Corollary 4 scales as Ty = O(ndk?).
In implementation (b), we choose pg = ©(+/d), and the number of gradient-steps and eigen-
steps scale respectively as T = O(nvd) and Ty = O(nk max(k,v/d)). In terms of floating
point operations, in each gradient-step, the computation of the gradient costs O(ndk) operations;
in each eigen-step, each iteration of the power method costs O(ndk) operations and the number
of iterations in each power method scales as O(kv/dlogn). Implementation (b) presents a better
scaling. The total number of floating point operations to find a (1—O(1/k)) approximate solution of
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the minimum bisection SDP of a random d-regular graph is (with high probability) upper bounded
by O(n?k3d®? max(k, v/d) logn).

As a second example, consider the MaxCut problem for a d-regular graph G, with adjacency
matrix Ag. This can be addressed by considering the SDP (MC-SDP) with A = — A, and the
corresponding non-convex version (k-Ncvx-MC-SDP). As shown in the next section, finding a
2Rg(A)/(n(k — 1))-approximate concave point of (k-Ncvx-MC-SDP) yields an (1 — O(1/k)) x
0.878-approximation of the MaxCut of G. For this choice of A, we have ||A|; = d, ||A|2 = d,
and Rg(A) = ©(nd). Therefore, in implementation (a) where all the steps are eigen-step, the num-
ber of iterations given by Corollary 4 scales as Ty = O(nk?). In implementation (b), we choose
ue = O(d), and the number of gradient-steps and eigen-steps scale respectively as Ti; = O(n) and
Ty = O(nk?). In terms of floating point operations, the computational costs of one gradient-step
and one eigen-step power iteration are the same (which are O(ndk)) as in the example of mini-
mum bisection SDP. The number of iterations in the power method scales as O(klogn). There-
fore, the two approaches are equivalent. The total number of floating point operations to find a
(1 —=0(1/k)) x 0.878 approximate solution of the MaxCut of a d-regular graph is upper bounded
by O(n?dk*logn).

Let us emphasize that the complexity bound in Theorem 3 is not superior to the ones available
for some alternative approaches. There is a vast literatures that studies fast SDP solvers (Arora
et al., 2005; Arora and Kale, 2007; Steurer, 2010; Garber and Hazan, 2011). In particular, Arora
and Kale (2007) and Steurer (2010) give nearly linear-time algorithms to approximate (MC-SDP).
These algorithms are different from the one studied here, and rely on the multiplicative weight
update method (Arora et al., 2012). Using sketching techniques, their complexity can be further
reduced (Garber and Hazan, 2011). However, in practice, the Burer-Monteiro approach studied here
is extremely simple and scales well to large instances (Burer and Monteiro, 2003; Javanmard et al.,
2016). Empirically, it appears to have better complexity than what is guaranteed by our theorem.
It would be interesting to compare the multiplicative weight update method and the non-convex
approach both theoretically and experimentally.

2.2. Application to MaxCut

Let Ag € R™ ™ denote the weighted adjacency matrix of a non-negative weighted graph G. The
MaxCut of G is given by the following integer program

n

1
Z AG,ij(l — 35‘7,33]) (11)

MaxCut(G) = ze{ 1+1}4
! J=1

We consider the following semidefinite programming relaxation

SDPCut(G) =  max _ 7 Zl Ag,ij(1— Xij). (12)
7-]

Denote by X* the solution of this SDP. Goemans and Williamson Goemans and Williamson

(1995) proposed a celebrated rounding scheme using this X*, which is guaranteed to find an

,-approximate solution to the MaxCut problem (11), where a.. = mingeg x) 20/ (m(1 — cos0)),

o > 0.87856.
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The corresponding rank-%k non-convex formulation is given by

1 & 1
maxd 1 3 Acyll— ()« e st viely . (13)

g

Applying Theorem 2, we obtain the following result.

Theorem 5 Forany k > 3, if o* is a local maximizer of the rank-k non-convex SDP problem (13),
then using o* we can find an o, x (1—1/(k—1)) > 0.878 x (1 —1/(k — 1))-approximate solution
of the MaxCut problem (11). If o* is a 2Rg(A¢q)/(n(k — 1))-approximate concave point, then using
o* we can find an o, x (1 —2/(k—1)) > 0.878 x (1 — 2/(k — 1))-approximate solution of the
MaxCut problem.

The proof is deferred to Section 5.1.

2.3. Zs synchronization

Recall the definition of the Gaussian Orthogonal Ensemble. We write W ~ GOE(n) if W € R"*"
is symmetric with (Wj;)i<; independent, with distribution W;; ~ N(0,2/n) and W;; ~ N(0,1/n)
for¢ < 3.

In the Zy synchronization problem, we are required to estimate the vector u € {£1}" from
noisy pairwise measurements

A
AN = EuuT + W, (14)

where W,, ~ GOE(n), and A is a signal-to-noise ratio. The random matrix model (14) is also
known as the ‘spiked model’ (Johnstone, 2001) or ‘deformed Wigner matrix’ and has attracted
significant attention across statistics and probability theory (Baik et al., 2005).

The Maximum Likelihood Estimator for recovering the labels u € {£1}" is given by

~ML
" (A) = arg mer?iaii}n@, Az) .
A natural SDP relaxation of this optimization problem is given —once more— by (MC-SDP).

It is known that Zy synchronization undergoes a phase transition at A\. = 1. For A < 1, no
statistical estimator %(A) achieves scalar product |(u(A), )| bounded away from 0 as n — oo.
For A > 1, there exists an estimator with |(%(A), u)| bounded away from 0 (‘better than random
guessing’) (Korada and Macris, 2009; Deshpande et al., 2015). Further, for A < 1 it is not possible3
to distinguish whether A is drawn from the spiked model or A ~ GOE(n) with probability of error
converging to 0 as n — oo. This is instead possible for A > 1.

It was proved in Montanari and Sen (2016) that the SDP relaxation (MC-SDP) —with a suitable
rounding scheme— achieves the information-theoretic threshold A, = 1 for this problem. In this
paper, we prove a similar result for the non-convex problem (k-Ncvx-MC-SDP). Namely, we show
that for any signal-to-noise ratio A > 1 there exists a sufficiently large k such that every local
maximizer has a non trivial correlation to the ground truth. Below we denote by Cr,, 1(A) the set
of local maximizers of problem (k-Ncvx-MC-SDP).

3. To the best of our knowledge, a formal proof of this statement has not been published. However, a proof can be
obtained by the techniques of Mossel et al. (2015).

10
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Theorem 6 For any A > 1, there exists a function k.(\) > 0, such that for any k > k.(\), with
high probability, any local maximizer o of the rank-k non-convex SDP (k-Ncvx-MC-SDP) problem
has non-vanishing correlation with the ground truth parameter. Explicitly, there exists e = £(\) > 0
such that

hmP< inf Wamng>:1. (15)
n—00 o€Cry k(A) T
The proof of this theorem is deferred to Section 5.2.

Note that this guarantee is weaker than the one of (Montanari and Sen, 2016), which also
presents an explicit rounding scheme to obtain an estimator & € {+1,—1}". However, we ex-
pect that the techniques of Montanari and Sen (2016) should be generalizable to the present setting.
A simple rounding scheme takes the sign of principal left singular vector of 0. We will use this
estimator in our numerical experiments in Section 4.

This theorem can be compared with the one of Bandeira et al. (2016) which uses £ = 2 but
requires A > 8. As a side result which improves over Bandeira et al. (2016) for £ = 2, we obtain
the following lower bound on the correlation for any & > 2.

Theorem 7 For any k > 2, the following holds almost surely

o . 1 . (16 1 4
lﬂgfaelélfn,k EHUTUH% > 1 — min ()\’ z + )\> . (16)
The proof is deferred to Section 5.3. Our lower bound converges to 1 at large A, which is the
qualitatively correct behavior.

