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Abstract

We propose a generic stochastic expectation-
maximization (EM) algorithm for the estimation
of high-dimensional latent variable models. At the
core of our algorithm is a novel semi-stochastic
variance-reduced gradient designed for the Q-
function in the EM algorithm. Under a mild con-
dition on the initialization, our algorithm is guar-
anteed to attain a linear convergence rate to the un-
known parameter of the latent variable model, and
achieve an optimal statistical rate up to a logarith-
mic factor for parameter estimation. Compared
with existing high-dimensional EM algorithms,
our algorithm enjoys a better computational com-
plexity and is therefore more efficient. We apply
our generic algorithm to two illustrative latent
variable models: Gaussian mixture model and
mixture of linear regression, and demonstrate the
advantages of our algorithm by both theoretical
analysis and numerical experiments. We believe
that the proposed semi-stochastic gradient is of
independent interest for general nonconvex opti-
mization problems with bivariate structures.

1. Introduction

As a popular algorithm for the estimation of latent vari-
able models, the expectation-maximization (EM) algorithm
(Dempster et al., 1977; Wu, 1983) has been widely used
in machine learning and statistics (Jain et al., 1999; Tseng,
2004; Han et al., 2011; Little & Rubin, 2014). Although EM
is well-known to often converge to an empirically good local
estimator (Wu, 1983), finite sample theoretical guarantees
for its performance have not been established until recent

"Facebook, Inc., Menlo Park, CA 94025 *Department of Com-
puter Science, University of Virginia, Charlottesville, VA 22904,
USA *Department of Computer Science, University of Illinois
at Urbana-Champaign, Urbana, IL 61801. Correspondence to:
Quanquan Gu <qg5w @virginia.edu>.

Proceedings of the 34" International Conference on Machine
Learning, Sydney, Australia, PMLR 70, 2017. Copyright 2017 by
the author(s).

studies (Balakrishnan et al., 2014; Wang et al., 2014; Yi &
Caramanis, 2015). Specifically, the first local convergence
theory and finite sample statistical rates of convergence for
the conventional EM algorithm and its gradient ascent vari-
ant were established in Balakrishnan et al. (2014). Later
on, Wang et al. (2014) extended the conventional EM al-
gorithm as well as gradient ascent EM algorithm to the
high-dimensional setting, where the number of parameters
is comparable to or even larger than the sample size. A
key idea used in their algorithms is an additional truncation
step after the maximization step (M-step), which is able to
exploit the intrinsic sparse structure of the high-dimensional
latent variable models. Yi & Caramanis (2015) also pro-
posed a high-dimensional EM algorithm, which, instead
of using truncation, uses a regularized M-estimator in the
M-step. In the high-dimensional setting, the gradient EM
algorithm is especially appealing, because exact maximiza-
tion based M-step can be very time consuming, or even
ill-posed. Nonetheless, gradient EM algorithms can still
be computationally prohibitive when the number of obser-
vations is also large, since they need to calculate the full
gradient at each iteration, whose time complexity is linear
in the sample size.

In this paper, we address the aforementioned computational
challenge in the large-scale high-dimensional setting, by
proposing a novel variance-reduced stochastic gradient EM
algorithm with theoretical guarantees. Our algorithm is
along the line of gradient EM algorithms (Balakrishnan
etal.,2014; Wang et al., 2014), where the M-step is achieved
by one-step gradient ascent rather than (regularized) exact
maximization (Yi & Caramanis, 2015). Instead of using
a full gradient at each iteration as in existing gradient EM
algorithms, we significantly reduce the computational cost
by utilizing stochastic variance-reduced gradient, which
is inspired by recent advances in stochastic optimization
(Roux et al., 2012; Johnson & Zhang, 2013; Shalev Shwartz
& Zhang, 2013; Defazio et al., 2014; Zhang & Gu, 2016).
To accommodate the special bivariate structure of the Q-
function (i.e., the expected value of the log likelihood func-
tion, with respect to the conditional distribution of the latent
variable given the observed variable under the current esti-
mate of the model parameter) in EM algorithm, we design a
novel semi-stochastic variance-reduced gradient which sets
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our work apart from all existing methods and greatly helps
reduce the intrinsic variance of the stochastic gradient of the
Q@-function in the EM algorithm. We apply our algorithm to
two popular latent variable models and thorough numerical
experiments are provided to backup our theory. In particular,
we summarize our major contributions as follows:

