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Abstract
MAP inference over discrete Markov networks with large label sets is often applied, e.g., in localizing multiple key points in the image domain. Often, approximate or domain specific methods
are used to make the problem feasible. An alternative method is to preselect a limited (much
smaller) set of suitable labels, which bears the risk to exclude the correct solution. To solve the
latter problem, we propose a two-step approach: First, the reduced label sets are extended by a
novel “refine” label, which — when chosen during inference — marks nodes where the label set
is insufficient. The energies for this additional label are learned in conjunction with the network’s
potential weights. Second, for all nodes marked with the “refine” label, additional local inference
steps over the full label set are performed. This greedy refinement becomes feasible by extracting
small subgraphs around the marked nodes and fixing all other nodes. We thoroughly evaluate and
analyze our approach by solving the problem of localizing and identifying 16 posterior ribs in 2D
chest radiographs.
Keywords: Markov networks; inference; feasibility; object localization; posterior ribs.

1. Introduction
The optimization of discrete Markov random fields (MRFs) is of great importance to many fields.
For instance in computer vision, it is used – inter alia – for image denoising (Shao et al., 2014),
depth estimation (Zhu et al., 2010), spatial regularization (Koch et al., 2015), etc. However, the
large label space in combination with large number of nodes quickly render the problem infeasible.
Thus, either approximate inference algorithms (see, e.g., Wang et al. (2013)) are applied or domain
specific solutions are developed.
One example for such a domain specific formulation is the artificial reduction of the label space.
This is quite common in the localization of spatially correlated key points. Often, a MRF is used to
incorporate geometric information between key points (see, e.g., Donner et al. (2013), Štern et al.
(2016), and Mader et al. (2017)). The comparably large label space (i.e., all possible positions in
an image) is normally too large to be used directly. Thus, a heuristic is used to preselect a limited
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number of reasonable labels, drastically reducing the label space and enabling MRF inference.
However, the MRF solution is only as good as the quality of the preselected labels.
In this paper, we propose an approach to overcome the imposed limitation of artificially reduced label spaces in MRFs. First, we introduce a novel “refine” label that can be chosen among
the preselected labels during inference. To this end, we assign an energy to this “refine” label that
is automatically learned from data. Second, after the first inference a second stage of potentially
multiple inference steps is performed. For each “refine”-labeled node, a subgraph is extracted to
optimize all marked nodes independently, each over the full label space. In addition to the missing energies for the “refine” label, we also automatically learn the weights of the MRF potentials,
generally improving the accuracy of the MRF inference output (Komodakis et al., 2015).
We evaluate the proposed approach on the unsolved problem of localizing and labeling posterior
ribs in chest radiographs. To this end, multiple key point localizers – which are used to preselect
key point localization hypotheses – are followed by a MRF to capture spatial relations between
key points. On a public dataset we illustrate how the proposed refinement step is able to overcome
the implicit upper bound caused by an imperfect reduction of the label space to the preselected
localization hypotheses. Preliminary results on this task have been published in Mader et al. (2018).
In this work, we further analyze in detail the choice of the preselection method and the influence
of the size of the reduced label set. In particular, we compare two commonly applied methods to
preselect key point hypotheses, namely a deep, fully convolutional neural network and ensembles
of random regression forests. Additionally, we analyze the inference time of our novel method
compared to the baseline, single inference method.
The remainder of this paper is structured as follows. Section 2 describes the general problem
and our novel solution approach. Section 3 introduces a particular application, namely localizing
multiple, spatially correlated key points in medical images, which serves to evaluate and analyze
our approach. Section 4 summarizes and discusses the results of our experiments while Section 5
draws our final conclusions.

