Random Fourier Features for Kernel Ridge Regression:
Approximation Bounds and Statistical Guarantees

Appendix: Proofs

A. Preliminaries

Our upper and lower bound analysis relies predominantly on Fourier analysis, so we now introduce some additional nota-
tion and state some useful facts about these.

A.1. Properties of Fourier Transforms

Definition 16 (Fourier Transform). The Fourier transform of a continuous function f : R* — C in L;(R") is defined to
be the function F f : R¢ — C as follows:

(FHE = | flee .

We also sometimes use the notation f for the Fourier transform of f. We often informally refer to f as representing the
function in time domain and f as representing the function in frequency domain.

The original function f can also be obtained from f by the inverse Fourier transform:
~ ST
f6) = [ f(e)e*™e v de
Rd
Definition 17 (Convolution). The convolution of two functions f : R¢ — C and g : R¢ — C is defined to be the function
(f * g) : R — C given by
(Feo)m) = [ 1m0t

The convolution theorem shows that the Fourier transform of the convolution of two functions is simply the product of the
individual Fourier transforms:

Claim 18 (Convolution Theorem). Given functions f : R® — C and g : R* — C whose convolution is h = f % g, we have
h(g) = f(&)-9(&)
forall € € R

Now, suppose d = 1, i.e., the functions we consider take inputs in R. We define the rectangle function and normalized sinc
function, which we use extensively in our analysis.

Definition 19 (Rectangle Function). We define the rectangle function rect, : R — C as
if |z| > a/2

if |z =a/2.
if |z| < a/2

rectq () =

= o= O

If a = 1, then we often omit the subscript and simply write rect.

Definition 20 (Normalized Sinc Function). We define the normalized sinc function sinc : R — C as

sinc(z) = sin(r) .

T
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It is well known that the Fourier transform of the rectangle function (with @ = 1) is the normalized sinc function:

F(rect) = sinc

We use J to denote the Dirac delta function. Recall that the Dirac delta function satisfies the following useful property for
any function f:

/ : F(@)8(w — a) dv = f(a),
i.e. the integral of a function multiplied by a shifted Dirac delta functions picks out the value of the function at a particular
point. Thus, it is not hard to see that the Fourier transform of a ¢ is the constant function which is 1 everywhere:
(Fo)(€) = / it S(tydt =e ™08 =1
for all £. Similarly, the Fourier transform of a shifted delta function is as follows:
(Fo(-—a))(€) = /00 e 2™ L §5(t — a) dt = e 298,

— 00

Moreover, it is not hard to see that convolving a function by a shifted delta funciton results in a shift of the original function:

(f*0(-—a))(x) = f(z —a).

Thus, by the convolution theorem, we obtain the following identity:

Claim 21. Given a function f : R — C, we have

(= a)(©) = (F(f (- = a)))(€) = f(§) - 727"

Similarly,

Claim 22. Given a function f : R — C, we have
(F(f(z)-€™*)(€) = f(¢ — a).

Finally, we introduce a useful function known as the Dirac comb function:

Definition 23. The Dirac comb function with period T is defined as f satisfying

fle)="Y" oz —4T).

j=—c0

It is a standard fact that the Fourier transform of a Dirac comb function is another Dirac comb function which is scaled and
has the inverse period:

Claim 24. Let .
fle)=>_ 6(z—4T)

j=—00

be the Dirac comb function with period T. Then,

Fne=1 3 5(e-1).

j=—c0

‘We use the Dirac comb function in our lower bound constructions.
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A.2. Properties of Gaussian Distributions

We also need several useful facts about Gaussian distributions. The following is a standard fact about the cumulative
distribution function of the standard Gaussian distribution:

Claim 25 ((Feller, 1968)). For any x > 0, we have

oo —$2
7\/1/ g <
271 J T/ 27

Moreover, as a direct consequence, for any o,x > 0, we have that

1 o 7t2/2 2 ge
e T dt < ————.
2mo /I Tz 27

—z2 /202

Also, if x > 1, then
1 1 1 _2p 1 /°° g2
- — — ) - —€ < — e~ dt.
(x 173) Vom T V27 Sy

We also need the following property about Gaussian samples.

Claim 26. Lett > 10, and a1, as, ..., a; be sampled according to the Gaussian distribution given by probability density

. 1 —x2/2 *
function o /2, Also, let a* = maxi<;<¢ |a;|. Then,

s

PI‘|: 1 e_a*z/z S 8\/10gt} Z 1
V2T t 2

Proof. Choose ¢; such that

* 1 —2?/2 1
——e dr = —. 14
/ql V2r t 4

> 1 2 1 1
—T /2d < - < _

€ i .
/z\/@ Van ~ 2v2mt2/logt ~ t

Note that by Claim 25, we have

Thus, ¢1 < 2+4/logt.

Also, since 1 < 1, we have that ¢; > £. Thus, by another application of Claim 25,

% = / Le—fz/Q dx > (1 1 > 1 e 0i/2 > 1 Le—q?/Q
q1

Vor o E Vor “4q1 2rm ’
and so,
e—qf/2 < 4& < 8y logt.
V2w -t t
Therefore,
1 . 8+/logt
Pr|——e*"/2 < Og} Prla”™ > ¢1]
V2 t
t
-1
t
1
>1--
e
1
> o
-2

as desired. O
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B. Proof of Lemma 2
Note that A < B implies that B! < A~ 50 for the bias term we have:

fT(K + ML) "M < (1 — A)7HT(K 4 A1,) 7M. (15)

We now consider the variance term. Denote s = rank(K), and let A\;(A) > Xy(A) > --- > X\, (A) denote the
eigenvalues of a matrix A. We have:

. ) L M)

s\(K) = Tr (K + L) 1K) = > S0

() =T (K + M) K) =37

AN
VA
|
_
_|_
b
L
i
R
=
+
>~

|
S
\M:
&
45»
_|_
>
—
Tl
|>tn

. A-s
- 1+A

where we use the fact that A < B implies that A\;(A) < \;(B) (this is a simple consequence of the Courant-Fischer
minimax theorem).

Combining the above variance bound with the bias bound in (15) yields:

~ 1A A rank(K)

and the bound R(f) < ﬁk(f ) completes the proof.

