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Abstract

We obtain the first polynomial-time algorithm for exact tensor completion that improves over the
bound implied by reduction to matrix completion. The algorithm recovers an unknown 3-tensor
with r incoherent, orthogonal components in R” from r - O(n'->) randomly observed entries of the
tensor. This bound improves over the previous best one of r - O(n?) by reduction to exact matrix
completion. Our bound also matches the best known results for the easier problem of approximate
tensor completion (Barak & Moitra, 2015).

Our algorithm and analysis extends seminal results for exact matrix completion (Candes &
Recht, 2009) to the tensor setting via the sum-of-squares method. The main technical challenge is
to show that a small number of randomly chosen monomials are enough to construct a degree-3
polynomial with precisely planted orthogonal global optima over the sphere and that this fact can be
certified within the sum-of-squares proof system.

Keywords: tensor completion, sum-of-squares method, semidefinite programming, exact recovery,
matrix polynomials, matrix norm bounds

1. Introduction

A basic task in machine learning and signal processing is to infer missing data from a small number
of observations about the data. An important example is matrix completiton which asks to recover
an unknown low-rank matrix from a small number of observed entries. This problem has many
interesting applications—one of the prominent original motivations was the Netflix Prize that sought
improved algorithms for predicting user ratings for movies from a small number of user-provided
ratings. After an extensive research effort (Candes and Recht, 2009; Candes and Tao, 2010; Keshavan
et al., 2009; Srebro and Shraibman, 2005), efficient algorithms with almost optimal, provable recovery
guarantees have been obtained: In order to efficiently recover an unknown incoherent n-by-n matrix
of rank r it is enough to observe r - O(n) random entries of the matrix (Gross, 2011; Recht, 2011).
One of the remaining challenges is to obtain algorithm for the more general and much less understood
tensor completion problem where the observations do not just consist of pairwise correlations but
also higher-order ones.
Algorithms and analyses for matrix and tensor completion come in three flavors:
1. algorithms analyzed by statistical learning tools like Rademacher complexity (Srebro and
Shraibman, 2005; Barak and Moitra, 2016).
2. iterative algorithms like alternating minimization (Jain et al., 2013; Hardt, 2014; Hardt and
Wootters, 2014).
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3. algorithms analyzed by constructing dual certificates for convex programming relaxations
(Candes and Recht, 2009; Gross, 2011; Recht, 2011).

While each of these flavors have different benefits, typically only algorithms of the third flavor
achieve exact recovery. (The only exceptions to this rule we are aware of are a recent fast algorithm
for matrix completion (Jain and Netrapalli, 2015) and a recent analysis (Ge et al., 2016) showing
that the commonly used non-convex objective function for positive semidefinite matrix completion
has no spurious local minima and thus stochastic gradient descent and other popular optimization
programs can solve positive semidefinite matrix completion with arbitrary initialization.) For all other
algorithms, the analysis exhibits a trade-off between reconstruction error and the required number of
observations (even when there is no noise in the input).!

In this work, we obtain the first algorithm for exact tensor completion that improves over the
bounds implied by reduction to exact matrix completion. The algorithm recovers an unknown 3-tensor
with r incoherent, orthogonal components in R” from r - O(n'->) randomly observed entries of the
tensor. The previous best bound for exact recovery is r - O(n*), which is implied by reduction to
exact matrix completion. (The reduction views 3-tensor on R” as an n-by-n> matrix. We can recover
rank-r matrices of this shape from r - O(n?) samples, which is best possible.) Our bound also matches
the best known results for the easier problem of approximate tensor completion (Jain and Oh, 2014;
Bhojanapalli and Sanghavi, 2015; Barak and Moitra, 2016) (the results of the last work also applies
to a wider range of tensors and does not require orthogonality).

A problem similar to matrix and tensor completion is matrix and tensor sensing. The goal is to
recover an unknown low rank matrix or tensor from a small number of linear measurements. An
interesting phenomenon is that for carefully designed measurements (which actually happen to be rank
1) it is possible to efficiently recover a 3-tensor of rank » with just O(r> - n) measurements (Forbes
and Shpilka, 2012), which is better than the best bounds for tensor completion when r < n%3. We
conjecture that for tensor completion from random entries the bound we obtain is up to logarithmic
factors best possible among polynomial-time algorithms.

Sum-of-squares method. Our algorithm is based on sum-of-squares (Shor, 1987; Parrilo, 2000;
Lasserre, 2000/01), a very general and powerful meta-algorithm studied extensively in many scientific
communities (see for example the survey (Barak and Steurer, 2014)). In theoretical computer science,
the main research focus has been on the capabilities of sum-of-squares for approximation problems
(Barak et al., 2012), especially in the context of Khot’s Unique Games Conjecture (Khot, 2002). More
recently, sum-of-squares emerged as a general approach to inference problems that arise in machine
learning and have defied other algorithmic techniques. This approach has lead to improved algorithms
for tensor decomposition (Barak et al., 2015; Ge and Ma, 2015; Hopkins et al., 2016; Ma et al., 2016),
dictionary learning (Barak et al., 2015; Hazan and Ma, 2016), tensor principal component analysis
(Hopkins et al., 2015; Raghavendra et al., 2016; Bhattiprolu et al., 2016), planted sparse vectors
(Barak et al., 2014; Hopkins et al., 2016). An exciting direction is also to understand limitations of
sum-of-squares for inference problems on concrete input distributions (Ma and Wigderson, 2015;
Hopkins et al., 2015; Barak et al., 2016).

1. We remark that this trade-off is a property of the analysis and not necessarily the algorithm. For example, some
algorithms of the first flavor are based on the same convex programming relaxations as exact recovery algorithms. Also
for iterative algorithm, the trade-off between reconstruction error and number of sample comes from the requirement of
the analysis that each iteration uses fresh samples. For these iterative algorithms, the number of samples depends only
logarithmically on the desired accuracy, which means that these analyses imply exact recovery if the bit complexity of
the entries is small.
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An appealing feature of the sum-of-squares method is that its capabilities and limitations can
be understood through the lens of a simple but surprisingly powerful and intuitive restricted proof
system called sum-of-squares or Positivstellensatz system (Grigoriev and Vorobjov, 2001; Grigoriev,
2001a,b). A conceptual contribution of this work is to show that seminal results for inference problem
like compressed sensing and matrix completion have natural interpretations as identifiability proofs
in this system. Furthermore, we show that this interpretation is helpful in order to analyze more
challenging inference problems like tensor completion. A promising future direction is to find more
examples of inference problems where this lens on inference algorithms and identifiability proofs
yields stronger provable guarantees.

A technical contribution of our work is that we develop techniques in order to show that sum-
of-squares achieves exact recovery. Most previous works only showed that sum-of-squares gives
approximate solutions, which in some cases can be turned to exact solutions by invoking algorithms
with local convergence guarantees (Ge and Ma, 2015; Barak et al., 2014) or solving successive
sum-of-squares relaxations (Ma et al., 2016).

1.1. Results

We say that a vector v € R" is p-incoherent with respect to the coordinate basis ey, . . ., e, if for every
index i € [n],
(einv)? <& -0l (1.1)

We say that a 3-tensor X € R"” ® R" ® R" is orthogonal of rank r if there are orthogonal vectors
{uitiep) € R, {vi}ierr) € R, {wi}ier) € R such that X = 377, u; ® v; ® w;. We say that such a
3-tensor X is p-incoherent if all of the vectors u;, v;, w; are u-incoherent.

Theorem 1 (main) There exists a polynomial-time algorithm that given at least r - u®V - O(n)"-
random entries of an unknown orthogonal p-incoherent 3-tensor X € R" ® R" ® R" of rank r,
outputs all entries of X with probability at least 1 — n=®(W,

We note that the analysis also shows that the algorithm is robust to inverse polynomial amount of
noise in the input (resulting in inverse polynomial amount of error in the output).

We remark that the running time of the algorithm depends polynomially on the bit complexity on
X.

2. Techniques

Let {u; }ie[r), {vi }ie[r)s {wi }ie[r) be three orthonormal sets in R". Consider a 3-tensor X € R" ®
R" ® R" of the form X = 37 | A; - u; ® v; @ w; with Ay,..., 4, > 0. Let Q C [n]? be a subset of the
entries of X.

Our goal is to efficiently reconstruct the unknown tensor X from its restriction Xq to the entries
in Q. Ignoring computational efficiency, we first ask if this task is information-theoretically possible.
More concretely, for a given set of observations Xq, how can we rule out that there exists another
rank-r orthogonal 3-tensor X’ # X that would give rise to the same observations X/, = Xq??

2. We emphasize that we ask here about the uniqueness of X for a fixed set of entries Q. This questions differs from
asking about the uniqueness for a random set of entries, which could be answered by suitably counting the number of
low-rank 3-tensors.
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A priori it is not clear how an answer to this information-theoretic question could be related to
the goal of obtaining an efficient algorithm. However, it turns out that the sum-of-squares framework
allows us to systematically translate a uniqueness proof to an algorithm that efficiently finds the
solution. (In addition, this solution also comes with a short certificate for uniqueness.?3)

Uniqueness proof. Let Q C [n]? be a set of entries and let X = iy i - ui ® v; ® w; be a 3-tensor
with 41,..., 4, = 0.

It turns out that the following two conditions are enough to imply that X uniquely determines
X: The first condition is that the vectors {(¢#; ® v; ® w;)q} are linearly independent. The second
condition is that exists a 3-linear form 7 on R" with the following properties:

1. in the monomial basis 7" is supported on Q so that T(x, y, z) = ;. j.k)eq Tijk * Xi Yj Xk,

2. evaluated over unit vectors, the 3-form 7T is exactly maximized at the points (u;, v;, w;) so
that T(uy, vi,wy) = -+ = T(up, v, w,) = 1 and T(x, y, z) < 1 for all unit vectors (x, y, z) ¢

{(ui, v, wi) | i € [r]}.

We show that the two deterministic conditions above are satisfied with high probability if the
vectors {u; }, {v; }, {w;} are incoherent and Q is a random set of entries of size at least r - O(n'-).

Let us sketch the proof that such a 3-linear form 7" indeed implies uniqueness. Concretely, we
claim that if we let X’ be a 3-tensor of the form Z{;l A u; @ v/ @ w, for A7,..., 47, > 0 and unit
vectors {u;}, {v/}, {w]} with X/, = Xq that minimizes Z{;l |47 then X" = X must hold. We identify
T with an element of R” ® R" ® R” (the coeflicient tensor of T in the monomial basis). Let X’ be as
before. We are to show that X = X’. On the one hand, using that T(x, y, z) < 1 for all unit vectors

x7 y7 Za
r/ r/
(T.X")y= > A7 T@)v)w)) < Y 4]
i=1 i=1

At the same time, using that 7' is supported on Q and the fact that Xo = X/,
r r
(T,X") =(T,X) = > A T(ui,vi,wi) = Y Ay
i=1 i=1

Since X’ minimizes Zf;l A}, equality has to hold in the previous inequality. It follows that every
point (u], v/, w/) is equal to one of the points (u;, v;, w;), because T is uniquely maximized at the
points {(u;, v;, w;) | i € [r]}. Since we assumed that {(1; ® v; ® w;)q} is linearly independent, we
can conclude that X = X".

When we show that such a 3-linear form 7 exists, we will actually show something stronger,
namely that the second property is not only true but also has a short certificate in form of a “degree-4
sum-of-squares proof”, which we describe next. This certificate also enables us to efficiently recover

the missing tensor entries.

3. This certificate is closely related to certificates in the form of dual solutions for convex programming relaxations that
are used in the compressed sensing and matrix completion literature.
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Uniqueness proof in the sum-of-squares system. A degree-4 sos certificate for the second
property of T is an (n + n?)-by-(n + n?) positive-semidefinite matrix M (acting as a linear operator
on R"” @ (R" ® R")) that represents the polynomial ||x||> + ||y ||*> - ||z]|> = 2T(x, y, z), i.e.,

(6 y ® 2), M(x,y ® 7)) = llx|I* + [IylI* - l1zlI* = 2T (x, y, 2) . 2.1

Furthermore, we require that the kernel of M is precisely the span of the vectors {(u;, v; ®w;) | i € [r]}.
Let’s see that this matrix M certifies that 7 has the property that over unit vectors it is exactly
maximized at the desired points (u;, v;, w;). Let u, v, w be unit vectors such that (u, v, w) is not a
multiple of one of the vectors (u;, v;, w;). Then by orthogonality, both (1, v ® w) and (—u,v ® w)
have non-zero projection on the orthogonal complement of the kernel of M. Therefore, the bounds
0<{(uvew),Muv®w))=2-2pu,v,w)and 0 < {(-u,v w), M(—u,v w)) =2+ 2p(u, v, w)
together give the desired conclusion that |T'(u, v, w)| < 1.

Reconstruction algorithm based on the sum-of-squares system. The existence of a positive
semidefinite matrix M as above not only means that reconstruction of X from Xgq is possible
information-theoretically but also efficiently. The sum-of-squares algorithm allows us to efficiently
search over low-degree moments of objects called pseudo-distributions that generalize probability
distributions over real vector spaces. Every pseudo-distribution u defines pseudo-expectation values
]E,u f for all low-degree polynomial functions f(x, y, z), which behave in many ways like expectation
values under an actual probability distribution. In order to reconstruct X from the observations X,
we use the sum-of-squares algorithm to efficiently find a pseudo-distribution u that satisfies*

E xI?+1lyll*- llzl* < 1 (2.2)
X, Y,2

( E x®y®z) = Xq (2.3)
H(x,y,2) 0

Note that the distribution over the vectors (u;, v;, w;) with probabilities A; satisfies the above conditions.
Our previous discussion about uniqueness shows that the existence of a positive semidefinite matrix
M as above implies no other distribution satisfies the above conditions. It turns out that the matrix M
implies that this uniqueness holds even among pseudo-distributions in the sense that any pseudo-
distribution that satisfies Eqs. (2.2) and (2.3) must satisfy ]E,u(x, 52) X ® y ® z = X, which means that
the reconstruction is successful.>

When do such uniqueness certificates exist? The above discussion shows that in order to achieve
reconstruction it is enough to show that uniqueness certificates of the form above exist. We show that
these certificates exists with high probability if we choose € to be a large enough random subset of
entries (under suitable assumptions on X). Our existence proof is based on a randomized procedure
to construct such a certificate heavily inspired by similar constructions for matrix completion (Gross,
2011; Recht, 2011). (We note that this construction uses the unknown tensor X and is therefore not
“constructive” in the context of the recovery problem.)

4. The viewpoint in terms of pseudo-distributions is useful to see how the previous uniqueness proof relates to the
algorithm. We can also describe the solutions to the constraints Eqgs. (2.2) and (2.3) in terms of linearly constrained
positive semidefinite matrices. See alternative description of Algorithm 2

5. The matrix M can also be viewed as a solution to the dual of the convex optimization problem of finding a
pseudo-distribution that satisfies conditions Eqs. (2.2) and (2.3).
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Before describing the construction, we make the requirements on the 3-linear form 7 more
concrete. We identify T’ with the linear operator from R*®R" to R" such that T'(x, y, z) = (x, T(y ®2z)).
Furthermore, let 7,, be linear operators on R" such that T(x, y,z) = 2.I'_, x4 - (y,T,z). Then, the
following conditions on 7" imply the existence of a uniqueness certificate M (which also means that
recover succeeds),

1. every unknown entry (i, j, k) ¢ Q satisfies (e;, T(e; ® ex)) = 0,
2. every index i € [r] satisfies u; = T(v; ® w;),
3. the matrix 3" | T, ® T, — X;_, (v; ® w;)(v; ® w;)" has spectral norm at most 0.01.

We note that the uniqueness certificates for matrix completion (Gross, 2011; Recht, 2011) have
similar requirements. The key difference is that we need to control the spectral norm of an operator
that depends quadratically on the constructed object T (as opposed to a linear dependence in the
matrix completion case). Combined with the fact that the construction of 7 is iterative (about log n
steps), the spectral norm bound unfortunately requires significant technical work. In particular, we
cannot apply general matrix concentration inequalities and instead apply the trace moment method.
(See Section 5.)

We also note that the fact that the above requirements allow us to construct the certifcate M is not
immediate and requires some new ideas about matrix representations of polynomials, which might be
useful elsewhere. (See Appendix A.)

Finally, we note that the transformation applied to T in order to obtain the matrix for the third
condition above appears in many works about 3-tensors (Hopkins et al., 2015; Barak and Moitra,
2016) with the earliest appearance in a work on refutation algorithms for random 3-SAT instances
(see (Feige and Ofek, 2007)).

