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Abstract

We extend conformal inference to general settings that allow for time series data. Our proposal
is developed as a randomization method and accounts for potential serial dependence by including
block structures in the permutation scheme such that the latter forms a group. As a result, the
proposed method retains the exact, model-free validity when the data are i.i.d. or more generally
exchangeable, similar to usual conformal inference methods. When exchangeability fails, as is
the case for common time series data, the proposed approach is approximately valid under weak
assumptions on the conformity score.
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1. Introduction

Suppose that we observe a times series {Z;};,, where each Z; = (X;,Y;) is a random variable
in R? x R. Y; is a response variable and X; is a p-dimensional vector of features. We want to
predict future responses {Y; 2;&1 from future feature values {X; Q;OT}A For a pre-specified
miscoverage level, we consider the problem of constructing a prediction set for {Y; QJ:FOT}A

The goal and main contribution of this paper is to provide prediction sets, for which performance
(coverage accuracy) bounds can be obtained in a wide range of situations, including time series data.
While it is possible to design a prediction set for each problem/model, the proposed framework can
be used to obtain one unified method with performance guarantees across different settings.

Our method is built on a carefully-designed randomization approach. Under the proposed
methodology, we randomize the data based on a certain (algebraic) group of permutations. Note
that the standard conformal prediction approach can be viewed as choosing the group to be the set
of all permutations. The key idea is to choose a group of permutations that preserve the depen-
dence structure in the data. We do so by randomizing blocks of observations. If exchangeability
does not hold, finite-sample performance bounds can still be obtained under weak conditions on the
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conformity score as long as transformations of the data serve as meaningful approximations for a
stationary series.

Our work is closely related to the literature on randomization inference via permutations (Fisher,
1935; Rubin, 1984; Romano, 1990; Lehmann and Romano, 2005) and conformal inference (Vovk
et al., 2005, 2009; Lei et al., 2013; Vovk, 2013; Lei and Wasserman, 2014; Burnaev and Vovk,
2014; Balasubramanian et al., 2014; Lei et al., 2015, 2017). These papers typically exploit the i.i.d
assumption to obtain the exchangeability condition under all permutations and establish model-
free validity of procedures that randomize the data for general algorithms. The properties of these
methods in the absence of exchangeability are unknown in general. Our work makes contributions
in this direction by establishing theoretical guarantees for randomization inference in the non i.i.d.
case, covering most common types of time series models. In particular, our results cover strongly
mixing processes as a special case, thereby delivering a conformal prediction method to predictive
machine learning with dependent data. The very recent work Chernozhukov et al. (2017) explores
permutations of residuals obtained from specific regression or factor models in a longitudinal data
context, focusing on inference for counterfactuals in policy evaluations. By contrast, our work
deals with randomization of the data and aims to robustify the conformal inference method by
extending its validity to settings with dependent data. In related work, Dashevskiy and Luo (2008,
2011) propose an interesting blocking procedure for conformal inference in times series settings,
but no theoretical results are provided. By contrast, the main contribution of our work is to provide
theoretical performance guarantees for conformal prediction methods when the data exhibit serial
dependence.

The remainder of the paper is as follows. In Section 2, we present the setup, describe a general
algorithm for constructing prediction sets, introduce the permutation schemes, and discuss two spe-
cific examples. In Section 3, we present the main theoretical properties of the proposed prediction
sets. Section 4 concludes. The appendix contains all proofs as well as a simulation experiment
which demonstrates the favorable finite sample properties of the proposed approach.

2. Conformal Inference for Dependent Data

2.1. Conformal Inference by Permutations

Our approach is based on testing candidate values for (Y7,41,..., Y741, ). Prediction sets are
then constructed via test inversion. Let y = (yzy+1,...,Y1,+1,) be a hypothesized value for
(YZy+1, - - -, Y1y41, ). Define the augmented data set Z(,) = {Z;}{_,, where

Y, X ifl1 <t <7
zt:{( LX) iflst<To (1)

(yt7Xt> ifTo+1<t<Ty+T.