C. Proof of Proposition 4

Since k is positive definite and k(0) = 1, |k(x,2)| < 1 for all x and z. This implies that the maximum eigenvalue of
K is bounded by n, and the lower bound follows immediately. The upper bound on 7)(n) follows from the fact that
llz(n)]|3 = n and all eigenvalues of K + AI,, are bounded from below by . The bound also establishes that the integral
converges. We now have,

[ mman = [ ptmatn)’ (K -+ AL)a(m)in

Rd Rd
= [T (o) (K 38 atm)a()) dn
= “lz(n)z(n)*
= 2 ([ pm 3L almjaln) an)

N ((K s [ p(n)Z(n)Z(n)*dn>
= Tr ((K+ ML) 'K) = s,(K).

The second equality is due to the fact that z(7) is a rank one matrix, and third equality is due to linearity of the trace
operation and the fact that all diagonal entries are positive.
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D. Proof of Lemma 6 and Theorem 7

To prove Lemma 6 we need the following lemma which is essentially a restatement of Corollary 7.3.3 from (Tropp, 2015).
However, the minimum ¢ in the following statement is much lower than the bound that appears in (Tropp, 2015) which is
unnecessarily loose (possibly, a typo in (Tropp, 2015)). For completeness, we include a proof.

Lemma 27. Let B be a fixed di x ds matrix. Construct a di X do random matrix R that satisfies
ER]=B and |R|2<L.
Let My and My be semidefinite upper bounds for the expected squares:
ERR*]XM; and E[R'R] <X M,.

Define the quantities
m = max(|[Mil|z, [Mzll2) and d = (Tr (M) + Tr (My))/m.

Form the matrix sampling estimator
_ 1 &
R, = > Ry
k=1
where each Ry, is an independent copy of R. Then, for allt > \/m/n + 2L/3n,

_ —nt?/2
P —Bll. >t) <4 — . 1
r(| Ry, l2 >¢) < 4dexp (m+2Lt/3) (16)

Proof. The proof mirrors the proof of Corollary 6.2.1 in (Tropp, 2015), using Theorem 7.3.1 instead of Theorem 6.1.1
(both from (Tropp, 2015)).

Since E [R] = B, we can write

_ 1 n
Z=R,—-B=-— Ry —E[R]) = Sk,
nkz::l( k [R]) kzz:l k

where we have define S, = n~!(Ry, — E [R]). These random matrices are i.i.d and each has zero mean.

Now, we can bound each of the summands:

| —

(IRill2 + E[IR2)) < 22

n n

1
ISkllz < —(IRxll2 + [E[R] [[2) <

where the first inequality is the triangle inequality and the second is Jensen’s inequality.

To find semidefinite upper bounds V; and V5 on the matrix-valued variances we note that

E[S:S]] = n’E[(R-E[R])(R-E[R])"]
= n?(E[RR']-E[R|E[R]")
< n’E[RR"].

Likewise, E [S7S;] < n?E [R*R]. Since the summands are i.i.d, if we define Vi = n='M; and V, = n~!M,, we
have E[ZZ*] <V, and E [Z*Z] =< V..

‘We now calculate, m
v =max(||Vi|lz,[|Vall2) = n

and
Tr (V) + Tr (Vy)

=d.
max(||Vi|l2, | Va|l2)

Noticing, that the condition ¢t > \/m/n + 2L/3n meets the required lower bound in Theorem 7.3.1 in (Tropp, 2015) we
can now apply this theorem, which along with the above calculations translates to (16). O
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We can now prove Lemma 6.

Proof of Lemma 6. Let K+ I, = VT 22V be an eigendecomposition of K+ \I,,. Note that the A-spectral approximation
guarantee (2) is equivalent to

K-AK+M,) =ZZ" <K+ AK+ \L,),
so by multiplying by X'V on the left and VT3 ~! on the right we find that it suffices to show that
(27'VZZVIE ! -2 'VKVIZ !, < A (17)

holds with probability of at least 1 — p. Let

Yi= mleZ(m)Z(m)*szl ,

Note that E[Y;] = Z7'VKV'S " and 1 37| Y, = 7'VZZ*V'S™". Thus, we can use the matrix concentration
result above to prove (17).

To apply this bound we need to bound the norm of Y; and the stable rank E [Yﬂ . Since Y is always a rank one matrix
we have

1Yl = Ii((’z;l))’.nr(zle(m)Z(m)*VTﬁl)
- ]i((’;';l))z(m)*VTz—lz—lw(m)
- %z(m)*(KHIn)‘lz(m)
- WSS%

since 7(n;) > 7(n,;). We also have

2
v? - ;(8;3)22_1VZ(m)Z(m)*VT2_12_1VZ(m)Z(m)*VTE_1

B yi(g;l))zz1Vz<m>z<m>*<K+AIn>1z<n>z<m>*szl

_ ppzl);l()zl)E_lvz(nl)z(nl)*VTE_l
7(m)

pz(ny)

_ S?T(nl)Yl =< S~Yl

7(m,)

Let Ay > --- > )\, be the eigenvalues of K. We have

Els;Y;]] = X 'VKV'Z™!
sz (I, —AZ7?)
sz - diag (AM/(M +A), .., A /(A + X)) == D.
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So,

d

1 S
- § Y, - 'vKvTe!
S

=1

-a)
2

where the third inequality is due to the assumption that \;
S.

IN

IN

IA

DIl

—sA?/2 )
D2 4+ 25:A/3

8Tx (D) (

s7 - sa(K) —sA?
52 a /a0 P (23;(1 ¥ 2A/3)>

165 (K) exp (

—sA?
255(1 +2A/3)
—35A2

<
8sx )P

|IK|l2 > A and the last inequality is due to the bound on
O

165 (K) exp (

Proof of Theorem 7. Define 7(n) = p(n) - n and note that 7(n) > 7»(n) by Proposition 4 and that s; = ny. Finally,

note that pz(n) = p(n), the classic Fourier features sampling probability.

