Non-Gaussian Single Index Models via Thresholded Score Function Estimation

A. Proofs of the Main Results

In this section, we lay out the proofs of the two theorems in §4, which establish the statistical rates of convergence of our
estimators.

A.1. Proof of Theorem 4.2

Proof. Since B is the solution of the optimization problem in (3.4), the first-order optimality condition states that
VL(B) + A6 =0, where ¢ € 9|51 (A1)
Then the entries of ¢ € R? are given by
¢ =sign(B;), ¥j € supp(B): & € [~1,1], Vj ¢ supp(B).
For any index set A C [d] and z € R, we define the restriction of z to A, 2 A€ R4, by letting
[za]; = z; if j €A, [24]; =0 otherwise.

Here [z 4]; is the j-th entry of z4. Let S = supp(8*), then we can write { = s + {s-. For notational simplicity, in the
sequel, we define @ = 5 — p - *. Thus by (A.1) it holds that

(VL(B) = VL(up"),0) = (=& = VL(up"), )
S (A 8s = A &se, 0) + [[VL(1B")loo - 1011 (A.2)
By the definition of £, we have
(=-€se,B = nB") = =~ [1Bslh- (A3)
Moreover, since ||€||o < 1, Holder’s inequality implies that
(=A-&s,0) < 0s]hh. (A4)
Note that V2L(3) = 2I,. Combining (A.9), (A.3), and (A.4), we obtain
2(16]13 = (VL(B) — VL(uB"),0) < =Al0se ]l + MOsl + IVL(18%) oo - [10]]1- (A5)

For an upper bound of the right-hand side of (A.5), we apply the following lemma to obtain an upper bound on
IVL(1B")|oo-
Lemma A.1 (Bound on ||V L(13*)||o). We set the truncation level in (4.1) as 7 = 2(M - n/log d)'/*. Then we have

P[IVL(") oo > 7v/M -ogd/n] < d~*.
Proof. See §B.1 for a detailed proof. O

Thus by Lemma A.1 and the choice of A, we have A > 2|V L(13*) ||« with probability at least 1 — d~2. This implies that
200153 < —A/2- [|0sellr +3A/2 - 05l < 2X - [|6s].- (A.6)

Since the leftmost term in (A.6) is nonnegative, we obtain ||fs<|l; < 3 - ||fs]|1. In addition, since S| = s*, ||0s|1 <
Vs* - ||0s||2- Thus by (A.6) we have ||0]|2 < v/s* - A\. Moreover, we also have ||0s]|1 < s*\, which further implies that

16111 = [1slx + [|0sells < 4-[|0s]l1 < 4s7A.

Therefore, we conclude the proof. O
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A.2. Proof of Theorem 4.3

Proof. The proof of Theorem 4.3 is parallel to that of Theorem 4.2. Here the difference is to handle the nuclear norm
regularization, instead of the /;-penalty. Since [ is the solution of the optimization problem in (3.4), the first order
optimality condition states that

L(B) + AIBllx < L(uB*) + Al |- (A7)
To simplify the notation, we define © = B — i - B*. Since L is quadratic,
L(B) — L(nB*) = (VL(uB"), ©) + 2], (A8)

where V L takes values in R4 *?2_ Then combining (A.7), (A.8), and Holder’s inequality, we have
18lIfe < —(VL(1B"), ©) + AB* [l = MIBll« < [VL(1B™) |y - O] + AllB [l = NIl (A.9)

In the following, we focus on the term ||3%||, — ||3]|+ in (A.9). Let UA*V T be the singular value decomposition of /3%,
where U € R4 >4 and V' € R%*92 are orthogonal matrices, and A* € R?% %92 be formed by the singular values of 13*.
Moreover, since rank(3*) = r*, A* can be written in block form as

AF — [Aél 8] , (A.10)

where A}, € R™ *"" is a diagonal matrix whose diagonal elements are the nonzero singular values of ;3*. We define
T = UT OV, which can be written in block form as