Similar to the typical conformal inference, we adopt a conformity score measure, also known
as nonconformity measure (Vovk et al., 2009), which is a measurable function that maps the (aug-
mented) data Z(, to a real number. In this paper, S(Z(,)) denotes the conformity score and can
contain general machine learning algorithms. We shall suppress the subscript (y) and write Z to
simplify the notation. Computing S usually involves an estimator, for example, a regression estima-
tor or a joint density. Notice that the estimators embedded in the conformity score S can be either
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estimated in an online manner or in the typical batch framework in statistics. Concrete examples for
S are provided in Section 2.3.

Let T' = Ty + T1. Under our general setup, let Z = {Zt}thl be arbitrary stochastic process
indexed by t € {1,...,T} taking values in a sample space Zp. A permutation 7 is bijection
from {1,...,T} to itself. Let Z™ = {Z,}{_, with = € II be an indexed collection of arbitrary
stochastic processes indexed by t € {1,...,T'} taking values in Zp. We regard these processes as
randomized versions of Z. We assume that II includes an identity element I so that Z = Z!. We
denote n = |II| and define the randomization p-value

p=py) =~ 3 1S(Z7) > 8(2)).

n
mell

Given « € (0, 1), the predictor generates the set of y with corresponding p-values larger than a:

Ci—a={y: ply) > a}. )

In practice, we consider a grid of candidate values y € {y(l),y(g), oy )} C R™1; see Section
2.4 for more discussions. We summarize this general method in Algorithm 1.

Algorithm 1: Generalized Conformal Inference
Input: Data {(V;, X;)}/2,, {X; tTST—;[h miscoverage level & € (0,1), conformity score S(-),
permutation scheme 11
Output: (1 — «) confidence set C1_,
for y € {y(M,y@ ...y} c R™ do
define Z(, as in (1)
compute p(y) as in (2)
end
Return the (1 — ) confidence set C1—, = {y : p(y) > a}.

Note that the p-value can also be stated in terms of order statistics. Let {SU)(Z )}7—1 denote the
non-decreasing rearrangement of {S(Z™) : = € II}. Call these randomization quantiles. Observe
that

1{p < o} = 1{S(2) > SV (2)},

where k = k(a) =n — [n/a] = [n(1 — a)].

2.2. Designing Permutations II for Dependent Data

To construct valid prediction sets, we need to take into account the dependence structure in the data.
We therefore design II to have a block structure which preserves the dependence. These blocks are
allowed to be overlapping or non-overlapping.

We start with the non-overlapping blocking scheme. Let b be an integer between 717 and 1. We
split the data into K' = T'/b blocks with each block having b consecutive observations. (Here, and
henceforth, we assume that the 7'/b is an integer, for simplicity, as only very minor changes are
needed when 7'/b is not integer-valued.)

We divide the data into K non-overlapping blocks and each block contains b observations. We
adopt the convention of labeling the last b observations as the first block. Therefore, the j-th block
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contains observations fort € {T'— jb+1,...,T — (j — 1)b}. For 1 < j < K, we define the j-th
non-overlapping block (NOB) permutation 7 nog : {1,...,T} = {1,...,T} via

t+(j —1)b if1<t<T—(j—1)b
’ t+(G—-Db—T fT—(j—1)b+1<t<T

Using the modulo operation, we can write mod (¢t + (7 — 1)b — 1,7") + 1. The collection of all
permutation is given by IInog = {Wj,NOB : 1 <j < K}. Clearly, Ilxop is a group (in the algebraic
sense) and contains the identity map.

We also consider an overlapping blocking scheme. We construct the permutation as a compo-
sition of elements in IIyop and cyclic sliding operation (CSO) permutations. We first define CSO
permutations. For 1 < j < T, consider permutations defined by:

t— micso(t) = t+G-1) prsrsToU-l t=1....T
J t+(j—1)-T #T—(j—1)+1<t<T S

The set of cyclic sliding operations is then Ilcso = {7jcso : 1 < j < T'}. Our overlapping block
scheme can be represented by the Minkowski composition of the two groups:

o = Ilcso o Ilnog = {7, cso 0 MjonoB = 1 < j1 < T, 1 < jo < K} )

The set of overlapping block permutations, IIpg, also forms a group and contains the identity map.