2.4. Stochastic block model

The planted partition problem (two-groups symmetric stochastic block model), is another well-
studied statistical estimation problem that can be reduced to (MC-SDP) (Montanari and Sen, 2016).
We write G ~ G(n,p,q) if G is a graph over n vertices generated as follows (for simplicity of
notation, we assume n even). Let u € {£1}" be a vector of labels that is uniformly random with
u"1 = 0. Conditional on this partition, edges are drawn independently with

.. D, if Ui = Uy,
P Elu) = .
(g e Bl = { &
We consider the case when p = a/n and ¢ = b/n with a,b = O(1), and @ > b, and denote
by d = (a + b)/2 the average degree. A phase transition occurs as the following signal-to-noise
parameter increases
a—2b

V2(a+b)

For \ > 1 there exists an efficient estimator that correlates with the true labels with high probability
(Massoulié, 2014; Mossel et al., 2013), whereas no estimator exists below this threshold, regardless
of its computational complexity (Mossel et al., 2015).

The Maximum Likelihood Estimator of the vertex labels is given by

Aa,b) =

@"(G) = argmax {(z, Agz) : =z € {+1,-1}", (z,1) =0}, (SBM-MLE)

11
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where Ag is the adjacency matrix of the graph (G. This optimization problem can again be attacked
using the relaxation (MC-SDP), where A = Ag = (Ag —d/n-117)/+/d is the scaled and centered
adjacency matrix.

In order to emphasize the relationship between this problem and Zy synchronization, we rewrite
Ag = (\/n)uu + E where ET = E has zero mean and (E;;);<; are independent with distribution

—f’; with probability 1 — p;;,
where p;; = a/n for u; = u; and p;; = b/n for u; # u;. In analogy with Theorem 6, we have the
following results on the rank-constrained approach to the two-groups stochastic block model.

Theorem 8 Consider the rank-k non-convex SDP (k-Ncvx-MC-SDP) with A = Ag the centered,
scaled adjacency matrix of graph G ~ G(n,a/n,b/n). For any A\ = A a,b) > 1, there exists an
average degree d.(\) and a rank k.(\), such that for any d > d.(\) and k > k. (\), with high
probability, any local maximizer o has non-vanishing correlation with the true labels. Explicitly,
there exists an € = €(\) > 0 such that

o { %(1 — pij), Wwith probability p;;,
ij

lim IP( inf LijoTul2 > 5) =1. 17)
n—o0 o€Cry i M

The proof of this theorem can be found in Section 5.4. As mentioned above, efficient algorithms
that estimate the hidden partition better than random guessing for A > 1 and any d > 1 have
been developed, among others, in Massoulié (2014); Mossel et al. (2013). However, we expect the
optimization approach (k-Ncvx-MC-SDP) to share some of the robustness properties of semidefinite
programming (Moitra et al., 2016), while scaling well to large instances.

2.5. SO(d) synchronization

In SO(d) synchronization we would like to estimate m matrices Ry, ..., R,, in the special orthog-
onal group
SO(d) = {R e R4 : RTR = 14,det(R) =1},

from noisy measurements of the pairwise group differences A;; = R, le + W;; for each pairs
(i,7) € [m] x [m]. Here A;; € R¥™? is a measurement, and W;; € R4 is noise. Let n = md, we
denote matrix A € R™*" the observation matrix with (4, j)’th sub-matrix A;;.

The Maximum Likelihood Estimator for recovering the group elements R; € SO(d) solves the

problem of the form
m

max Z (04, Aijoj)

01...0m€E€SO(d) =1

which can be relaxed to the Orthogonal-Cut SDP (OC-SDP). The non-convex rank-constrained
approach fixes k > d, and solves the problem (k-Ncvx-OC-SDP). This is a smooth optimization
problem with objective function f(0) = (o, Ao) over the manifold M, 4, = O(d, k)™, where
O(d, k) = {0 € R**? . 5Tg = 1,4} is the set of k x d orthogonal matrices. We also denote the
maximum value of the SDP (OC-SDP) by

SDP,(A) = {{A, X): X =0, X; =14, i€ [m]}. (18)

In analogy with the MaxCut SDP, we obtain the following Grothendieck-type inequality.

12
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Theorem 9 For an e-approximate concave point 0 € M, 4 of the rank-k non-convex
Orthogonal-Cut SDP problem (k-Ncvx-OC-SDP), we have

£(0) > SDP,(4) — 1

1 (SDP,(4) + SDP,(~4)) - = (19)

where kg = 2k/(d + 1).

The proof of this theorem is a generalization of the proof of Theorem 2, and is deferred to Section
5.5.

3. Proof of Theorem 2

In this section we present the proof of Theorem 2, while deferring other proofs to Section 5. Notice
that the present proof is simpler and provides a tighter bound with respect to the one of Monta-
nari (2016). Before passing to the actual proof, we make a few remarks about the geometry of
optimization on M.

3.1. Geometry of the manifold M

The set M, as defined in (5) is a smooth submanifold of R”**. We endow M, with the Riemannian
geometry induced by the Euclidean space R"**. Atany point ¢ € M, the tangent space is obtained
by taking the differential of the equality constraints

Tng = {u c RnXk U= (ul,ug,... ,un)T,<ui,ai> = O,i S [n]} .

In words, T, M}, is the set of matrices u € R"** such that each row u; of w is orthogonal to the
corresponding row o; of 0. Equivalently, T, M}, is the direct product of the tangent spaces of the
n unit spheres S*~1 C R at 0y,..., 0,,. Let P be the orthogonal projection operator from R™**
onto T, M. We have
-
T
= (u1 —(01,u1)01, . . ., Up — (On, un)an)

= u — ddiag(uc")o,

where we denoted by ddiag : R™*"™ — R™*" the operator on the matrix space that sets all off-
diagonal entries to zero.

In problem (k-Ncvx-MC-SDP), we consider the cost function f(o) = (o, Ac) on the submani-
fold My,. Ato € Mj, we denote V f (o) and grad f (o) respectively the Euclidean gradient in R™**
and the Riemannian gradient of f. The former is V f(0) = 2A0, and the latter is the projection of
the first onto the tangent space:

gradf(0) = PL(Vf(0)) = Q(A - ddiag(AaaT)>o .

We will write A = A(o) = ddiag (AO'O'T) and often drop the dependence on ¢ for simplicity. At
o € My, let V2f(o) and Hess f (o) be respectively the Euclidean and the Riemannian Hessian of

13
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f. The Riemannian Hessian is a symmetric operator on the tangent space and is given by projecting
the directional derivative of the gradient vector field (we use D to denote the directional derivative):

Vu € T,My, Hessf(o)[u] =Pt (Dgradf(o)[u]) = PH[2(A—A)u—2ddiag(Aou’ + Auc ")o].
In particular, we will use the following identity
Vu,v € TUMka <Ua Hessf(a)[u]> = 2<U7 (A - A)’LL>, (20)

where we used that the projection operator P is self-adjoint and (v;, o;) = 0 by definition of the
tangent space. We observe that the Riemannian Hessian has a similar interpretation as in Euclidean
geometry, namely it provides a second order approximation of the function f in a neighborhood of
.

3.2. Proof of Theorem 2

Let o be an e-approximate concave point of f(o) on M. Using the definition and Equation (20),
we have (for A = ddiag(Aoo "))

Vu € TyMy,  (u, (A — A)u) > —%du, ). 21

Let V = [v1,...,v,]T € R™ ™ be such that X = V'V is an optimal solution of (MC-SDP)
problem. Let G € R¥*™ be a random matrix with independent entries G;; ~ N(0, 1/k), and denote
by Pf =1 — O’iO';r € R¥*¥ the projection onto the subspace orthogonal to o; in R¥.