The iterative construction of the linear operator T exactly follows the recipe from matrix
completion (Gross, 2011; Recht, 2011). Let Rq be the projection operator into the linear space of
operators 7 that satify the first requirement. Let 7 be the (affine) projection operator into the affine
linear space of operators 7 that satisfy the second reqirement. We start with 7®©) = X. At this point
we satisfy the second condition. (Also the matrix in the third condition is 0.) In order to enforce the
first condition we apply the operator Rg. After this projection, the second condition is most likely no
longer satisfied. To enforce the second condition, we apply the affine linear operator $r and obtain
TM = Pr(RaX). The idea is to iterate this construction and show that after a logarithmic number of
iterations both the first and second condition are satisfied up to an inverse polynomially small error
(which we can correct in a direct way). The main challenge is to show that the iterates obtained in this
way satisfy the desired spectral norm bound. (We note that for technical reasons the construction uses
fresh randomness Q for each iteration like in the matrix completion case (Recht, 2011; Gross, 2011).
Since the number of iterations is logarithmic, the total number of required observations remains the
same up to a logarithmic factor.)

3. Preliminaries

Unless explicitly stated otherwise, O(-)-notation hides absolute multiplicative constants. Concretely,
every occurrence of O(x) is a placeholder for some function f(x) that satisfies Vx € R. | f(x)| < C|x|
for some absolute constant C > 0. Similarly, Q(x) is a placeholder for a function g(x) that satisfies
¥x € R. |g(x)| = |x|/C for some absolute constant C > 0.



EXACT TENSOR COMPLETION WITH SUM-OF-SQUARES

Our algorithm is based on a generalization of probability distributions over R". To define this
generalization the following notation for the formal expectation of a function f on R" with respect to
a finitely-supported function u: R* — R,

Ef= ), w0 f().

x esupport()

A degree-d pseudo-distribution over R" is a finitely-supported function u: R” — R such that
]E,u 1=1and ]Eﬂ f? > 0 for every polynomial f of degree at most d/2.

A key algorithmic property of pseudo-distributions is that their low-degree moments have an
efficient separation oracle. Concretely, the set of degree-d moments ]E#(l, x)®? such that u is a
degree-d pseudo-distributions over R” has an n?@-time separation oracle. Therefore, standard
convex optimization methods allow us to efficiently optimize linear functions over low-degree
moments of pseudo-distributions (even subject to additional convex constraints that have efficient
separation oracles) up to arbitrary numerical accuracy.

4. Tensor completion algorithm

In this section, we show that the following algorithm for tensor completion succeeds in recovering
the unknown tensor from partial observations assuming the existence of a particular linear operator
T. We will state conditions on the unknown tensor that imply that such a linear operator exists with
high probability if the observed entries are chosen at random. We use essentially the same convex
relaxation as in (Barak and Moitra, 2016) but our analysis differs significantly.

Algorithm 2 (Exact tensor completion based on degree-4 sum-of-squares)

Input: locations Q C [n]? and partial observations Xq of an unknown 3-tensor X € R"@R"®R".
Operation: Find a degree-4 pseudo-distribution y on R™* @ R" @ R" such that the third moment
matches the observations (Eyx, ;) x ® y ® 2)q = Xa so as to minimize

E(lxI® +1lyll* - 1zl
(x,4,2)

Output the 3-tensor B,y ) x® y ® z € R" @ R" @ R™.

Alternative description: Output a minimum trace, positive semidefinite matrix Y acting on
R" & (R" ® R") with blocks Y1, Y12 and Y» 5 such that (Y12)q = Xq matches the observations,
and > satisfies the additional symmetry constraints that each entry (e; ® ex, Y22(ejr ® eyr))
only depends on the index sets {j, j'}, {k, k’}.

Let {u;}, {v; }, {w; } be three orthonormal sets in R”, each of cardinality .
We reason about the recovery guarantees of the algorithm in terms of the following notion of
certifcate.

Definition 3 We say that a linear operator T from R @ R" to R" is a degree-4 certificate for Q and
orthonormal sets {u;}, {vi}, {w;} € R" if the following conditions are satisfies

1. the vectors {(u; ® v; ® wi)a | (i, j, k) € S} are linearly independent, where S C [n]? is the set
of triples with at least two identical indices from [r],
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2. every entry (a, b, ¢) ¢ Q satisfies (eq, T(ep ® e.)) =0,

3. Ifweview T as a 3-tensor in (R™)®3 whose (a, b, c) entry is {eq, T(ep ® e.)), every indexi € [r]
satisfies (u; ® v, @ IA)T = w;, (u} @ Id@W})T = v;, and (Id ®v] ® w)T = u;.

4. the following matrix has spectral norm at most 0.01,
n r
Z T,0T, — Z(Ui ® wi)(v; ® w;)',
a=1 i=1

where {T,} are matrices such that (x,T(y ® x)) = 3" _, x4 - (y, T, 2).

In Section 4.4, we prove that existence of such certifcates implies that the above algorithm
successfully recovers the unknown tensor, as formalized by the following theorem.

Theoremd4 Let X € R" ® R" ® R" be any 3-tensor of the form 3. | A; - u; ® v; ® w; for
A, ..., A, € Ry, Let Q C [n]? be a subset of indices. Suppose there exists degree-4 certificate in the
sense of Definition 3. Then, given the observations Xq the above algorithm recovers the unknown
tensor X exactly.

In Section 4.5, we show that degree-4 certificates are likely to exist when Q is a random set of
appropriate size.

Theorem 5 Let {u;},{v;}, {w;} be three orthonormal sets of u-incoherent vectors in R", each of
cardinality r. Let Q C [n]? be a random set of tensor entries of cardinality m = r - n'(ulog n)€ for
an absolute constant C > 1. Then, with probability 1 — n="Y), there exists a linear operator T that
satisfies the requirements of Definition 3.

Taken together the two theorems above imply our main result Theorem 1.

4.1. Simpler proofs via higher-degree sum-of-squares

Unfortunately the proof of Theorem 5 requires extremely technical spectral norm bounds for random
matrices.

It turns out that less technical norm bounds suffice if we use degree 6 sum-of-squares relaxations.
For this more powerful algorithm, weaker certificates are enough to ensure exact recovery and the
proof that these weaker certificates exist with high probability is considerably easier than the proof
that degree-4 certificates exist with high probability.

In the following we describe this weaker notion of certificates and state their properties. In the
subsequent sections we prove properties of these certificates are enough to imply our main result
Theorem 1.

Algorithm 6 (Exact tensor completion based on higher-degree sum-of-squares)

Input: locations Q C [n]? and partial observations Xq of an unknown 3-tensor X € R*"®R"®R".
Operation: Find a degree-6 pseudo-distribution u on R" & R" & R" so as to minimize
]INE,J(X,M)IIJCII2 + |zl subject to the following constraints

( E x®y®z) = Xq, “4.1)
H(x,y,2) Q
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u(x]Eu z)(” ylI> = 1) p(x, y,z) = 0 for all p(x, y, ) € Rx, y, z]<a . (4.2)

Output the 3-tensor By 4,y x® y ® z e R" @ R" @ R™.

Let {u;}, {v:}, {w;} be three orthonormal sets in R", each of cardinality ». We reason about the
recovery guarantees of the above algorithm in terms of the following notion of certificate. The main
difference to degree-4 certificate (Definition 3) is that the spectral norm condition is replaced by a
condition in terms of sum-of-squares representations.

Definition 7 We say that a 3-tensor T € (R")®3 is a higher-degree certificate for Q and orthonormal
sets {u; }, {vi}, {w;} € R" if the following conditions are satisfies

1. the vectors {(u; ® v; ® w;)a}ie[r) are linearly independent,

2. every entry (a, b, c) ¢ Q satisfies (T, (e, ® ep @ e.)) = 0,

3. everyindexi € [r] satisfies (u} ® v} @ IA)T = w;, (u} ®Id@W)T = v;, and (Id v’ @wW)T = u;,

4. the following degree-4 polynomials in R x, y, z] are sum of squares
I + 1y l? - Nlzll® = 1/e (T x @ y ® 2), 4.3)
lyll> + 11xl1 - 11z = 1/e (T, x® y ® 2), (4.4)
Izl + 16l - yl* = 1/e (T, x® y ® 2). (4.5)

whereT' =T — Z,L] u; ® v; ® w; and € > 0 is an absolute constant (say € = 1079).

In the following sections we prove that higher-degree certificates imply that Algorithm 6
successfully recovers the desired tensor and that they exist with high probability for random Q of
appropriate size.

4.2. Higher-degree certificates imply exact recovery

Let {u; }, {vi}, {w;} be orthonormal bases in R”. We say that a degree-£ pseudo-distribution u(x, y, z)
satisfies the constraint || y||?> = 1, denoted u = {||y||*> = 1}, if ]Eﬂ(x,y,z)p(x, y,2)-(1=lyl>) =0
for all polynomials p € R[x, y, z]<¢—2

We are to show that a higher-degree certificate in the sense of Definition 7 implies that Algorithm 6
reconstructs the partially observed tensor exactly. A key step of this proof is the following lemma
about expectation values of higher degree pseudo-distributions.

Lemma8 LetT € (]R")®3 be a higher-degree certificate as in Definition 7 for the set Q C [n]3 and
the vectors {u; }ic(r), {0i tie[rs {Wi tie[r)- Then, every degree-6 pseudo-distribution u(x, y, z) with
u = {llyll? = 1} satisfies

_ el + izl ¢
E Ty B o oy D7 i ) + (i, 2)%)

2
KXY,z H(x,y,2) P

n

_ﬁ'z Z <”i’y>2'(<M‘/,X>2+<w4,~,z>2) (4.6)
i=1 jeln\{i}
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To prove this lemma it will be useful to introduce the sum-of-squares proof system. Before doing
that let us observe that the lemma indeed allows us to prove that Algorithm 6 works.

Theorem 9 (Higher-degree certificates imply exact recovery) Suppose there exists a higher-
degree certificate T in the sense of Definition 7 for the set Q C [n]® and the vectors
{ui}icrrys (Vi Yiepry {witie[r)- Then, Algorithm 6 recovers the partially observed tensor exactly.
In other words, if X = Y0 | A; - u; ® v; ® w; with Ay,...,4, > 0 and p(x, y,z) is a degree-
6 pseudo-distribution with u |= {||lyl|> = 1} that minimizes ]Eﬂ(x’y’z) %(lell2 + |1zI1%) subject to
(Buxy0) X ® y ® 2)a = Xo, then Ey(y ) x® y ® 2 = X.

Proof Consider the distribution u* over vectors (x, y, z) such that (vVA;n - u;, v;, VA;n - w;) has
probability 1/n. By construction, E«(x,, ) X ® y ® z = X. We have

E T(xy2)= E Txyz=) = E (xI>+zl?.
H(x,y,2) H(x%,y,2) ; ' u*(x,y,Z)z

By Lemma 8 and the optimality of g, it follows that

n

ﬁ . Z (i, x)? + (wy, 2)%) + % ' Z Z (v, y)* - (<”J" x)? + (wj, Z>2) =0

E
Hxy.2) i=r+1 i=1 je[n\{i}

Since the summands on the left-hand side are squares it follows that each summand has
pseudo-expectation 0. It follows that B, (u;, x)* = E,(v;, y)* = Eu(w;, z)*> = 0 for all i > r and
E,(vi, y)*(uj, x)* = B, (v, y}z(wj,Nz)z = 0 for all i # j. By the Cauchy-Schwarz inequality for
pseudo-expectations, it follows that IE,,(y . )(x® y ® z,u; ® v; ® wi) = Ounlessi = j = k € [r]. Con-
sequently, ]Eﬂ(x, 4,2) X ® y ® z is a linear combination of the vectors {u; ® v; ®w; | i € [r]}. Finally, the
linear independence of the vectors {(u; ®v;Qw;)q | i € [r]} implies that ]E'u xX®y®z = X asdesired. B

It remains to prove Lemma 8. Here it is convenient to use formal notation for sum-of-squares
proofs. We will work with polynomials R[x, y, z] and the polynomial equation A = {||y||*> = 1}.
For p € R[x, y, z], we say that there exists a degree-¢ SOS proof that A implies p > 0, denoted
A r¢ p > 0, if there exists a polynomial ¢ € R[x, y, z] of degree at most £—2 such that p+¢-(1—||y||*)
is a sum of squares of polynomials. This notion proof allows us to reason about pseudo-distributions.
In particular, if A F; p > 0 then every degree-£ pseudo-distribution u with u |= A satisfies ]E,u p=0.

We will change coordinates such that u; = v; = w; = e; is the i-th coordinate vector for every
i € [n]. Then, the conditions on T in Definition 7 imply that

r

(T (x®y®2) = ) xiyizi +T'(x.9,2), C))
i=1

where T’ is a 3-linear form with the property that 7’(x, x, x) does not contain squares (i.e. is
multilinear). Furthermore, the conditions imply the following SOS proofs for 7”:

L0k T'(x, y,2) < & (Ixll + llyll> - llzlP),

2. 04 T'(x, y,2) < & (llyll + llxl> - llzll?),

3. 04 T'(x g, 2) < & (2l + 1l - lyI1P):

The following lemma gives an upper bound on one of the parts in Eq. (4.7).

10
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Lemma 10 For A = {||yl|> = 1}, the following inequality has a degree-6 sum-of-squares proof,

2 2 2
m(,zx,y,zl\ el + Szl - 4 Z(x +7)

i=1 i=r+1

2
—gzyi X+Z+

i#]

Proof We bound the left-hand side in the lemma as follows,

A ke le!/zzl Z(zx +2!/l
<P -3 +22y

i>r

We can further bound }’; yizziz as follows,

g 830

1 i£]

-(52)-30 -3

i#]

We can prove a different bound on }; yizz? as follows,
n n
2.2 1.2 4 L 4.2
ﬂ"ézylzl<§||Z” +§Zyizi
i=1 i=1
n
112 o 1 4112
Hizl? + Z Izl

=%||z||2+%(2 ) (Z y; |z||2)
1212 =3 > v izl

i£j

N

By combining these three inequalities, we obtain the inequality
2, 2
A g leylz, <SP+ 32 =3 > -1 )y
i>r i£]

By symmetry between z and x, the same inequality holds with x and z
symmetric inequalities, we obtain the desired inequality

2 2 1 2
mﬁley,zl\znxn izl =4 D7 +2)

i>r

11

yi- (el +11z1%) . @.8)

4.9)

(4.10)

z; 4.11)

4.12)

4.13)

(4.14)

Y 22l @as)

i#]

(4.16)

TR DI RN [E1 o

i#]

exchanged. Combining these
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—ED vt GG -4 D w P + Dzl @17

i%] i#]

It remains to bound the second part in Eq. (4.7), which the following lemma achieves.
Lemma 11 A rq T'(x,4,2) < % 3 X 47 (3 + 22 + 3y 2(IIxIP + 11zl

Proof It is enough to show the following inequality for all i € [n],

, 3 1
Are yiT'(x,4,2) < 8 ) (zy,?(x;‘? +2) + s ut il + ||z||2>)
J#I

By symmetry it suffices to consider the casei = 1. Let x’ = x — x| - e, ¥y = y — y| - €1, and
7z’ = z— 71 - e;. We observe that

A by T’(x, y, Z) = T'(xlel + X', yier + yl,Z1€1 + Z,)
=T'(x1e1,y", 2 )+ T' (X', y1e1,2")
+ T,(X,, yl’ Zlel) + T'(x’, y/’ Z/)

We now apply the following inequalities
L A s T'(xien y',2') < 5 (Gl 1P+ 1121P) < § S (i lIxI1® + 25)
2. AraT'(x, e, 2) < S (V1P Y7+ 11Z1P) < § Xy (35 + 25)
3. AR T'(, y' zien) < 5 (2lly 1P+ 11x1P) < § Dy (w7 Izl + x7)

4. Ara T/ y' 2) < S (IR NP+ 11271P) < § 2y (67 +29)

|
We can now prove Lemma 8.
Proof [Proof of Lemma 8] Taken together, Lemmas 10 and 11 imply
n
Are (T.x®y ©2) < Sl + 31 = (G~ 0(e) 3] (xF +2))
i=r+l
—-0@) ) v (F++yl-(UxP+ 121D, 4.18)

i#]

where the absolute constant hidden by O(-) notation is at most 10. Therefore for £ < 1/100, as we
assumed in Definition 7, we get a SOS proof of the inequality,

n
2 2 2 2
Ar(T,x® y &) < §lIxlP* + Izl =4 D) (7 +2])

i=r+1

12
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Sk DTy (B g (P 2) . 419)

i#]

This SOS proof implies that that every degree-6 pseudo-distribution u(x, y, z) with u | A satisfies
the desired inequality,

n
E (Txeyods E 3P+l -5 ) f+2)

u(x,y,z) Pl

— > g (B g (P + 2P (4.20)

i£]

4.3. Constructing the certificate T

In this section we give a procedure for constructing the certificate 7. This construction is directly
inspired by the construction of the dual certificate in (Gross, 2011; Recht, 2011) (sometimes called
quantum golfing). We will then prove that T satisfies all of the conditions for a higher-degree
certificate of Q. In Section 4.5 we will show that T also satisfies the conditions for a degree-4
certificate for Q.