2.3. Examples
2.3.1. PENALIZED REGRESSION
Assume that the data are drawn from the model
YVi=Xif+e, 1<t<T, (5)

where ¢; is mean-zero stationary stochastic process and 8 € R? is a coefficient vector. We estimate
[ based on the augmented dataset Z using penalized regression

1
7) = in —
B(Z) arg min —

min 7>~ (Vi = X;8)° + pen(5),

[M]=

t=1

where pen(+) is a penalty function. Popular penalty functions include ¢;-norm (LASSO), ¢2-norm
(ridge regression) and non-convex penalties (e.g., SCAD). We define the fitted residual as

§(2)=Y,—X3(2), t=1,...,T.

Consider the following residual-based conformity score, which operates on the last T} elements of
the residual vector: 1
To+T1
SZ)y=| > la@p| . (6)

t=Top+1
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If 77 = 1 and p = 1, this conformity score corresponds to the absolute value of the last residual,
S(Z) = |ér(Z)] as in Lei et al. (2017). A natural choice for the block size is b = T} such that
K = T/Ty. If 3(Z) is invariant to permutations of the data (which is the case for most regression
methods), p-values based non-overlapping and overlapping block permutations can be computed by

permuting the fitted residuals.

2.3.2. AUTOREGRESSIVE MODELS AND NEURAL NETWORKS

Assume that the data are generated by a K -th order linear autoregressive model

K
Yi=> plF (V) +e, t=1,.,T, Yo,...,Y_g41 given.
k=1

where L* is the lag operator. We use least squares to obtain an estimate of the vector of autore-
gressive coefficients p = (p1,..., px) based on the augmented data Z. Denote this estimator as
p = (p1,...,px) and define the fitted residuals as

K
&(2)=Y,—> plFv), 1<t<T,
k=1

More generally, we can consider nonlinear autoregressive models
Y;f:p(yvt—lw"?}/;f—f()—i_gty 1§t§T7 %7"'7Y—K+1 giVen:

where p is a nonlinear function. Such models arise when using neural networks for predictive time
series modeling (e.g., Chen and White, 1999; Chen et al., 2001). We allow p to be parametric, non-
parametric or semi-parametric. Let p be a suitable estimator for p, obtained based on the augmented
data Z. Define the fitted residuals as

ét(Z):%_ﬁ(}/}—lv"'7ift—K)7 IStST

For both the linear and the nonlinear models, we choose a residual-based conformity score

1
To+T1 /p

SZ)y= > la@P

t=Tpo+1

A natural choice for the block size is b = T} such that there are K = T'/T} blocks in total.

2.4. Computational Aspects

Here we briefly discuss the computational aspects of the proposed procedure. As we have noted
in Algorithm 1, the procedure is performed on a chosen grid of values for y. In choosing the grid,
we should take into account the computational burden. For nonconformity measure obtained by
estimating a model, an important factor is how many times we need to implement the learning algo-
rithm. For a given y, computing S(Z”) might in general require running the estimation algorithm
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for each m € II; as a result, one needs to train the model |II| times to compute p(y) for a given y.
In this case, it might not be realistic to choose a large number of points (H in Algorithm 1). How-
ever, it is often possible to exploit the structure of the problem to reduce the computational burden.
Consider for instance the penalized regression setting of Section 2.3.1 where the non-conformity
measure is a transformation of the regression residuals. Provided that the estimator of 3 is invariant
under permutations of the data, we only need to implement the training algorithm once for a given
y. The dimensionality of y (77) also plays a role in determining the grid. For problems that only
consider 77 = 1, we can simply choose a equal-spaced grid on an interval. For 77 > 1, the choice
of the grid might require extra care to keep the computation feasible; from our experience, this
typically involves exploiting the nature of the problem at hand and hence is a case-by-case analysis.