We use G to obtain a random projection W = [P{Guy,...,PLiGuv,|T € T, M. From (21),
we have

E(W, (A — AYW) > —%smw, W),

where the expectation is taken over the random matrix G.

14
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The left hand side of the last equation gives

E(W, (A — A)W)
=E Z (A - A)l] <PZJ'GUZ, Pj‘GUJ>
7,7=1
=E Z (A — A)ij <PZJ'G Z Vis€s, Pj‘GZ th€t>
i,j=1 s=1 t=1
= Z (A — A)U Z visvth[(PiLGes, P]LGetﬂ
1,7=1 s,t=1
n n 1
= Z (A — A),Lj Z UisvjtéstETr(PileL)
7,j=1 s,t=1
_ " A A 1T I T T T T
= Z( — )ij<vi,v]->% r< k — 0i0; — 0j0; + 0i0; O'jO'j)
i,7=1
- 2 1
= Z (A — A)ij<vi7 Uj> (1 - E + E<ai7 O'j>2>
i,0=1
1 2 1 & 5
=(1- % TI‘(A) —(1-— % SDP(A) — % Z Aij(vi,vj) <<Ui70'j>) ;

i,j=1
whereas the right hand side verifies

n

E(W, W) =E» (P{Gu;, P Gu)) =) <1 — % + ]1”01-\@) = (1 — ;1) n.

i=1 =1

_ Note that Tr(A) = f(0). Crucially, if we let Xj; = (vi, v;)({0i,05))?, we have X;; = 1 and
X > 0. Thus we have SDP(—A) > (—A, X). Therefore, we have

1 2 1 1 1
1—— —(1——|SDP(A) + —SDP(—A) > —— 1——.
( k)f(ff) < k>S (A4) + £ SDP(-4) > 26n< k)
Rearranging the terms gives the conclusion.

4. Numerical illustration

In this section we carry out some numerical experiments to illustrate our results. We also find
interesting phenomena which are not captured by our analysis.

Although Theorem 3 provides a complexity bound for the Riemannian trust-region method
(RTR), we observe that (projected) gradient ascent also converges very fast. That is, gradient ascent
rapidly increases the objective function, is not trapped at a saddle point, and converges to a local
maximizer eventually. In Figure 2, we take A ~ GOE(1000), and use projected gradient ascent to
solve the optimization problem (k-Ncvx-MC-SDP) with a random initialization and fixed step size.
Figure 2a shows that the objective function increases rapidly and converges within a small interval
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Figure 2: Projected gradient ascent algorithm to optimize (MC-SDP) with A ~ GOE(1000): (a)
f (o) as a function of the iteration number for a single realization of the trajectory; (b) ||gradf(o)|| r
as a function of the iteration number.

from the local maximum (which is upper bounded by the value SDP(A)). Also the gap between
the value obtained by this procedure and the value SDP(A) decreases rapidly with k. Figure 2b
shows that the Riemannian gradient decreases very rapidly, but presents some non-monotonicity.
We believe these bumps occur when the iterates are close to saddle points.

35 T T T T T T 150 T T T T

——SDP(4) — f(o")
——Rg(4)/(15(k— 1))

3l

2

(SDP(A) — f(0))/n x

50 -

—k=10] |

/ — k=15

/ k=20
00 0‘5 1‘ 1‘5 é 2‘5 C: 35 03 é 10 1‘5 éo 25
Amax(Hess f () Kk

(a) (b)

Figure 3: Geometric properties of the rank-k non-convex SDP, where A ~ GOE(1000). (a).
Amax(Hessf (o)) versus (SDP(A) — f(o))/n x 2. (b). SDP(A) — f(o*) for different k, where
o* € My, is a local maximizer.

In Figure 3, we examine some geometric properties of the rank-k non-convex SDP. As above,
we explore the landscape of this problem by projected gradient ascent. In Figure 3a, we plot the
curvature Apax(Hessf(o)) versus the gap from the SDP value (SDP(A) — f(o))/n x 2 along
the iterations. When f(o) is far from SDP(A), there is a linear relationship between these two
quantities, which is consistent with Theorem 2. In Figure 3b, we plot the gap between SDP(A)
and f(o*) for a local maximizer o* € M that is produced by projected gradient ascent, for
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different values of k. These data are averaged over 10 realizations of the random matrix A. This
gap converges to zero as k gets large, and is upper bounded by the curve Rg(A)/(15(k — 1)). This
coincides with Theorem 2, which predicts that this gap must be smaller than Rg(A)/(k — 1). Note
however that —in this case— Theorem 2 is overly pessimistic, and the gap appears to decrease very
rapidly with k.

149 p10%

1.485

1.48 1

Cut value

1475

1.47

1.465
2

Figure 4: Cut value found by rounding local maximizer of rank-%k non-convex SDP, for Erd6s-Rényi
random graphs with n = 1000 and average degree d = 50. Data are averaged over 10 realizations.

Now we turn to study the MaxCut problem. Note that Theorem 5 gives a guarantee for the
approximation ratio for the cut induced by any local maximizer of the rank-k non-convex SDP (k-
Ncvx-MC-SDP). In Figure 4, we take the graph to be an Erd6s-Rényi graph with n = 1000 and
average degree d = 50. We plot the cut value found by rounding the maximizer of the rank-k
non-convex SDP, for k£ from 2 to 10, and also for & = n which corresponds to the (MC-SDP).
Surprisingly, the cut value found by solving rank-k non-convex problem is typically bigger than the
cut value found by solving the original SDP. This provides a further reason to adopt the non-convex
approach (k-Ncvx-MC-SDP). It appears to provide a significantly tight relaxation for random in-
stances.

In order to study Zo synchronization, we consider the matrix A = (\/n)uu’ + W,, where
W,, ~ GOE(n) for n = 1000. Figure 5a shows the correlation || Tu||2/n? of a local maximizer
o € My produced by projected gradient ascent, with the ground truth u. In Figure 5b we construct
label estimates @(A) = sign(vy (o)) where vy (c) is the principal left singular vector of o € R™¥,
We plot the correlation ({7, u)/n)? as a function of . In both cases, results are averaged over 10
realizations of the matrix A. Surprisingly, the resulting correlation is strongly concentrated, despite
the fact that gradient ascent converges to a random local maximum o € Mj.

Finally, we turn to the SO(3) synchronization problem, and study the local maximizer of the
Orthogonal-Cut SDP (OC-SDP). We sample a matrix A ~ GOE(300), and find the local maxi-
mum of the rank-k£ non-convex Orthogonal-Cut SDP (k-Ncvx-OC-SDP). In Figure 6 we plot the
gap between SDP,(A) and f(o*) for a local maximizer o* € R™** produced by projected gra-
dient ascent for different k. This gap converges to zero as k is larger, and is upper bounded by
Rg(A)/(20(kq — 1)). This is in agreement with Theorem 9, which predicts that the gap is smaller
than Rg(A)/ (kg — 1).
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Figure 5: Zs synchronization: correlation between estimator and ground truth |loTu||3/n? and
(a7, u)?/n versus \.
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Figure 6: SDP,(A) — f(o*) for different k, where 0* € M, q, is a local maximizer.

5. Other proofs
5.1. Proof of Theorem 5

Note that problem (13) is equivalent to problem (k-Ncvx-MC-SDP) with matrix A = —Ag. Apply-
ing Theorem 2, and noting that the elements of Ag are non-negative, we for any local maximizer
o™ of the problem (13), and any X* optimal solution of the SDP (12),

(0", ~Ago™) 2(~Aq, X*) = ——({~Aq, X") + SDP(40))

! (22)

=(—Ag, X*) — m((-AG,X*> + ”2231 Acij)-

18
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Thus, we have

1 & .
1 > Agi(1— (o}, 03) Z Agij+ (0", —Ago™)
}J'—l i,j=1
1 1
Z Z AGZ]+ AG» >_m( AG7 Z AG%]
i,j=1 i,j=1 (23)

— (1 _1) X = Z Acii(1—XJ5) = <1 — kil) x SDPCut(G)

zg 1
(1 - kl) x MaxCut(G).