Let {u;},{vi}, {w;} € R" be three orthonormal bases, with all vectors u-incoherent. Let
X =3 _u®v®w. Lt Q C [n]® chosen at random such that each element is included
independently with probability m /n'-3 (so that |Q] is tightly concentrated around m).

Let P be the projector on the span of the vectors u; ® v; ® wy such that an index in [r] appears
at least twice in (i, j, k) (i.e., at least one of the conditionsi = j € [r],i =k € [r],j = k € [r] is
satisfied). Let Rq be the linear operator on R" ® R ® R” that sets all entries outside of €2 to 0 (so
that (Ra[T])a = Ra[T]) and is scaled such that Eq Rg = Id. Let Rg be Id —Rq.

Our goal is to construct 7 € R" ® R” ® R” such that P[T] = X, (T)q = T, and the spectral norm
condition in Definition 3 is satisfied. The idea for constructing 7 is to start with 7 = X. Then, move
to closest point 77 that satisfies Ro[T’] = T’ Then, move to closest point 7" that satisfies P[T"'] = X
and repeat. To implement this strategy, we define

k-1
T®) = Z(—l)fRQjH(PRQj) .- (PRg,)[X]. 4.21)
7=0
where Qy, . . ., Q are iid samples from the same distribution as Q.

By induction, we can show the following lemma about linear constraints that the constructed
stensors T satisfy.

Lemma 12 For every k > 1, the tensor T satisfies (T)q = T and
PIT®] + (-1)*P(PRg,) - (PRq,)[X] = X .

Here, P(PRq, )+ (PRg,)[X] is an error term that decreases geometrically. In the parameter
regime of Theorem 5, the norm of this term is = for some k = (log n)?M).

13
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The following lemma shows that it is possible to correct such small errors. This lemma also
implies that the linear independence condition in Definition 3 is satisfied with high probability.
(Therefore, we can ignore this condition in the following.)

Lemma 13 Suppose m > rnp - (log n)°®W. Then, with probability 1 — n=“") over the choice of Q,
the following holds: For every E € R" ® R" @ R" with P[E] = E, there exists Y with (Y)q =Y such
that P[Y] = E and ||Y|lr < O(1) - ||E||F.

Proof Let S C [n]? be such that P is the projector to the vectors u; ® vj ® w with (i, j, k) € S. By
construction of P we have |S| < 3rn. In order to show the conclusion of the lemma it is enough
to show that the vectors (1; ® v; ® wi)q with (i, j, k) € S are well-conditioned in the sense that
the ratio of the largest and smallest singular value is O(1). This fact follows from standard matrix
concentration inequalities. See Lemma 15. |

The main technical challenge is to show that the construction satisfies the condition that the
following degree 4 polynomials are sums of squares (where 7’ = T — X).

I + Nyl - llzl? = 1/e (T, x® y ® 2), (4.22)
Nyl + llxl? - llzl? = 1/e (T, x® y ® 2), (4.23)
lzll> + XN - lyl> = 1/e (T, x® y ®z). (4.24)

We show how to prove the first statement, the other statements can be proved with symmetrical argu-
ments. To prove the first statement, we decompose 7" into pieces of the form (Rgl pP)--- (RQ1 P)(RQOX ),
P'(Rq,P) - - (Ro, P)(Ro,X) (where P’ is a part of P), or E. For each piece A, we prove a norm
bound ||¥, Ay ® AT|| < B. Since Y, A, ® AL represents the same polynomial as AT A, this
proves that BllylPlzlI> - (y @ 2 ATA(y ® z) is a degree 4 sum of squares. Now note that
(y @ 2T ATA(y ®z)— VBxT A(y ® 2) — VB(y ® )T ATx + B||x||? is also a sum of squares. Combining
these equations and scaling we have that llx]1? + ||y||2||z||2 - %XTA(y ® z) is a degree 4 sum of
squares.

Thus, it is sufficient to prove norm bounds on ||}, A; ® Agll. We have an appropriate bound
in the case when A = E because E has very small Frobenius norm. For the cases when A =
(Rq,P) - (Ro, P)(Ra,X) or A = P(Rq,P) - - - (Rq, P)(Rg,X), we use the following theorem

Theorem 14 Let A = (R, P) - - - (Rq, P)(Rq,X) or P'(Rq, P) - - - (Ro, P)(Ra, X) where P’ is a part
of P. There is an absolute constant C such that for any « > 1 and 8 > 0,

> Age Al
a

as long as m > CQ’,B/J%I‘I’II‘S -log(n) and m > Ca Bu’rnlog(n).

P

. w»] .~

Proof This theorem follows directly from combining Proposition 29, Theorem 33, Theorem 42, and
Theorem 57. |

14
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4.3.1. FINAL CORRECTION OF ERROR TERMS

In this section, we prove a spectral norm bound that allows us to correct error terms that are left at
the end of the construction. The proof uses the by now standard Matrix Bernstein concentration
inequality. Similar proofs appear in the matrix completion literature (Gross, 2011; Recht, 2011).

Let {u;}, {v:}, {w;} C R" be three orthonormal bases, with all vectors u-incoherent. Let Q C [n]?
be m entires sampled uniformly at random with replacement. (This sampling model is different from
what is used in the rest of the proof. However, it is well known that the models are equivalent in
terms of the final recovery problem.)

Lemma 15 Let S C [n]’. Suppose m = u|S|(logn)€ for an absolute constant C > 1. Then
with probability 1 — n®Y over the choice of Q, the vectors (u; ® vj ® wi)a for (i, j, k) € S are
well-conditioned in the sense that the ratio between the largest and smallest singular value is at most
1.1.

Proof Fors = (i,j,k) € S,let ys = u; ® v ® wr. Let Q@ = {wy,...,wn}, where wy,...,w € [n]?
are sampled uniformly at random with replacement. Let A be the S-by-S Gram matrix of the vectors
(ys)a. Then, A is the sum of m identically distributed rank-1 matrices A;,

m
A= Ai with (Ai)s,s’ = (‘l/s)wi : (ys’)wi .
i=1

Each A; has expectation E A; = n~'1d and spectral norm at most |S| - ,u/n1'5. Standard matrix
concentration inequalities (Tropp, 2012) show that m > O(|S|u?logn) is enough to ensure that
the sum is spectral close to its expectation (m/n'->) Id in the sense that 0.99A < (m/n'>)Id < 1.1A. A

4.4. Degree-4 certificates imply exact recovery

In this section we prove Theorem 4. We need the following technical lemma, which we prove in
Appendix A.

Lemma 16

Let R be self-adjoint linear operator R on R" ® R". Suppose ((v; ® w), R(v; ® w;)) = 0 for
all indices i, j, k € [r] such that i € {j, k}. Then, there exists a self-adjoint linear operator R’ on
R" ® R" such that R'(v; ® w;) = 0 for all i € [r], the spectral norm of R’ satisfies ||R’|| < 10||R]],
and R’ represents the same polynomial in Ry, z],

(y®2)R'(y®2)={(y ®2).R(y ®2)).

We can now prove that certificates in the sense of Definition 3 imply that our algorithm successfully
recoves the unknown tensor.
Proof [Proof of Theorem 4] Let T be a certificate in the sense of Definition 3.

Our goal is to construct a positive semidefinite matrix M on R" & R” ® R" that represents the
following polynomial

(5, y ® 2), M(x, 5y ® 2)) = IxII* + Iyl - lzII* = 2(x, T(y ® 2)) .

15
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Let 7,, be matrices such that (x,7(x ® y)) = Y, xa - Tu(y,z). Since ||x||> + 21 Taly, z7)? -

2{x, T(y ® z)) = |lx = T(y ® z)|| is a sum of squares of polynomials, it will be enough to find a

positive semidefinite matrix that represents the polynomial || y 12 llzIl> - " Ta(y, z)?. (This step

is a polynomial version of the Schur complement condition for positive semidefiniteness.) Let R be
the following linear operator

n r

R = Z T.®T, — Z(Ui ® w;)(v; ® w;)",

a=1 1

i=

Lemma 17
R satisfies the requirement of Lemma 16.

Proof Consider ((v; ® wi), R(v; ® w;)). Since v; is repeated, the value of this expression will be the
same if we replace R by an R, which represents the same polynomial. Thus, we can replace R by
Ry=3" T, Ty = 20 (i ®@w)(v; @ w)l =T7T — 37 (v; ® w;)(v; ® w;)r

We now observe that ((v; ® wi), Ra(v; ® w;)) = ((v; ® wi), T"(u;) — (v; ® wj)) = 0. By a
symmetrical proof, {(v; ® wy), R(vx ® wy)) = 0 as well. |

By Lemma Lemma 16, there exists a self-adjoint linear operator R’ that represents the same polynomial
as R, has spectral norm ||R’|| < 10]|R|| < 0.1, and sends all vectors v; ® w; to 0. Since R’ sends all
vectors v; ® w; to 0 and ||R’|| < 0.1, the following matrix

.
R’ = Z(vi ® w;)(v; ® ;) + R’
i=1

has r eigenvalues of value 1 (corresponding to the space spanned by v; ® w;) and all other eigenvalues
are at most 0.1 (because the non-zero eigenvalues of R’ have eigenvectors orthogonal to all v; ® w;).
At the same time, R” represents the following polynomial,

(y® QR (y®2) = ) Tuly,2).

a=1

Let P be a positive semidefinite matrix that represents the polynomial ||x||> + 21 Taly, 7)? -
2{x,T(y ® z)) (such a matrix exists because the polynomial is a sum of squares). We choose M as

follows
M= Id -T N 0 0
“\ay @yT 0 Id-R”

Since R” < Id, this matrix is positive semidefinite. Also, M represents x| + ||y||2 Nzl -
2(x,T(y ® z)). Since u; = T(v; ® w;) for all i € [r] and the kernel of Id —R"’ only contains span of
v; ® w;, the kernel of M is exactly the span of the vectors (u;, v; ® w;).

Next, we show that the above matrix M implies that Algorithm 2 recovers the unknown tensor
X. Recall that the algorithm on input Xg finds a pseudo-distribution u(x, y, z) so as to minimize
]]~51,u||)c||2 + || yll2 - |z||? such that (]Eﬂ X ® y ® 7)o = Xq. Since everything is scale invariant, we may
assume that X = 37, A; - u; ® v; ® w; for Ay,..., 4, > 0and }; ; = 1. Then, a valid pseudo-
distribution would be the probability distribution over (uy, vy, wy), . . ., (uy, vy, w,) with probabilities

16
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A1, ..., 4,. Let u be the pseudo-distribution computed by the algorithm. By optimality of u, we
know that the objective value satisfies E,, [|x|1> + [y || - |zII> < Eiallu[I* + llv;]|? - l|w;]|? = 2. Then,
ifweletY =E,(x, y ® 2)(x,y ® 2),

0<(MY)y= E x>+ 1yl llz* - 2(x, T(y ® 2))
u(x,y,z)

<2-2 E (xT(y®2)
p(x,4,2)

=2-2 ,]E:l<ui, T(v; ® w;))
=0

The first step uses that M and Y are psd. The second step uses that M represents the polynomial
lxl1> + [ly11? - lIz]I> = 2(x, T(y ® z)). The third step uses that x4 minimizes the objective function.
The fourth step uses that the entries of T are 0 outside of Q and that y matches the observations
(]]NE,, X Q® y ® z)o = Xo. The last step uses that u; = T'(v; ® w;) for all i € [r].

We conclude that (M, Y) = 0, which means that the range of Y is contained in the kernel of M.
Therefore, Y = Z; i1 Vi (uj, v; ® w;)(uj, v; ® w;) for scalars {7; ;}. We claim that the multipliers
must satisfy y;; = 4; and y; ; = O for all i # j € [r]. Indeed since x matches the observations in €2,

n
0= Z (Ai = vi,j0i;) - (i ®v; ® wj)q -

i,j=1

Since the vectors (1; ® v; ® w;)q are linearly independent, we conclude that y; ; = A; - §;; as desired.
(This linear independence was one of the requirements of the certificate in Definition 3.) |

4.5. Degree-4 certificates exist with high probability

In this section we show that our certificate T in fact satisfies the conditions for a degree-4 certificate,
proving Theorem 5.

We use the same construction as in Section 4.3. The main, remaining technical challenge for
Theorem 5 is to show that the construction satisfies the spectral norm condition of Definition 3.
This spectral norm bound follows from the following theorem which we give a proof sketch for in
Appendix B.

Theorem 18 Let A = (Rq,P)---(Rq, P)(Ra,X) or P(Rq,P)---(Ro,P)(Ro,X) and let B =
(Rq, P)- - (Ra, P)(Ra,X) or P(Rq,, P)- - - (Ra, P)(RayX). There is an absolute constant C such that
forany a > 1 and B > 0,
> A.® B
a

as long as m > Ca/,By%rnl's -log(n) and m > Ca Bu’rnlog(n).

P

S a—(l+l’+2)} <nB

Remark 19 [fit were true in general that || Y., Ay ® B || < \/|| YaAa® A£||\/|| 3 u Ba ® BL|| then
it would be sufficient to use Theorem 14 and we would not need to prove Theorem 18. Unfortunately,
this is not true in general.

17
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That said, it may be possible to show that even if we do not know directly that || Y., A, ® BL||
is small, since || Y., Aq ® AL|| and || ¥, B4 ® BL|| are both small there must be some alternative
matrix representation of Y., Aq ® BL which has small norm, and this is sufficient. We leave it as an
open problem whether this can be done.

We have now all ingredients to prove Theorem 5.
Proof [Proof of Theorem 5] Let k = (logn)C for some absolute constant C > 1. Let E =
(-1)XP(PRq,) - - (PRq,)[X]. By Lemma 13 there exists Y with (Y)q = Y and P[Y] = E such that
IYlr < OD|E|. WeletT = T®) + Y. This tensor satisfies the desired linear constraints (T)q = T
and P[T] = X. Since E has the form of the matrices in Theorem 18, the bound in Theorem 18 implies
IEIF < 27% - 1'% < n~€*19, (Here, we use that the norm in the conclusion of Theorem 18 is within
a factor of n'° of the Frobenius norm.)

We are to prove that the following matrix has spectral norm bounded by 0.01,

n n
Z(T)“ ® (1) - Z X, X!
a=1 a=1

We expand the sum according to the definition of 7¥) in Eq. (4.21). Then, most terms that appear
in the expansion have the form as in Theorem 18. Since those terms decrease geometrically, we
can bound their contribution by 0.001 with probability 1 — n~“(). The terms that involve the
error correction Y is smaller than 0.001 because Y has polynomially small norm ||Y||r < n~¢*10,
The only remaining terms are cross terms between X and a tensor of the form as in Theorem 18.
We can bound the total contribution of these terms also bounded by at most 0.001 using Theorem 84. H

5. Matrix norm bound techniques

In this section, we describe the techniques that we will use to prove probabilistic norm bounds on
matrices of the form ¥ = 3, (RaA), ® (RoA)!. We will prove these norm bounds using the trace
moment method, which obtains probabilistic bounds on the norm of a matrix ¥ from bounds on
the expected value of tr((YYT)?) for sufficiently large g. This will require analyzing tr((YY7)4),
which will take the form of a sum of products, where the terms in the product are either entries of
A or terms of the form Rq(a, b, ¢) where Ra(a, b, ¢) = ”% - 1if(a,b,c) € Qand —1 otherwise. To
analyze tr((YYT)?), we will group products together which have the same expected behavior on the
Rq(a, b, ¢) terms, forming smaller sums of products. For each of these sums, we can then use the
same bound on the expected behavior of the Rq(a, b, ¢) terms for each product in the sum. This allows
us to move this bound outside of the sum, leaving us with a sum of products of entries of A. We will
then bound the value of these sums by carefully choosing the order in which we sum over the indices.

In the reainder of this section and in the next two sections, we allow for our tensors to have
asymmetric dimensions. We account for this with the following definitions.

Definition 20 We define n; to the dimension of the u vectors, n, to be the dimension of the v vectors,
and n3 to be the dimension of the w vectors. We define n,,,, = max {ny, no, n3}

18
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5.1. The trace moment method
We use the trace moment method through the following proposition and corollary.