E. Proof of Lemmas 11 and 12

O

Let R(®) C C™ denote the range of ®. Here we first prove that the operator ® is defined on all L (dyu) and is a bounded

linear operator. Indeed, for y € La(dp) we have:

1®yl3

(by Jensen’s inequality)

<

2

| (@@ ance)

| #€wdnte)

2

[ @13 (@) Bete)

n- HyHZL«_)(du)'

Thus, R(®) is a linear subspace of C™. Therefore, there is a unique adjoint operator ®* : R(®) — La(du), such that
(®y,x)cn = (Y, B"X) 1, (ap) forevery y € Ly(du) and x € R(®). It is easy to verify that (®*x)(n) = z(n)*x . We now

have the following:

Proposition 28.
" =K
Proof. We have that for every x € C",
2ox = [ 2@ XEdu(e)
R4
= [ ey xane)

I
VS

so Pd* = K.

We are now ready to prove the two lemmas.

/. Z(é)Z(ﬁ)*du(£)> x = Kx



Random Fourier Features for Kernel Ridge Regression

Proof of Lemma 11. The minimizer of the right-hand side of (11) can be obtained from the usual normal equations, and
simplified using the matrix inversion lemma for operators (Ogawa, 1988):

v o= V) (@ P + My, @ 2(n)
= Vp(n)®* (2" + \I,,) 'z(n)
= Vp(m)® (K+AL,) 'z(n).

So, y*(&) = /p(n)z(£)* (K + AL,) "'z(n). We now have

1917 sy = p(n) y 12(€)" (K + AL) " 'z(n) [Pdu(€)

= () [ o) (K + ML) a(a(€)" (K -+ AL) ™ alm)u(€)

— pmpaln)” (A0 ( [ a(00a(€)°au(©)) (06 + 38, ot
= p(m)z(n) (K+ L) "K(K + \,,) 'z(n)

= p(mz(n)* (K +AL,) (K + AL, — AL,)(K + AL,) 'z(n)

= p(mz(n) (K + L)~ 'z(n) — Ap(n)z(n)* (K + AL,) *z(n)

and

)@@ (K + AL,) " 'z(n) — z(n)|l3

(MI(K(K +AL,) " = T,)z(n)|l3

= pMII((K+ Ay — ML) (K + ML) ! = 1,)z(n)|3
= pm|(AMK + AL,)"")z(n)ll3

= Np(m)z(n)* (K + L) *z(n).

[®y* — Vp(mz)|53 = pn

1
S

Now plugging these into (11) gives:

10117, + A1y = Vp(m)z(n)|l5
= p(m)z(n)* (K + AL,) " 'z(n) — Ap(n)z(n)* (K + AL,) "*z(n)
+ Ap(n)z(n)* (K + AL,) " ?2(n)
= p(m)z(n)* (K + A\L,) " 'z(n)
=7A(n)

Proof of Lemma 12. The optimization problem (11) can equivalently be reformulated as the following problem:

7(n) =minimum 7,4, + 03
y € La(dp); ueC”
subject to: ®y + vV u = /p(n)z(n)

First we show that for any o € C™, the argument of the minimization problem in (12) is no bigger than 7,(n). That is
because for the optimal solution to above optimization, namely u and y, we have:

&7 + vV a = /p(n)z(n)
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hence,
[Vpm)ez(n)| = | (@7 + V)|
= |a*®7 + o VAQ
< la* ®j| + |a*VAq|
= (e, ®P)c| + [ VAa|
= [(®" 0, §) Lo (dp)| + " VAl
<@l Laap) - 19| Lagay + VAl |2 - [Tl

where the last inequality follows from Cauchy-Schwarz inequality (Ja*®y| = |(@*®y)*| = [(®y)*e| =
(7, @ ) 1, (aw)| < 1P |2, (du) - 1|7 2s(du))- By another use of Cauchy-Schwarz we have:

2
pmlezmI* < (12° @l a9l Lagan + VA2 - [l
< (19"l gy + M 1) - (1911300 + 15113

therefore, for every a € C”,

p(n)lorz(n)|”
1®%exlZ, g,y + AMlexll3

< G174y + 10113 = 72(m) (18)

Now it is enough to show that at the optimal « the dual problem gives the leverage scores. We show that & = /p(n) (K +
AL,)~'z(n) matches the leverage scores. First note that for any o € C™ we have
12" ]|, () + Al = (@7, @), () + A" ex
PP ', a)cr + A

(
= (Ko, a)cn + A\«
=a"(K+\,)a

Now by substituting & = /p(n)(K + AL,) 'z(n) we have:

pmarz(m? p(m)?]2(n)* (K + AL,)~'z(n)
(872, o + Mlad ~ p(m)z(n)” (K + AL,) (K + AL)(K + AL,) 'z(n)

= p(n)|z(n)* (K + AL,) " 'z(n)|
= A(n) (19)
O
F. Proof of Theorem 13
Recall from Lemma 11 that
()= min A7H@y — /p()z()ll5 + 1YI17, (4, (20)
yE€La(dp)

To upper bound 7, (n) for any 1, we will exhibit some test function, y,(-), and compute the quantity under the minimum.
Yy (+) will be a ‘softened spike function’ given by:

Definition 29 (Softened spike function). For any 7, and any u define:

Ynu(t) = Lo e M4y sine (o(t — 1)) @1)

where v = 2(R + uy/2logny).
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The reweighted function gy, ,(t) = p(t) - Yy, (t) is just a Gaussian with standard deviation ©(1/u) multiplied by a sinc
function with width O(1/(u+ R)), both centered at 7). Taking the Fourier transform of this function yields a Gaussian with
standard deviation ©(u) convolved with a box of width O(u) + R. This width is wide enough such that when centered
between [— R, R| the box covers nearly all the mass of the Gaussian, and so the Fourier transform is nearly identically 1
on the range [— R, R]. Shifting by 1, means that it is very close to a pure cosine wave with frequency 7 on this range, and
hence makes the first term of (20) small. We make this argument formal below.

F.1. Bounding A~ !||®y,, . — \/p(n)z(n)||3

Lemma 30 (Test Function Fourier Transform Bound). For any integer n, every parameter 0 < A < n and every n, u, and
any kernel density function p(n) if x; € [—R,+R)| for all j € [n] for any radius R > 0, then:

Ay — Vol = 1> )

Inu (I]) Y, p(n) - Z(n)j

< p(n). (22)

where gy () = p(t)Yn,u(t).
Proof. We have g, ,(t) = p(t)yn,.(t) = p(n)e’(t*”)z“z/4 -v -sinc (v(t — 7)) and G, . (x;) = (Py),;. We thus have:

~ —2mitz; —(t—n)%u? :
Gnu(wy) = \/p(n) [ e 2Tt E=mRE /%y sine (u(t — n)) dt
R

= /p(n)e2min / e 2mite; o —*u?/4 L, gine (vt) dt
R
=Vpn) - 2(n); - h(z;) (23)

where h(z) = ¥6_4ﬂ2$2/ u* xrect, (x) by the fact that multiplication in time domain becomes convolution in the Fourier
domain (Claim 18), F(e~t"%*/4) = ¥6’4”2””2/“2, and F(v - sinc (vt)) = rect, (z).