2. Method
We start by formulating the original inference problem in Section 2.1, followed by the introduction
of our novel “refine” label in the first inference step in Section 2.2 and our refinement as second inference step in Section 2.3. How missing energies and weights are learned is outlined in Section 2.4.
2.1 Original Problem
Given a graph G = (V, E) defined by the N nodes V = {v1, . . . , v N } and the edges E, the goal is to
assign a label lvi from the discrete label set Lvi to each node vi ∈ V, such that the MRF energy
Õ
E(x) =
λc · φc (xc )
(1)
c∈C

for one particular state x ∈ X = Lv1 × . . . × Lv N , parameterized by a set of potential functions
Φ = {φc | c ∈ C} for cliques C, is minimized:
x̂ = arg min E(x) .

(2)

x∈X

Note that we explicitly introduced the weights Λ = {λc } scaling the potential functions (Komodakis
et al., 2015), in order to automatically learn them later on (Section 2.4).
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In the general case, this exact inference is a #P-complete problem, so people mostly resort
to approximate inference algorithms (e.g., the “lazy flipper” by Andres et al. (2012) as a move
making strategy or dual decomposition approaches (Komodakis et al., 2011)). Alternatively, for
particular classes of MRFs polynomial-time inference algorithms exist (Wang et al., 2013), e.g.,
belief propagation for trees (forests). The number of nodes |V | and the number of labels to assign
a node |Lvi | have a direct influence on the practical feasibility, i.e., they form the search space
X. While most often the number of nodes is dictated by the problem domain, the reduction of the
label set seems to be a viable way for practical performance improvements in terms of runtime and
memory demand.
Let us assume the label sets Lvi have been reduced in a preselection step to feasible subsets
0
L vi ⊂ Lvi of labels such that |L 0 vi |  |Lvi |. In real world applications this drastic reduction
of the label space allows for acceptable inference times, given that the reduced search space X 0 =
L 0 v1 × . . . × L 0 v N is much smaller than the original search space X. Our new search problem
becomes now
xˆ0 = arg min E(x) ,
(3)
x∈X 0

while bearing the risk that the correct solution might not be found at all because it has been removed
from the search space.
2.2 First Inference Step: MRF Formulation with “Refine” Label
To overcome this problem, we introduce an additional “refine” label to be included in our reduced
label set L R vi := L 0 vi ∪ {“refine”}. This label can be chosen during inference instead of the
preselected labels, in case none of them fit the MRF model well (i.e., due to large potential energies).
Since it is often not possible to compute the potential function for the newly introduced “refine”
label, we introduce the energies β = {βc } to be used instead. The values βc are — as well as the
potential weights λc — automatically learned from training data, as explained in Section 2.4. Then,
our new energy formulation is defined as

Õ
βc
if xvi = “refine” for any vi ∈ Scope(φc )
R
λc ·
.
(4)
E (x) =
φc (xc ) else
c∈C

Note that these newly introduced energies often have a very intuitive interpretation. For instance,
assuming there is a potential function assessing the distance between key points, the corresponding
energy βc resembles a threshold value beyond which the distance between two correct key point
positions is considered unlikely. With our new energy formulation from Eq. (4) the general search
problem can be stated similar to Eq. (3), just using a slightly modified search space X R = LvR1 ×
. . . × LvRN :
x̂R = arg min E R (x) .
(5)
x∈X R

2.3 Second Inference Step: Refinement over Subgraphs
After the first inference step, the optimal configuration x̂R may contain zero or more “refine”-labeled
nodes V R = {vi ∈ V | x̂vRi = “refine”}. In order to assign those nodes a valid label as well, we
optimize each node independently over the full label set Lvi . This is done by considering subgraphs
around each “refine”-labeled node, which contain all nodes which are in the scope of any potential
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Figure 1: A fully connected MRF shown as factor graph with unary and binary potentials. Depicted
are the two subgraphs (in red and green) which are consistent with the requirement to contain exactly
one “refine”-labeled node.

function involving the “refine”-labeled node. To ensure that this optimization is feasible, we extract
only subgraphs with exactly one “refine”-labeled node vi ∈ V R (i.e., we neglect all potentials
involving a second “refine”-labeled node). Thus, the extracted subgraphs are parameterized by the
potential functions ΦRvi = {φc | vi ∈ Scope(φc ) ∧ ∃!v j ∈ Scope(φc ) x̂vRj = “refine”}. This extraction
process is illustrated for one example in a factor graph representation in Fig. 1. Then, for each
subgraph, we perform inference with respect to the single “refine” node vi ∈ V R only, using the
full label set Lvi (instead of the restricted label set LvRi ), while the labels of the other nodes in the
subgraph are fixed to the labels assigned in the first inference step:
x̂vRi = arg min
l ∈ L vi

Õ

λc · φc (l) .