To further reduce the computational burden, we would like to design an algorithm that does not
have to train the model for every point of y in the grid. One referee brought to our attention the
inductive conformal prediction approach (e.g., Papadopoulos et al., 2007). The idea is to separate
the data into “proper training set” and ‘“‘calibration set”, to train the model only once on the former
and to conduct the permutations only on the latter. Since we do not need to start from scratch for
each candidate y, computing the confidence set only requires running the training algorithm once.
Notice that we can view this as a special case of our general permutation framework: this amounts
to restricting the set of permutations to those that only permute the indices on the “calibration set”
and keep the indices on the “proper training set” unchanged. Hence, theoretical results developed
in our work can be used to justify inductive conformal predictions for dependent data.

3. Theory: General Results on Exact and Approximate Conformal Inference

We now provide theoretical guarantees for the proposed method. When the data are exchangeable,
the proposed approach exhibits model-free and exact finite-sample validity, similar to the existing
conformal inference methods. When the data are serially dependent and exchangeability is violated,
our method retains approximate finite sample validity under weak assumptions on the conformity
score as long as transformations of the data serve as meaningful approximations for a stationary
series.

3.1. Exact Validity

The key insight from the randomization inference literature is to exploit the exchangeability in the
data. Since we can cast conformal inference approaches as randomizing in the set 11, we can analyze
the proposed generalized conformal inference method (Algorithm 1) by examining the exchange-
ability and the quantile invariance property (implied by II being a group).

Theorem 1 (General Exact Validity) Suppose that {Z™} has an exchangeable distribution under
permutations w € II. Consider any fixed 11 such that the randomization a-quantiles are invariant

surely, namely
Sk (zmy = S®)(Z), forall 7 € 11

The latter condition holds when 11 is a group. Or, more generally, suppose that surely

SE@)(zmy > §W) (7). forall 7 € TI. ™
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Then

P(p<a)=PS(Z)>S%(2)<a and P(Yry41,...,Yrpem) €Cia) >1—a.

This result follows from standard arguments for randomization inference, see Romano (1990).
To the best of our knowledge, this is the weakest condition under which one can obtain model-free
validity of conformal inference. A sufficient condition for exchangeability is that the data is i.i.d.
(exchangeable) and that IT is a group.

3.2. Approximate Validity

When a meaningful choice of S is available, we can relax the exchangeability condition and expect
to achieve certain optimality. Let S, be an oracle score function, which is typically an unknown
population object. For example, S, can be a transformation of the true population conditional
distribution of (yr,+717, - - -, Y1o+7,) given (X147, ..., X147, ). In a regression setup, S, might
be measuring the magnitude of the error terms; in the example of Section 2.3.1, S, would be the
analogous of S defined in (6) with true residuals:

1
To+T1 /p

Sy = Y. e ®)

t=Tp+1
where £,(Z) = Y; — X 3. We show that when S consistently approximates the oracle score S., the
resulting confidence set is valid and approximately equivalent to inference using the oracle score.

For approximate results, assume that the number of randomizations becomes large, n = |II| —
oo (in examples above, this is caused by Ty — o0). Let {014, d2n, Vin, Y2n} be sequences of
numbers converging to zero, and assume the following conditions.

(E) With probability 1 — ~y;,,: the randomization distribution
- 1
F(x) =~ D 1{8.(Z27) < x},

mell

is approximately ergodic for F(x) = P (S«(Z) < x), namely

sup |F(z) — F(x)‘ < O1p.
z€R

(A) With probability 1 — 2, estimation errors are small:

™ ™ 2
ren [S(Z7) = S (Z7)]" < 63,;
(2) the pointwise error at m = Identity is small, |S(Z) — S.(Z)| < d2n;
(3) The pdf of S,(Z) is bounded above by a constant D.