For any x, we have h(x) < [, %e*‘“%z/“z = 1. Additionally, for any « € [—R, R] we have by Claim 25 and the fact
that v = 2R 4 2u/2log ny:

T+ 5
h(z) = / PV et g

-z u
>1- 2/00 W ol g
v/2—R U
1
>1- v W+Re—4”2(“/2_R)2/“2 (by second part of Claim 25)
1 1
>1- : i =2R+2uy/21
> PN NIy N (since v + 2u ogny)
1
>1- (by assumption ny > 2).

4D
Plugging into (23) gives

[G0.0(2) — Vo) - 2(n)y| = plon) Inay) — 1P
< ]Ma
na
and so,
% ‘ {ﬁ(%) —Vp(n) Z(n)jr <ma-p(n) - < pln)

proving the claim. O



Random Fourier Features for Kernel Ridge Regression

F.2. Bounding ||y, u[|7, 4,
Having established Lemma 30, we note that showing that the weighted Fourier transform of y,, ,, is close to \/p(n)z(n)
reduces to bounding the norm of the test function. To that effect, we show the following:

Lemma 31 (Test Function /5 Norrr: Bound). For any integer n, any parameter 0 < X\ < g, every |n| < 10y/logny, and
every 2000logny < u < 500log"® ny, if yy . (t) is defined as in (20), as per Definition 29, then we have

19113, (g < 12<R+u\/2lognA> (24)

Before proving Lemma 31, we first prove a claim:
Claim 32. Suppose |n| < 100y/log ny, and

Proof. Let A =t — . Then, note that |A| < ¢y/logn, /b, and so,

2

2 2 2
t n (A+mn) n
—Tt% -z t=

e =€

N

< elAnl—5-

< elAl-nl

< (evIogny/b)(100vTogny)

<e<3,

since b > 100c - logn. O]

Now, we are ready to prove Lemma 31:

1

Proof of Lemma 31. Recall that for the Gaussian kernel, we have p(n) = \/776_"2/ 2. We calculate:

L om0 ) = pln) | VB2~ 2 s o )
+20m

V) "/ o= (=2 (gine (u(t — )))? dt

/ 20‘/10g ny

a2 t2/2 = (t—n)>u/2 (os _ 2
+ V2mp(n) - v /tn|>20\/1,0g7n)‘ e e (sinc (v(t —n)))” dt (25)
For the integral over |t — 7| > 207”%gm we have:
2/2 f(tfn)2u2/2( inc (v(t — 2 . £2/2 —(t—n)2u?/2
e’ e sinc (v(t —n)))" dt < e ’/ce dt
/tn|>2ovl°f” (v 20288 )" Sy 20 V555

< et /2 o= t=m*u? /2y (26)

; / N
T U Jj—p>20 8 ms
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The first inequality above is because by definition of sinc (-) we have the following for all [t — n| > 20v1o8ma Vl;)gm:
-2 o
sin®(mv(t — n)) 1 < 1

sinc (v(t — 1)) |? =
| (v(t—mn)) | ot — )2 < (w(t—n)2 = (v- 20\/13;771)\)2

The last inequality in (26) is because of the following reason:

1 1 1
(’U . 20\/1;)gnx)2 - E ' v - (20\/1;)gnx)2
1 1
<= — sy (since v = 2(R 4+ uy/2logny) > 2u+/2log ny, see Definition 29)
v 800 (losrma )
1
< - (since u < 500 log;l'5 ny)
v

Now note that t2 < 2(t — )2 + 212, We have the following for all [t — 5| > 20087

t* <2t —n)? +2n*
< 2(t —1)* +2001og ny (by the assumption |n| < 104/logny)

204/1
<2(t—n)* + (t —n)*u®/2 (by the assumption [t — 7| > m)
u
2
< Z(t— 2 2
< 5(t=n)u

where the last inequality follows from u > 2000logn, > 600 (because ny > 1/2). Hence,

1 / 2/2 /2y o L / ~(t-m)*u?
- e e A < — e I3 gy
U Jjt—p|>20 80 U >0 %80
1
<L p00 27)
v
Now, the first integral in (25):
FENRATION
/17 B R (sinc (v(t — n)))* dt < 3e§ / (sinc (v(t — n)))* dt
n—20 Y128 ") B R
3 n?
_r (28)
v

where the inequality follows from Claim 32 with ¢ = 20 and b = u, since, by assumption, u > 2000logny and |t| <
20 20 logn 20logn
In| + [t — 0| < 10y/logny + 22y/logny < 100y/logny whenever ¢ € [77 — TR g 4 =R *}.

By incorporating (27) and (28) into (25) we have:

/ [y, (8)*dt < V27p(n) ~v2(1 30 25 ) <6 29)
R v

where the last inequality uses that v/27p(n) = %6_772/ 2<1. O
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Proof of Theorem 13. By the assumptions of the theorem n is an integer, parameter 0 < A\ < n/2, and R > 0, and all

2
Z1,..., Ty € [-R,R] and p(n) = \/%e*%, therefore all the preconditions of Lemmas 31, and 30 are satisfied and hence
the lemmas go through and the upper bounds in (22) and (24) hold true. The theorem follows by setting u = 2000log n)
and then plugging upper bounds (22) and (24) into (20). [

G. Proof of Theorem 14

With the choice of the Gaussian kernel with o = (27) =" we have p(n) = (27) /2 exp(—n?/2). Recall from Lemma 12

that
B p(n) - la*z(n)|?
) = B a0 + Malg

(30)

In particular, this gives us a method of bounding the leverage scores from below, namely, by exhibiting some « and
computing the quantity under the maximum.