Applying the randomized rounding scheme of Goemans and Williamson (1995), we sample a
vector u ~ N(0,I), and define v € {£1}" by v; = sign((c, u)), then we obtain

1 & 1
Z Agij(1 = (vi,v5)) | > a*xz Z Agi(l <O’Z,O'J>) > <1 — ) MaxCut(G).

k—1
3,j=1 1,7=1

Therefore, for any local maximizer o*, it gives an o, X (1 — 1/(k — 1))-approximate solution of
the MaxCut problem.

If o* isane = 2Rg(A¢)/(n(k—1))-approximate concave point, using Theorem 2 and the same
argument, we can prove that it gives an ., x (1 — 2/(k — 1))-approximate solution of the MaxCut
problem.

5.2. Proof of Theorem 6
Let A(A\) = A\/n-uu' + W, For any local maximum o € Cr,, j, of the rank-k non-convex MaxCut

SDP problem, according to Theorem 2, we have

(o) > SDP(A(\)) — ﬁ(SDP(A()\)) + SDP(—A(A))).

Therefore

AT, 2 1 AT 1 AT T
4 >(1--——)spp(Z W, ) — ——SDP ( —Zwu™ =W, | — (W,,
n||a qu_( - )S <nuu + > k_ls ( uu < oo >

1 P 1
1———|SDP| — n | — ——SDP(—-W,) — SDP (W,,) .
< k—l)s (nuu +W) k_ls (=W,) — SDP (W,,)

(24)

Using the convergence of the SDP value as proved in (Montanari and Sen, 2016, Theorem 5),

for any A > 1, there exists A(A) > 0 such that, for any § > 0, the following holds with high
probability

1 1 A
~SDP(£W,) <2+4, and -SDP <nuuT + Wn> > 24+ A(N).
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Therefore, we have with high probability

%HOTu”% 2% [(2+A(A)) X (1 - ﬁ) < + 1<;i1> X (2+6)]

:<1_ 1 )A()\) 446 1§
k1

(25)

A E—1 X X

Since A(X) > 0 for A > 1, there exists a k() such that the above expression is greater than ¢ for
sufficiently small € and §, which concludes the proof.

5.3. Proof of Theorem 7

We decompose the proof into two parts. In part (a), we prove that almost surely

1 4
- > [
lhrggfael%f Ha ul|3 > 1 Y

using only the second order optimality condition. In part (b), we incorporate the first order optimal-
ity condition and prove that as A > 12k, we have almost surely

16
lim inf f— Tul3 >1- =,
it g el = 1= 3

Proof

PART (a)

The proof of this part is similar to the proof of Theorem 2. We replace the matrix A by the expression
A =uu' + A, where u € {£1}" and A = n/)\-W,. Letg € R¥, g ~ N(0,1/k - I), and
W = [Pfgul, .. ,P#gun]T e T, Mj, where PZ-L =1 — O'Z‘O'ZT € R¥*k_Due to the second order
optimality condition, similar to the calculation in Theorem 2, we have for any local maximizer o of
the rank-% non-convex SDP problem:

1 2\ — 1 &
0 S E9<VV, (A(O’) —A)W> == (1 - k‘) f(()') - <1 - k‘> ijz:l Aijuiuj - % i]z:l Aijuiuj<oi,aj>2.
Plugging in the expression of A, we obtain

(1 _ i) (T +A, 00Ty — <1 - 2) (% G, A)) S [{o00)? + Agusuy{os,0)7] > 0.

ij=1

Letting Xij = u;u; (0, O'j>2, we have

(1 - ;) loTul2 > <1 - z> n? — <1 - D (0, Ac)+

<1 _ Ii) (, Bty + 1 3 [fo,03)% + Ay

i

ij] -
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Recall that rank(co ") = k, and Tr(co ") = n. Thus, we get the lower bound

n 2 n2
Z<Uz’,03> = HUUTHF Z)\z oo’ ) > — (Z)\ oo ) = % (Tr(oaT))2 :?,

3,j=1

Also note that X is a feasible point of (MC-SDP). Therefore,

(1 - llf) loTul2 > (1 -2 132> (1 - ;) (0, Ac) + (1 - 2) (u, Aty + 7 (A, X)
> (1 - ;)an - (1 — i) SDP(A) — <1 — i) SDP(—A)
2@—;>aﬂ—2ﬁ—i)MMbp

1 2 1 4
F Wl =1-7 =5, as @6

which implies that

1
liminf inf —QHUTuH% > liminf(1 —
n—oo ge(Cn,k n n—oo

where we used the fact that for a GOE matrix W,,, we have lim,, ,~ ||Wp,|[op = 2 almost surely
(Anderson et al., 2010).

PART (b)

In part (a) we only used the second order optimality condition. In this part of the proof, we will
incorporate the first order optimality condition. Note that as A < 12k, the bound in part (a) is better.
So in this part, we only consider the case when A > 12k.

Without loss of generality, let u = 1, the vector with all entries equal to one. Let ¢ € R™**
be a local optimizer of the rank-k non-convex SDP problem. We remark that the cost function is
invariant by a right rotation of . We can therefore assume that o = (v, ..., v;) where v; € R"
and (v;,v;) = 0 for i # j (take the SVD decomposition o = UXVT and consider & = UY). Let
X =o00"and A(\) = (\/n) - 11T + W,,. For simplicity, we will sometimes omit the dependence
on A and write A = A(\).

We decompose the proof into the following steps.

Step 1 Upper bound on (1,v;)?/n?, for j = 2,...,k, using the first order optimality condition.
The first order optimality condition gives Ao = ddiag(Aco ") o, which implies that

(Av;) ovj = (Avj) o vy,

for any ¢ # j, where we denoted u o v the entry-wise product of v and v. Replacing A by its

expression gives
A A
<<11T + Wn> Q}i> oV = <<11T + Wn> Uj) o g,
n n

(L, 0)v = (Lvyho = 5 [ (W) 0 0+ (W) o v

which implies
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We take the norm of this expression and, recalling that (v;, v;) = 0, we obtain

n? 2
(L, v3)*[lv; 13 + (1, 05)%[|vill3 =%z [(Wavi) 0 vjlly + [[(Wnvs) 0 vill,]” - @7

Notice that ||v;|lc < 1,Vj € [K], hence
2 2 2 o _1° 2
(Lva)*llojllz + (1, 0)illz <5z [IWavilla + W)
2
n 2 2
<37 1Wallop [Ilvilly + [lvsll) (28)
2”2 2
<2 Il (el + 1oy 1)
Without loss of generality, let us assume that ||vq||2 > ||v;||2 for j > 2 which implies
2 ) An? 2 2 ‘
(1,0)%lv1llz < 5 Whallop [[o1]l2, forj = 2.

We deduce the following upper bound

1 16
limsup sup —(1,v)2< =, a.s. 29
TL*)OOpUGCSL’k; n2< ]> S @
for j = 2,..., k, where we use the fact that for a GOE matrix W,,, we have lim,, o || Wy ||op = 2

almost surely.