Proposition 21 For any random matrix Y, for any integer g > 1 and any € > 0,

pr iy > 2 ELr@YD9]

Proof By Markov’s inequality, for all integers ¢ > 1 and all € > 0

E[tr((YYT))] 3
—8 E

Pr|tr(YYT)?) >

r T
The result now follows from the observation that if ||Y]| > 2\q/w then tr(YYT)?) >

E[tr(xYT)4)]
0 |

Corollary 22 Foragivenp > 1,r 2 0,n > 0,and B > 0, forarandom matrixY, if E [tr ((YYT)q)] <
(g” BY*n” for all integers q > 1 then for all B > 0,

P
Pr [||Y|| > BeP ((r;—ﬂ)lnn + 1) <nP
P

2q pnr r+p
Proof We take £ = n~# and we choose ¢ to minimize z\q/ W = BgPn 2 . Setting the derivative

r+f
2q*

g must be an integer, so we instead take g = [% Inn]. With this g, we have that

ﬂ +
Inn)BgPn2a =0, sowe want g = rzl',g In n. However,

of this expression to 0 we obtain that (137 —

r+p + P + P
Bg¢’n? < B r ﬁlnn+1 nivn = Bel Mlnn+1
2p 2p

Applying Proposition 21 with g, we obtain that

2| E [tr((YYT)4)] (r

p
+
Pr Y| > < Pr|||Y]| > BeP (z—ﬁ)lnn+ 1) <nP
P

5.2. Partitioning by intersection pattern

As discussed at the beginning of the section, E [tr((YYT)?)] will be a sum of products, where part

of these products will be of the form Hfz, Rq(ai, b;, ¢;). Here, g’ may or may not be equal to ¢, in
fact we will often have ¢’ = 2g because each Y will contribute two terms of the form Rq(a, b, ¢)
to the product. To handle this part of the product, we partition the terms of our sum based on the
intersection pattern of which triples (a;, b;, ¢;) are equal to each other. Fixing an intersection pattern
determines the expected value of H?g; Ra(ai, bj, ¢;).
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Definition 23 We define an intersection pattern to be a set of equalities and inequalities satisfying
the following conditions

1. All of the equalities and inequalities are of the form (a;,, b;,, c¢i,) = (ai,, bi,, ¢iy) or (a;y, biy, i) #
(aiy, biy, ciy), respectively.

2. Foreveryiy, iy, either (a;i,, bi,, ¢i,) = (ai,, biy, Ci,) is in the intersection pattern or (a;,, bj,, ¢i,) #
(ai,» biy, ciy) is in the intersection pattern

3. All of the equalities and inequalities are consistent with each other, i.e. there exist values of
(a1, b, c1), -+ -, (azg, bag, c24) satisfying all of the equalities and inequalities in the intersection
pattern.

Proposition 24 For a given (a, b, ¢),
1. E [Rg(a, b, c)] =0
m

2. Forallk > 1, E [(Rg(a, b, C))k] < (M)k_l

Corollary 25 For a given intersection pattern, if there is any triple (a, b, c) which appears ex-
actly once, E [H?gl Rq(a;, b;, Ci)] = 0. Otherwise, letting z be the number of distinct triples,

E I:lequ Ro(ai, bi, c,-)] < (%W)Zq’—z

Proof for a given intersection pattern, let (a;,, b;,, ¢;,), - - -, (a;_, b;_, ¢;_) be the distinct triples and let
cj be the number of times the triple (;;, b;;, ¢;;) appears. We have that

2q’ z
E n Ra(ai, bi,¢i)| = l_l E[(Ra(ai,, bi,, i) |
i=1 j=1
If c; = 1 for any j then this expression is 0. Otherwise,

. 5 . < i—1 Y3 ci)- 20—
HE[(RQ(aij,bij,Cij))C]] < l_l (n1”2”3 )C’ _ (”1”2”3)( jorei)=z _ (n1n2n3) q'~z

m m m
J=1 J=1

5.3. Bounding sums of products of tensor entries

In this subsection, we describe how to bound the sum of products of tensor entries we obtain for
a given intersection pattern after moving our bound on the expected value of the Ro(a, b, ¢) terms
outside the sum. We represent such a product with a hypergraph as follows.

Definition 26 Given a set of distinct indices and a set of tensor entries on those indices, let H be the
hypergraph with one vertex for each distinct index and one hyperedge for each tensor entry, where
the hyperedge consists of all indices contained in the tensor entry. If the tenor entry appears to the
pth power, we take this hyperedge with multiplicity p.
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With this definition in mind, we will first preprocess our products.

1. We will preprocess the tensor entries so that every entry appears to an even power using the
inequality |ab| < %(a2 + b%). This has the effect of taking two hyperedges of our choice in
H and replacing them with one doubled hyperedge or the other (we have to consider both
possibilities). Note that this step makes all of our terms positive and can only increase their
magnitude, so the result will be an upper bound on our actual sum.

2. We will add the missing terms to our sum so that for we sum over every possibility for the
distinct indices (even the possibilities which make several of these indices equal and would put
us in a different intersection pattern). Note that this can only increase our sum.

Remark 27 It is important that we first bound the expected value of the Rq(a, b, ¢) terms and move
this bound outside of our sum before adding the missing terms to the sum.

After preprocessing our products, our strategy will be as follows. We will sum over the indices,
removing the corresponding vertices from H. As we do this, we will apply appropriate bounds on
squared tensor entries, removing the corresponding doubled hyperedge from H. To obtain these
bounds, we observe that we can bound the average square of our tensor entries in terms of the number
of indices we are averaging over.

Definition 28 We say that an order 3 tensor A of dimensions ny X ny X ns is (B, r, u)-bounded if the
following bounds are true

1. maxgp,c {Aibc} < Br

1 1 1 B
2. max {maxh,c {n_l 2a A(zlbc}’ maXxg, ¢ {n_z 2b Aibc}’ maXg,p {E 2 A(Zlbc}} < m

1 1 1 B
3. max {maxc {m Za,b Aibc}’ maxp {m Za,c Aibc}, maXgq {m Zb,c Aibc}} < 17

B

. ﬁ Zu,b,c Aibc < w3
More generally, we say that a tensor A is (B, r, i)-bounded if the following is true
1. The maximum value of an entry of A squared is at most Br
2. Every index which we average over decreases our upper bound by a factor of u
3. If we are averaging over at least one index then we can delete the factor of r in our bound.

Since r and u will always be the same, we write B-bounded rather than (B, r, u)-bounded

r,u3 _

To give a sense of why these are the correct type of bounds to use, we now show that X is (
ninon3

bounded. In Section 7, we will use an iterative argument to show that with high probability, similar
bounds hold for all of the tensors A we will be considering.

Proposition 29 X is( w )-bounded

r
nijnan3
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Proof Recall that X = 377, u; ® v; ® w; where the vectors {u; } are orthonormal, the vectors {v; }

are orthonormal, and the vectors {w; } are orthonormal. Also recall that for all i, a, b, c, ufa < nﬁl,

vl < £ andw? < &+ We now have the following bounds:
1.
2
ru
max {X2 o= max ZZumv,bwuul 1qUirpWire ¢ & ———
a,b,c ninyn3
i=1i'=1
2.

r

1
max _Zxczlh :—max Zzzumvibwicui’avi’bwi’c
b,c n ¢ ny b,c
’ 1 a 1 a i=11i=

,
= —max Z Z UiqUi'a | Vib WicVirp Wi ¢
niy b,c

i=1i'=1

~

1 r
_ 2 .2
= — max V;p Wi

ny b,c ¢

i=1

ruz
< —

ninpns

The other bounds where we sum over one index follow by symmetrical arguments.

3.
1 2 1
max { — Z X pe (= —— max Z Z UigVib WiclliqVipWire
c niny niny c¢
a,b ab i=1 i'=1
1
= ——max Z Miaui'a Z VibVirh | WicWi'c
nny ¢ =
i=1 b
1
= —— max
ninpy c¢
=1
ry
< _
ninan3
The other bounds where we sum over two indices follow by symmetrical arguments.
4.

1 ) C
Z Xabc = Z Z § UiqVip WicUi’qVi’p Wi’ ¢
ninon3 n1n2n3

a,b,c a,b,c i=1 i’=1
1 r r
m Z Z Z UjqUi'q Z VibVi'b Z WicWj’¢
VR s i \a b c
r

1
ninpn; Zl

i=1

ninan3
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With these kinds of bounds in mind, we bound sums of products of tensor entries as follows. We note
that we can always apply the entrywise bound for a squared tensor entry. However, to apply any of
the other bounds, we must be able to sum over an index or indices where the only term in our product
which depends on this index or indices is the squared tensor entry. This can be described in terms of
the hypergraph H as follows.

Definition 30 Given a hyperedge e in H, define b(e) to the the minimal B such that the tensor entry
corresponding to e is B-bounded.

Definition 31 We say that a vertex is free in H if it contained in only one hyperedge and this
hyperedge appears with multiplicity two.

We can apply our bounds in the following ways.

1. We can always choose a hyperedge e of H, use the entrywise bound of rb(e) on the corresponding
squared tensor entry (note the extra factor of r), and reduce the multiplicity of e by two.

2. If there is a free vertex incident with a doubled hyperedge e in H, we can sum over all free
vertices which are incident with e using the corresponding bound then delete these vertices
and the doubled hyperedge e from H. When we do this, we obtain a factor of

)# of deleted a vertices ( 1 )# of deleted b vertices ( 1 )# of deleted c vertices

b(e) (ﬂ
u

Jz Ju

The factors of n1, n2, n3 appear because we are summing over these indices and the factors of -
appear because each index we sum over reduces the bound on the average value by a factor of

M.

If we apply these bounds repeatedly until there are no tensor entries/hyperedges left to bound, our
final bound on a single sum of products of tensor entries will be

n # of a indices n # of b indices n # of ¢ indices
1 2 3 i
1_[ ’b(e) (_) (_) (_) r# of entrywise bounds used
ccH H H H

To prove our final upper bound, we will argue that we can always apply these bounds in such a way
that the number of times we need to use an entrywise bound is sufficiently small.

5.4. Counting intersection patterns

There will be one more factor in our final bound. This factor will come from the number of possible
intersection patterns with a given number z of distinct triples (a, b, ¢).

Lemma 32 The total number of intersection patterns on 2q’ triples with z distinct triples (a, b, ¢)
such that every triple (a, b, ¢) has multiplicity at least two is at most (23 )qu’—z < 22",q’2q z

Proof To determine which triples (a, b, ¢) are equal to each other, it is sufficient to decide which
triples are distinct from all previous triples (there are (zg ) choices for this) and for the remaining

2q’ — z triples, which of the z distinct triples they are equal to (there are z24'~% choices for this). W
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6. Trace Power Calculation for RoA ® (RoA)

In this section, we implement the techniques described in Section 5 to probabilistically bound
[|[RaA ® (RoA)T||. In particular, we prove the following theorem.

Theorem 33 If A is B-bounded, C > 1, and
1. m > 10000C(2 + B)*Nymaxt 2 10 Ry
2. m > 10000C(2 + B)*r~/1 max {nz, n3} 2 In ey > 10000C(2 + B)2riinams p2 In npax
3. ur < min{ny, ny, n3}

then defining Y = RoA ® (RoA)T,

B
Pr(|lv|| > 2228 |« 4,0B+D
Cru?

Corollary 34 IfC > 1 and
1. m > 10000C(2 + B)*Myaxt 2 10 Ry
2. m > 10000C(2 + BY2r/ay max {n, n3} 1> n gy > 10000C(2 + B)*r oz pd In nyax
3. ur < min{ny, ny, n3}

then

> 5 1
Pr||[RaX ® (RoX)"|| > =l < 4p~B+D

Proof This follows immediately from Theorem 33 and the fact that X is ( w )—bounded. |

r
ninanj

To prove Theorem 33, we break up Y into four parts and then prove probabilistic norm bounds for
each part.

Definition 35
1. Define (N)pevrer = Yoerrer if b= 0", ¢ = ¢’ and 0 otherwise.
2. Define (Y2)pevrer = Ypeprer if b =10, ¢ # ¢’ and 0 otherwise.
3. Define (¥3)pevrer = Yoerer if b £ b, ¢ = ¢’ and 0 otherwise.

4. Define (Y)peprer = Ypebrer if b# b, ¢ # ¢’ and 0 otherwise.
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6.1. Structure of tr((Y]-YI.T)‘I )

We have that Yycprer = Y, Ra(a, b, ¢")Ra(a, b’, ¢)Auper Aapre. To see the structure of (YJ-YJ.T)‘I, we
now compute YJY]T

(Y} Y]'T)b1 cibycr =

Z RQ(al’ by, C,)RQ(ah b, CI)RQ(CZZ’ by, C,)RQ(aZ’ b, CZ)Aalblc’Amb’cl Aazbzc’Aazb’cz

ay,azb’,c’

where the sum is taken over b’, ¢’ which satisfy the appropriate constraints. The Rq terms will not be
part of our hypergraph H (as their expected behavior is determined by the intersection pattern). We
can view the first two terms A, p, and A4 p¢, as an hourglass with upper triangle (b1, ay, ¢’) and
lower triangle (cy, a1, b’) (where the vertices in each triangle are listed from left to right). Similarly,
we can view the last two terms Ag, b, and Ag,p¢, as an hourglass with upper triangle (¢’, az, b2)
and lower triangle (&', as, c2). Thus, the hypergraph H corresponding to tr((YijT)q ) will be 2¢
hourglasses glued together where the top vertices of the hourglass alternate between b and ¢’ indices,
the bottom vertices of the hourglass alternate between ¢ and b’ indices, and the middle vertices of the
hourglass are the a indices.

Remark 36 While there is no real difference between the b and b’ indices and between the ¢ and ¢’
indices, we will keep track of this to make it easier to see the structure of H.

As described in Section 5, we split up £ [tr((l_’inT)‘f)] based on the intersection pattern of which
of the 44 triples of the form (a, b, ¢’) or (a, b’, ¢) are equal to each other. We only need to consider
patterns where each triple and thus each hyperedge appears at least twice, as otherwise the terms
in the sum will have expected value 0. In all cases, letting z be the number of distinct triples in a

given intersection pattern, by Corollary 25 our bound on the expected value of the R terms will be
(nl nynj )4q—z
m

6.2. Bounds on ||Y;||

Consider E [tr((1 YlT)q)]. The constraints that »* = b and ¢’ = ¢ in every Y force all of the b and
b’ indices to be equal and all of the ¢ and ¢’ indices to be equal, so our hypergraph H consists of a
single vertex b, a single vertex c, and two copies of the hyperedge (a;, b, ¢) for each i € [1,2¢]. For
all intersection patterns, the number of distinct triples z is equal to the number of distinct a indices,
which can be anywhere from 1 to 2g.

We apply our bounds on H as follows.

1. In our preprocessing step, when there are two hyperedges e; and e, which appear with odd
multiplicity, we double one of these hyperedges or the other. Thus, we can assume that all
hyperedges appear with even multiplicity.

2. We will apply an entrywise bound 2q — z times on hyperedges of multiplicity > 4, reducing
the multiplicity by 2 each time.

3. After applying these entrywise bounds, all of the distinct a vertices will be free and we can
sum up over these indices one by one.
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ninan;3
m

n # of a entries n # of b entries 13 # of ¢ entries
l_[ ’b(e) (_ n2 "3 ;- of entrywise bounds used
7

ecH H H

Recall that the bound from the Rg terms is ( )4‘1_Z and our bound for the other terms is

where b(e) = B for all our hyperedges. Summing over all z € [1,2¢g] and all intersection patterns
using Lemma 32, our final bound is

2g - 2% max {(261)4‘”Z (—n1n2n3)4q_z B (ﬂ)z (@) (@)rz‘f‘z}
z€[1,2q] m H H H

The inner expression will either be maximized at z = 2¢g or z = 1 and we will always take g to be
between 1 “max and "29x 50 our final bound on E [tr((Y;Y,))] is at most

2 2q 2.2 2 2q
ninyn3B m\ (n3 n1n2n3rB m
4¢)* max {n S L =1 {—=],|—— —
( Q) { max(mﬂlnnmax) (,U)(H) ( m2 I‘/l3

Since m > 10000C(2 + B fmaxt 42 10 fimay and m > 10000C(2 + B)2r Amanz 3 In fiyax, we have
that

2
ninan3B ) N
n

T 272
E[tr(my)h)] < (16¢°) (lOOOOC(2 + APt nnpax)? )

(note that m < n},, . as otherwise the tensor completion problem is trivial). We now recall Corollary
22, which says that for a given p > 1, r > 0, n > 0, and B > 0, for a random matrix Y, if
E[tr (YYT)?)] < (¢” B)*In" for all integers g > 1 then for all 8 > 0,

(r

p
Pr [||Y|| > BeP (z;ﬁ)lnn + 1) <nP
14

Using Corollary 22 with the appropriate parameters, we can show that for all g > 0,

16¢°B _
P[||m|>—e ’“”2”3]< po

100007 13 max

6.3. Bounds on ||};|| and ||Y3]|

Consider E [tr((Y2Y, )7)]. The constraint that 5’ = b in every Y forces all of the b and &’ indices to be
equal, so our hypergraph H consists of a single vertex b and 4¢ total hyperedges of the form (a, b, ¢)
or (a, b, c’). Ignoring the b vertex (which is part of all the hyperedges), the (a, ¢) and (a, ¢’) edges
form a single connected component. We only need to consider intersection patterns where each triple
(a, b, c) or (a, b, c’) (and thus each edge (a, c¢) or (a, ¢’)) appears with multiplicity at least two. For a
given intersection pattern, let z be the number of distinct edges.