(6)

φ c ∈ΦRvi

Note, we used some hand-wavy notation (φc (l)) to indicate that only one label is altered. This drastically reduces the complexity O(|L| | V | ) of the original inference problem from Eq. (2) (assuming
the label set size is equal for each node for simplicity) to O(|L R | | V | + s · |L|)  O(|L| | V | ), with s
being the number of extracted subgraphs. Still, the “refine”-labeled nodes can assume any possible
label (instead of only the preselected ones), significantly reducing a potentially detrimental effect of
the label space reduction from X to X 0.
This refinement is optimal if there is no potential function that has more than one “refine”labeled node in its scope, in which case the refinement step is guaranteed to produce an equal or
better solution. For other cases (see Fig. 1 for an example) we need a heuristic to determine the order
in which the subgraphs are processed, since we only consider subgraphs with exactly one “refine”labeled node to maintain feasibility. We process the subgraphs in decreasing order of the number of
potentials |ΦRvi | parameterizing the subgraph, i.e., start with the graph with most knowledge sources.
If there are two or more subgraphs for which the number of potentials is identical, a subgraph is
chosen randomly. After one subgraph has been optimized and the corresponding node has been
assigned a valid label from the full label set Lvi as formulated in Eq. (6), we continue with the next
“refine”-labeled node and the corresponding subgraph. Note that we use the label of a refined node
in successive optimizations. Using this strategy, we can, for instance, fully resolve a chain structure
where the last three nodes have been assigned the “refine” label.
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2.4 Parameter Estimation
To estimate the missing energies β and the potential weights Λ, we minimize a max-margin hinge
loss L over data D (LeCun et al., 2006) using a gradient descent scheme. The basic idea is to
increase the energy gap between the “correct” state x+ as defined by the restricted state space X R
and the best (lowest energy) “incorrect” state x− as defined by a MRF inference step until a certain
margin m is satisfied. Let our loss function be defined as
L(Λ, β) =

K

1 Õ
max 0, m + E(x+k ) − E(x−k ) · ξk
K k=1

(7)

subject to λc ≥ 0 for all c ∈ C. The factor ξk is set to the number of errors of the “incorrect”
state x−k , since a sample with more errors should have a higher influence to steer the optimization.
Remember, this is a non-convex problem which requires inference after each update step to find the
currently best “incorrect” state x−k , which might change after the parameter update. We use a variant
of stochastic gradient descent in form of the Adam algorithm by Kingma and Ba (2014) to perform
the optimization.
By optimizing the potential weights λc , we we can simultaneously optimize the topology: Starting from a fully connected graph, after convergence of the parameter optimization algorithm, we
drop all potential functions with a zero weight λc < 1e−10. If it is not possible to start with a fully
connected graph since the number of nodes is too large, simpler initial topologies (e.g., trees) can
be used to apply, e.g., polynomial-time inference algorithms.