'y T2
I'= ,
[le [a2

where I'1; € R” > In addition, we define matrices

@ _ [0 0 @ _ (' T
"\ = {0 1"22] and I [Fm 0l

Then by (A.10) and triangle inequality of the nuclear norm, we have

1Bl = [|uB* + Ol = [[UA +T)V |, = |[A* + Tl
> [[A* +TOJ, — [T, = JA*[« + TP | = TP, (A.11)

where the last equality follows from the fact that A* +T'(") is block diagonal. Since ||123* ||« = ||A* ||+, by (A.11) we obtain
118" e = 1Bl < [T = T .. (A.12)
In addition, triangle inequality implies that
1Ol = IUTV Tl < TVl + [P®.. (A.13)
Thus combining (A.11), (A.12), (A.13), we have

1011 < ([VL(1B")]|op + ) - ITP s+ ([[VL(uB")

yop —A) - TP, (A.14)

We utilize the following lemma to obtain an upper bound of ||V L(15*)||op-

Lemma A.2 (Upper bound of ||VL(u83*)op). Let loss function L: R4 *92 — R be defined in (3.4) for the matrix setting.
Setting k = 2\/71 -log(dy + dg)/\/(dl + d2) M, then it holds that

BIVL(5) lop > 6v/(dh + da)/n] < (di + o)™
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Proof. See B.2 for a detailed proof. O

By Lemma A.2 and the choice of \, we conclude that A > 2 - [|[VL(13*)|lop with probability at least 1 — (d; + d2) 3
Thus by (A.14) we have

10113, < 3X/2- 7@, = A/2- T W, (A.15)

which implies that | TV ||, < 3 - [|T'®)||,. Moreover, by the subadditivity of rank, we obtain

rn/2 T T1/2 0
(2) 11 12 11 - %
rank(T'*)) < rank({ 0 0 }) —&—rank({ Ty 0]) = 2r*,

which implies that ||T(®)||, < v/2r* - ||T®)||4, Then by (A.15) we obtain that [|©||s < 3/+/2-v/r* - \. Finally, by triangle
inequality for the nuclear norm,
1Ol = IT[L < ITW [l + [T@ [ < 4+ TP < 4v2r 0 1o = 120N,

Thus we conclude the proof of Theorem 4.3.

B. Proof of Auxiliary Results
B.1. Proof of Lemma A.1

Proof. By definition of the loss function L in (3.4), we have
2 n . - 2 n
L(ps*) =2up* — — Y- S(X;) 2Y; - S(X —
VL(uB") = 2up" - ~ ; (Xi) =E[ - g
By triangle inequality,

IVL(5)ll < [B[2v - S(X)] —E[2¥V - 5(x)]|| + (B.1)

2 n
s 2

oo o)

For any j € [d], by the definition of the truncated response Y and truncated score S, we obtain

B[V 500] ~E[Y - 8;(0]| < [B{V - [5(0) - 8;(X)] }| + [B[(¥ - ) - ()]
= |E[Y - S;(X) - 1{|S;(X)| > 7}]| +|E[Y - S;(X) - 1{|Y| > 7}]|. (B.2)

al az
By Cauchy-Schwarz inequality, we have
ai <E[Y2S3(X)] - P[|S;(X)| > 7]

< JE@")-E[s!(X)] -E[$}(x)] -~
- M. (B.3)

where the second inequality follows from Chebyshev’s inequality. Similarly, for a; we have

a3 <E[Y?S3(X)] - P(]Y]| > )

< JE@Y) -E[$}(X)] -E(*) -7
< M?.774 (B.4)
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Thus combining (B.2), (B.3), and (B.4), we conclude that
[E[V - 8;(X)] ~E[Y - $(X)]| < a1 +az <20 -7
for all j € [d]. Thus choosing 7 = 2(M - n/log d)'/*, we have
HE[T/ L 5(X)] —E[Y - 8;(X)] Hoo <1/2- /M logd/n. (B.5)

Furthermore, under Assumption 4.1, the variance of Y- .§j (X) is bounded by

Var[y - §;(X)] < E[V?- §2(X)] <E[Y2- S2(X \/E Y1) E[S*(X)] < M.