Step 2 Lower bound on (1,v1)?/n?.
We combine equation (26) and (29) to get almost surely

k
- . 1 2 . . I 7.2 1 9 1 4 16k
_ — _ N . >1—_ - - - _ i
hnrgloréf aelélrfn,k 3 (1,v1) lggg(l}f aelgrfn,k 3 o' 1|5 3 ;(1,fuj> >1 GRS Y:
Since we assumed that A > 12k and k£ > 2, we obtain, almost surely,
1 1 4 16k 1
liminf inf —(1 2>1- - — — > . 30
minf nf et =l- - o TE 2 (30)
The second inequality above is loose but it is sufficient for our purposes.
Step 3 Upper bound on ||v,||3 fora € {2,...,k}.
In Equation (28), letus take i = 1 and j = a € {2,...,k}, we have
2 2 2 o _ 20 2 2 2 2n’ 2 31
(L 01) vallz + (1,0 o1l < =5 1Wallgy (Ivnllz + llvall2) < =5 1Wallg, - (D
Combining equation (31) and (30) results in the following upper bound for A > 12k,
1 32
limsup sup —|val? < ==, 32
n—>oopUECFI:,,k n” aHz A ( )
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holding almost surely for any a € {2,..., k}.

Step 4 Lower bound on f (o).
By second order optimality of o, for any vectors {&;}7 , satisfying (0;,&;) = 0, we have
(€, (A — A)E) > 0 where £ = [¢1,...,&,]" and A = ddiag(Aoo"). Take & = e, — (04, €q) 05,

where e, is the a-th canonical basis vector in R¥, a € {2,...,k}. Noting that 0 = (01,...,0,)" =
(v1,...,vx), we have (04, eq) = vq,;. Therefore, we have
<§i7€j> =1 Ug,i — Ug,j + Xijva,iva,j . (33)

Using the second order stationarity condition with this choice of &;, we have

0< > (A= A)(&, &)

ij=1
n
= (A= A)y(1—v2; — v2; + Xijva,iva;)
ij=1
n n
:ZAii(l — ’Ug’i) - Z Aij(l — 21)271' + Xz‘jva,iva,j)7
i=1 ij=1

which implies

n n
Fo) =Tr(A) > Agog i+ > Aij(1 =207 ; + Xijva,iva,;)
i=1 ij=1

:<1, A1> + Z Aiiva’i -2 Z Aijva’i + Z AinijUa,i'UaJ
i=1 3,7=1 1,5=1

E(].,A].) + B1 + By + Bs.

Consider the first term Bj. It is easy to see that the second order stationary condition implies
(A — A)i; > 0. Thus, we have

n

n n
Br=> Auvl; > A, =Y (An+Wai)vl,
=1 =1 =1
n

n
> Waivg,; > —max (Wl - Y v2;
‘ ’ i€[n] ° ’
=1 =1
> — [ Wallopllvall3-
Next consider the second term By. We have

| Ba

=2[(1, A(vg 0 vg))| = 2|(1, (A/n - 117 + W) (va 0 v4))]
<2A[|vall3 + 2/(1, Wi (va 0 va))| < 2X[[vall + 2v/1)|Whllop [ va © vall2
<2|vall3 + 2v/1 | Wallop lvall2-

where the last inequality is because |v, ;| < 1 so that ||v, 0 vg]|2 < ||val|2-
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Finally, consider the last term Bs.

Bz =(va, (M n- 11T + W,,) 0 X)vg)
=A/n - (Vg, Xvg) + (Vg, Wy 0 X)vg)
> (va, (Wn 0 X)va) 2 —[|[Wn o XHOPH”@H%

> — ||Wn||0p||va||gy

where the last inequality used a fact that if X € R"*™ is in the elliptope, we have ||V o X ||, <
|W|op for any W e R™*™.

Here is the justification of the above fact. For X in the elliptope, we have X;; = 1 and X > 0.
For any Z satisfying Z = 0 and Tr(Z) < 1, X o Z also satisfies X o Z = 0 and Tr(X o Z) < 1.
Therefore, using the variational representation of the operator norm, we have

W o X||op =max sup (WoX,Z), sup (-WoX,Z2)
Z-0,Tr(2)<1 Z-0,Tr(2)<1

=max sup (W, XoZ), sup (-W,XoZ)
Z-0,Tr(Z)<1 Z0,Tr(Z)<1

<max{ sup  (WY), sup  (=W,Y) ¢ =W
Y#0,Tr(Y)<1 Y=0,Tr(Y)<1

Step S Finish the proof.
Noting that f(o) = A/n - |0 712 + (0, W,,0) and (1, A1) = n) + (1,W, 1), we rewrite
Equation (34) as following

1 1 1
ST = 1= (0. Wao) = (1, WaL) + - (Bi + By + By).
Plug in the lower bound of B, By, B3, we have almost surely

1
liminf inf —2HaT1||§
n—o00 o€Cry, 1 N

. . 2 1
>timint int {1 $1Wallon — 50 AW lplal + 2108 + 20Wo lplenl)

n—o0o o€Crp i

4 1 32 32 V32
Zl_X_X(2X2Xﬁ+2)\XF+2X2XT)
16
>1 - .
= A

Here we used Equation (32), A > 12k > 24, and the fact that for a GOE matrix W,,, we have
limy, 00 ||Wh|lop = 2 almost surely.
|
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5.4. Proof of Theorem 8

Proof The proof is similar to the proof of Theorem 6, where the GOE matrix W), is replaced by the
noise matrix £.
Applying Theorem 2 with the matrix A (\), similar to Equation (24), we have

A 1 — 1
o3> (1 - —— ) SDP (Ag(\)) — ——SDP(—E) — SDP (E). (35)
n k—1 k—1
According to (Montanari and Sen, 2016, Theorem 8), the gap between the SDPs with the two
different noise matrices is bounded with high probability by a function of the average degree d

logd
J1/10

logd

and 17107

<C

iSDPQ&ﬂA»——iSDPQﬂAD’<(? %SDPHJD——%SDPQiW@)

where A(A\) = A\/n - uu" 4 W, corresponds to the Zy synchronization model and C' = C(}) is a
function of X\ bounded for any fixed A.

According to (Montanari and Sen, 2016, Theorem 5), for any § > 0 and A > 1, there exists a
function A(\) > 0 such that with high probability, we have

Lspp (+W,) <2446, and Lspp <)\uuT + Wn> > 2+ A(N). (36)
n n

n

Combining the above results, we have for any § > 0, with high probability

ZZOk%>Am4+51 6 ,C0) logd

by E—1 A A N g/

For a sufficiently small ¢ > 0, taking J sufficiently small, and taking successively d and k
sufficiently large, the above expression will be greater than &, which concludes the proof. |

5.5. Proof of Theorem 9

We decompose the proof into three parts. In the first part, we do the calculation for a general non-
convex problem. In the second part, we focus on the non-convex problem (k-Ncvx-OC-SDP). In
the third part, we prove a claim we made in the second part.

Proof

PART 1

First, let’s consider a general SDP problem. Given a symmetric matrix A € R™*", symmetric

matrices B1, Bs,...,Bs € R™ ™ and real numbers ci,...,cs € R, we consider the following
SDP:
max (4, X)
XeRnxn
subjectto  (B;, X) =c¢;, i€ [s], (37)
X > 0.
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Let B = [Bi,...,B;s] and ¢ = (cq,...,cs). We denote SDP(A, B, c¢) the maximum of the above
SDP problem:

SDP(A,B,c) = max{(4,X) : X = 0,(B;, X) = ¢, € [s]}.