e We propose a novel high-dimensional EM algorithm by
incorporating variance reduction into the stochastic gra-
dient method for EM. Specifically, we design a novel
semi-stochastic gradient tailored to the bivariate structure
of the @-function in the EM algorithm. To the best of our
knowledge, this is the first work ever that brings variance
reduction into the stochastic gradient EM algorithm in
the high-dimensional scenario.

e We prove that our proposed algorithm converges at a
linear rate to the unknown model parameter and achieves
the best-known statistical rate of convergence with a mild
condition on the initialization.

o We show that the proposed algorithm has an improved
overall computational complexity over the state-of-the-
art algorithm. Specifically, to achieve an optimization
error of €, our algorithm needs O ((N + bx?) - log(1/€))
gradient evaluations!, where N is the sample size, b is
the mini batch size that will be discussed later, and & is
the restricted condition number. In contrast, the gradient
complexity of the state-of-the-art high-dimensional EM
algorithm (Wang et al., 2014) is O (kN log(1/¢)). As
long as k < N/b, which holds in most real cases, the
overall gradient complexity of our algorithm is less than
Wang et al. (2014).

e Different from the proof technique used in existing work
(Balakrishnan et al., 2014; Wang et al., 2014; Yi & Cara-
manis, 2015), which analyzes both the population and
sample versions of the Q-function, we directly analyze
the sample version of the Q-function. Our proof is much
simpler and provides a good interface to analyze the semi-
stochastic gradient.

The rest of the paper is organized as follows. We introduce
the related work in Section 2, and then present our algorithm
and its applications to two representative latent variable
models in Section 3. We demonstrate the main theoretical
result as well as its implication to specific latent variable
models in Section 4, followed by experimental results in
Section 5. Finally, we conclude our paper and point out
some future work in Section 6.

Notation: Let A = [4;;] € R¥9 be a matrix and
v = (v1,...,v4)" € R? be a vector. We define the /-

"Throughout this paper, we consider the calculation of the
gradient of the Q)-function over a data point as a unit gradient
evaluation cost. And we use the gradient complexity, i.e., the
number of gradient evaluation units, to fairly compare different
algorithms.

norm (g > 1) of v as [[v]ly = (X0, [v;]7)"/". Specif-
ically, ||v]|o denotes the number of nonzero entries of v,

[vll2 = j=1Y;

we define ||A||, as the operator norm of A. Specifically,
| A |5 is the spectral norm. We let || A ||oo,00 = max; ; |A4j].
For an integer d > 1, we define [d] = {1,...,d}. For an
index set Z € [d] and vector v € R?, we use vz € R? to
denote the vector where [vz]; = v; if j € Z, and [vz]; =0
otherwise. We use supp(v) to denote the index set of its
nonzero entries, and supp(v, s) to denote the index set of
top s largest |v;|’s. C'is used to denote some absolute con-
stants. The values of these constants may be different from
case to case. Amax(A) and A\pin(A) are used to denote
the largest and smallest eigenvalues of matrix A. We use
B(r; B) to denote the ball centered at 3 with radius r.