(1) the mean squared error is small, n =1 3"

Condition (A) states the precise requirement for the quality of approximating the oracle S, (Z™)
by S(Z™). When we view S as an estimator for S, we merely require pointwise consistency
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and consistency in the prediction norm. This condition can be easily verified for many estimation
methods under appropriate model assumptions. For example, in sparse high-dimensional linear
models, we can invoke well-known results such as Bickel et al. (2009). For linear autoregressive
models, sufficient conditions follow from standard results in Hamilton (1994) and Brockwell and
Davis (2013). For neural networks, sufficient conditions can be derived from results in Chen and
White (1999).

Condition (E) is an ergodicity condition, which states that permuting the oracle conformity
scores provides a meaningful approximation to the unconditional distribution of the oracle confor-
mity score. In Section 3.3, we show that Condition (E) holds for strongly mixing time series using
the groups of blocking permutations defined in Section 2.2. For regression problems, S is typically
constructed as a transformation of the regression errors.

The next theorem shows that, under conditions (A) and (E), the proposed generalized conformal
inference method is approximately valid.

Theorem 2 (Approximate General Validity of Conformal Inference) Under the approximate er-
godicity condition (E) and the small error condition (A), the approximate conformal p-value is ap-
proximately uniformly distributed, that is, it obeys for any a € (0, 1)

|P(]5 < Oé) - O“ < 66171 + 452n + 2D(52n + 2\/ 52n) +’71n + Y2n

and the conformal confidence set has approximate coverage 1 — o, namely

|P(Yry41s- -, Yryamy) € Ci—a) — (1 — @) < 631y, + 402y, + 2D (02, + 24/ 020) + Yin + Yon-

Under further stronger conditions on the estimation quality, the generalized conformal predic-
tion C;_,, achieves an oracle property in volume. Let Ci_, = {y : 1 — F(S.(Z)) > a} be the
oracle prediction set. Let u(-) denote the Lebesgue measure. When such an oracle prediction set
has continuity in the sense that u({y : |F(S«(y)) — (1 — «)| < e}) — 0ase — 0, we can show
that shrinking errors in approximating {S.(Z7) } rerr by {S(Z™) }rem implies that (C1—o AC]_,)
decays to zero, where /A denotes the symmetric difference of two sets. Such results have been
established by Lei et al. (2013) among others for specific models under i.i.d. data.

3.3. Approximate Ergodicity for Strongly Mixing Time Series with Blocking Permutations I1

In the blocking schemes discussed in Section 2.2, we can view {S.(Z7™)}rem as a time series
{u¢}. Recall Si(Z) defined in (8) for the penalized regression example in Section 2.3.1. By non-
overlapping block permutations defined in (3) with b = T3, we can see that {S.(Z7)} ety can
be rearranged as {u; } £ |, where

To+(2—t)b 1/p

w=| D>l

S=T0+(17t)b+1
and & is the true regression residuals in (5).

The situation with overlapping permutations is more complicated. Let b = 77. We observe
that for 1 < k < K, mgNoB = Thk—1)+1,c50; for 1 < ji,ja < T, 7j, ,cs0 © Tjp,c80 =
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T4 ja—1-T1{j1+jo>T+1},cs0- Therefore, for a fixed 1 < j < T, we define the integer ¢ =
|(T + 1 — j)/b] and rearrange {5, (Z™icso°mrnos) L ag follows:

T4+1—j—b(k—1) 1/p) 4 2T+1—j-b(k-1) 1)
> e , > el ©
s=To+2—j—b(k—1) 1 s=T+To+2—j—b(k—1) P
and
1/p

2 esl”

1<s<T+2—j—bq or T+To+2—3j—bq<s<T

Therefore, for any fixed 1 < j < T, we can rearrange {S*(Z7rJ¥CS‘3‘””€J“<>‘3)}kK:1 to be two
segments of stationary process in (9) and one extra term.

With this setup in mind, we provide a result that gives a mild sufficient condition for the er-
godicity condition (E). Our result is built upon the notation of strong mixing conditions; see e.g.,
Bradley (2007); Rio (2017). In our context, we define the strong mixing coefficient avyizing for a
sequence {u}72, by

amixing(k) = Sup{P(AmB) — P(A)P(B): Ae O‘({ut 1< 5}),
Beo({u: t>s+k}),seN},

where o(-) denotes the o-algebra generated by random variables. Our formal result is stated as
follows.