We assume SDP(A, B, ¢) < oo.
For a fixed integer k, the Burer-Monteiro approach considers the following non-convex problem:

maximize f(o) = (o, Ao) (38)
subjectto (o, Bjo) =c¢;, 1€ [s],

with decision variable o € R"*¥

Define the manifold ./\/lkB’C = {0 € R™* : (0, Bjo) = ¢;,i € [s]}. Ateach point o € ME’C,
the tangent space is given by T(,./\/lkB’C ={U ¢ R™* . (U, B;o) = 0,i € [s]}. We denote P (U)
the projection of U € R™** onto TUMkB’C:

Pp(U)=U~ Y M;(Bjo,U)Bjo.
ij=1

where M = (({B;o, Bja>)fj:1)_1 € R**%. The Riemannian gradient is therefore given by

gradf(0) = 2(A =Y \iBi)o
i=1
with A; = 3% M;;Tr(BjAocT). We will writt A = A(c) = Y7, \iB;. The Riemannian
Hessian Hess f (o) applied on the direction U € TUMkB’C gives
(U, Hess f(0)[U]) = 2(U, (A — A)U).

Therefore, according to the definition of the e-approximate concave point o € MkB’c, we have
1
VY € T,MPC, (Y,(A—A)Y)> —5e(¥.Y).

Let V € R™™ such that X* = V'V is a solution of the general SDP problem (37), and
G € R¥" G ~ N(0,1/k) ii.d., be a random mapping from R™ onto R*. Let o be a local
maximizer of the rank-k non-convex SDP (38), and take Y = P7(VGT), a random projection of
V e R"™ ™ onto Ta/\/lkB’c. Due to the definition of the approximate concave point, we have

E(Pr(VGT), (A = APr(VGT)) = —_E(Pr(VGT), Pr(VGT))
where the expectation is taken over the random mapping GG. Expanding the left hand side gives

0<(V,(A—A)V)-2E(VGT —Pr(VGT), (A — A)VGT)

+E(VGT —Pp(VGT), (A — A)(VGT —Pr(VGT))) + §E<PT(VGT), Pr(VGT)). (39
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The second term in the last equation gives

E <VGT — Py (VGT) (A= A) VGT>

=K < ZS: Mi]’ <Bj0', VGT> BiO', (A - A) VGT>

ij=1

3 B (5 - VG (107G

2]1

- Z MyE [(VT (A~ 4) Bio, GT) (VT Bjo,GT))]

2,j=1

Z;le< (A — A)Bjo,V Ba>

:% <(A —A), vV Y MiijaaTBi> :

ij=1

(40)

The third term gives

E <VGT _Pr (VGT) (A — A) (VGT _Pr (VGT))>

_E < Z M;; <Bja, VGT> Bio, (A — A) Z My <Bla, VGT> Bka>
k=1

ij=1
_ Z My, MyE: [<Bi(,7 (A — A) Bpo) <Bja, VGT> <Blg, VgTﬂ 1)
ijki=1

Z MMy (Bi, (A= A) Byoo™ ) (X" Bj, Boa™ ).
zgkl 1

For the fourth term, we have
E(Pr(VGT),Pr(VGT))

5 2
:IEHVG - ;1 My (Bjo,VGT) Bio .

—E(VG,VG) - E| 2 (B vaT) Bo], “2)

0= 30 MMy (Bio, BuoVE [(VTBj0.G) (VT B0, G)

ig=1kl=1

1 n n
=n- > > MijMy (Bio, Byo) - <VTBij VTBZU> :
=1 ki=1
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PART 2

Now let’s consider the case of the rank-£ non-convex Orthogonal-Cut SDP problem (k chx OC-
SDP). There are s = d(d + 1)/2 x m constraints corresponding to the set {(B;,¢;) : i € [s ]} =
{(Eii, 1) i€ ] yUUR {(Eij + Ej)/v2,0) : (t—1)d+1 < i < j < td}, where Ew = eie].
We will denote M, 4, the optimization manifold:

Moar={o € R™k o = (01,...,0m)", 0] 0i = 14,7 € [m]}.

It is straightforward to verify that for any 0 € M, 4%, we have (<B 0,Bjo))i;=1 = L. Thus,
we have M = I;. In the following calculation, we write X = oo . Recall that X* is a global
maximizer of problem (OC-SDP), and X* = VV'T.

Now, let us calculate each term in Equation (39), for the specific problem (k-Ncvx-OC-SDP).
For the second term in Equation (39), we derived Equation (40). One can check with some calcula-
tions that for any o € M, 41, we have

_d+1
Z M;;Bjoo ! ; L,.
1,j=1

For the fourth term in Equation (39), we derived Equation (42). Following the calculation in Equa-
tion (42), we have

n

Z Z M;; My, (B;o, Bro) - <VTBjO', VTBla>

ij=1 ki=1
n n d
:; (Bio, Bjo) - <VTBZ-0, VTBjU> - ; <VTB o, VB > ; 1

For the third term in Equation (39), we derived Equation (41). Following the calculation in Equation
(41), we have

S MM (Bi, (A — A)ByX)(X*B;, BIX)
ijkl=1

= (Bk, (A — A)B,X)(X"By, B, X)

kl=1

= (A= A); Y (Br, BB X)(X*By, B X)
ij=1 kl=1
d+1

=S (A - A)X)

where we define X = 2/(d + 1) - (33— (B, Ei; Bi1X)(X* By, B X)) -1 Here, we claim that
X is a feasible point of the Orthogonal-Cut SDP problem (OC-SDP). We will prove this claim in
part 3.
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For any feasible point X of the Orthogonal-Cut SDP problem (OC-SDP), we have f(o) =
(A, X). Therefore, from Equation (39), we obtain

f(o) —SDP,(A) = (VAV) — (V, AV)

> (2 T vy - A),X>> -2 (1 - d;kl)
(@400 - 5o - A0 - (4.0)) - e (1- )
d+1 d+1 n d+1
(2%(f(0) — SDP,(4)) - = (f(0) + SDPO(—A))> -2 <1 _ 2k>

Letting kg = 2k/(d + 1), rearranging the above inequality, we have

which finally gives the desired inequality

f(o) > SDP,(A) — ! - (SDP,(A) + SDP,(—A)) — ga

—
PART 3

Now, let us check that X is a feasible point of the Orthogonal-Cut SDP problem (OC-SDP). The
reason is given by the following Fact (a) and (b).
Fact (a). X is P.S.D.. Indeed, for any v € R", recall that X = oo " and X* = VV'T, we have

s

- 2
(v, Xv) i1 Z<UTBkU, v Bio) (VT Bro, VT Bio)
ki=1
2
i1 - Te(((v" Bro, 0" Bi0))7, 11 - (VT Byo, VI Bio))71-1)-
The matrix ((v" Byo,v" Bio)),_y = Z'Z = 0, where Z = [vec(v' B10), ..., vec(v' Bso)].

Similarly, we have ((V'T B0, VTBZO'>)ZJ:1 > 0. Thus, (v, Xv) > 0 for any v € R™. Then X is

PS.D..

Fact (b) The (i,7)’th block of X equals I;. To show this, we assume d > 2, and due to the

symmetry, we Just need to check X;; = 1 and X152 = 0. We denote Jij = Eubij + (Eij +
E;i)/V2 - (1 — 6;;), and we rewrite X;; as

Z Z <Eij,JksXJlt><X*,JksXJ1t>
a=1 Lt)e
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where I'y = {(k,s,,t) : 1+ (a—1)d <k <s<ad,1+ (a—1)d <1<t < ad}. Wehave the
following series of simplification
_ ) m
Xn=2"7> (B, Jis X i) (XF, Tis X Jir)
=1 (k,s,l,t)el,

oo+

= (Bt Jks X Jig) (X, s X Jig)
(]C,S,l7t)EF1
2
= > (B, Jeedi) ks ) = = > (B JksJks)
(k,s,0,t) €l 1<k<s<d

d

1
=—— | Y {Bu, EnBr) + Y 5 (B, By + Eu)
k=1 1<k<i<d

d-1
L I Y
d+1 (+ 2 )

The third equality used the fact that X and X* are feasible point so that their (7, 7)’th block are 1.
Similarly, we have

_ 2 )
X1z “as1 Z (Erg, Jips X i) (X", Jes X Jit)
(k,S,l,t)EFl
2 2
Td+1 Z (B2, Jrs i) (Jrs: Ju) = a1 Z (Er2, JgsJis) = 0.
(k,s,l,t)€l 1<k<s<d

The last equality is because JysJis is always a diagonal matrix.
Therefore, we proved that X is a feasible point of the Orthogonal-Cut SDP problem (OC-SDP).
|

5.6. Proof of Theorem 3

Given a point ¢ € M, and a tangent vector u € T, M with ||ul|p = 1, we denote o(t) =
P am, (0 + tu) the update with searching direction u and step size ¢. The next three lemmas ensure
a sufficient increment of the objective function at each step of the RTR algorithm.