/32, 02 and |[v]ee = max; |v;]. Forgq > 1,

2. Related Work

In this section, we discuss some related work in detail. Even
with its long history in theory and practice of the EM algo-
rithm (Dempster et al., 1977; Wu, 1983; Tseng, 2004), the
finite sample statistical guarantees on EM algorithm have
not been pursued until recent research (Balakrishnan et al.,
2014; Wang et al., 2014; Yi & Caramanis, 2015). In a pio-
neering work by Balakrishnan et al. (2014), both statistical
and computational analysis of EM algorithm was conducted
in the classical regime. Specifically, the authors treated
EM algorithms as a special perturbed form of standard gra-
dient methods, and they showed that with an appropriate
initialization, their algorithm achieves a locally linear con-
vergence rate to the unknown model parameter. However,
their work is limited to the classical regime. While in the
high-dimensional regime, when data dimension is much
larger than the number of samples, the M-step is often in-
tractable or even not well defined. In order to extend this
work to the high-dimensional scenario, Wang et al. (2014)
addressed this challenge by inserting a truncation step to
enforce the sparsity of the parameter. They proved that
their algorithm also enjoys locally linear convergence to the
model parameter up to certain statistical error. Yi & Cara-
manis (2015) proposed a high-dimensional extension of EM
algorithms via a regularized M-estimator, and provided sim-
ilar theoretical guarantees. In addition, both Balakrishnan
et al. (2014) and Wang et al. (2014) proposed gradient vari-
ants of the EM algorithm, which can be computationally
faster than exact maximization based EM.

Although the gradient based EM algorithms (Balakrishnan
et al., 2014; Wang et al., 2014) have been proved to achieve
guaranteed performance, these deterministic approaches
can incur huge computational cost in big data and high-
dimensional scenario since they need costly calculation of
full gradient at each iteration. Stochastic gradient methods
are a common workaround to large scale optimization (Bot-
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tou, 2010; Gemulla et al., 2011), because one only needs to
calculate a mini-batch of the stochastic gradients each time.
However, due to the intrinsic variance introduced by the
stochastic gradient, these methods often have a slower con-
vergence rate compared with full gradient methods. There-
fore, a lot of variance reduction techniques have been pro-
posed to reduce the variance of the stochastic gradient and
pursue a faster convergence rate. One of the most pop-
ular methods is the stochastic variance-reduced gradient
(SVRG) (Johnson & Zhang, 2013). Inspired by this method,
various machine learning tasks (Li et al., 2016; Chen & Gu,
2016; Garber & Hazan, 2015) have utilized the stochastic
variance reduction technique to provide improved perfor-
mance of nonconvex optimization with univariate structures.
Recently, Reddi et al. (2016); Allen-Zhu & Hazan (2016)
also analyzed SVRG for the general univariate nonconvex
finite-sum optimization. Motivated by all of these SVRG
methods, one natural question is that, can we accelerate
gradient based EM algorithms using SVRG? We show in
this work that the answer is in the affirmative. Since all
the aforementioned SVRG methods can not be applied to
the special bivariate structure of the Q-function, in order to
incorporate the variance reduction technique into stochastic
gradient based EM algorithms, we need to construct a new
semi-stochastic gradient.

3. Methodology

In this section, we present our proposed algorithm. We
first introduce the general framework of the EM method,
and then give two representative high-dimensional latent
variable models as examples before going into the details of
our algorithm.

3.1. Background

We now briefly review the latent variable model and the
conventional EM algorithm. Let Y € ) be the observed
random variable and Z € Z be the latent random variable
with joint distribution fg(y, z) and conditional distribution
pg(zly), with the model parameter 3 € R?. Given N
observations {y;}XY, of Y, the EM algorithm aims at max-
imizing the ()-function

_ 1
n(8:8) =5 3 [ nirlaly) Jow fp(yz) dn
=1

Particularly, in the [-th iteration of EM algorithm, we evalu-
ate Qn(3; 8Y) in the E-step, and perform the maximiza-
tion of Qv (B; B on 3 in the M-step. For example, in the
standard gradient ascent implementation of EM algorithm,

the M-step is given by

B =g 4 yv,Qn(BY; 1),

where V1Qn (+; -) denotes the gradient on the first variable
and 7 is the learning rate.

In the high-dimensional regime, we assume 3* € R? is
sparse with ||3]|o < s*. In order to ensure the sparsity of the
estimator, Wang et al. (2014) proposed to use a truncation
step (i.e., T-step) following the M-step.

3.2. Illustrative Examples

We now introduce two representative latent variable models
as running examples for high-dimensional EM algorithms.