3. Empirical Evaluation
We evaluate our proposed method on the problem of localizing spatially correlated key points in
medical images, outlined in Section 3.1. The algorithm for this application is described in detail in
Section 3.2 and evaluated on a public dataset as explained in Section 3.3.
3.1 Localization of Spatially Correlated Key Points in Medical Images
A common problem in medical imaging is the localization of spatially correlated key points. It is
necessary for clinical tasks like diagnosis, surgical planning, and post-operative assessment. We
apply the approach described in Section 2 to the still unsolved problem of localizing and labeling
16 posterior ribs in 2D chest radiographs (see Fig. 2a). One common way to solve such a problem
is to use multiple localizers (one for each key point), e.g., a random forest (Donner et al., 2013)
or a deep convolutional network (Payer et al., 2016), to preselect likely key point positions, i.e.,
to define the restricted label sets L 0 vi . Then, a MRF is used as spatial regularizer (Donner et al.,
2013). As discussed in Section 2.3, the restriction of the label sets is necessary, since the number of
possible combinations of key point locations w.r.t. the original label space — the image domain —
is infeasible to search.
3.2 Detailed Algorithm for Localization of Spatially Correlated Key Points
In our approach, we either use ensembles of random regression forests (RF; one ensemble for each
key point) or a deep, fully convolutional neural network (FCN) to produce one “heatmap” (a single
value assigned to each image pixel which can be interpreted as pseudo-probability that the key point
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is located at that pixel) for each key point1 . The heatmaps are post-processed by non-maximum
suppression to generate n localization hypotheses for each key point. The outputs of the localizers,
i.e., the heatmap values, are used as unary potentials φloc (·) in our MRF comprised of N = 16 nodes,
one for each key point. To compensate for potentially incorrect first best hypotheses, we add binary
potentials assessing the spatial configuration between two key point hypotheses for each key point
pair (fully connected). φang (·) uses a von Mises distribution to model the angle formed by the vector
between two key points and the x-axis, φdist (·) uses a Gaussian distribution to model the distance
between key points and φvec (·) uses a multivariate Gaussian distribution to model the vector from
one key point to the other. In total, our MRF is parameterized by 376 unary and binary potential
functions. We apply exact inference in form of the A* search by Bergtholdt et al. (2010), which is
also used during training to find the “incorrect” configuration x−k . A more detailed description of
the potential functions can be found in Mader et al. (2018).
3.3 Dataset and Evaluation Metrics
For evaluation, we use 642 images of the publicly available Indiana chest X-ray collection from the
U.S. National Library of Medicine (2017). The images were rescaled to an isotropic resolution of
1 x 1 mm/px resulting in an average image size of 410 x 388 px. A semi-automatic approach has
been used to derive annotations in form of labeled rib centerlines and labeled key point positions for
each of the 16 posterior ribs L2, . . . , L9, R2, . . . , R9. For each key point, a corresponding localization
prediction is treated correct (localization and labeling criterion) if it is close to the annotated key
point (distance ≤ 15 mm) and very close to the annotated centerline (distance ≤ 7.5 mm). This
criterion ensures that the localization hypotheses lays on the correct rib while allowing for some
translation along the rib centerline. An annotated example case and the resulting localization and
labeling criterion is depicted in Fig. 2a. All experiments are run in a 3-fold cross-validation setup,
which provided us with 428 training images in each fold. 50 % of the images were used to train
the localizers and estimate the distributions, 40 % were used to learn the missing energies β and
potential weights Λ. The last 10 % was used as validation corpus.
We use two evaluation measures: “% cases” is the percentage of images for which the solution
of the MRF inference problem is considered correct for all N = 16 key points of the input image,
according to the above-mentioned criterion. “% key points” is the percentage of correctly predicted
key point positions relative to the total number of key points in all images (16 × 642), independent
of how many key points are correct in the individual images.

4. Results and Discussion
First, we compare our novel two-step MRF inference approach including the “refine” labels, Eqs. (5)
and (6), against the baseline, i.e., a single MRF inference step without “refine” labels, Eq. (3). This
is done for the two methods to preselect key point hypotheses described in Section 3.2, namely the
FCN and the RF, using n = |Lvi | = 20 localization hypotheses per key point; see Table 1. As can
be seen, our novel approach outperforms the baseline for both preselection methods and for both
evaluation measures (percentage of correct cases and percentage of correct key points). In terms of
correct cases, the RF preselection method performs better than the FCN (while the contrary holds in
1. While each ensemble of regression forests produces one heatmap for a single key point, one FCN can output the
heatmaps of the N key points simultaneously.
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(a) Annotations