We apply our bounds on H as follows.

1. Inour preprocessing step, when there are two edges e and e, which appear with odd multiplicity,
we double one of these edges or the other. Thus, we can assume that all edges appear with
even multiplicity.
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2. We will apply an entrywise bound 2q — z times on edges of multiplicity > 4, reducing the
multiplicity by 2 each time.

3. After applying these entrywise bounds, all of our edges will have multiplicity 2. We now sum
over a free a, ¢, or ¢’ vertex in H whenever such a vertex exists. Otherwise, there must be a
cycle, in which case we use the entrywise bound on one edge of the cycle and delete it.

Definition 37 Let x be the number of times we delete an edge in a cycle using the entrywise bound.
Lemma 38 The total number of vertices in H (excluding b)is z +1 — x

Proof Observe that neither deleting a free vertex nor deleting an edge in a cycle can disconnect H.
Also, except for the final edge where both of its vertices will be free, every edge which has a free
vertex has exactly one free vertex. Thus, we delete an edge in a cycle x times, removing 0 vertices
each time, we delete an edge with one free vertex z — x — 1 times, removing 1 vertex each time, and we
delete the final edge once, removing the final two vertices. This adds up to z + 1 — x vertices in H. B

Recall that the bound from the R terms is (%)4%Z and our bound for the other terms is

n # of a entries 5 # of b entries n3 # of ¢ or ¢’ entries
1 . .
| | 2V, b(e) (—) (_) (_) r# of entrywise bounds used

ccH H H H

where b(e) = B for all our hyperedges. Summing over all z € [1,2¢g] and all intersection patterns
using Lemma 32, our final bound is

i} -1~
2q - 74q max (zq)4q—z (n1n2n3 )4q ¢ B2 (nm“x )Z ) (n1n2n3) r2q-z+x
z€[1,2q),x€[0,z—1] m u w?

Since ur < nyqy, the inner expression will either be maximized when z = 2¢ and x = 0 or when
z =1 and x = 0. Again, we will always take g to be between ln”% and ”"“2“" , so our final bound on
E [tr(%2Y,1)9)] is at most

2 2.2,.2.p\%
(4¢)“? max (”1”2”3nmax3) q(n1n2n3) (nln2n3rB) m

muln ny,x u? m? ﬁ
Since m > 10000C(2 + B fmaxt 42 10 gy and m > 10000C(2 + B)2r ATTam3 43 In fiymayx, we have
that

ny n2n3B 2q 3

e
10000C(2 + B)2r t3(In gy ) max
Using Corollary 22 with the appropriate parameters (in fact the same ones as before), we can show
that for all 8 > 0,

E[tr(BY) )?)] < (164°)% (

16¢2B _
P[nan . w] < B+

100007 13 max

By a symmetrical argument, we can obtain the same probabilistic bound on ||¥3]|.
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6.4. Bounds on ||Y,]|

Consider E [tr((Y4Y4T)‘1 )]. Our hypergraph H consists of 2¢g hyperedges of the form (b, a,c’) or
(c¢’, a, b) from the top triangles of the hourglasses and 2¢ hyperedges of the form (c, a, b”) or (', a, ¢)
from the bottom triangles of the hourglasses. We only need to consider intersection patterns where
each triple (and thus each hyperedge) appears with multiplicity at least two. For a given intersection
pattern, let z be the number of distinct hyperedges.

Ignoring the a vertices for now, we can think of H as a graph on the b, b’, ¢, and ¢’ vertices. Note
that the (b, ¢’) and (¢’, b) edges are part of a single connected component and the (c, b”) and (’, ¢)
edges are part of a single connected component (these connected components may or may not be the
same).

We apply our bounds on H as follows.

1. In our preprocessing step, when there are two hyperedges e; and e, which appear with odd
multiplicity, we double one of these hyperedges or the other. Thus, we can assume that all
hyperedges appear with even multiplicity.

2. We will apply an entrywise bound 2¢g — z times on hyperedges of multiplicity > 4, reducing
the multiplicity by 2 each time.

3. After applying these entrywise bounds, all of our hyperedges will have multiplicity 2. We now
sum over a free b,b’,c, or ¢’ vertex in H whenever such a vertex exists. Otherwise, there must
be a cycle on the (b, ¢’) and (&', ¢) parts of the hyperedges, in which case we use the entrywise
bound on one hyperedge of the cycle and delete it.

Definition 39 Let x be the number of times we delete a hyperedge in a cycle using the entrywise
bound.

Lemma 40 Let k be the number of connected components of H. The total number of b,b’,c, and ¢’
verticesin Hisz+k—-x<z+2-x

Proof The proof is similar to the proof of Lemma 38. Observe that neither deleting a free vertex nor
deleting an edge in a cycle can disconnect a connected component of H. Also, except for the final
edge of a connected component where both of its vertices will be free, every edge which has a free
vertex has exactly one free vertex. Thus, we delete an edge in a cycle x times, removing 0 vertices
each time, we delete an edge with one free vertex z — x — k times, removing 1 vertex each time, and
we delete the final edge of a connected component k times, removing the final 2k vertices. This adds
up to z + k — x vertices in H. For the inequality, recall that H has at most 2 connected components,
one for the (b, ¢”) edges and one for the (c, b") edges. |

Finally, we bound the number of distinct a indices
Proposition 41 The number of distinct a indices is at most 5.

Proof Note that by the definition of Y4, every a index must be part of at least two distinct hyperedges.
|

4q-z

Recall that the bound from the Rq terms is (“£2%2)™*™* and our bound for the other terms is

n # of a entries (”lz
(1_[ ‘b(e))(ﬂ) u

ecH

r# of entrywise bounds used

)# of b or b’ entries (n # of ¢ or ¢’ entries
3 )

U
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where b(e) = B for all our hyperedges. Summing over all z € [2,2¢] and all intersection patterns
using Lemma 32, our final bound is

E —2— 2.2
2q - 2% max (2q)*~* (—n1n2n3 )4q_z B4 (ﬂ) ’ (max {na, ”3})Z Y [nansy 2a-2+x
z€[1.2g).x€[0,2-2] m u 2 i

Since ur < min {ny, ny, n3}, the inner expression will either be maximized when z = 2¢g and x = 0
Innmax

or when z = 2 and x = 0. Again, we will always take ¢ to be between =4x and “22*, 50 our final
bound on E [tr((YzYzT)q)] is at most

2q 2g
(49)*) max {(nlnzngx/ﬂmax {no, ng}B) (nfnax ) ’ (n%n%n%rB) 2 }

3 2
mu2 Inngy,gyx M

Since m > 10000C(2 + B)*r+/n max {n, ng},u% In 7,4, We have that

2
ninynsB ) 7 .
n

T 272
E[tr((my,)h)] < (16¢°) ( 10000C(2 + B)?ri(Innmax?) "

Using Corollary 22 with the appropriate parameters, we can show that for all 8 > 0,

16¢*B -
P[||m||>—e ”1”2”3] A

100007 143 max

Putting our four bounds together with a union bound, for all 5 > 0,

Bn1n2n3 646 Bn1n2n3 —(B+1)
Y Y 4
[II Il> } [II > 100007 1 } Monax

as needed.

7. Iterative tensor bounds

In this section, we show that with high probability, applying the operator PRg, to an order 3 tensor A
improves our bounds on it, where we are assuming that Q is chosen independently of A.

Theorem 42 If A is a B-bounded tensor, C > 1, 8 > 0, and
1. m > 10000C(2 + B)*Nmaxt 1> 10 1y
2. m > 10000C(2 + B)*r+/i1 max {na, n3} 113 I npax > 10000C(2 + B)*rATan3 12 1n Ry
3. ur < min{ny, ny, n3}

then

Pr < 100m, BV

_ B
PRoA is not (E) -bounded

Proof We first consider how P acts on a tensor

Definition 43
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1. Define PV to be the projection onto span{u; ® v; @ w : i € [1,r]}.

2. Define PYVY to be the projection onto span{u; ® v @ w; : i € [1,r]}.

3. Define P¥VW to be the projection onto span{u ® v; ® w; : i € [1,r]}.

4. Define PYYW 1o be the projection onto span{u; ® v; @ w; i € [1,r]}.

Pl‘OpOSitiOH 44 P = Pyv + Puyw + Pyw — 2PUVW

With this in mind, we break up the tensor W = PRqA into four parts and then obtain probabilistic
bounds for each part. Theorem 42 will then follow from the union bound and the inequality
(@a+b+c—2d)? <5+ b +c?+2d%).

Definition 45

1.

Define WYV = Pyy RoA.

2. Define WUW = Puw RoA.

3. Deﬁne WVW = PVWRQA.

4. Deﬁne WUVW = PUVWRQA.

To analyze these parts, we reexpress Pyvy,Puw,Pvw,Puyw in terms
UV, UW, VW, UVW.

Definition 46

1.

2.

Define UVyparpy = Xi_y WiaVibUia'Vib’

—_ r
Define UWqcaer = Xii_) WiaWiclia' Wic?

3. Define VWpcprer = iy VipWic Uiy Wicr

4.

_ T
Define UVWapearprer = Zizl UiqVip WicUja' Vip' Wic’

Proposition 47

1.

UV is (% ) -bounded.
nmn
4

-bounded.

UW is ( K

2.3
nn,

VW is (l:z)-bounded.
3

2
n

UVW is (i)-bounded.

7,72
nyn;ny

Proof These bounds can be proved in the same way as Proposition 29.
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Proposition 48

1. WUV = Sty UVapary Ro(a’, b, ¢)Agic

abc

2. WUW = Za”c' UVaca’c’RQ(a,a b7 C,)Aa’bc’

abc

3. WVW = Zb”c/ UVbe’C’RQ(a’ b” C,)Aab’c’

abc

UVW D
4 W = Za’,b’,c’ UVabca’b’c’RQ(a/, b/, C/)Aa’b’c’

abc

Proposition 49

abc

Uvy? _ o P
L (Wop)” = Zar v).apby, UVaba by UVabaypy Ra(al, by, €)Ra(aj, by, ©) Aa e Aaypye

UW\2 _ ) ’ AY>] ’ ’
2. (W ) - Zai,c;,aé,cé UWaca’lc] UWaca;céRQ(ap b, 91 )RQ(aza b, Cz)Aa’lbc; Aa;bcé

abc

VW2 _ D 5
(Wt )™ = Zbtcrbincy VWoeb) et VWhenye, Ra(a, by, ) Ra(a, by, ¢)) Aap, e Aabye,

3. abc
4.
(WUVW)2 _

abc

D ’ ’ '\ND ’ ’ ’
UVWabca,p,c; UV Wabca,p,c; Ralay, b, c))Ra(ay, by, ¢3)Aai b Aaypyc,
a’,bl,c,al,bl.c)
rrrrrTerer2

We need to probabilistically bound the expressions Y’ supset of {a,b,c} (WZX’CUW’VW’ or UVW)Z. For each
expression which we need to probabilistically bound, we can obtain this bound by analyzing the
expected value of its qth power using the techniques in Section 5 and then using a result similar to
Corollary 22. We begin by probabilistically bounding (ng‘gw )2. As the remaining bounds will all
be very similar, rather than giving a full proof of the remaining bounds we will only describe the few
differences and what effect they have.

Lemma 50 For all a, b, c and all B > 0, if m > 10000C(2 + B8)*Nmaxt 1> 10 Ry then

32¢*Bru
10000Cn,4x

P [(WUVW)Z S ’;(5;4)

abc

Proof Similar to before, we partition our sum based on the intersection pattern of which (alf, blf, clf ) are
equal. Letting z be the number of distinct triples (a’, b;, ¢/), the contribution from the Rq(a;, b!, c;)
terms will be at most a factor of (%)zq_Z
on the remaining terms is

n # of a or a’ indices ny # of b or b’ indices s # of ¢ or ¢’ indices
l_[ ./ b( e) (_ < it r# of entrywise bounds used
u

ecH H H

. Recall that for a given intersection pattern, our bound

Remark 51 Here we will only be summing over a’,b’, and ¢’, indices, but for other expressions we
will be summing over a, b, and c indices as well.
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In our hypergraph H, we will have hyperedges (a;, by, ¢) corresponding to the tensor entries Ay, b ¢!
and we will have hyperedges (a, b, ¢, a;, b, c/) corresponding to the matrix entries UVW, 3, .. a,blct-

‘We have that 4
10
1—[ Vb(e):Bq< 2% 2)

eccH ninsn

1273
We apply our techniques to H as follows.

1. Recall that in our preprocessing step, we can take a pair of hyperedges e, e> and replace them
with either a doubled copy of e; or a doubled copy of e;. Using this, we ensure that every
hyperedge appears with even multiplicity.

Here, we start with hyperedges (a’, b’, ¢”) where every distinct (a’, b’, ¢’) has multiplicity at least
two and hyperedges (a, b, ¢, a’, b’, ¢’) where every distinct (a, b, ¢, a’, b’, ¢’) has multiplicity
at least two (a, b, ¢ are the same for all of these hyperedges). Thus, in our preprocessing
step, we can ensure that all of the hyperedges (a’, ', ¢’) and (a, b, ¢, a’, b’, ¢’) occur with even
multiplicity and every distinct hyperedge has multiplicity at least two.

2. We apply an entrywise bound ¢ times to the (a, b, ¢, a’, b’, ¢’) hyperedges.

3. We will apply an entrywise bound g — z times on hyperedges (a’, »’, ¢’) of multiplicity > 4,
reducing the multiplicity by 2 each time. After doing this, all our hyperedges will have
multiplicity 2. We now ignore the ¢’ vertices and consider the graph on the a’, b’ vertices. We
then sum over a free a’ or b vertex in H whenever such a vertex exists. Otherwise, there must
be a cycle (which could be a duplicated edge if we have hyper-edges (a’, b, ¢]) and (a’, b’, c})),
in which case we use the entrywise bound on one edge of the cycle and delete it.

Definition 52 Let x be the number of times we delete an edge in a cycle using the entrywise bound.

Lemma 53 Let k be the number of connected components of H. The total number of a’ and b’
verticesin His z+k —x <2z -2x

Proof The first part can be proved in exactly the same way as Lemma 40. For the inequality, we
need to show that £ < z — x. To see this, note that there are at most z distinct edges and every
time we delete an edge in a cycle, this removes one edge without reducing the number of connected
components. After removing all cycles (and no other edges), we must have at least as many edges left
as we have connected components, so z — x > k, as needed. |

Summing over all z € [1,2¢g] and all intersection patterns using Lemma 32 and noting that there are
at most z a’,b’,¢” indices but we must have two fewer a’ or b” indices for each time we delete an edge

in a cycle using an entrywise bound, our final bound on E [((ng \ZW)Z)‘I ] is

q 2
2q - 2% max ¢ (’11”2”3 )zq_z BEAC (e ) a ) rd-ax
2€[1,2g]x€[0,2-1] m ninin’ w3 min {n, ny}

Since m >> rq and ur < min{ny, ny, n3}, the inner expression will be maximized when z = ¢ and

x = 0. Again, we will take g to be between % and *22= so our final bound on E [((Wéjb‘gw)z)q]

is at most

2Br? ,u3 4
——— | Mmax
mInng,,qx

(zq)(Qq) (
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Since m > 10000C(2 + ,B)Zrnmax uz In 11,4, we have that for all a, b, c.

£ [((WUVW>2)q] < g 8Bru ! n
abe 10000C(2 + B)1max(In Appax)?)

To obtain our final probabilistic bound, we adapt Corollary 22 for non-negative scalar expressions.

Corollary 54 Fora givenp > 1,r 2 0, n > 0, and B > 0, for a non-negative scalar expression Z,
if E[Z9] < (¢PB)*dn” for all integers q > 1 then for all B > 0,

Pr

2p
|Z| > B%e*P (@1ﬂn+ 1) l <nP
p

Proof This can be proved in the same way as Corollary 22 except that |Z| takes the place of ||[YY7||
which is why the bound of Corollary 22 is squared. |

Using Corollary 54 with the appropriate parameters, for all a, b, ¢

32¢*Bru _(B+4
P l(wuvwy? (B+4)
[( abe ) > 10000Cmye| < "max

The remaining bounds can be proved in a similar way, though there are a few differences. We now
consider the remaining bounds involving WYVW . When we average over at least one coordinate, our
analysis is as follows:

1. The (a, b, c,a’,b’,c’) hyperedges no longer all have the same (a, b,c). In fact, since the
intersection patterns only specify which (a/, b}, ¢/) are equal to each other, we treat all of the
different a, b, ¢ as distinct indices.

2. For each (a, b, ¢), we begin with two (a, b, c,a’, b’, ¢’) hyperedges which have this (a, b, ¢)
(though their (a’, b’, ¢’) may be different) To handle this, in our preprocessing step we take
each such pair of (a, b, ¢, a’, b’, ¢’) hyperedges and double one or the other.