Example 3.1 (Sparse Gaussian Mixture Model). The ran-
dom variable Y € R? is given by

Y=2-8+V,

where Z is a random variable with P(Z = 1) = P(Z =
—1)=1/2,and V ~ N(0, X) is a Gaussian random vector,
with ¥ being the covariance matrix, V and Z are inde-
pendent, and ||3*|[o < s*. We assume 3 is known for
simplicity.

Example 3.2 (Mixture of Sparse Linear Regression). Let
X € R? ~ N(0,X) be a Gaussian random vector, and
V ~N(0,0?) be a univariate normal random variable. The
random variable Y € R is given by

Y=2Z-X"8"+V,

where Z is a random variable with P(Z = 1) = P(Z =
—1) = 1/2. Here X, V and Z are independent, and
|B]lo < s*. In addition, we assume that o is known.

3.3. Proposed Algorithm

Now we present our high-dimensional EM algorithm based
on stochastic variance-reduced gradient ascent. The outline
of the proposed algorithm is described in Algorithm 1.

Since our algorithm is based on stochastic gradient, we di-
vide the N samples into n mini-batches {D; }"_;, and define
function {g¢;}?_, on these mini-batches, i.e., ¢;(3;8') =
1/b3 iep, |z pa(2ly;) - log f(y,, z) dz, where we let b
be the mini-batch size, and N = nb. Let Q,(83;3') =
1/n>"  qi(B;8'). Ttis easy to show that Q,,(3;8') =
QAn(B; B).

Note that in Algorithm 1, to ensure the sparsity of the out-
put estimator , we use the hard thresholding operator (Blu-
mensath & Davies, 2009), H,(V) = Vgypp(v,s)» Which only
keeps the largest s entries in magnitude of a vector v € R<,
The sparsity parameter s controls the sparsity level of the
estimated parameter, and is critical to the estimation error
as we will show later.

We can see that there are two layers of iterations in our
algorithm. For each outer iteration, we first conduct E-step,
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Algorithm 1 Variance Reduced Stochastic Gradient EM
Algorithm (VRSGEM)

1: Parameter: Sparsity Parameter s, Maximum Number of

Outer Iterations m, Number of Inner Iterations 7', learning

rate 7
2: Inltlallzatlon

ﬂ (0) — (ﬂlnlt)’

:Forl=0tom—1
E-step:
Evaluate @, (5; R ) with the dataset
B=pY, [i=ViQu(B:P)
5: M-step:

B =p

Randomly select j; uniformly from {0, ...,
6: Fort =0toj

Randomly select ¢ from [n] uniformly

B w

T-1}

7 v = Vg (ﬂ( B) V1q1~ (E, B) + i,
8: BT = BV 4 vt
9: T-step: 30+ = (,B(HO 5))

10: End For

11: ﬁ(H’l) — B(jl+1>
12: End For

13: Output: 3 = 3™

where we compute the averaged gradient jz based on the
whole dataset and the model parameter from last outer it-
eration. This averaged gradient will be used repetitively
in the M-step for variance reduction. In M-step, we have
the inner iterations. We first determine the number of inner
iterations, which is randomly selected from [T'] uniformly.
At each inner iteration, we make use of the variance reduc-
tion technique. Note that we extend the variance reduction
idea originally proposed by Johnson & Zhang (2013) to
the bivariate structure of the @-function. Specifically, we
design a novel semi-stochastic gradient on mini-batches as
v = V1q,(80; B) — V1q:(8; B) + Ji, which fixes the
second variable within each outer iteration for the sake of
convergence guarantee. While the standard gradient im-
plementation of EM algorithm (Wang et al., 2014) uses
ViQn(B ®.3 (t)) to update the parameter at each iteration,
our newly designed semi-stochastic gradient is proved to
better reduce the variance and attain a lower gradient com-
plexity. After finishing all the inner iterations, we use the
output from the last inner iteration as the output of this outer
iteration. We use the output from the last outer iteration as
the final estimator.

We believe our newly proposed semi-stochastic gradient is
of independent interest for the stochastic optimization of
functions with bivariate structures, to prove a faster rate of
convergence.