(b) Fully correct cases

Figure 2: (a) Illustration of the centerline and key point annotations and the resulting localization
criterion, i.e., the area where a localization prediction is considered correct. (b) Randomly selected
examples from the database for which our two-step inference approach resulted in a configuration
where the localization predictions for all key points are considered correct.
Table 1: Evaluation of our novel two-step MRF inference approach with “refine” labels (Eqs. (5)
and (6)), to the baseline, i.e., a single MRF inference with restricted label set without “refine” label
(Eq. (3)), for two different preselection methods FCN and RF, for n = |Lvi | = 20 preselected
hypotheses per key point.
Correct cases / %

Correct key points / %

FCN

RF

FCN

RF

Baseline
Our two-step inference

57.8
62.1

63.4
68.5

88.2
93.0

88.2
90.5

Our two-step inference, modified

75.5

68.4

93.9

90.4

Approach

terms of correct key points). Analyzing the restricted label sets L 0 vi produced by the FCN in more
detail, there are a number of cases where the correct location was not contained in the restricted label
set L 0 vi even for large n = 20 in contrast to the RF. This is also evident in the amount of correctly
chosen “refine” labels per case as illustrated in Fig. 4b, i.e., no correct label was contained in the
restricted label set L 0 vi , thus the “refine” label was correctly chosen instead. Additionally it can be
seen by calculating the theoretical maximal performance of the baseline, single inference method,
which amounts to “a posteriori” selecting the optimal hypothesis out of the n = 20 candidates
per key point in form of an oracle which knows the correct solution: This theoretical maximal
performance for the baseline is just 60.1 % correct cases for the FCN, but 87.5 % for the RF.
The RF is not as accurate as the FCN if only considering the top-ranked candidate; on the other
hand, if the top-ranked candidate is wrong, the true position was contained in the restricted label
set more often for the RF than for the FCN (see Fig. 4b). Therefore, the improvement by our new
refinement step in terms of “% key points” is larger for the FCN than for the RF. Inspecting the
FCN outputs, we observed that there is sometimes a large gap between the pseudo-probability (and
thus the unary potentials) for the top-ranked and the second ranked candidate. This is much more
pronounced for the FCN than for the RF. This means that in the refinement step, the binary potentials
would have to compensate for this gap. It is thus interesting to see whether the refinement performs
better in such a case when excluding the unary potentials in the refinement step. This is listed in
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Figure 3: Evaluation of our approach, i.e., % cases (a) and % key points (b), as a function of the
number n = |Lvi | of preselected labels, for both preselection methods FCN and RF.
Table 1 as “Our two-step inference, modified” and indeed, this improves especially the percentage
of cases for the FCN (with a smaller improvement of the percentage of key points and only a minor
effect on the results of the RF). This is reasonable, given that we assume the preselection method
failed in case a node was assigned the “refine” label and our unary potential makes use of the
preselection method’s output as well. 2
One of the key parameters is the number n = |Lvi | of labels to preselect. It is directly linked
to the performance in terms of accuracy as well as runtime in training and test. Therefore, in Fig. 3
we present evaluation results (% cases and % key points) as a function of the number n = |Lvi | of
preselected labels for both preselection methods FCN and RF. For the baseline approach, the optimal
performance (w.r.t. % cases and % key points) is obtained for about n = 12 key point hypotheses. If
the restricted label set contains more hypotheses — as selected by the FCN or RF — performance
may degrade slightly. Using our two-step inference approach with the “refine” label, performance
is optimal already for n = 3 key point hypotheses. Our approach outperforms the baseline for
all n (compare Table 1 for n = 20), and we observe only a slight performance degradation with
increasing n (if any). In the extreme case, we may restrict the label set to even a single hypothesis;
while the performance of the baseline single step MRF inference is unacceptably low, our novel
MRF inference approach leads to acceptable performance (at least for the % key points evaluation
measure).
The corresponding test times w.r.t. different numbers of preselected labels are illustrated in
Fig. 4a. We compare the test time of our novel two-step MRF inference approach (runtime of our
refinement step stacked on top of the runtime of our first inference step including the “refine” label)
to the baseline, single MRF inference without the “refine” label. Unsurprisingly, the runtime of the
baseline increases with the number of preselected labels. However, our very similar first inference
step, shows a contrary more stable behavior. This is probably related to the energy thresholds
introduced by βc that are beneficial for the heuristic of the A* search by Bergtholdt et al. (2010). The
runtime of the refinement step decreases with an increasing number of preselected labels, which is
in turn related to the general decrease of selected “refine” labels in the first step, which is illustrated
in Fig. 4b. Generally, the runtime of our approach starts out worse than the runtime of the baseline
approach but gets better with an increasing number of labels until it is even faster (n = 20) than
2. This method was used in Mader et al. (2018) with an additional L1 regularization of λc in the loss formulation Eq. (7)
(to accelerate the sparsification of potential functions) and a more elaborate cross-validated parameter selection starting from a simpler (not fully connected) topology; these modifications resulted in slightly increased results.
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(b) Avg. count of “refine”-labeled nodes per case