Thus for the second term in (B.1), since |}~/ .S ;(X)| < 72, by the Bernstein inequality in (Boucheron et al., 2013) (Theorem
2.10), for any j € [d] and any ¢ > 0, we have

I~ 3 < = OM -t 72t
IP){ E ;Yz . S](Xz) - E[Y . S](X)]' > - + o } < exp(ft). (B.6)
Taking union bound over j € [¢] in (B.6) yields
Il o o oM -t 2.t
IP’{ E;Y" - Si(Xi) —E[Y - S;(X)] HOC >\ =+ } < exp(—t + log d). (B.7)

Finally, we plug in 7 = 2(M - n/logd)'/* and set t = 3log d in (B.7) to obtain that

iig.Ej(Xi)—E[?.gj(X)]H §(4+¢g)\/@ (B.8)

with probability at least 1 — d~2. Finally, combining (B.1), (B.5), and (B.8), we conclude the proof. O

B.2. Proof of Lemma A.2

Proof. For loss function L defined in (3.4) in the matrix setting, we have
2 - 2 -
L(uB*) =2up* — — Y- S(Xy)| =2E]Y - S(X)] — — Y- S(XG)]. B.
VL(pB*) =28 “'”zlw[ﬂ S(X)] = 2B[Y - S(X)] K,n;:lzb[n S(X3)] (B.9)

Here the last equality follows from the generalized Stein’s identity. In the sequel, we apply results in (Minsker, 2016)
to bound [|[VL(13*)|lop- To begin with, we first consider the operator norm of E[Y? - §(X)S(X)"] € R%*% and
E[Y2.S(X)TS(X)] € R¥*42, For notational simplicity, we denote by S;.(-) € R% S ;(-) € R% the j-th row and
k-the column of the score function S(-), respectively. For any v € S ~1, by Cauchy-Schwarz inequality we have

E[v?.uT $(X)S ZE{ V2 - S.(X) T’} < do - \JE(Y) - E{[S. Wi, (B.10)

where we use the fact that the entries of S(X) are i.i.d. Since E[S;;(X)] = 0 and E[S};(X)] < M, by Cauchy-Schwarz
inequality we obtain that

d d
E{[SJ(X) Z Z le 5322 1(X)] ’ u?iu?2

d d
<303 EIsE (0] Bl () §2<M2 Zu? w2, = M. B.11)
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Thus combining (B.10) and (B.11) we obtain that
E[Y? u'S(X)S(X) u] <dy- M,
which implies that [[E[Y? - S(X)S(X) "]|lop < da - M. Similarly, we obtain ||[E[Y? - S(X) " S(X)]|lop < d1 - M. Thus by
Corollary 3.1 in (Minsker, 2016), we have
t
P > —— b < 2(dy + d2) exp[—rty/n + £2(dy + d2)M/2]  (B.12)
op \/ﬁ

forany t > 0 and k > 0. We set kK = 2y/n - log(dy + dz)/+/(d1 + d2)M and t = \/(dy + d2)M - s in (B.12), which
implies that

LS gl v (] B 50X

L3 (dy + do)M
P{ ﬁ;w[“ES(Xl)]*E[YS(X)] OPZ 17125}

Now we set s = 3 - y/log(d; + da), which implies that the right-hand side of (B.13) is less than
2(d1 + dg) exp [—610g(d1 + dg) +2- log(d1 + dg)} < (dl + d2)2 - exp [—4 . 10g(d1 + dg)] = (dl + dg)_Q.

Therefore, combining (B.9) and (B.13) we conclude that

VLB ) |lop < 6\/(d1 +ds) - M/n - \/1og(d1 + dy)

with probability at least 1 — (d; + d2)~2, which concludes the proof.