3. Averaging over the a, b, or ¢ indices, we avoid using entrywise bounds for any of the doubled
(a,b,c,a’,b’, c’) hyperedges.

4. The analysis of the (a’, b/, ¢’) hyperedges is exactly the same

WUVW

2. .
be )" if we are only averaging

Taking Z to be the appropriate expression (for example, Z = nil Yl
over the a index), our bound on E[Z4] is affected as follows:

1. Avoiding using the entrywise bounds on the (a, b, ¢, a’, b’, ¢’) hyperedges reduces our bound
on E[Z4] by a factor of r9.

2. If we average over a, this ;ives us ¢ additional a indices to sum over, increasing our bound on
E[Z4] by a factor of (%) , but this also gives us a factor of n%] so the net effect is to reduce our

bound on E[Z?] by a factor of u9. Similar logic applies to b1 and c, so each index we average
over (including the first) reduces our bound on E[Z4] by a factor of u4.
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This implies that each index we average over (including the first) reduces our final bound by a factor
of 1 and averaging over at least one index reduces our final bound by a further factor of r, as needed.
At this point, we just need to consider the bounds involving WYV, as the remaining cases are
symmetric. When we analyze Z = (WCZ?‘Z)Z rather than (WZ?‘ZW)Z, our analysis differs as follows.
2,6 \4
Instead of having (fzr 2"; 2) in our bound on E[Z?] from the (a, b, ¢, a’, b’, ¢’) hyperedges, we will
1772773

2,,4\49 2\4

have (Bnrz :2 ) from (a, b, a’, b") hyperedges, increasing our bound on E[Z4] by a factor of ( %) .
"2

However, this is partially counteracted by the fact that we are either no longer summing over the ¢’

indices separately from the c indices because we always have that ¢/ = ¢;. This removes a factor of

(';1—3)Z from our bound on E[Z4]. Thus, our bound on E[Z4] is now

q 2
2q - 72q max qzq‘z (”1"2113 )2q‘z Br2,u4 niny\° H ' pa—3+x
z€[1,2q],x€[0,z—1] m n n% 'u2 min {I’ll, nz}

We check that it is still optimal to take z = ¢ and x = 0. Since ru < min {ny, ny, n3}, it is always

2 2
optimal to take x = 0. Now if we reduce z by 1, this gives us a factor of at most L-°28 . T2 = 47275
m nin, m

We will take ¢ < 10(1 + 8) In 72,4 and we have that m > 10000C(2 + B)*fmax? > In Ry, SO it is
indeed still optimal to take z = g and x = 0. Thus, the net effect of the differences is a factor of (%)q

—1o

in our bound on E[Z4] which gives us a factor of % in our final bound. This gives us the following
bound.

Lemma 55 Forall a,b,c and all B > 0, if m > 10000C(2 + B8)*Nmax? 1> In Ny then

2
PIWYYY > ot < miht
Finally, we consider what happens if we average over one or more of the a, b, and c indices. If we
average over the a indices or average over the b indices, then instead of using entrywise bounds on
the (a, b, a’, b") hyperedges, the index or indices we average over will create free vertices, allowing us
to bound the (a, b, a’, b’) hyperedges without using any entrywise bounds. We can now use the same
reasoning as before. The final case is if we only average over the c indices.

Lemma 56 For all a, b and all B > 0, if m > 10000C(2 + B)*Nmaxt 1 In Rpax and then

1 Uv 2 32€2B _(,3"'4)
P n_3 Z (Wabc) > IOOOOCM < Mmax

c

Proof In this case, our preprocessing ensures that all distinct hyperedges appear with multiplicity
which is even and at least two. Now instead of first bounding the (a, b, a’, b") hyperedges and then
bounding the (a’, b’, ¢’) hyperedges, we will first bound the (a’, b’, ¢’) hyperedges using all of the
distinct ¢ indices and bound the (a, b, a’, b") hyperedges using the distinct a’, b’ indices.

Letting y = z — (# of distinct ¢”), we have the following bounds on the number of a’, »’, ¢ indices
and the number of times we will use an entrywise bound

1. There are at most z a’ indices and there are at most z »” indices.
2. There are at most 2z —2x a’ and b’ indices, where x is the number of times we use an entrywise

bound on (a, b, a’, b”) hyperedges because of an (a’, b") edge in a cycle.
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3. There are (z — y) ¢ indices.
4. The total number of times that we will use an entrywise bound is 2g — 2z + x + y

Taking Z = nlg 3. (WUV)Z, this gives us a bound of

abc

_ 4 \4 4 2
2¢-2% max {g*7? (”1”2713 )2‘1 z[ Bru (n1n2n3)z ( U ) * ( K )y 12q-2z+x+y
ma o) 3 ~
zel1.24], m ninin; u min {ny,ny} n3

x,y€[0,z-1]

on E[Z%]. We check that it is optimal to take z = ¢, x = 0, and y = 0. Since ru < min{ny, ny, n3},
it is always optimal to take x = y = 0. Now if we reduce z by 1, this gives us a factor of at most

2,3 2,3
‘1""’:12”3 . nTnfz‘m = qrm” . We will take g < 10(1 + B) In n;,,4x and we have that ru < min {ny, np, n3}

and m > 10000C(2 + B)*Myaxr 1> In My, s0 it is indeed optimal to take z = ¢, x = 0, and y = 0.
Comparing the resulting bound to our bound on £ [(ng‘g)zq], it is smaller by a factor of (ru)?,

so our final bound is smaller by a factor of ru, as needed. |
We now have all of our needed probabilistic bounds. Theorem 42 follows from the inequality
ijc <5 ((ng‘é)2 + (ngvg 2+ (W:bvg)2 + 2(ng‘gw)2) and union bounds. |

8. Trace Power Calculation for P’RoA ® (P'RoA)T
In this section, we prove the following theorem.
Theorem 57 If A is B-bounded, C > 1, and
1. m > 10000C(2 + B)*pmaxt 2 10 Ry
2. m > 10000C(2 + B)*r~/ max {nz, n3} 2 In ey > 10000C(2 + B)2riinams p2 In npax
3. ur < min {ny, ny, n3}
then
Pr [||Y|| > —Bgﬁ’“] < 4n~(B+D
whenever Y is any of the following:
1. Y = PYYRaA ® (PYY RoA)T
2. Y = PYWRaA ® (PYVY RqA)T
3. Y =PYWRaA® (PYW RqA)
4. Y = PYUVWRaA ® (PYVW RqA)T

Proof This can be proved using the techniques of Sections 5 and 6 with one additional trick. We first
consider the PYYW case and then describe the differences for the other cases. In all of these cases,
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we will show that the bound we obtain on E [tr((YY?)%)] is much less than the bound we obtained
for E [tr((Y4Y4T)’1 )] in section 6, which was

% “2—x (2.2
2g - 2% max (2g)*= (w)4q_z pga (M * (max {ny, n3} o i) F2q-2+x
z€[1,2q],x€[0,z-2] m u u u*

Thus, for simplicity, for the remainder of the section, we will absorb constants, functions of only
g, and logarithms into an O. Doing this and taking z = 2¢, x = 0, the above bound becomes

2q
~ | ninynz+/ny max {ny,n3}B
(0(123\/1 3{23} )

2 max
mu 2

When Y = PYYWRGA ® (PUYVW RqA)T, the structure of tr ((YYT)4) is as follows. We have
(a’, b, ¢") hyperedges and we have hyperedges (a, b, ¢, a’, b’, ¢’) which we can view as an outer
triangle (a, b, ¢) and an inner triangle (a’, b’, ¢’). The outer triangles form hourglasses as before while
the inner triangles sit inside the outer triangles.

The Rq terms only involve the (a’, b, ¢’) triples so our intersection patterns only describe these
indices. Thus, we sum over all of the a, b, c indices freely. We now use the following additional trick.
We decompose each UVW pcqper as Zf: | WiaVibWicUiq Vi Wicr. NOw observe that every vertex in
the outer triangles appears in two hyperedges. When we sum over that vertex, we get a term such
as )., Ui ali,q. This is O unless i} = iy and is 1 if i; = ip. This in fact forces a global choice for i
among the UVW terms, giving a single factor of r for the choices for this global i. This also means
that the vertices in the outer triangles give a factor of exactly 1, so they can be ignored! For the

remaining terms of UVW, we use the bounds ufa, <E 2« n%’ and wizc/ < ,%, obtaining a factor

ny’ Vib’ Y
2
3 q
K
of (n1n2n3)

We now consider the contribution from summing over the a’, ’, ¢’ vertices, the contribution from

the Rq terms, and the contribution from the entries of A. Letting z be the number of distinct triples

. . . o - . dg-
(a’,b’, ¢’) in the given intersection pattern, the contribution from the Rq terms will be (%) =,

The contribution from the entries of A from the b(e) is B>?. Letting x be the number of times that we
have to use an entrywise bound on a doubled edge because it is in a cycle, we have the following
bounds on the number of indices and the number of times we use an entrywise bound.

1. The number of distinct a indices, the number of distinct b indices, and the number of distinct ¢
indices are all at most z

2. The total number of distinct indices is at most 3z — x.
3. The number of times we use an entrywise bound is 2g — z + x

Putting everything together, we obtain a bound of

2
0 max r ©'B \* (”1”2”3 )4‘1‘Z ninans \° H * p24-2+x
z€[1,2q],x€[0,z—-1] ninsn3 m /13 min {nl, np, n3}

for E[tr((YYT)?)]. This is maximized when z = 2¢g and x = 0, leaving us with a bound of

2q
. 2 -
(0(%)) 1 which is much less than the bound of (0 ("lnzn“/amaf {nz’m}B)) n2,.. which

3 max
mu 2

we had for E [tr((Y4Y4T)‘1)], so we get a correspondingly smaller norm bound, as needed.
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PUV PUW PVW

The analysis is the same for the , and cases except for the following differ-
ences which increase the bound on E [tr((YYT)?)], but still makes it much less than we had for
E[ir((GY]))]

1. Inthe P¥W case there are now two global indices, one for the top of the outer hourglasses and
one for the bottom of the outer hourglasses. This gives us a global factor of r? rather than r.

2. Since one of the outer indices is now merged with the corresponding inner index, instead of the

2 2 2
UVW terms giving us factors of (r%) 7 (n%) 7 and (n%) ? for the inner indices, we will only

have two of these factors. This increases our bound on E [tr((YYT)?)] by a factor of at most

Nmax 2q
(=22)
~ 2
Putting these differences together, our bound will now be (O(W)) 12 which is still much
less than the bound we had for E [tr((%,Y, )%)]. [ |
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Appendix A. Controlling the kernel of matrix representations

We prove the following lemma in this section which was an ingredient of the proof of Theorem 4. Let
{u;}, {v;}, {w;} be three orthonormal bases of R".

Lemma [Restatement Lemma 16]

Let R be self-adjoint linear operator R on R" ® R". Suppose ((v; ® wi), R(v; ® w;)) = 0 for
all indices i, j, k € [r] such that i € {j, k}. Then, there exists a self-adjoint linear operator R’ on
R" ® R" such that R'(v; ® w;) = 0 for all i € [r], the spectral norm of R’ satisfies ||R’|| < 10||R]],
and R’ represents the same polynomial in Ry, z],

(y®2)R'(y®2)=((y®2).R(y ®2)).

Proof. We write
R(v; ® w;) = Z CiijkVj ® Wk
ik
Then the condition on the bilinear form of R implies that for all 7, j, k, ¢;;;x = 0 and ¢;;; = 0.
We now take Z to be the following matrix

Z = Z Ciijk ((Uj ® wi)(v; ® w;)' - (v; ® wi)(v; ® w)" = (0 ® wi)(vj ® w)' + (v ® w;i)(v; ® wk)T)
ik

+ Z cé” ((0; ® w)(v; ® wi)" = (v ® wi) (v ® W) = (v; ® wy)(v; ® wi)" + (v; ® wi)(v; ® wy)")
ij
It can be verified directly that Z represents the O polynomial and has the same behavior on each of
the (v; ® w;) as R. The factor of % in the second sum comes from the fact that ¢;;;; = ¢;;;; and the
fourth term for c¢;;; matches the first term for c;;;

We choose R’ = R — Z. In order to show the bound ||R’|| < 10]||R]| it is enough to show that
IZ]] < 9lIRl

We analyze the norm of Z as follows. We break Z into parts according to each type of term and
analyze each part separately. Define X to be the subspace spanned by the (v; ® w;), define Px to be
the projection onto X and define Py to be the projection onto the subspace orthogonal to X.

For the part ¥, i iijk(v; ® wi)(v; ® w;)", note that 3, ;¢ ciijr(v; ® wi)(v; ® w;)’ = PR’ Px s0
it has norm at most ||R||.

For the part 3 x cijjr(v; ® wi)(v; ® wy )T, note that under a change of basis this is equivalent
to a block-diagonal matrix with blocks i ciijkv jw,{. The norm of each such block is at most its
Frobenius norm, which is the norm of } ; ciijx(v; ® wx) = R’(v; ® w;). Thus, this part also has
norm at most ||R||. Using similar arguments, we can bound the norm of the other parts by ||R|| as
well, obtaining that || Z|| < 8||R]|. |

Appendix B. Full Trace Power Calculation

In this section, we analyze ||>,A,® BL|| where A = (Rq,P;)---(Ra,P1)(Ro,X) or
A = Pri(Ro, P+ (Ro, P1)(Rg,X) for some projection operators Py,---, P, Py and B =
(RQI,PZI) e (RQIPI)(RQOX) or B = Pl/+1(Rgl,Pp) e (RQIP{)(RQOX) for some projection opera-

tors P{,---, P/, P, . In particular, we prove the following theorem using the trace power method.
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Theorem 58 There is an absolute constant C such that for any « > 1 and 8 > 0,

pr|| Z Ag ® BT|| > o B2 < pF
a

as long as

1. rp < min{ny,ny, n3}

2. m> Ca/,B,u%r\/n_lmaX {ny, n3}og(max {ny, ny, n3})

3. m > CaBu’r max {ny, ny, n3 Ylog(max {ny, no, n3})

Remark 59 In this draft, we only sketch the case where we do not have projection operators in front.
To handle the cases where there are projection operators in front, we can use the same ideas that are
sketched out in Section 8,

B.1. Term Structure

When we expand out the sums in 17 (2, Az ® BL)(X4 Au ® BaT)T)q), our terms will have the
following structure. We label the indices so that each Rq; operator has its own indices (a;j, bij, cij)
or (a; - b; - c j). Many of these indices will be equal.

1.

For all i € [0,/] and all j € [1,2¢g] we have indices (a;}, b;j, c;j) and a corresponding term
Ro, (ajj, bjj, ¢;j) in the product.

For alli € [0,/’] and all j € [1,2q] we have indices (alfj, blfj, clfj) and a corresponding term
Ro, (aj, b}, c;;) in the product.

. Forall j € [1,2g] we have a term Xp,¢, and a term Xa(f)bécé in the product.

For alli € [0,/] and all j € [1,2¢] we have a term Pi(aij, bij9 Cij> A(i-1))> b(i—l)j’ C(i—l)j) in the
product.

Foralli € [0,/’] and all j € [1,24] we have a term Pl.’(alf,., blfj, cl.al b

Ay Yoy Ciryy) In the
product.

We represent the terms in the product graphically as follows.

Definition 60

1. For all i, we represent the terms Rgi (aij, bij, cij) and Rgi(agj, blfj, clfj) by triangles. We call

these triangles R;-triangles and R!-triangles respectively.

2. Foralliand j,

(a) If P; = Pyy then we represent P;(a;j, bij, cij, ag-1)j» bi-1yj» bi-1);) by a hyperedge
(aij, bij, ai-1yj> bi-1);)- We call this hyperedge a UV -hyperedge.

(b) If P; = Pyw then we represent Pi(a;j, bj, cij, aii-1)j, bi-1)j, bi-1)j) by a hyperedge
(aij, cij> ai-1)j» C(i-1)j). We call this hyperedge a UW -hyperedge.
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(c) If P; = Pyw then we represent P;(a;j, bij, cij, ai-1)j» bi-1yj» bi-1);) by a hyperedge
(bij» cij» bi-1)j> c(i-1)j)- We call this hyperedge a VW -hyperedge.

(d) If P; = Pyyw then we represent Pi(a;j, bij, cij, agi-1yj» bi-1yj» bi-1);) by a hyperedge
(aij, bij, cij» aii-1)j» bii-1)j» C(i-1)j). We call this hyperedge a UVW-hyperedge.

’ . . .
We represent the P] terms by hyperedges in a similar manner.