Lemma 10 (Gradient-step) Fix pg < 2||A||1. For any point o € My, such that ||gradf(o)|r >
lg, taking searching direction uw = gradf(o)/||gradf(o)||r and step size n = pug/(20||A||1), we
have

"
F(om) — 1(0) = g
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Proof The second order expansion of f(o(t)) around 0 with ¢ < 1 gives

(o) = £(0) > (fo o) () — sup ~(f o 0)"(€)E2

£€(0,t]
1
> (gradf (o), u)t — S [|Afl1 - (4 + 8t + 8t%) - ¢*
> ||gradf(o)||rt — 10] A 12>.

The second inequality used the bound on the second order derivative in Lemma 14 in Appendix
A.1. Now we take t = pu/(20||All1). Since ug < 2||Al|1, we have ¢ < 1. Plugging this ¢ into the
above equation completes the proof. |

Lemma 11 (Eigen-step) For any point 0 € My, and u € T, My, satisfying ||ullr = 1,
(u,gradf(o)) > 0, and Ay = Ap(o,u) = Hessf(o)[u,u] > 0, choosing n = A /(100]| Al|1), we
have X

Al

fle(n) — flo) > T I0M A

Proof The third order expansion of f(o(t)) around O for ¢t < 1 gives

F(o(6) ~ £(0) > (grad (o(0)), u)t + 5 (u, Hess f(o (0) [} ~ & sup (F 0.0)"(€)¢"
£el0,t]
> %AHtQ — é||A||1 - (12 4 36t + 481> 4 48t3) - 13
%AH# — o4|| A3,

Y

The second inequality used the bound on the third order derivative in Lemma 15 in Appendix
A.1. Now we take t = Ag/(100]|A||1). Note that we always have Ay (o, u) < |Hessf(o)|l2 <
|A — All2 < 2||Al|1, and therefore we have ¢ < 2||A||;/(100]|A]|1) < 1. Plugging this ¢ into the
above equation completes the proof. |

The last lower bound on the increment of objective function for eigen-step used the loose bound
in Lemma 15. Using Lemma 16, we can give an improved bound for the eigen-step when the norm
of the gradient is small. In particular we take pug = || A||2-

Lemma 12 (Improved bound for eigen-step) For any point o € My with ||gradf(o)|F
ue = ||A|l2, and u € T, My, satisfying |ullr = 1, (u,gradf(c)) > 0 and A\g = Ag(o,u)

Hess f(o)[u, u] > 0, choosing n = min («/)\H/(216 |All1), )\H/(12||A||2)), we have

I IA

1 W A
_ > —Ap7n? = mi = » '
fle(n) = f(o) = 7 Amn” = min <864HAH1’ 576\|A||§>

W |
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Proof The third order expansion of f(o(t)) around O for ¢t < 1 gives

flo(t) = f(o) > (gradf(o(0)), u)t + %W,HeSSf(U(O))[thQ - égi?opﬂ(f 00)"(&)t°
%AHtQ -~ %(6||A||2 + 3|lgrad f (0/(0))[| ) - ¢° — éHAHl (42 + 72t + 48t%) - 1!

1
-2

Y

3
Agt? — §HAH27§3 — 27| Al|1t*.

The first inequality used the improved bound on the third order derivative of Lemma
16 in Appendix A.l, which imply in particular |gradf(o)|lr < |l All2. Taking ¢t =

min (\/)\H/(216HAH1), )\H/(12HAH2)) < 1 completes the proof. [

We are now at a good position to prove Theorem 3.
Proof Denote f* = SDP(A)—1/(k—1)-(SDP(A)+SDP(—A)) and g(o) = f*— f(o). Let T be the
number of iterations and {¢°, 0!, ..., 07} C M, the iterates returned by our RTR algorithm from
an arbitrary initialization 0° € M. We are only interested in the convergence rate as g(co) > 0,
namely the convergence rate below the gap. Since our algorithm is an ascent algorithm, without loss
of generality, we assume g(c®), ..., g(c”) > 0 (otherwise the theorem will hold automatically).

At each point o € My, Theorem 2 gives the following lower bound on the highest curvature

(u, Hess f (o) [u])

)\H,max(o-) = sup > 29(0)

> 0.
UETE My <U, ’lL> n

We will use this information to bound the algorithm’s convergence rate.

Case 1. First, we consider the case when all the RTR steps are eigen-steps. In each iteration, the
algorithm constructs an update direction u’ with curvature Ay (o, u') > Mg max(0?)/2. According
to Lemma 12, we have

t+1) S )‘?ﬁ(at) > Q(Ut)g
~ 32-104|4]12 T 32 104 Al2n3’

g(c") = g(o

which implies g(o'™!) < g(o?). Thus, we have

1 1 g(a")?* | g(d") 1 1
_ > . > .
g2 g(0h)? = \g(e™ )2 " g(o™) ) 32104 AP0 = 16 10 A[3n?

Summing overt = 0,...,7T — 1, we have

1 1 3 1 1L 1 -
R G E = o L o) E RS T VY 2

Therefore, we obtain the convergence rate g(o!) < 400||A|[1n+/n/T. This implies that
1
f(oT) = SDP(A) — - (SDP(A) + SDP(~4)) - gg

as soon as T' > 64 - 10* - n|| A2 /&2
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Case 2. Then, we consider the case where we set g = || A||2, and we use the gradient step as
|lgradf(o)||F > i, and use the eigen-step as ||gradf(o)||r < pq. First let us bound the number
of gradient steps. According to Lemma 10, we have

2
Ha 0 T
T < g(c”) —g(c") <Rg(A).
G40H1H1_9( ) —g(c") <Rg(A)

Hence, we deduce the upper bound Ty < 40 - || Al|1Rg(A) /|| Al|3.

Then let us bound the number of eigen-steps. Let us denote Z and 7 C {0,1,...,7 — 1}
the subsets of indices corresponding to eigensteps with respectively Ay > 3||A||3/(2]|Al|1) and
A < 3||AlI3/(2||All1). According to Lemma 12, we have for all t € J

1 1 1 gle") 1
9ot ) ~ g(ot) = 864[Al[1n2 g(ot+1) = 864[[A[1n2’

whereas fort € 7

1 1 1 < g(o?) N g(ct)? >> 1

g1 " 9o = 5761 A1 (o) T gl 1)) = 2ss AT

Summing the contributions of the above two equations gives the convergence rate

n

2
Y <e. n- i
g™ < e (1Al a7

for a universal constant c.  This guarantees that g(c?) < mne/2 as soon as T >
¢-nmax (||A||3/€2,]|Al|1/e) for some universal constant ¢.
|
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Appendix A. Some technical steps

A.1. Technical lemmas on (f o 0)(t)

In this section, we give an upper bound to the second and third derivatives of (f o o)(t) =
(o(t), Ao(t)) (these notations are defined below). These bounds are important in bounding the
complexity of the Riemannian trust-region method in solving the non-convex SDP problem.

