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1 Proof of Theorem 1

Theorem 1. The solution of the optimization problem:

argmin
h∈H

∑̀
i=1

1

ni

∑
j∈Ci

‖(h(xi)− h(xj))− (ψ(yi)− ψ(yj))‖2Fy
+ λ‖h‖2H, λ > 0, (1)

admits a representation of the form:

∀x ∈ X , h(x) =
∑

i∈S∪C
Kx(x, xi)ci, ci ∈ Fy.

Proof. We consider the space of functions

H0 = {h ∈ H|h(·) =
∑

i∈S∪C
Kx(·, xi)ci}

and its orthogonal complement

H⊥0 = {g ∈ H|〈g(·), h(·)〉H = 0, ∀h ∈ H0}.

Any function h ∈ H can be decomposed as a sum of two functions, one belonging to H0 and the
other to H⊥0 : h = h0 + h⊥0 .

By using the reproducing property we observe that the evaluation of a function h on any
point x ∈ S ∪ C is independent of h⊥0 :

∀x ∈ S ∪ C, h(x) = 〈h0,Kx(·, x)〉H + 〈h⊥0 ,Kx(·, x)〉H = h0(x).

For the regularization term, we use the fact that h⊥0 is orthogonal to h0 to show that:

‖h‖2H = ‖h0‖2H + ‖h⊥0 ‖2H.

Using these two properties, we can express the objective function as: J (h) = J (h0) +
λ‖h⊥0 ‖2H. This means that the minimizer h of Equation (1) must have h⊥0 = 0 and therefore
admits a representation of the form: h(·) =

∑
i∈S∪C Kx(·, xi)ci, ci ∈ Fy.
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2 Proof of Theorem 2

Theorem 2. The optimization problem (5) can be rewritten under the following form:

J (h) = λ‖h‖2H +
∑

j∈S∪C
‖Wφ′(xj)− ψ′(yj)‖2Fy

. (2)

The modified input feature vectors are defined as:

φ′(xj) =

{
φ(xj)− φCj

if j ∈ S
1√
ni

(
φ(xj)− φCi

)
if j ∈ Ci

,

where φCi
= 1

ni

∑
j∈Ci

φ(xj). The modified output feature vectors are defined similarly.

Proof. We show the equality between
∑

j∈{i}∪Ci
‖Wφ′(xj) − ψ′(yj)‖2Fy

and 1
ni

∑
j∈Ci
‖(h(xi) −

h(xj))− (ψ(yi)− ψ(yj))‖2Fy
:

∑
j∈{i}∪Ci

‖Wφ′(xj)− ψ′(yj)‖2Fy

=‖W (φ(xi)− φCi
)− (ψ(yi)− ψCi

)‖2Fy
+

1

ni

∑
j∈Ci

‖W (φ(xj)− φCi
)− (ψ(yj)− ψCi

)‖2Fy

=‖(h(xi)− hCi)− (ψ(yi)− ψCi
)‖2Fy

+
1

ni

∑
j∈Ci

‖(h(xj)− hCi)− (ψ(yj)− ψCi
)‖2Fy

=‖h(xi)− ψ(yi)‖2Fy
+ ‖hCi − ψCi

‖2Fy
− 2(h(xi)− ψ(yi))

T (hCi − ψCi
)

+
1

ni

∑
j∈Ci

(
‖h(xj)− ψ(yj)‖2Fy

+ ‖hCi − ψCi
‖2Fy
− 2(h(xj)− ψ(yj))

T (hCi − ψCi
)
)

=‖h(xi)− ψ(yi)‖2Fy
+ ‖hCi − ψCi

‖2Fy
− 2(h(xi)− ψ(yi))

T (hCi − ψCi
)

+
1

ni

∑
j∈Ci

‖h(xj)− ψ(yj)‖2Fy
+ ‖hCi − ψCi

‖2Fy
− 2(

∑
j∈Ci

h(xj)− ψ(yj))
T (hCi − ψCi

)

=‖h(xi)− ψ(yi)‖2Fy
+

1

ni

∑
j∈Ci

‖h(xj)− ψ(yj)‖2Fy
− 2(h(xi)− ψ(yi))

T (hCi − ψCi
)

=
1

ni

∑
j∈Ci

‖(h(xi)− ψ(yi))− (h(xj)− ψ(yj))‖2Fy

=
1

ni

∑
j∈Ci

‖(h(xi)− h(xj))− (ψ(yi)− ψ(yj))‖2Fy
.

3 Proof of Proposition 4

When replacing the matrices containing candidate input feature vectors by their approximation
given in Equation (9): ΦC = ΦSMΨT

SΨC and Φ̄C = ΦSMΨT
S Ψ̄C , the expression of Φ′ becomes:

Φ′ =
[
ΦS − ΦSMΨT

S Ψ̄C , (ΦSMΨT
SΨC − ΦSMΨT

S Ψ̄CV
T )Dn

]
= ΦS

[
I` −MΨT

S Ψ̄C ,MΨT
S (ΨC − Ψ̄CV

T )Dn

]
.

We note A =
[
I` −MΨT

S Ψ̄C ,MΨT
S (ΨC − Ψ̄CV

T )Dn

]
and replace the expression of Φ′ in the

solution:

W = Ψ′
(
λI`+n +ATKXS

A
)−1

ATΦT
S = Ψ′AT

(
λI` +KXS

AAT
)−1

ΦT
S .
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4 Proof of Proposition 5

We replace the candidate input feature vectors by their approximation and use the fact that the
training input feature vectors can be expressed as: ΦS = DΦS

I.

Φ′ =
[
ΦS − Φ̄C , (ΦC − Φ̄CV

T )Dn

]
=
[
DΦS

I−DΦS
MΨT

S Ψ̄C , (DΦS
MΨT

SΨC −DΦS
MΨT

S Ψ̄CV
T )Dn

]
Φ′ = DΦS

[
I−MΨT

S Ψ̄C ,MΨT
S (ΨC − Ψ̄CV

T )Dn

]
.

We note A =
[
I−MΨT

S Ψ̄C ,MΨT
S (ΨC − Ψ̄CV

T )Dn

]
. Given the expression of Φ′, the solu-

tion can be rewritten as follows:

W = Ψ′
(
λI`+n +ATDT

ΦS
DΦS

A
)−1

ATDT
ΦS

= Ψ′AT
(
λI`K +DKXS

AAT
)−1

DT
ΦS
,

where DKXS
= diag (µ1K

1
XS
, . . . , µkK

K
XS

).

3


	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Proposition 4
	Proof of Proposition 5