Lemma 1 (Mixing implies Approximate Ergodicity) We consider both overlapping blocks and
non-overlapping blocks.

1. Let II = Ilnop the set of non-overlapping blocks defined in (3). Suppose that there exists
{u}K | a rearrangement of {S«(Z™)} ren such that {u; }1X | is stationary and strong mixing
With > 72 1 Qmixing(k) < M for a constant M. Then there exists a constant M' > 0 depending
only on M such that

P (sup Bla) - Fla)| < m) S
z€R

where v, = M'(log K)?/(K61,).

2. Let II = Ilpp the set of overlapping blocks defined in (4). Suppose that for each w € l¢so,
there exist a further permutation {uf }l, = {S.(Z7°%)}zctiyo, such that {uf Y= and
{uf} & K, 4o are stationary and strong mixing with Y ;2 | Cumixing(k) < M for a constant
M that does not depend on 7. Then there exists a constant M' > 0 depending only on M
such that

P (sup F(z) — F(:c)‘ < 51n> > 1=,
z€R

where v, = M'(log K)/ (VK 61y,).
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Strong mixing is a mild condition on dependence and is satisfied by many stochastic processes.
For example, it is well known that any stationary Markov chains that are Harris recurrent and ape-
riodic are strong mixing. Many common serially dependent processes such as ARMA with i.i.d.
innovations can also be shown to be strong mixing.

4. Conclusion

This paper extends the applicability of conformal inference to general settings that allow for time
series data. Our results are developed within the general framework of randomization inference. Our
method is based on a carefully-designed randomization approach based on groups of permutations,
which exhibit a block structure to account for the potential serial dependence in the data. When
the data are i.i.d. or more generally exchangeable, our method exhibits exact, model-free validity.
When the exchangeability condition does not hold, finite-sample performance bounds can still be
obtained under weak conditions on the conformity score as long as transformations of the data serve
as meaningful approximations for a stationary series.
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Appendix A. Proof of Theorem 1
The proof essentially follows by standard arguments, see, e.g. Romano (1990). We have by (7)

> 1(S(Z™) > SW(z7) <> 1(S(Z7) > SB(2)) < an.

mell well

Since 1(S(Z) > S®)(Z)) is equal in law to 1(S(Z™) > S®*)(Z™)) for any = € II by the ex-
changeability hypothesis, we have that

a>EY 1S(Z7) > S®(Z7)/n = E1L(S(Z) > SW(2Z)) = E1(p < ).

Appendix B. Proof of Theorem 2

Since the second claim (bounds on the coverage probability) is implied by the first claim, it suffices

to show the first claim. Define
A 1
F(x)=— 1{S(Z7) < x}.
(2) =~ > US(Z") <}

mell

The rest of the proof proceeds in two steps. We first bound F'(z) — F () and then derive the desired
result.

Step 1: We bound the difference between the p-value and the oracle p-value, F(S(Z)) —
F(S«(2)).
Let M be the event that the conditions (A) and (E) hold. By assumption,

P (M) >1- Tn — V2n- (10)
Notice that on the event M,

P(5(2)) - F(5.(2)| <
®

F(S(2)) - F(S(Z))‘ +F(5(2)) = F(5.(2))]

< sup|F(a) ~ F(x)| + DIS(2) - 5.(2)

< sup F(z) — F(x) +§£ F(z) — F(z)|+ D|S(Z) — S.(2)|

< sup | F(2) = F(2)| + 610+ DIS(2) = 8.(2)]

< sup F(z) — F(x)| + 61 + Do, (11)

where (i) holds by the fact that the bounded pdf of S, (Z) implies Lipschitz property for F.