Fix a point ¢ € My C R™* on the manifold, and a tangent vector u € T, M = {u =
[ug, ... u]T € Rk, € RE {0, u;) = 0,Vi € [n]} with ||ul|p = 1. Let o(t) = Py, (0 + tu)
be the orthogonal projection of o + tu onto the manifold Mj. For a given symmetric matrix
A € R™™ let f(o) = (0, Ao). We would like to study the derivatives of (f o o)(t) = f(o(t))
with respect to ¢. Furthermore, we define u;(t) = wu;//1 + t2||w;||3, u(t) = [u1(t),. .., un(t)]T,
D(t) = diag([||u1(t)|3, . -, [|un(t)||3]), and A(t) = ddiag(Ac(t)o(t)T). For convenience, we will
denote & = o (t), & = u(t), D = D(t), and A = A(t).

Lemma 13 For any o € My, and u € T, My, let o(t) = P aq, (0 + tu). We have ¥t € R

' (t) = —tD(t)o(t) + u(t),
o’ (t) = [~D(t) + 3t>D(t)*] o(t) — 2tD(t)u(t), 43)
o' (t) = [9tD(t)* — 15t*D(t)*] o(t) + [-3D(t) + 9> D(t)*] u(?).
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Proof To calculate the first three derivatives of o(t), we expand each row of o (¢ + r) up to third
order in 7:

O'i(t-i-"r’)
_ o; +tu; + ru;
V1 ()2 uil3
2
o; + tu; + ruy ( 1 2rtffug|3 4 7 flua13 3<2rt||Ui|!§+r2\IUiII%>
8

VI 2wl 2 1+ £2]|ui3 L 22w 3

5 (2tluld 2wl
16( e ) o)

=0yt JF{[ tl|ui( )Hg} t) +u(t }7’

+{ |-+ Zﬂuum%] o) + [l i) | 2

{31 = SEI18] i)+ |-Gl + SN i) | 12 + 0%,

By matching each expansion coefficient to the corresponding derivative, we obtain the desired
result. |

Lemma 14 For (f o 0)(t) as defined above

sup [(fo0)"(€)] < [|All1 - (4 +8t+8t%), V>0 (44)
£€(0,t]

Proof We explicitly calculate the second derivative

(fo0)"(t) =(o"(t), V2f(a(t)[o'(t)]) + (VF(a(t)),0" (1))
=(0'(t),240' (1)) + (240(t), 0" (1))
=(—tDé& + @,2A[~tDé& + u)) + (245, [-D + 3t*D?)6 — 2t D)
=2(11, (A — A)i) — 4t[(@i, ADG) + (A&, Du)] + t*[2(Dé, ADG) + 6(AG, D?5)].
Noticing that ||u(?)||» < ||u(0)||z = 1, we can use the bounds derived in Appendix A.2 to obtain
the following inequality
[(f 0 0)" ()] < 2l(a, (A~ N)a)| + 4t[|{a, ADG)| + (A5, Da)]]
+t*[2(D5, ADG)| + 6/(A5, D?*5)|]
< 4| Allx + 8t Allx + 8¢ Allv.

37



MEI MISIAKIEWICZ MONTANARI OLIVEIRA

Lemma 15 For (f o 0)(t) as defined above

sup |(foo)”(€)] < || Al - (12 + 36t + 48t2 + 48%), V¥t > 0. (45)
£€[0,1]

Proof We explicitly calculate the third derivative

(f 00)"(t) =(Vf(o(t),0" (1)) +3(c" (1), V2 f(a(t))[o" (1)])
=(Vf(5), [9151)2 15t3D3)6 4 [-3D + 9t2D?))
+3(~tDé '+ @, V2f(6)[(~=D + 3t>D*)é& — 2t D))
— 6[(6, ADa) + (i, AD&)] + [18(5, AD?5) + 6(Dé, ADG) — 12(i1, ADu)]t
18(¢, AD*@) + 12(Dé&, ADa) + 18(ii, AD?5)]t*
30(¢, AD33) — 18(Dé&, AD*5)]t3

+
+[-
The inequality is obtained by upper bounding each term using the bounds derived in Appendix A.2.

The above bound on the third derivative of order ||A|; as t — 0. The next lemma proves a
bound of order || Al|2 + ||gradf(c(0))|| 7 as t — 0. If ||grad f(c(0))|| 7 is small, this improves the
above bound.

Lemma 16 For (f o 0)(t) as defined above, an improved bound on its third derivative gives

sup |(f o) (€)| < 6[|All2 + 3||gradf (o (0) |7 + || All1 - (42t + 72t +- 48%), Vvt > 0.
£€l0,t]

(46)

Proof From the proof in the previous lemma, we have
(f o 0)"(£)| < 6 (|<&,A[)a)y + |, AD&)]) AL - (36 + 4812 + 481) ..
We next bound more carefully g(t) = (o(t), AD(t)u(t)). Simple calculation gives us
u'(t) = —t-D(t)u(t) and D'(t) = —2t- D(t).

Hence,

g'(t) =(o'(t), AD(t)u(t)) + (o (t), AD'(t)u(t)) + (o(t), AD(t)u'(t))
=(—tDé + 1, AD@) + (0, A(—=2tD*)a) + (6, AD(—tDa))
=(@i, AD@) + [~ (D&, ADa) — 3(6, AD?@)]t.

According to the bounds in Appendix A.2, we have

19" ()] < | All2 + 4[| Al
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In the meanwhile, we have
1 1
19(0)] = [{o, ADu)| = [{(A = A)o, Du)| = | {5 gradf(o(0)), Du)| < 5 lgradf((0))[| -
According to the Taylor expansion of ¢(t) around 0 and ¢ > 0 at first order, we have

1
()] < 1g(0)] +t581[10p] 19" < 5 llgrad (o (0)) ]| + ]| All2 +48%[| Al
€[0,t

Hence the improved bound follows. |

A.2. All the bounds

In this section we give all the bounds used in the proof of Lemma 14, 15 and 16. Let 0 € My
and u € R™* with ||ul|p < 1. Note that here we do not require v € T, M. Denote D =

diag([|lu1]|3, - .., |un||3]) and A = ddiag(AcoT). We have the following bound for each term.
1. 5.
(0, ADu)| =|(Du, Ao)] (Ao, D20)| =|(u, ddiag(Aco ) Du)|
< max [|(A0)il2 < max(|ddiag(Aso )5 Diil)
< .
<||Allx gmax(ddiag(AUJT)ii)
2. < - (Ao);
\(u, ADo)| =|(u, ddiag(AuoT)u)| = mpax(ia, (A)))
< max(|diag(AucT)|) < max |[(Aa):]l2
=max [(07, (Au);)| <[l A}z
< (Aul (4~ )
<||Aul|p <A —=All2
<||Allzllullr <||All2 + max |ddiag(Aoo )|
<[|All2- '
<[|All2 + [[Allx
3. <2[|Alfx.
[(u, ADu)| <[|ADul|p ;
<[|Allz[ Dul| » ' (Do, ADu)| =|(ADc, Du)|
<[|All2- <max|[|(ADo);|2
4, <[l A1
. 8.
|(Do, ADo)| =|(u, ddiag(ADoo " )u)| (o, AD?u))| < max ||(Ac)i|2
< max(|ddiag(ADoo ")) <||/;||
7 <S 1-
< max||(ADa);|2 9.

|(u, AD?0)| <max[[(AD*o);]|

<||AD|
<|Also <||[AD?|);
<||Al|x. <||Allx.
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|(0, AD30)| =|(u, ddiag(Aco ") D?u)|
< max(ddiag(Aoo ") D?)
< max(ddiag(Aoo "))
<[ Al

40

11.

|(Do, AD*c)| =|(u, ddiag(ADoo ") Du)|
<max(|ddiag(ADoo ") D)
<max [{0;, (AD0c);)|

<||AD|;
<[l Al
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