The rest of this section is organized as follows. In Section G.1, we construct our candidate set of data points z1, o, ..., Ty,
along with the vector a. In particular, o will be chosen to be a vector of samples of a function fa 4, at each of the data
points. Section G.2 then describes basic Fourier properties of the function fa ., and o that we will require later. The
remaining sections then bound each of the relevant quantities that appear in (30) for our specific choice of z1, za, ..., z,
and c. In particular, Section G.3 shows a lower bound for a*z(7), while Section G.4 shows an upper bound for ||x||3 and
Section G.5 shows an upper bound for ||<I>*a||2L2(d#).

G.1. Construction of Data Point Set and the Vector of Coefficients o
Definition 33. For parameters A, b > 0 and v > 0, let the function fa ;. be defined as follows:

1
V2mb

fapw(x) =2cos(2rAx) < e ()7/2% rectv) (x)

1
vV 2mb

Lemma 34. Forany A > 0, v > 0, and b > 0, if we define the function fa . as in Definition 33, then

T+ 2 /2b%
= 2COS(2’/TA(E)/ e /2t
=3

F(fapw) (2) = eiQﬂsz(z*AV(v -sinc (v(z — A)) + 672”21’2(”&2(@ -sinc (v(z + A))).

Proof. Note that

}_( 1 6_(')2/%2) (Z) _ 6_2ﬂ2h222.

\V2mh

Thus, by the convolution theorem (see Claim 18),

1 2 2 2,2 2
T ( e~ (/20 4 rect, (2) = e 2™ .y . sinc (v(2)) .
V27h

Now by the duality of phase shift in time domain and frequency shift in the Fourier domain,

V27b

1 2 2
_F SONE tv> A +]-'<
( vV 27Tbe ree (2 ) vV 2mb

= e 2702 Ly sine (v(z—A)) + e~ 27V (HA)" Ly L sine (v(z+ A)).

]:(fA,b,v)(Z) - F <(62ﬂ'iA(') 4 e—QﬂiA(')) . ( 1 e—(')2/2b2 % rectv>) (Z)

o= ()7/26% rectv> (24 A)
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Intuition for Theorem 14 If, instead of a discrete set of data points, we had a continuum of points, & would be a
function (or, alternatively, an infinite-dimensional vector coresponding to the evaluation of the function on the continuum
of points). The intuition is that in this case, we would essentially like to choose « to be the function fa ;. for some
suitable choice of parameters A, b, v. In this case, the computation of bounds for the various quantities appearing in (30)
would be relatively simple and involve bounding integrals. However, since our data points are actually discrete and o is
finite-dimensional, we must instead choose a to be the vector of samples of fa 1, on the data points, and the bounds we
deduce require computing Fourier transforms of fa ; , multiplied by suitable Dirac combs (see Lemma 36). Computation
of the necessary bounds is further complicated by the fact that the data points are bounded in [— R, R], which requires us
to truncate the aforementioned Dirac combs and have appropriate Fourier tail bounds (see Lemma 37).

Let us provide some intuition about the quantities |a*z(n)|?, ||®* a2 To(dp) and ||| that arise in (30) along these lines.
If we have ~ 2R equally spaced data points between —R and R, then note that the points are separated by distance ~ 1.
This approximately corresponds to dealing with the continuous case in which « is a function fa ., and, therefore, sums in
the discrete case can be approximated by corresponding integrals over continuous functions. Suppose A = n and v = R.

Note that the quantity a*z(€) corresponds to

() ~ / Fo r(z)e 276 di

~ F(fnp,1)(€)
= e 2™ €D R sine (R(E — ) + e 27 V€’ U R sine (R(€ + 1)) . @31

Thus, a*z(&) (which we bound rigorously in Section G.3) can be approximated as follows:
a*z(&) ~ R(1+ ¢ 5 """ sinc (2Rn)) ~ Q(R), (32)

where the last transition uses the fact that sinc (-) > —1/4. Next, note that the quantity ||c||3 (which we bound rigorously
in Section G.4) is roughly

2
2 > 2 _ t2/262
all5 =~ z)*dx = 4 cos? (2mnx) dt | dx
|ex|[2 lm fob,r(T) 1 ] ( %b )

2 ]. 2 2
~ 4 /2 dt> d
/3; (/oo \/27rb6 )
~ O(R). (33)

Finally, note that || <I>*aH2L2(dH) (which we bound rigorously in Section G.5) is roughly

oo
* N 1 .
R B G L

. -
o0 272 2 2,2 5 2 )

< [ (e R sine (RE - )+ e VE L Resine (R(E+)) e
. .

~ e R sine (e ) d

~ O(p(n)R), )

using (31).

Now, going back to the discrete case, consider what happens if we scale up the number of points from 2R to n, keeping the
points evenly spaced in the interval [— R, R]. In this case, the spacing between points decreases by a factor of v ~ n/2R.
Thus, this corresponds to the measure of integration over R scaling up by a factor of +. Hence, |a*z(n)| and ||ct||% can be
expected to scale up by a factor of 7, while ||<I>*a\|%2( 4y Would scale up by a factor of +2. Thus, along with (32), (33),
and (34), we get that

pn)-lerz)l* ORPp() o, p) o ()
1 a7, gy T M3 ¥?p()R+ AR p(n) +A/y p(n) +2Rn; Y
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which is within a constant factor of the expression in Theorem 14.

Definition 35 (Construction of data points and ar). We first define the set of data points x; for j = 1,2,...,n for odd n as
follows:
.o on+1 2R
T; = — - —
J J 2 n

Thus, the data points are on a grid of width % extending from —R to R.

The vector « is chosen to be the tuple of evaluations of f, ; ., at the individual x;, for some parameters b, v, and 1. More
specifically, for 1 < j < n, we define

o = fmb,v(xj)
zi+3  q

L (35)
z;—% vV 27h

= 2cos(2mnz;)

G.2. Basic Properties of fa 1, and o

By the Nyquist-Shannon sampling theorem, we have the following lemma.