4. Main Theoretical Results

In this section, we show the main theory on the theoretical
guarantees of our proposed Algorithm 1. We also present
the implications of our algorithm applied to two models

described in Section 3.2.

To facilitate the technical analysis of our algorithm, we fo-
cus on the resampling version of Algorithm 1 following the
convention of previous work (Wang et al., 2014; Yi & Cara-
manis, 2015). The key difference between the resampling
version and Algorithm 1 is that we split the whole dateset
into m subsets and use one subset for each outer iteration.
The details of the resampling version of our algorithm is
provided in the longer version of this paper. It is worth
noting that the resampling version of our algorithm is able
to decouple the dependence between consecutive outer it-
erations, and it is only used to simplify the technical proof.
In practice including our experiment, we use Algorithm 1
rather than the resampling version.

Before we present the main results, we introduce three con-
ditions that are essential for our analysis.

Condition 4.1 (Smoothness). For any 3,31,82 €
B(p||B*||2; 8*), where p € (0,1) is a model-dependent
constant, for any ¢ € [n], ¢;(-; ) in Algorithm 1 satisfies the
smoothness condition with respect to the first variable with
parameter L:

V14 (B1: B) — V14i(B2; B)||, < L||B1 — B2]|,-

Condition 4.1 says that the gradient of ¢;(-;-) we use in
each inner iteration is Lipschitz continuous with respect to
the first variable when the first and second variables are

within the ball B(p||3*||2; 3*). There exists a wide range
of models with this condition holding.

Condition 4.2 (Concavity). For all (3,8:,82 €
B(p||B*||2; B*), where p € (0,1) is a model-dependent
constant, the function @, (+; -) satisfies the strong concavity
condition with parameter p:

—V1Qu(B2:8)] (81 — B2)
< —ul|B2 — B3

[V1Qn(B1; 8)

Condition 4.2 requires @, (+; -) to be strongly concave with
respect to the first variable when the first and second vari-
ables are within the ball B(p||3*||2; 8*). This is a reason-
able requirement when N is large enough.

Condition 4.3 (First-order stability). For the true model
parameter 3* and any 3 € B(p|B*||2;3*), where p €
(0,1) is a model-dependent constant, Q, (-; ) satisfies the
first-order stability with parameter ~:

|V1Qn(8: 8) — V1Q,. (8" 8)

Condition 4.3 requires that the gradient V1Q,(8*;-) is
stable with regard to the second variable, with the second
variable within the ball B(p||3*||2; 3*). There are actually
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various versions of this condition in previous work (Yi &
Caramanis, 2015; Balakrishnan et al., 2014) on population
version Q(+;-) = E[Qn (-, -)]. Here we impose the condition
on the sample Q-function, i.e., @, (-, -), because our proof
technique directly analyzes the sample ()-function. Intu-
itively, when the sample size N is sufficiently large, @, (+; )
and Q(+; -) should be close. Therefore, this condition should
hold for @,,(+; -) as well.

Due to the space limit, we verify the above conditions for
the two examples in the longer version of this paper. We use
k = L/ to denote the condition number .

4.1. Theory for the Generic Model

With the above conditions on ¢;(-; -) and @, (+; -), we have
the following theorem to characterize the estimation error
of our estimator 3(") returned by the resampling version of
Algorithm 1.

Theorem 4.4. Suppose ¢;(+; -) satisfies Condition 4.1 and
Qn(;-) satisfies Conditions 4.2, 4.3. We also assume
that ||g™¢ — 8%, < p||B*|,, where p € (0,1). If
n < u/(8L?), and T and s are chosen such that

1 2 [nL? + (2n + L/1p*)¥?]
P= T(1-71)

where 7 = a(1 —npu+2n?L?) and a = 14++/5%/\/s — s*,
then the estimator 3(") from the resampling version of Al-
gorithm 1 satisfies

<1

1—71 ’

EHB(T‘)_ﬂ* , Spr/Quﬁinit —,3* ,
25am(2n + L/ p?) x. gt
4.1

where 5 = 2s + s*.