Let A= {m €Il: |S(Z™) — Si(Z™)| > /b2, }. Observe that on the event M, by Chebyshev
inequality
|Ald2n < Y (S(Z7) = S.(27))* < né3,

mell

13
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and thus |A|/n < da,,. Also observe that on the event M, for any = € R,

F(w)—ﬁ<x>1
<f2|1{sz7f)<x}—1{s (Z“)<:c}|+ﬁ S {S(Z7) <@} —1{S.(Z7) < a}]
TeA me(I1\A)
O |4 1 o ﬂ T _
<2y LS {15z —al < Vo) <2004 2 S 1 {1827 0l < Vo)
me(II\A) weH
< 2":‘ +P (|S*(Z) | < \/@) +sup %Z 1 {|S*(Z”) < \/E} P (|S*(Z) < \/E)
z€ mell

2204 P (15.(2) ~ ol < V)

g [F (-4 V) < (o= V) = [ (V) - (- )]

zeR

2|n‘4| +P (|S*(Z) —al < \/E) +2sup |F(z) — F(z)‘

z€R
(i) |A (iii)

where (i) follows by the boundedness of indicator functions and the elementary inequality of |[1{S(Z7) <
x} — 1{S(Z7) < z}| < 1{|S:(Z7) — x| < |S(Z7) — S«(Z7)|}, (ii) follows by the bounded pdf

of S, (Z) and (iii) follows by |A|/n < d2y,. Since the above display holds for each = € R, it follows

that on the event M,

sup
z€R

Fz) - F(x)( < 261 + 209, + 2D/ 33n. (13)

We combine (11) and (13) and obtain that on the event M,

F(S(2)) - F(S*(Z))‘ < 3010 + 2025 + D(2n + 21/ 020). (14)
Step 2: Here we derive the desired result. Notice that
‘P (1-Fs(2) <a) - a)

- ‘E (1 {1 —F(8(2)) < a} C1{1- F(5.(2)) < a})(
gE’l{l—F(S(Z))g } 1{1— (S*(Z))Soz}‘
<

F(8(2)) - F(S.(2)))

F(S(2)) - F(S*(Z))‘ and M) + P(M)

IN
s

(]F(S*(Z)) — 1+ | < 361y + 262, + D (62, + 2@)) + P (M)

14
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(iii)
S 65111 + 45271 + 2D(52n + 2 V 52n) + Yin + Y2on,

where (i) follows by the elementary inequality [1{1 — F(S(Z)) <a}—1{1—F(5.(2)) < a}| <
1{|F(S«(2)) — 14 a| < |F(S(2)) — F(S«(2))|}, (i) follows by (14), (iii) follows by the fact

that F'(S.(Z)) has the uniform distribution on (0, 1) and hence has pdf equal to 1, and by (10). The
proof is complete.

Appendix C. Proof of Lemma 1

Proof of the first claim. By assumption,
T
F(z)— F(z) = 7 ;_1 (H{ur <z} — F(x)).

Applying Proposition 7.1 of Rio (2017), we have that

. 2 1+4M log K \ 2
FE | su Fx—F:c‘)S <3+ )
<xe£ (z) = Fla) K 2log 2

Therefore, the first result follows by Markov’s inequality

B (supcx | o) - Pl

P <sup F(z) — F(az)‘ > 51n> < 5
z€R 51n
_1+4m log K \ 2
- K&, 2log2 /)

Proof of the second claim. For any 7 € Ilcgo, define

Gr(z)=— >  (H{S.(Z™7) <2} - F(x)).

w€llno

Notice that

It follows that 1
E sup F(IE)—F(I‘)‘ < = Z Esup |G(2)]|. (15)

15
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We can further decompose

1

Gr(x) e

KGO (@) + (K = K = )G (@) + (L{uk, 1 < 2} = F(@))],

where
Kr

G () = K'Y (H{uf <z} - F(a)),

t=1
K

G (@)= (K - K. —1)7" > (Huf <z} - F(x)).
t=Kr+2

By the same argument as in part 1, we can show that

2 14+4M log K. 2
E (1) ’ < + T
<i1€lpR G (@) K 3 2log2 )’

2 1+4M log(K — K, —1)\?
E G2 ‘ < 3 .
(;Q;‘Elﬁ ~@ ) s g T BT 210g 2

Let z — f(z) be defined by

1+4M ] 2
- E0 1 e’