Lemma 36. For any parameters A > 0, v > 0, and b > 0, if we define the function fa ., as in Definition 33, then for
any w > 0,

F fA bv Z 5 *jw Z) —w v Z 6727r2b2(z7jw—17A)2 . sinc (U(Z —jwil _ A))
Jj=—00 j=—0o0

+w v Z e~ 2wV (jw T HA) gine (U(Z —jw Tt + A)) .
j=—00

Proof. By the Nyquist-Shannon sampling theorem, we have

F | fasw() Z (- —jw) | (2) = | w™" Z (- = jw™ ) * F(fap) () | (2)

j=—00 j=—00

Z w F(fapw)(z = jw™). (36)

j=—00

Thus, by Lemma 34, we find that (36) can be written as

o0

Z W F(fape)(z —jw™t) =w! Z e~ 2wV (w0 gine (v(z — jw™t — A))
j=—00 j=—o0
4 w—l Z e_2ﬂ2b2(z—j11)71+A)2 v SinC (U(Z _ jw_l + A)) ,
Jj=—00
which completes the proof. O

Lemma 37. For every odd integer n > 3 and parameters 0 < A\ < 2, n >0, v < R, and b < 4W if we define the
Sfunction fa p., as in Definition 33, then

F anqu(WQR) 6(-—;’-2R> (2)| < Vn

l71>%

forall z.
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Proof. By definition of f,, ; ,,, we have the following for all x:

z+ % 2

2 2 /9p2
o(z)] < —=re "2t
[fnbo(@)] _/1-—5 V2mh

Therefore, if |j| > %, then

2R 2 i 2 o2
v .2 < 67t /2b dt
fnp, <J n )‘ = anb /JQ,I;‘;Z
2 o0 2 2
< e /207 gy
T V/27h /JR
<2 D0 (R
~ V2 JR
2b 1. (iR
< 2GR (37)
where we have used the fact that j - % — % >3- % — % >3- %, along with Claim 25. Therefore, again using Claim 25,
we have
. 2R 2R . 2R
IS (;n) -6( iy n) BIED (Jn)’
l31>% lil>%
2b 1.(4
< Z S 3-(48)
lil>%
2b ’I’Lb > 2
<Z .| = —t7/2
< (R [WUR e dt)
2nb
< i / e*tz/th
4logny fTog rix
< n ) ]. ) 67%'( /login/\)2
~ 4logny  logny
1
S -V an
41og*? (ny)
< Van,
since n > 3, R > 4by/logny, and A < n/2. O

Lemma 38. For every odd integer n > 3, any parameter 0 < X\ < 5, every frequency n and &, and any parameter v < R

R . . . ..
and b < Tosmy if au is defined as in (35) of Definition 35, then we have,

2R
<Vn. (38)

a*z(f) _ % (62ﬂ2b2(5§}$n)25inc <U(£ i % . n)) + 672772b2(57'27.%+77)2sinc <’U(f B ﬂ n 7])))
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Proof. Note that

n
a*z({) _ Z ajef27ria:j£
j=1

- Z f’l7b7v(2Rj/n) . 6_2”(%)5

jI<s
=72 fn,b,v<2Rj/n).5(._2fj> o

<2
- Z Foa0 < - 257) Ok Z Jn.bw (2?) ) ( - 2fj> (6). 39)
o 7>z

By Lemma 36 (applied with w = 2R /n), we have the following expression for the first term in (39):

> 2R nv > _on2p2(e—dn )2 . in
P30 o (=2 ) J@ = g X e e E sine (o (¢~ 22 - 0))

j=—00 j=—o0
+ % | e 2V E3R)* gine (v (f - % + 77)) . (40
j=—00

Now, by the assumption that R > 4by/logn) and v < R, it follows from Lemma 37 that the second term in (39) can be
bounded as

. 2Rj
F Z Tnpw(2Rj/n) -0 ( - n]> &) < Van. 41)
[71>%
Thus, the desired result follows by combining (39), (40), and (41). O

G.3. Bounding a*z(n)

Lemma 39. For every odd integer n. > 17, any parameter 0 < X < (%)* - n/16, every frequency |n| < 1z, and any
parameter v < R and QL <b< %, if a is defined as in (35) of Definition 35, then we have

NG 44/log(nx

* > =
a2l = 17

Proof. Sincev < Randb < —~L— and \ < n/2, Lemma 38 implies that

4y/log(nx)

<VAn. (42)
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Hence,

+ e 27V (2= 45) gine (v(2n — jn/QR))> ‘ ~Van

> 1Y =20 g4 (v(0)) + DY =20 (20 gine (v(27))

~ 2R 2R
_ % e~ 27 (— 7)o e—27r2b2(277—§—;)2) w
l71=1
3 j ™\ 2 p jn
> 2 () - 223 (e e e ) Vi, (43)
l71>1

since |sinc () | < 1 and sinc (+) > —%.

Now we show that 3 ;5 (e27*V*(=37)" 4 270" (21=35)") is small. Note that by the assumption of b > %, we have
o= 2720 (— 4%)? < e~ for all |j| > 1. Also recall that |n| < 2=, and so, (21 — %’%)2 > (i‘%)z for all [f| > 1. Hence, we
have

S0 (TR e 2@ < 3 (el o )
l5]>1 l71>1

n

<b5e” 1 (44)
by assumption n > 17. The lemma follows by combining (43) and (44). O

G.4. Bounding ||c||3
Lemma 40. For every odd integer n and parameters b,n,v > 0, if a is defined as in (35) of Definition 35, then we have

lexll3 < 4n.
Now we are ready for the proof of Lemma 40.

Proof of Lemma 40. Let w = 2R /n. Then, we observe that

n
ez =" o
j=1
o 2
2 Jw+tg 2 /612
cos(2mjw e~ /2b
> (77% o | )
< > (\/2 (27 )/oo _1.2/2,]2)2
cos(2mjw e
o 27h Jen oo

. —1
|J|§"T

2 [ e\
< —xz“/2b
- Z (\/ 2mb /—ooe )

. —1
|J|§nT

IN

because | cos(-)| < 1. Hence,

lelz < > 4

on—1
[71<75

= 4n (45)
as desired. O
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G.5. Bounding || &3, .,

Note that all the results so far hold for any kernel p(n) and are independent of the kernel function. Now, we upper bound
|®" || 1, (4y)- This quantity depends on the particular choice of kernel, which is assumed to be Gaussian.