Remark 4.5. As suggested in Theorem 4.4 that by choosing
an appropriate learning rate 7, a sufficiently large number of
inner iterations 7', and sparsity parameter s such that p < 1,
we can achieve a linear convergence rate. Here we give an
example to show that such p is achievable. If we choose
step size = 11/(8L?), and truncation parameter s satisfies

K2,
s > T+1S’
where
502 2,2 2
K — L e | < 0.
96L%2 12L* 3Lu

Then, we can get

1
< )
O ST 542/96L2 1 242 /1208 + 2/3Lu

and the contraction parameter p in Theorem 4.4 can be
simplified as

<L .3
P=70-n"1

Therefore, if we choose T' > 256x2/(3(cv — 1)), we can
obtain p < 7/8, ensuring the linear convergence rate.

Remark 4.6. The right hand side of (4.1) in Theorem 4.4
consists of two terms. The first term stands for the op-
timization error. The second term is the statistical error.
According to Remark 4.5, we can ensure the linear con-
vergence rate of our algorithm. Thus for any error bound
€ > 0, we need r > 2log,-1[||3™" — B3*||2/€] iterations
to let the optimization error p™/2||3™i* — 3%||5 < ¢, which
basically requires O (log(1/€)) outer iterations. For each
outer iteration, we need to compute T gradients of ¢; (-, -),
and one full gradient. Since we have T' = O(x?), which
is suggested in Remark 4.5, the gradient complexity of our
algorithm would be O((N + br?) - log(1/€)). Neverthe-
less, for the state-of-the-art gradient based high-dimensional
EM algorithm (Wang et al., 2014), its gradient complexity
is O(kNlog(1/€)). As long as k < N/b, the gradient
complexity of our algorithm is less than that of Wang et al.
(2014). Since in big data scenarios, N is always very large
and b as the batch size is relatively small, this condition is
naturally satisfied in most real applications.

The second term on the right-hand side of (4.1) stands for
the upper bound of the statistical error, which depends on
specific models as we will introduce later.

4.2. Implications for Specific Models

Now we apply our algorithm to the two examples introduced
in Section 3.2.

4.2.1. SPARSE GAUSSIAN MIXTURE MODEL

The next corollary gives the implication of our main theory
for sparse Gaussian mixture models.

Corollary 4.7. Under the same conditions of
Theorem 4.4 and suppose |[|B™* — g <

(\/)‘min(z)/AmaX(E)/Zl)||5*H2~ 5
bility at least 1 — 2¢/d, the estimator 3 = B("™) from the
resampling version of Algorithm 1 satisfies

2
Then with proba-

EHB\_ﬂ* ) < pm/2HIBinit _/3*

L OB [s*logd - log N
N )

where ® = Apin (2) (| =728 oo + 0A1/ 2 () and & =
L/p.

B

4.2)
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Proof Sketch. For sparse Gaussian mixture model, we
have Conditions 4.1 to 4.3 hold with parameters L =
1/ Amin(B), o = 1/Amax(E), and v = 20(6? + £ + 1 +
£72)e8/64 /X in (), where & = || 21/28%|, denotes
the signal-to-noise ratio (SNR). Next, s = 2s + s* is of the
same order as s*. For the term || V1Q,(8%; 8%)|| in (4.1),
we have the following inequality holds with probability at
least 1 — 2e/d

IV1@n (8" 8) [l

< 0<||21ﬂ*||00 N

o ) [logd - log N
AInin(Z:) N '

This completes the proof. O

Remark 4.8. We can see that the parameters in Condi-
tions 4.1 and 4.2 are determined by the covariance matrix X,
which is reasonable because 3 actually denotes the variance
of the data. For Condition 4.3, we need to introduce the
signal-to-noise ratio (SNR). The concept of SNR in parame-
ter estimation is also proposed in Balakrishnan et al. (2014);
Dasgupta & Schulman (2007). Since we have extended the
covariance matrix of noise from identity matrix in previous
work to any positive definite matrix, our SNR is also a little
bit different from their definition. Generally speaking, for
GMM with lower SNR, the variance of the noise makes
it harder or even impossible for the algorithm to converge.
Therefore, it is always reasonable to have a requirement for
the SNR of GMM to be large enough for reliable parameter
estimation. Spectral method (Anandkumar et al., 2014) can
be used to match the requirement on initialization for GMM,
however, we find that random initialization also performs
reasonably well in practice as we will show later.