3. For all j € [1,2q], we represent the term Xy by;c,; With a hyperedge (aoj, boj, coj) and
we represent the term Xa(r)]_ bl with a hyperedge (a(’)j, b(’)j, c(’)j). We call these hyperedges
X-hyperedges. '

We have the following equalities among the indices:

1. Forall j € [1,2q], a;; = al’,j

2. Forall j € [1,2q], if j is even then b;; = by(j+1) and cl’/j = cl’,UH)
3. Forall j € [1,2q], if j is odd then ¢;; = ¢(j+1) and b; b;’(1+1)

4. For all i € [L,I] and all j € [1,2q], if P; = Pyy then ¢;; = c(-1);, if P; = Pyw then
b,‘j = b(i—l)j, and if P; = Pyw then ajj = a@-1)j

5. For all i € [1,]] and all j € [1, 2q] if P/ = Pyy then c = if P/ = Pyw then

(t Dj’
b’ =b and if P/ = Pyw then a

(i-1)j° (z Dj

B.2. Techniques

In this section, we describe how to bound the expected value of

tr (((Z Aa ® Ba)(Z Ag ® Ba)T)q)

We first consider the R, terms, which for a given choice of the indices are as follows:

2
(HHRQ (alja l]’clj))(l—[nRQ (a”’ lj’Cll))

i=0 j i=0 j
For a given choice of the indices, the expected value of this part can be bounded as follows

Definition 61 For all i, let z; be the number of distinct R;-triangles and let 7] be the number of
distinct R]-triangles. If a triangle appears as both an R;-triangle and as an R]-triangle then it
contributes % to both z; and z; (so the total number of distinct triangles at level i is z; + z[)

Lemma 62 For a given choice of the indices {a;;, b;j, ¢;j} and {alfj, b;j, clfj}

1. If any triangle appears exactly once at some level i then

I 2q I 2
(1_[ l—[ (aij, bija Cij)) (1_[ l—[ Rgi(a{j, ij CU)) =0

=0 j=1 i=0 j=1
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2. Iffor alli, all of the triangles which appear at level i appear at least twice then

/ Zq
0<E l_()ll—[RQ (aij, bij, cij) I_OH_IRQ (au, i €
i J L J

ninon3 i:O(Qq_Zf)+Zi:O(2q_Zi)
<(*7)
m

Proof If there is any triangle (a, b, ¢) which appears exactly once in level i then Rq, (a;, b;, ¢;) has
expectation 0 and is independent of every other term in the product so the entire product has value 0.
Otherwise, note that for k > 1,0 < E [(Rq,(a, b, ©))*] < (%)k_l. Further note that Rq,(a, b, ¢)
terms with either different i or different a, b, ¢ are independent of each other. Thus, using this bound,
each copy of a triangle beyond the first gives us a factor of (%) The total number of factors which
we obtain is the total number of triangles minus the number of distinct triangles (where triangles at
different levels are automatically distinct) and the result follows. |

We now note that this bound holds for all sets of indices that follow the same intersection pattern of
which R;-triangles and R!-triangles are equal to each other. Thus, we can group all terms which have
the same intersection pattern together, using this bound on all of them.

Each such intersection pattern forces additional equalities between the indices. After taking
these equalities into account, we must sum over the remaining distinct indices. We now analyze
what happens with the remaining terms of the product as we sum over these indices. We begin by
considering how well we can bound the sum of entries of X squared if we sum over 0,1,2, or all 3
indices.

Lemma 63

} V2M3
abct = ningyns

1. maxgpe {X?

2. maxbc {Za abc} = 7:2613

r
3. maxc {Za b Xabc} < n_/:

2 _
4. Za,b,c Xabc =r

Proof For the first statement,

2 2 2 r 2113
Xope = Z UiaVibWicljqVjpWje < T max{um lbw <
7 ninanj
For the second statement,
2 2
2 22 H 2 ry
ZXabL D (Z J> DibWicjpWje = ) UF 0w, < —— > uf, =
— - nanz ~— nanj
L] a i,a a,l

For the third statement,

2 .2 2 M 2 2| _TH
5 8= 3 S s = 3 i < 2 3(5 08,305 ) - 2
i a ~

,j,b i,a,b
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The final statement can be proved in a similar way. |

Note that every index we sum over reduces the average value by u. Further note that if we do not sum
over any indices, there is an extra factor of r in our bound. Following similar logic, similar statements
hold for the P; and P] terms.

We utilize this as follows. We start with a hypergraph H which represents the current terms in our
product. We first preprocess our product using the inequality |ab| < 42 + (carefully choosing
each a, b, and x) to make all of our hyperedges have even multiplicity. Note that when doing this, we
cannot fully control which doubled hyperedges we will have; if we apply this on hyperedges e; and
ey we could end up with two copies of e; or two copies of e;.

Now if we have a hyperedge with multiplicity 4 or more, we use the entrywise bound to reduce
its multiplicity by 2. For example, if our sum was 3, X‘a1 pe then we would use the inequality

Z Xabc max {X2bc} Z Xabc

to bound this sum.

Once every hyperedge appears with power 2, we choose an ordering for how we will bound the
hyperedges. For each hyperedge, we sum over all indices which are currently only incident with that
hyperedge, take the appropriate bound, and then delete the hyperedge and these indices from our
current hypergraph H. We account for all of this with the following definitions:

Definition 64
1. Define the base value of an X-hyperedge e to be v(e) = nlrfna
2. Define the base value of a UV -hyperedge e to be v(e) = 5‘;42
l 2

3. Define the base value of a UW-hyperedge e to be v(e) = |-t~

4. Define the base value of a VW-hyperedge e to be v(e) = |+

6

5. Define the base value of an UVW -hyperedge e to be v(e) = — a
l

7.3
nmn3

Definition 65 We say that a index in our hypergraph H is free if it is incident with at most one
hyperedge.

For a given intersection pattern, assuming that every vertex is incident with at least one hyperedge
after the preprocessing, our final bound will be

n1n2n3 25:0 (zq_Zi)+Zf~;0 (zq_zg) n # of a indices
(22 [Te@) (=
m e 2

# of b indices # of ¢ indices
(_2 3 r# of doubled hyperedges we bound with no free index
H Jz
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To see this, note that from the discussion above, when an index a,b, or c is free and we sum over it,
we obtain ny, ny, or n3 terms respectively but this also reduces the current bound we are using by a
factor of . This will happen precisely one time for every index which is incident to at least one edge.
Thus, for this part the ordering doesn’t really matter. However, there is an extra factor of r whenever
we bound a doubled hyperedge with no free index (including when this hyperedge has multiplicity 4
or higher and we reduce its multiplicity by 2). We want to avoid this extra factor of r as much as
possible. We describe how to do this in subsection B.4.

Remark 66 When summing over an index, we may not acutally sum over all possiblities because
this could create equalities between triangles which should not be equal according to the intersection
pattern. However, adding in these missing terms can only increase the sum, so it is still an upper

bound.

B.3. Bounding the number of indices

In this subsection, we describe bounds on the number of each type of index for a given intersection
pattern. We then define a coefficient A which is the discrepency between the our bounds and the
actual number of indices and reexpress our boun in terms of A.

We make the following simplifying assumption about our sums.

1. Foralli € [0,1’], we either have that alfj = a;j forall j € [1,2¢g] or alfj # a;j forall j € [1,2q].
2. Foralli € [0,!’], we either have that bl’.j = b;j forall j € [1,2g] or bl’.j # b;j forall j € [1,2q].
3. For alli € [0,!’], we either have that cl.’j = ¢;j forall j € [1,2g] or cl.’j # ¢;j forall j € [1,2q].

Moreover, all of these choices are fixed beforehand. We justify this assumption with a random
partitioning argument in subsection B.5.
With this setup, we first bound the number of each type of index which appears.

Definition 67 For all i,

1. We define x;, to be the number of distinct indices a;; which do not appear at a higher level, we
define x;p, to be the number of distinct indices b;; which do not appear at a higher level, and
we define x;. to be the number of distinct indices c;j which do not appear at a higher level.

2. We define x;, to be the number of distinct indices a], which do not appear at a higher level, we
define x, to be the number of distinct indices b;j which do not appear at a higher level, and
we define x; . to be the number of distinct indices clfj which do not appear at a higher level.

In the case where we have an equality a; ;= i and this index does not appear at a higher level, we

instead count it as % for x;q and % for x}, (and similarly for b and c).

Recall that we defined z; to be the number of distinct R;-triangles and we defined zlf to be the nmber
of distinct R!-triangles. z; and z/ give the following bounds on the coefficients

Proposition 68

1. Foralli <1, xiq < zi, Xip < 2i, and X < zZ;.
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’

. ’ ’ ’ ’ ’ ’
2. Foralli <, X, <25, X[, < 7, and Xi. S 7

i’
3. Ifl" #1, b;j # byj, or cl’j # Cljs

(a) Xia +x}, <min{z, z,}
(b) Xip+ X <z1+1

’/ ’ ’/
(¢) xpp +x,,.<z,+1
4. In the special case thatl’ = I, b;j = byj, and cl’j = cyj,

(a) Xia+x,,=2+z,

(b) x1p + x1c = x;,b +x;,c =1

Proof The first two statements and 3(a) follow from the observation that distinct vertices must be in
distinct triangles. For 3(b), note that if we take the b, ¢ edges from each R;-triangle, the resulting
graph is connected. Thus, each distinct such edge (which must come from a distinct triangle) after
the first edge can only add one new vertex and the result follows. 3(c) can be proved analogously.
For the fourth statement, note that in this case all of the b;; and b} . indices are equal to a single
index b and all of the ¢;; and cl'j indices are equal to a single index c. Thus, the number of distinct
aj; is equal to the number of distinct R; and R; triangles. |

With these bounds in mind, we define x""“* coefficients which represent the maximum number of
distinct indices we can expect (given the structure of A and B and the values z;, z;) and A coeflicients
which describe the discrepency between this maximum and the number of distinct indices which we
actually have.

Definition 69

1. Foralli <,

(a) If Piy1 = Pyy then we define x;/** = x;’l’f’x = z;. We define Ay = x[)™ — Xiq,
Aip = x;.’;)"x - Xip, and A;. = 0.
(b) If Piy1 = Pyw then we define x'%* = x4 = z;. We define Aijq = xI"* — Xiq,

F— max
Aie = xie

(c) If Pixy = Pyw then we define x7%* = x4 = z;. We define Ajp = x;;™" — xip,

ib
max
Aje = x Xic, and Ajg = 0.

= Xic, and Ay, = 0.

(d) If Piv1 = Pyvw then we define xi % = x[;** = x7'%" = z;. We define Ajq = x7*" = Xiq,

Aip = x;';‘”‘ = Xip, and Aje = x72 = Xje.
2. Foralli <,
’ — rmmax __ mmax __ ’ ’ _ rmax ’.
(a) If P/, = Pyv then we define x";/~ = x';,;*" = z/. We define A[, = x";" = x'iq,
Al = x5 = x'ip, and A = 0.
’ _ /max _ _omax _ _r /) _ rmax ’
(b) If P/, = Puw then we define x'; /" = x"; . = z[. We define A}, = x"} ™" — x'iq,

y _ rmax _ s, r
Al =x" X'ic, and A}, = 0.

(c) If P!, = Pyw then we define x'"[;"* = x"},** = z]. We define Al, = x";"* — x";p,
Al = X" =X, and A}, = 0.
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’ /max _ .ormax _  rmax _  _/ _
(d) If P/, = Pyvw then we define x'; = x5 = xS =zl We define Ay =
rmax rmax /max ’

’ ’
X', —x,a,Aib—xib - ,b,andA = x5 =X e

3. Ifl" #1, b;, # byj, or c . # c1j then we define xmaax = min {z, zl’,}, we define xm‘i" =z +1,

i b
and we define x’ﬁ“cx = zl, + 1. In the special case where I’ = 1, b;,j = byj, and cl’,j = ¢y,

max _
we define x);% z1 + z; and xp%% = Xl = In both of these cases, we define
max rmax

Ara = X[525 = X1a = X}, 4 Dibe = X% = X1p — X1, and Ay, = X' — X)) — X, .

max _ rmmax  __ 1

Definition 70 We define

-1 I'-1
A=Apa+Dpe+ A, + Z (Aig + Aip + Aie) + Z (A, + Al +AL)
i=0 i=0

We now reexpress our bound in terms of A.

Lemma 71 For a given intersection pattern and choices for the equalities or inequalities between
the a;j, bij, cij and a] i b; i clf,. indices, we can obtain a bound which is a product of

A
nanj ( H ) }"# of doubled hyperedges we bound with no free index—(Z{.:O (2q—z,~)+2£.;0 (2q—z;))
p? \min{ny,ny,n3}

3
rp2 ymimax {np.ns} - rpl max{mno,nsy o rad
m ’ m ’ m

and terms of the form

Proof Recall that our bound was

1 4 ’
ninon3 )Zio (2q-zi)+X;_ (29-7}) (nl
— vie) || —

)# of a indices

m

# of b indices # of c indices
(@ @ l’# of doubled hyperedges we bound with no free index
H H

For all i < [, we consider the part of this bound which comes from P;;| and the indices a;, b;, c;
which do not appear at a higher level. Similary, for all i < /’, we consider the part of this bound
which comes from P/, and the indices a/, b/, ¢/ which do not appear at a higher level. Finally, we
consider the part of this bound that comes from the X hyperedges, the R;-triangles, the R/ -triangles,
and their indices.

1. If P41 = Pyy then we can decompose the corresponding terms into the following parts:

(a) ( 2)4 from the hyperedges.

(b) (" "2”) from the ¢ potential new a, b, and c indices.

(c) (M222)7 from the ¢ potential distinct triangles.

q—2i

2 q-
@) (r- RO = (E% from the actual number of distinct triangles, the

corresponding reduced maximum number of potential new indices, and the factors of r
which we take from }"# of doubled hyperedges we bound with no free index
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Aia+Aib+Ai(r
from the actual number of new

© ()" (£)™ (£)™ < (o)

indices which we have

Putting everything together we obtain

’”H2”3 24 M
m min {ny, ny, n3}

Similar arguments apply if P;;; = Pyw or Pyw

)Aia +Aip+Aic

2. If P;y1 = Pyyw then we can decompose the corresponding terms into the following parts:

@) (— 7 2 2)‘1 from the hyperedges.

(b) ("'"2"3) from the ¢ potential new a, b, and c indices.

(c) (2237 from the g potential distinct triangles.
3 ninon g7z ru3 q=zi . . .
(d) ( L M) = (— from the actual number of distinct triangles, the
ninanjy m m
corresponding reduced maximum number of potential new indices, and the factors of r
which we take from r# of doubled hyperedges we bound with no free index

A; A Aie Aia+Dip+Aic
(e) (ﬁ) “ (i) ' (ﬂ) < (#) T from the actual number of new
ny ny nj min {n,nz,n3}

indices which we have

Putting everything together we obtain

e\ !
m min {ny, ny, n3 }

Similar arguements holds for the P’ terms.

)Am+Aib+Aic

3. IfI" #1,b), # by, or cl’j # c;j then our remaining terms are as follows

(@) (=£_Y24 from the hyperedges.

ninanj3

q
(b) % (%W from the ¢ potential a indices and 2¢ + 2 potential b or ¢ indices

(which must have at least one b index and at least one ¢ index).
(c) (M= )Zq from the 2¢ potential distinct triangles.

3 2(1—21—22 3 di—z1—7"
3/2 q-z21-2;

2 T, npmax nz,n
(d) (r- \/,Tlmg({nz e ""Zj"*’) < ( L {nz 3}) from the actual num-
ber of distinct triangles, the corresponding reduced maximum number of potential new
indices, and the factors of  which we take from ;# of doubled hyperedges we bound with no free index

(&)All’a ( u )Albc +A7,, < ( “ )
(e) n max {ny,n3} ~ \min {ny,ny,n3}
of new indices which we have

A”/ +Arp +A,
¢ P from the actual number

Putting everything together we obtain

4 —z7— l/
nons (”I«lm\/m max {ny, nz}) T ( K

A”/ +A”’C+Al'bc
I m min {ny, ny, na})
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4. In the special case that " = I, bj, = by;, and ¢;; = c;;, we have the same terms except that now
there is only one b and ¢ index and there are 2¢ potential a indices. Following similar logic we
obtain a bound of

4q-z;1-7, Appr g +A +A7,
npnj (l’ﬂ2n1) e ’( u ) WaTBbe TRy

12 m min {ny, ny, n3}

With this lemma in hand, to show our bound it is sufficient to show that we can choose an ordering on
the hyperedges such that the number of times we bound a doubled hyperedge without a free index is
at most A + Zf:o 2g — zi) + Zé:o (2g - z))

B.4. Choosing an ordering

In this section, we describe how to choose a good ordering for bounding the hyperedges.

Lemma 72 For any structure for A and B (including equalities or inequalities between a;j, b;j, c;j
and alf]., blfj, cl.’j ) and any intersection pattern, there is a way to double the hyperedges using the

inequality |ab| < %az + ﬁbz and then bound the doubled hyperedges one by one so that
1. After doubling the hyperedges, every index is part of at least one hyperedge.