It is not difficult to verify that d?f(z)/dz?> < 0 for z > 1. Therefore, f(z) is concave on
[1, K — 1]. Therefore,

2
FUER) + f(K — Kr = 1) <2f((K - 1)/2) = 4;; 1_6’?4 <3 N IOg((;iO;;)/%) ‘

It follows that

E <sup Gﬁr”(az)r) +E (Sup GQ)(@)Q) L At 16M (3 ;- Jos (K — 1)/2))2.

z€R z€R - K-1 2log?2

Therefore,

2
Esup|Gy(z)]* = Esup

zeR sup 1 [Kﬂc;;n(o:) + (K — Kr — 1)GP (2) + (1{uf_4, <z} — F(a:))}

K

2
<FE <1 [Kﬂ sup GSTI)(CC)‘ + (K — Ky —1)sup Gf)(az)‘ + 2])
K z€R z€R

i) K2 2 (K- Ky—1)* >, 8
O Kz 1) W =Be 77 (2) —
< 4—K2E21€1§ Gy (1:)’ +4 e Eilelg G (3’3)‘ + K2
2 2 8
<4 (Esup G,(rl)(a:)’ +ESUP‘G§?)($)‘ ) + 7=
zeR z€R K

16
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16 + 64M log((K — 1)/2)\?
< +6 54 og(( )/2) +j’
K—1 2log 2 K?

where (i) follows by the elementary inequality (a + b + ¢)? < 4a® + 4b* + 2¢2.
Notice that the above bound does not depend on 7. In light of (15), it follows that

. 16 4 64M log((K —1)/2)\* 8
Esup |F(z) — F ’ <222 WA T /A L 2
i (z) = Plo)| < \/ K—1 (3 T Slog2 e

The second claim of the lemma follows by Markov’s inequality.

Appendix D. Empirical Study

Here we provide some simulation evidence on the empirical properties of the conformal prediction
intervals. We consider a penalized regression setting as in Section 2.3.1 and similar to Lei et al.
(2017). The data are generated as

Y2:X£/8+6t7 IStST7

where the features X, are distributed as N (0, I,) and independent over time. To induce serial
dependence, we generate the error €; based on an AR(1) model with parameter p:
itd 2 .
ey = per—1 + &, & ~ N(0,1—p?), givenegg = 0.

We set 8 o« (1,1,1,1,1,0,...,0) with ||8||]2 = 2. The number of features is p = 100. For
simplicity, we let 77 = 1 and choose the block size to be b = 1 such that the number of blocks
is K = T. The coefficients 3 are estimated using LASSO as implemented in the R package hdm
(Chernozhukov et al., 2016). We choose a residual based test statistic as in Lei et al. (2017):

5(2) = [Yr - XpB(Z)],

where B(Z ) is the estimate of /3 based on the augmented data Z. Confidence sets C;_,, are computed
based on Algorithm 1. We choose II to be the set of non-overlapping block permutations IIxop.
The number of grid points is H = 100.

Figure 1 displays the empirical coverage rates and the average length of the confidence intervals
for T' € {100,200} and different values of p between 0 and 0.95. For the case where the data are
independent over time (p = 0), Theorem 1 asserts that our procedure enjoys exact finite sample
validity, which is confirmed by the simulation results. When the data exhibit serial correlation
(p > 0), Theorem 2 asserts that our method achieves approximate validity. The simulation results
show that, for a wide range of values of p, the empirical coverage rates are very close to the nominal
coverage rate of 1 — a = 0.9. Only for very high values of p, the confidence intervals exhibit some
undercoverage. The average length of the confidence intervals is relatively constant up to around
p = 0.6 and decreasing at an increasing rate for higher values of p. Moreover, the average length is
decreasing in the sample size 7', except for very high values of p.

Overall, the simulation results demonstrate that our procedure exhibits favorable finite sample
properties in settings where the data exhibit times series dependence.

17
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Figure 1: The number of simulations is 2000.
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