According to Remark 4.5, by choosing appropriate learn-
ing rate 7, inner iterations 7', and sparsity parameter
s, we can ensure linear convergence rate of our algo-
rithm. Therefore, from Corollary 4.7, we know that af-
ter O(log (N/(s*logdlog N))) number of iterations, the
output of our algorithm attains O(y/s* log d - log N/N) sta-
tistical error, which matches the best-known error bound
(Wang et al., 2014; Yi & Caramanis, 2015) for Gaussian
mixture model up to a logarithmic factor log V. Note that
the extra logarithmic factor is due to the resampling strategy.

4.2.2. MIXTURE OF SPARSE LINEAR REGRESSION

The implication of our main theory for mixture of linear
regression is presented in the following corollary.

conditions  of
Al =
Then with proba-

Corollary 4.9. Under the same
Theorem 4.4 and suppose |[|B™*

(v A () Anax (3)/32)]|8* -

bility at least 1 — 2e/d, the estimator B = 5(7”) from the

resampling version of Algorithm 1 satisfies

EHB_ﬂ* ) < pm/2HIBinit —/8*

2

o ) [s*logd -log N
) N ’

)\max

e (G
where k = L/ p.

Proof Sketch. For mixture of linear regression, we have
Conditions 4.1 to 4.3 hold with parameters L = 2.5 (%),
b= Amin(X)/2, and ¥ = 1 Amax(X), where y1 € (0,1/3)
is a constant. We also show that s is of the same order as s*.
Next, for the term ||V1Q.,,(8%; 8%)|| in (4.1), we have the
following inequality holds with probability at least 1 —2¢/d

IV1@n (87 8) [l

logd - log N
< Qe (B8 + A (D)) BN

This completes the proof. O

Remark 4.10. According to Remark 4.5, our algo-
rithm can achieve a linear convergence rate with ap-
propriate learning rate 7, inner iterations 7, and
sparsity parameter s. Thus Corollary 4.9 tells
us that after O(log (N/(s*logdlogN))) number of
outer iterations, the output of our algorithm achieves
O(y/s*logd -log N/N) statistical error, which matches
the best-known statistical error (Yi & Caramanis, 2015)
for mixture of linear regression up to a logarithmic factor
from the resampling strategy. Specifically, the dependence
on ||B3*||2 is due to the fundamental limits of EM, which
also appears in Balakrishnan et al. (2014); Yi & Caramanis
(2015). There is also a spectral method (Chaganty & Liang,
2013) helping the initialization of MLR, but we use random
initialization which also performs well in our experiments.

S. Experiments

In this section, we present experiment results to validate
our theory. For parameter estimation, we use Gaussian
mixture model and mixture of linear regression, and com-
pare our proposed variance-reduced stochastic gradient
EM algorithm (VRSGEM) with two state-of-the-art high-
dimensional EM algorithms as baselines:

o (HDGEM) High-Dimensional Gradient EM algorithm
proposed in Wang et al. (2014): the gradient variant of
high-dimensional EM method enforcing sparsity struc-
ture.

e (HDREM) High-Dimensional Regularized EM algorithm
proposed in Yi & Caramanis (2015): the method based
on decaying regularization.