Figure 4: (a) Runtime of the baseline method (blue line) compared to the runtime of our novel
refinement step illustrated as bar stacked on top of our first inference step including the “refine”
label for different numbers of preselected labels n for FCN and RF. We used the output of one fold
only to create comparable results. (b) Average amount of assigned “refine” labels per case (image)
splitted into correct assignments (i.e., none of the preselected labels was correct) and incorrect
assignments (i.e., at least one preselected label was correct) for different numbers of preselected
labels n for FCN and RF.

the baseline. This might also be related to the fact that more terms are dropped after the parameter
optimization (Section 2.4) for increasing numbers of preselected labels. E.g., to produce the results
from Table 1 with n = 20, graphs with, on average, 225 remaining of 376 initial potential functions
were used.
Note that approximate approaches like, e.g., the move making strategy “lazy flipper” by Andres
et al. (2012) or loopy belief propagation (Wang et al., 2013), are not able to solve the full problem
from Eq. (2) in an acceptable period of time (< 1 minute) in order to compare them to our method.

5. Conclusions
In this paper, we presented an approach to overcome the limitation of artificially reduced label sets
(to enable acceptable MRF inference times) and the inherent risk of excluding correct solutions.
First, we extended the reduced label set by a novel “refine” label. The corresponding missing
energies were jointly learned together with the potential weights using a max-margin hinge loss
and gradient descent. Second, after a first inference, we greedily extracted subgraphs around the
“refine”-labeled nodes and performed (potentially multiple) inference steps over the full label set
instead of the reduced one.
We demonstrated how our approach can be applied to the common task of multi-object localization, where a preselection method is used to reduce the full label set (all possible pixel positions)
to a much smaller set of viable candidates only. We compared two different preselection methods,
namely a fully convolutional network and ensembles of random forests, followed by a MRF as a
spatial regularizer. This setup was applied to the unsolved problem of posterior rib detection in 2D
chest radiographs. We analyzed the accuracy of our approach in terms of correct cases and correct
key points as well as the inference runtime compared to the baseline as a function of the number
of preselected hypotheses. In particular, we showed that our approach is superior to the baseline,
single inference approach in terms of accuracy or runtime or both.
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Apart from using the novel “refine” label to mark nodes the location of which is suboptimal
and needs to be refined in a second inference step, there are also other ways of interpreting the
additional “refine” label: First, it can be interpreted as a label indicating uncertainty (w.r.t. key
point location), necessitating reasoning methods, e.g., for quality control ensuring certain levels of
certainty. Second, the semantic meaning of this additional label can be changed to a “missing” label,
indicating nodes which are not contained in the field of view of the current image. This is especially
useful in applications where only a subset of the N key points may be contained in an image (Mader
et al., 2017).
In future work, it is interesting to apply our proposed approach to other, non-image related
inference problems.
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