Lemma 41. For every odd integer n > 17, any parameter 1770 < X < §, every |n| < 100y/logny, and any

1000log’®ny < R < W, and % <b< ﬁ, if v is defined as in (35) of Definition 35 with parame-

ter v = R, then for the Gaussian kernel with p(§) = \/%6752/2, we have:

2
« n
|19 exllZ, 4y < 6 - P(0) + 3. (46)

Proof. Recall from Lemma 38 that:

% nv e _on2p2(¢— jn _,\2 .n
la*z(6)” < 5k E (6 2 e 55— sinc (U(f - ng - 77))
2

+ e 2V (e 5t sine (v(f - % + 77)) + v An)

< % Z <e_2”2b2(5_%_’7)2sinc (v(§ - % - 77))
2

in / :
+ e 27V (€= 45+ gine (v({ - % + n))) +2 (\/E) .

Now, by the definition of the Ls(dyu) norm, ||<I’*a||i2(du) = [7 la*z(&)]*p(€) d¢, and so, we have

+oo 2 &

% Z e~ 2"’ (=35 =) ginc (U(ﬁ - % - 77))

j=—oc0

9" a0 < |

—00

oo

m o (Van) (&) de

2

<[ S e et sing (e - 22— 1)) | o) de
< n e sinc (v op " P

' 2
+ e 270 (€= 4R+ gine (v(§ _In n))) p(§) d€ +/

j=—o0
2
+o00 [e%¢] ) .
2 —2m?0% (6~ 45 +)° g _Jn 9
+/ n? D e i+ sinc (v(£ 2w | p©de+2m

Jj=—00
2
_ 2112/ Z e 200 (€= 4~ gine <v(§ - % - 17)> p(&) d€ + 2An, 47

j=—00

where we have used the inequality (a; + a2)? < 2a? + 243 in the second step, and the last equality occurs because the
kernel probability distribution function p(§) is symmetric in our case, along with the fact that the underlying sum is over
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all 7. Now, the integral in (47) can be split into two integrals as follows:

2

° N Y . in
/ p(§) Z e~ 27 (€= 57— gine (v(f - ng —77)> dg
—oo =
101 ?
Og 1A e 2 in 2,2 ]TL
= p(€ e 2™ (Emgp b ~sinc(vfn> dé
/10\/lognA ( ) j;oo ( 2R )
2
+/ p(&) Z e~ 2 (=551 gine (U(f L 77)> dg. (48)
|€|>10VTognx P 2R

First, we consider the case in which || < 10+/logny. By the assumption of the lemma, || < 1004/logny, and hence,

< s e l(n) o : =V
| —n| < 1104/logny. This implies that [ — 7| < 5(5%), since we are assuming that R < 500 ios T Therefore, for

any integer j # 0,

e 2 (€= 3R —m*? < o= ()%

Hence, we have

Dt RSP St P

l71>1 l71=1
< E e*j(%)%z
l71=1

< 3emm/4 (49)

. R
where we used assumptions b > eV and n > 17.

Now, using (49), we see that the first integral in (48) can be bounded as follows:

2

[ b [ 30 et e (o= 35 -m) | e
10y/log nx j=—o0 2R

10v/log n 9.9 R 2
<2 p(€) (72D sine (v(€ — n))?) " d
—10+/log nx

2
10+/log nx
+ 2/

_on2(e—dn 22 _j?’L
p(€) | D e ¥ e sine (v(&—m—m) dé
—10+/log nx l5]>1

10+/log nx 1
c [T L
—10+y/log nx 2m

e /2 (6_2”2b2(5_")25inc (w(&—n)° + 96_”/2) dg

o0 1 2 2 2 0 1 2
=9 e 8 /2e7 0 (E=M Lgine (v(€ —n))? dE + 18/ ———e ¢ /2em/2g
| = e-mPae+1s [ - ¢

]
< / Fe*f/?e*“@*”)? -sinc (v(€ — n))? dé + 18e /2. (50)
oo T

Next, by Claim 32, we have e¢*/2 < 3¢=7°/2 for & — | < Bvioana Vll‘)’g"*. Hence,
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104/log ny
b

n+ 1 2 2 2
—€%/2,-6°(6-1)° gine —m)?d
/7] 10,/1;)gnA \/%6 © (U(§ n)) €
1 e
<3. \/Te_nz/z e~V €= sine (v(€ — n))? de
T —0o0
1 0?2 oo 2
<3. \/ﬂe sinc (v(€ —n))” d¢
3
_ pin) (51)

Note that the last line follows from the fact that v -sinc (vn) is the Fourier transform of rect,, (x), and so, by the convolution
theorem,

/OO (v - sinc (vz))? dx = (rect,(z) * rect, (z)) (0)

— 00

= .

Moreover,

[ s gt e sime vle >>2d£<(A)50/00f1 g
—€ (& - SINC (v(g — — e
‘5_7]‘2% 2 K —\n —oo V2T

50
= ()\) ; (52)
n

since the sinc (-) function is bounded by 1 in absolute value. Thus, (50), (51), and (52) imply that

10v/Tognx o0 . . 9 50
/ p(&)( X e Y sine <v(fjn )>) ae < 220 (A> +18e72 (53)
—10v/Tog iy Pl 2R v n

Next, we bound the second integral in (48). Consider ¢ satisfying || > 10+/logn. Note that the following upper bound
holds for any £ and #:

~2m2(e— 43 —m)2? _Jn 2 )
Z e 2y ] 51nc<v(§ SR n) | < Z e R
Jj=—00 j=—00
2 Jn 2;2
—14 Z o—2m(E— 4R —n)b
[71>1
<14 % —2m?(E—z—n)?b? ..
<2, (54
where we have used the fact that & < < < 1/4/2. Thus,
R 4@
2
o2 in
p(¢ e “bsmc<w§n0 d¢
/|§|>10\/10gm j;w 2R

§2/ p(€) de
[£]>10y/Tog nx

50
<<A>, (55)
n

by Claim 25. Combining (47), (48), (53), and (55) now yields the desired result. O]
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Proof of Theorem 14. Note that we can choose data points x1, z2, . .., Z, and the vector o according to the construction
in Definition 35 withv = Rand b = 1 \/loRgi'nA' Thus, Lemmas 39, 40, and 41, as well as (30), imply that
() > 2 |a*z(n)|?
1®* ]2, 4 + Al
p(n) - (2)°

v

(625 - p(n) + 3An) + A(4n)
. R < p(n) >
~ 150 \p(n) +2Rny" )
as desired. O

H. Proof of Corollary 15
First claim of the corollary (upper bound on statistical dimension): Lett¢ = 10+/logn). We have:

w)= [ran= [ cnins [l

By the naive bound in Proposition 4 and Claim 25 we have:

/ (n)d ey
T(n)dn < n)\/ n
[—o0,—t]Ult,00] [~o0,—t]U[t,00] V2T

e—t2/2
<ny- n

<1 (56)

Further, by the more refined bound of Theorem 13, for any 7 < 10y/log ny = t we have

/ 7(n)dn < / 25(R + 30001og'® ny) dn
[—t,t] [—t,t]

< 50t - (R 4 30001og® ny)

:O(\/lognA 'R+log2n>\). (57
Combining (56) and (57) gives the lemma.