2. The number of times that we bound a doubled hyperedge without a free index is at most
A+Yl o Qqg-z)+ 3, 2q-2)

Proof To double the X-hyperedges, we choose pairs of X-hyperedges corresponding to the same
triangle. This guarantees us at least one doubled hyperedge for every triangle at level 0. We double
any remaining X-hyperedges arbitrarily.

We show by induction on i that we cover all indices with these hyperedges. The base casei = 0
is already done. If we have already covered all indices at level i — 1 then consider the hyperedges
corresponding to the projection operators P; and P;. All of these hyperedges go between a triangle at
level i — 1 and a triangle at level i. We double pairs of these hyperedges which correspond to the
same triangle at level i. This guarantees that for every triangle at level i, there is at least one doubled
hyperedge corresponding to it. This hyperedge may not cover all three of the vertices of the triangle,
but if it misses one, this one must be equal to a vertex at the level below which was already covered
by assumption. We double the remaining hyperedges corresponding to the projection operators P;
and P/ arbitrarily.

When performing this doubling, whenever the two hyperedges e and e, have the same base
value, we use the inequality |ejes| < e%;eg . In the rare case when they have different base values, we

2"(82) 2 + 202 16 preserve the product of the base values.
vie)) 1

use the inequality |eje;| < 700 €2

Note that by this construction, for every triangle at level i > 1, there is a doubled hyperedge
corresponding to some P; or P/ which goes between this triangle and a lower triangle, but we don’t
know which one.

We now describe our ordering on the hyperedges. To find this ordering, we consider the following

multi-graph.
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Definition 73 We define the multi-graph G to have vertex set V(G) = U;j{aij, bij, cij, alfj, blfj, cl.’j}
(with all equalities implied by the intersection pattern, the structure of the matrices A and B, and the
choices for equalities or inequalities between the primed indices and unprimed indices.). We take the
edges of G as follows. For alli < | and for each distinct triangle (a;j, bij, c;j) or (alf]., blfj, clfj), we take
the elements which do not appear in a higher level. If this is true for two of the three elements (which
will be the case most of the time) we take the corresponding edge. If this is true for all three elements,
we choose two of them to take as an edge, making this choice so that we take the same type of edge
for all triangles at that level. If this is only true for one element, we take a loop on that element.

There are two cases for what happens with i = [

1 Ifl #1, bl’j # byj, or Cl,j # cyj then for every triangle (a;j, by}, c;;) we take the edge (byj, ci;).

’

If I’ = | then for every triangle (al’j, b;j, cl'j) we take the edge (blj, cl'j)
2. Ifl' =1, b;j = byj, and Cl,j = cyj then we take loops on every distinct element ay;.

We analyze A in terms of this G. If we have a fixed budget of edges and want to maximize the
number of vertices which we have, we want to have as many connected components as possible and
we want each connected component to have the minimal number of edges. We define weights on the
connected components of G measuring how far they are from satisfying these ideals.

Definition 74 Given a connected component C of G, we define weq4e(C) to be the number of non-loop
edges it contains plus 1 minus the number of vertices it contains.

Definition 75 Given a connected component C of G, we define w;riangie(C) as follows

1. If C does not contain any by;, cj, bl’,j, or cl’,j then we define wyriangie(C) to be the number of

distinct triangles whose corresponding edge in G is in C minus 1.
2. If C is the connected component containing by; and cyj for all j then we set W;riangie(C) = 0

3. If C is the connected component containing b;,j and cl',j for all j then we set Wiriangie(C) to be
the number of distinct Ry triangles (ayj, by j, cyj) whose corresponding edge in G is in C.

4. If C is a connected component containing some cl’,j but no by, . (because all of the b’,j appeared
at a higher level) or vice versa, then we define w;y;angie(C) to be the number of distinct triangles
whose corresponding edge in G is in C minus 1.

Definition 76 We say that a vertex a;j is bad if

1. The projector Py involves the vertex a;j (i.e. we do not have the constraint ag,1); = a;j
directly)

2. ajj appears at a higher level.

We define badness similarly for the a’, b, b’, c, ¢’ indices. Note that we could have a; be bad while alf
is not bad even if a’ = a; (in fact this equality must be true in this case).

Lemma 77

A> Z (wedge(c) + wtriangle(c)) + Z Zi + Z Z;
C

i (1l .. 7 o’ ’ ros
i<l:aij,bij, or cij is bad z<l.aij,bij, orci;is bad
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Proof As discussed above, every time a connected component contains an extra edge above what
it needs to be connected, this reduces the number of indices we can have by 1. Similarly, in the
optimal case we have one connected component per triangle (with the exception of the R;-triangles
and perhaps the R/ -triangles), so every time a connected component contains an extra triangle (or
rather the edge corresponding to that triangle), this reduces the number of connected components by
1. For the remaining terms, note that if there are bad vertices, our previous bounds assumed that
we would have new indices of that type but we do not. The resulting difference in the bounds is the
corresponding z; or z;. Note that this also works out in the special case that a; = a;, b, = b;, ] = c;.
Here we can view each a index as being half a; and half a] and similarly for the b and ¢ indices. B

With this lemma in hand, our strategy is as follows. We choose an ordering on the hyperedges so that
each time we fail to have a free index, we can attribute it to one of the terms described above. We
first preprocess our doubled hyperedges so that each hyperedge appears with multiplicity exactly 2.
This requires bounding Zf‘:o 2q—zi) + Zﬁ/zo (2g — z;) doubled hyperedges with no free index. At
this point, there is a one to one correspondence between our doubled hyperedges and edges of G.
Note that this correspondence is somewhat strange, we only know that each edge in G is part of the
upper level triangle for its corresponding hyperedge.
We now describe our procedures for ordering the hyperedges

Definition 78 We say that a vertex v is an anchor for an edge e of G if either
1. v,e C{ayj, bij, cij} for some i and j and v appears at a higher level.

2. v,eC {alfj, bl'.j, c{j}for some i and j and v appears at a higher level.

Definition 79 For an anchor vertex v ychor, define Ei(Vanchor) to be the set of all edges at level i
which have vgychor as an anchor vertex.

Definition 80 We say that a vertex v or edge e is uncovered if it is not incident with any hyperedges
between its level and the level above and covered otherwise. For a vertex v which is not part of G at
level i, we say that v is uncovered at level i if there is no j > 0 such that v incident with a hyperedge
between leveli + j andi + j + 1.

Definition 81 We say that a vertex v is released at level i if there are no hyperedges remaining
between level i and i — 1 whose upper and lower triangles both contain v.

Our main recursive procedure is as follows. We are considering a collection of connected component
of the graph at level i where everything is uncovered except possibly for one edge e,. If an edge e, is
covered and has anchor vertex v,,cnor then we assume that this collection contains all of E;(vanchor)
and that v,,cnor is uncovered at level i.

We first consider the case when there are no bad vertices (we will consider the cases where we
have bad vertices afterwards). If G contains a cycle, we can delete an edge and its corresponding
hyperedge to break the cycle, accounting for this by decreasing weq4¢(C). Otherwise, unless C is just
the single edge e,, there must be a vertex v and edge e in C such that e # ¢, and e is the only edge
incident with v.

We now consider the hyperedge corresponding to e. If v is part of this hyperedge then we
can delete e and this hyperedge and continue. Otherwise, v must be an anchor vertex for many
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edges at the level below. Moreover, v is uncovered at level i — 1. We now consider E;_;(v). If
E;_1(v) and everything connected to it is uncovered except for the edge e, which is the bottom edge
of the hyperedge corresponding to ¢, then we can apply our procedure recursively on E;_;(v) and
everything connected to it. Otherwise, E;_1(v) must be connected to E;_ l(v;m,hor) for some other
anchor vertex v/ . - which has not yet been released at level i. Note that since there are no bad
vertices, E;—1(v) N E;—1(v] ., )= 0. Thus, there is a contribution of at least 1 t0 W;riangie of ONE
of these connected components from the connection between E;_;(v) and E;—1(v] , ). Using this
contribution, we can delete e and continue. After doing this, v is released at level i.

Remark 82 Whenever we have a connection between E;_; for two anchor vertices, we relase one of
them at level i immediately after taking this connection into account. This ensures that we do not
double count contributions to Weriangle-

If we are left with the single edge e, then there are several cases. Letting v be the anchor vertex
for e, if v goes down to the level below then consider the hyperedge corresponding to e, and let e].
be its bottom edge. Since we have deleted all edges in E;(v) except for e, either all of E;_;(v) except
for e]. is uncovered or E;_(v) is connected to E;—1(v,, ,..) for a different anchor vertex v/ .
which has not yet been released at level i. In the first case, we can apply our recursive procedure on
E;_1(v) and all edges connected to it. In the second case, we instead delete e, as before and go back
to the level above. Again, after doing this, v is now released at level i.

If v does not go down to the level below (or we are already at the bottom) then the hyperedge
coresponding to e, contains v. Moreover, by our assumption v is uncovered at level i. Thus, v is a
free index for e, so we can delete e, and go back to the level above.

This procedure will succeed in the case that there are no bad vertices. We now handle bad vertices
by reducing to the case where there are no bad vertices.

We consider the case where are below level [’ and we do not haave that alfj = ajj, blfj = b;j, and
ci’j = ¢;;. We will handle these cases separately.

Ifthe a lfj are bad vertices, this must be because of equalities a; ;= aij. We handle this by replacing
each alfj with a new vertex and running our procudure on this altered graph. This will cause failures
when we try to use a; ;orajjasa free index. That said, once we’ve tried to use all but one of a set of
equal vertices, the final one will succeed, so the number of additional failures is at most z;. We can
account for this using the term Zid:a;j, b}, or ¢} is bad z;. We handle bad a;;, b;j, b; 1 Cijs c;  vertices in
a similar manner.

In the case that alfj = a;j, blf]. = b;j, and clf]. = ¢;j, if the alfj and b;; are bad vertices, this must be
because of the equalities a lf]. = a;j and blfj = b;j. We handle this by creating a new vertex for each
a; = having the hyperedges between levels i and i + 1 use the old vertices, and having the hyperedges
at lower levels use the new vertices. We modify G so that instead of loops at level i, the edges involve
these new vertices. This makes it so that the only anchor vertices for edges at level i are the vertices
bEi ) Since all edges of G now have a unique anchor, the recursive procedure succeeds. We can
accomplish this with the terms Zi<l:a,~,j,bij, or ¢;j is bad Zi t Zi<l:a; .,b;.j, or c;.j is bad Z;-

We consider level [’ separately. If the bottom of level [’ contains bad vertices, we cannot make
these vertices distinct. However, if this happens then we have loops in G for the bottom triangles at
level I’. These triangles are distinct from the triangles on top at level /’.

We handle this by using w;,;angie to delete edges from G at this level so that each component
contains at most one loop. When we run the procedure, we can use w;,jqngie When E;_1(v) is con-

nected to a loop as well as when it is connected to E;_j(v/ ) for some other anchor vertex v’
anchor anchor
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which has not been released at level i. This allows us to process each component of G at level i until
we are left with either a covered edge or a single loop, both of which can be handled by our procedure. ll

B.S. Counting intersection patterns and random partitioning

There are two pieces left to add. First, all of our analysis so far was for a given intersection pattern.
We must sum over all intersection patterns.

Lemma 83 For all i, there are at most (22?)(1,')2‘1_“ < 2%4(2¢)*7% choices for which R;-triangles
are equal to each other.

Proof To specify a partition of the 2q R;-triangles into z; parts, we specify which triangles are
distinct from all previous triangles. There are (i‘?) choices for which triangles these are. For the
remaining triangles, we specify which previous triangle they are equal to. There are at most (z;)>4 "%

choices for this. [ ]

In our bound, we can group this with the other factors corresponding to the R;-triangles. Since we
take ¢ to be O(logn), this is fine as m has a log(n) factor.
Second, we justify our assumption that

1. Foralli € [0,]’], we either have that alfj = a;j forall j € [1,2¢g] or alfj # a;j forall j € [1,2q].
2. Foralli € [0,1’], we either have that blfj = b;j forall j € [1,2g] or blfj # b;j forall j € [1,2q].
3. For alli € [0,!’], we either have that cl.’j = ¢;j forall j € [1,2g] or cl.’j # ¢;j forall j € [1,2q].

To achieve this, instead of looking at the entire matrix 3, A, ® B, we split it into parts based on
the equalities/inequalities we’re looking at. To obtain the case where indices a and a’ are always
equal,we just restrict ourselves in Y, A, ® B to the terms where this is the case. To obtain the case
where indices a and a’ are never equal, we choose a random partition V, V¢ of the indices and restrict
ourselves in Y, A, ® B to the terms where a € V and a’ € V¢. If there are multiple indices that we
wish to fork over, we apply this argument to each one (choosing the vertex partitions independently).

This construction has the property that if we take the expectation over all the possible vertex
partitions, we obtain a constant times the part of Y, A, ® BL we are interested in. Using this, it
can be shown that probabilistic nrom bounds on these restricted matrices imply probabilistic norm
bounds on the original matrix. For details, see Lemma 27 of “Bounds on the Norms of Uniform Low
Degree Graph Matrices”. From the above subsections, we have probabilistic norm bounds on the
restricted matrices and the result follows.

B.6. Other Cross Terms

In this subsection, we sketch how the argument differs when B = X rather than B = RQOX or
B = P[Rq,X.
Theorem 84 There is an absolute constant C such that for any @ > 1 and 8 > 0,
Priil > Aa® X" > a™ V| < n7P
a

as long as
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1. ru < min{ny, ny, n3}
2. m> Ca,B,u%r\/n_lmax {ny, n3}log(max {ny, np, n3})
3. m > CaBu*rmax {ny, ny, n3}og(max {ny, ny, n3})

Proof [Proof sketch:] The terms from X directly are

2q 2q

X ’ ’ ’ = l_[ Zu 7 Uiy Wi
]_[ ao;bo;€0; £ Vi bo; i o
Jj=1 J=1\ i

Note that the Rq factors are completely independent of the b(’)j and c(’)j indices. Thus, we can
sum over the b(’)j and c(’)j indices first. When we do, this zeros out all terms except the ones where all
of the i; are equal. Moreover, all of the v and w terms sum to 1. The ;, terms can be bounded by

(nﬁl)q. We now compare the bound we had before with the bound we have here.

For Rq,X we had factors

ry? 2q _
1. ( )4 from the X-hyperedges.

njnan3

q
2. % (%W) from the ¢ potential a indices and 2¢ + 2 potential b or c indices.

3. (%)2(] from the 2¢ potential distinct triangles.

from the actual number of

3 2g-z1-7 2717

re u2 L nimn3 ! < ry3/2\/ﬂmax {ny,n3} q7zmy
yni max {np,n3} m = m

distinct triangles, the corresponding reduced maximum number of potential new indices, and

the factors of » which we take from r# of doubled hyperedges we bound with no free index

T Arp e+, Agyr o+ A1 p o+
ﬂ 1l'a u lbc U'bc ( M ) 1l'a lbc U'be
(m ) (—max {nzm}) < smmioo T from the actual number of

new indices which we have

We now have the following factors instead:

T \g(H -
1. ( ) r(nl) from the X-hyperedges.

ninan3

. , q
2. & {32’"3} ("‘ md’;gnz’"3}) from the ¢ potential a indices and g + 1 potential b or ¢ indices.

3. ("2%3)7 from the g potential distinct triangles.

2 q-zi 2 q-z
4. (r . K RROLOLE ) < (M) from the actual number of distinct trian-
ny max {np,n3} m m

gles, the corresponding reduced maximum number of potential new indices, and the factors of
r which we take from I"# of doubled hyperedges we bound with no free index

Ay Appe+A Ajpra+Aipe+4
e a u lbc U'be ( M ) 'a lbc U'be
5. (m ) (—max {nz’ns}) < \mmnmnT from the actual number of

new indices which we have
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The difference is in the first three terms, grouping these terms together gives

rmax {ny, n3} (ru®max {ny,n3}\?
U m

By our assumption, m > Cru® max {nan3}log(n)* so we are fine.

55



	Introduction
	Results

	Techniques
	Preliminaries
	Tensor completion algorithm
	Simpler proofs via higher-degree sum-of-squares
	Higher-degree certificates imply exact recovery
	Constructing the certificate T
	Final correction of error terms

	Degree-4 certificates imply exact recovery
	Degree-4 certificates exist with high probability

	Matrix norm bound techniques
	The trace moment method
	Partitioning by intersection pattern
	Bounding sums of products of tensor entries
	Counting intersection patterns

	Trace Power Calculation for A (A)T
	Structure of tr((YjYjT)q)
	Bounds on ||Y1||
	Bounds on ||Y2|| and ||Y3||
	Bounds on ||Y4||

	Iterative tensor bounds
	Trace Power Calculation for P'A (P'A)T
	Controlling the kernel of matrix representations
	Full Trace Power Calculation
	Term Structure
	Techniques
	Bounding the number of indices
	Choosing an ordering
	Counting intersection patterns and random partitioning
	Other Cross Terms