Since high-dimensional scenario is much more challenging,
we only compare our algorithm with high-dimensional EM
algorithms.
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Figure 1. Comparison of optimization error || 3 — BH2 and overall estimation error || 3% — 8* |2 for GMM. s* = 5, d = 256, b = 100,
N = 5000. (a) (b) errors against iterations, (c) (d) errors against training time.
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5.1. Experimental Setup

For each latent variable model, we compare both the op-
timization error ||3(!) — 3|, featuring the convergence of
the estianator to the local optima, and the overall estimation
error ||3(") — 3*||5 featuring the overall estimation accuracy
with regard to the true model parameter 3*. We also show
the convergence comparison in terms of training time. All
the comparisons are under two different parameter settings:
s* =5,d = 256, b = 100, N = 5000 and s* = 10,
d =512, b = 200, N = 10000. For VRSGEM, we choose
m = 30,n = 50 and T" = 50 across all settings and models.
Besides the comparison of different algorithms, we also
verify our statistical rate of convergence by plotting the sta-
tistical error HB — B*|| against /s* log d/N. Specifically,
we fix d = 512 and show the plots of three cases s* = 5,
s* =10 and s* = 15 with varying N.

In each experiment setting, we run 100 trials and show
the averaged results. The learning rate 7 is tuned by grid
search and s is chosen by cross validation. We use random
initialization.

5.2. Gaussian Mixture Model

We test VRSGEM on Gaussian mixture models introduced
in Section 3.2. For the sake of simplicity and better match-
ing the problem setting of the baseline methods, the co-

variance matrix X of V' is chosen to be a diagonal ma-
trix with all elements being 1. We randomly set two el-
ements t0 Apmax(X) = 10, and another two elements to
Amin(X) = 0.1. The results are shown in Figures 1 and 2.

From Figures 1(a) and 2(a), we can see that all three algo-
rithms have linear convergence as Corollary 4.7 suggests.
VRSGEM clearly enjoys a faster convergence rate than the
baselines. Moreover, as shown in Figures 1(b) and 2(b), the
performance on overall estimation error of our algorithm
is as good as HDGEM, which is far better than HDREM.
In terms of time consumption, our algorithm also enjoys a
remarkable advantage over the baselines as shown in Fig-
ures 1(c), 1(d), 2(c) and 2(d).

The statistical error results are shown in Figure 5. From
Figure 5(a), we can see that statistical error of VRSGEM
shows a linear dependency on +/s* log d/N across different
settings of s*, verifying results in Corollary 4.7.

5.3. Mixture of Linear Regression

Similar to the setting for GMM, we use the same covariance
matrix X in Section 5.2 for X here. For V, we let 0 = 1.
We show the results in Figures 3 and 4.

From Figures 3(a) and 4(a), we can see that VRSGEM
achieves linear convergence which is consistent with Corol-
lary 4.9, and our algorithm significantly outperforms the
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Figure 3. Comparison of optimization error ||3®) — ,5”2 and overall estimation error [|3) — 3*||5 for MLR. s* = 5, d = 256, b = 100,
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Figure 5. Statistical error || B - B |2 of VRSGEM against
v/ $*log d/N with fixed d=512 and varying s* and N.

baselines in terms of optimization error. In terms of overall
estimation error shown in Figures 3(b) and 4(b), VRSGEM
is as good as HDGEM and beats HDREM by a remark-
able margin. Our algorithm also beats the baselines in
time consumption for convergence as we can see in Fig-
ures 3(c), 3(d), 4(c) and 4(d). Overall, VRSGEM achieves
the best performance among all the methods.

In addition, from Figure 5(b), we can see that for MLR,
the statistical error of VRSGEM is of order /s* logd/N,
which supports Corollary 4.9.

6. Conclusions and Future Work

We propose a novel accelerated stochastic gradient EM
algorithm based on a uniquely constructed semi-stochastic

variance reduced gradient. We show that with an appropriate
initialization, the proposed algorithm converges at a linear
rate and attains the optimal statistical rate. We apply our
proposed algorithm to two popular latent variable models
in the high-dimensional regime and numerical experiments
are provided to support our theory.

It is worth noting that, the proposed algorithm is directly
applicable to the classical regime, by dropping the T-step.
It will give rise to an accelerated stochastic extension of
conventional EM algorithm, and the corresponding theory
in this paper can be extended to the classical regime anal-
ogously (Balakrishnan et al., 2014). We will investigate
this by-product in our future work. We also plan to extend
our algorithm to the estimation of high-dimensional latent
variable models with low-rank parameters (Yi & Caramanis,
2015).
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