Second claim of the corollary: Note that for all [5| < |/2log "3 we have p(n) > \/TR , hence we have:
TN

p(n) +2R/nx < Tp(n)

"2 1 (7)

p(n) +2R/nyx <3R/ny

hence, by Theorem 14, we have:

And for || > /2log 72 we have:

therefore,

>/ 2log 7 idn‘F/ R( p(n) )
B —4/2log 52 1050 ‘n‘>\/@ 150 3R/TL/\

= Q(R,/log 22 (58)
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I. Proof of Theorem 8 and 10

Proof of Theorem 8. We show a lower bound on the number of samples required under the random feature map of Rahimi
and Recht by exhibiting a set of data points for which the appropriate number of samples does not suffice.

Our goal is to show that if we take s samples 71, 72, . . . , s from the distribution defined by p, for s too small, then there is
an a = (a1, Qs,...,q,) € R™ such that with at least constant probability,
T 2 T *
a (K+2L)a< 3% (ZZ" + M\I,,)a. (59)

By (3), we have

o"Ka = Z%’Oék k(zj,zx)

7,k
oo .
= Z/ e 2@ =) o v p(n) dip
gk T
[e’s} n n
_ / aje—ana;j (Z O[}CEQMWIIC) p(n) dn
— N\ j=1 k=1

o] n 2
= [ p) | an
S

Also, by the definition of Z and ¢ (see Section 2.2), we have

2

n
oTZ2Z o = Zajgo(wj)
j=1 )
2
S n
1 21
— PR NkTj
=D 2 e
k=1|j=1 Vs
1 S n 2
_ 2T
s DD e
k=1 |j=1
where 11,12, ..., 7, are the s samples from the distribution given by p. Hence, (59) is equivalent to
2 2
* - 1 2 1S |
2mina; 2 2min,T;
/ p(n) Zaje T dp + g)\HaHQ < 33 Z Zaje TRTT (60)
—o0 j=1 k=1|j=1
We again use the same construction of n data points z1,x2, ..., 2z, € R, according to the construction in Definition 33.
Moreover, we define n* to be
* = max |n;
n 1282, ;1
and let « = (a1, aa, . .., a,) be given by

a; = fn* b, (xj)a
where b = R/4+/logn) and v = §. We will show that this choice of data points and « satisfy (60).

First, we upper bound the first term on the left side of (60). Note that by Claim 26, with probability at least 1/2 over the
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samples 21, 29, ..., zs, We have
2 2
o n ) © 1 2 U .
L 2minx; _ —-n</2 L 2minx;
age il dn = —e ase 7 dn
/_oop“”;f =] o= Emﬂ )
= (12" %, 4
n2
< -p( )+ 3\n
48n 1
< %85 | 3xn. 61)
where we have let = n* and applied Lemma 41.
Next, we bound the right side of (60) from below. Note that
2 2
1 Zg: z”: 27T1’I‘]k:E] > 1 z": a .6271‘1'77*13_7'
S ] J
k=1|j=1 j=1
1 * *
— ~(a@’a(n"))?
1 /n\2 n?
> (2) = 62
s (5) 255’ 62)

by Lemma 39 applied withnp =n
2, which is provided by Lemma 40:

We also require the following estimate of ||«

|3 < 4n. (63)

Note that by combining (61), (62), and (63), we have that with probability at least 1/2,

2

n
> rine; 1 48n2 /logs 4
/ﬂx)p(n) ;0@82 T dn + g/\HaH% < R s +3An + gx\n
22
— Tbs
2
2 1¢
<. 27717]ka
k=1 |j=1
since s < n,/400 and also because R > 3000 log’® (n). This completes the proof. O

Proof of Theorem 10. By the assumptions of the theorem n is an integer, parameter 0 < A < n/2, and R > 0, and all

2
X1y ..., Tn € [-R, R] and p(n) = \/%e_%, therefore all the preconditions of Proposition 4, and Theorem 13 are satisfied
and hence the theorem and proposition go through and for every 7 we have:

(1) < Tr(n)

Hence applying Lemma 6 with 7(n) = Tr(n) gives the desired spectral approximation with %A‘ZS;R In(16s7,/p) sam-
ples where s, = [, Tr(n)dn. Now we show that s-,, = O(R+/log(ny) + log® ny).

Let t = 10+/log n). We have:

Srp = / Tr(n)dn = / Tr(n)dn + / Tr(n)dn
R [—t,] [—o0,—t]U[t,00]
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By Definition 9 and Claim 25 we have:

/ . / e—n2/2d
Tr(n)dn = nx n
[—o0,—]Ult,00] [—o0,~t]U[t,00] V2T
e—t2/2
<ny-|2
= V2t

67152/2
<ny- P

<1

Furthermore, for any n < 104/logny = ¢ we have

/ 7(n)dn < / 25(R + 30001log"® ny) dn
[—t,t] [—t,t]

< 50t - (R + 30001og"® ny)

=0 (wlognk - R + log? n,\) .
Combining the bounds above gives the result.

Sampling from pr(-): Sampling from pgr(-) amounts to sampling from a mixture of the uniform distribution on
1.5
[—10+/Tog(ny), +101/log(n» )] and from the tail of the Gaussian distribution: with probability 22m2x(R.3000log ""na)

S;—R

20+/log(ny) sample from the uniform distribution and with remaining probability sample from the tail of the Gaussian.
Sampling from the tail of the Gaussian can be easily accomplished via rejection sampling at unit expected cost. Indeed, we
only need to generate a sample from the tail with probability proportional to the mass of the tail. On the other hand, once
we do, the expected cost of obtaining a sample via rejection sampling is inversely proportional to the amount of mass in
the tail, leading to unit cost in expectation.

O



