Alternating Randomized Block Coordinate Descent

A. Omitted Proofs from Section 4
Proof of Proposition 4.2. Let Fj_1 be the natural filtration up to iteration k — 1. Observe that, as V,, f(xj) = 0:

E[Ag|Fio1] = VF(xp). (A1)

Since x; is deterministic (fixed initial point) and the only random variable A; depends on is i1, we have:
Efa1 (A1, % —x1)] = a1 (Vf(x1), % — x1)
=Ela1 (Vf(x1),x« —X1)].

Let k > 1. Observe that a; (A, x. — x;) is measurable with respect to Fi_; for j < k — 1. By linearity of expectation,
using (A.1):

(A2)

k k—1
E[Y aj (Aj, %« —X5) [Fr1] = an (Vf (%), Xe — Xp) + 3 a5 (A, %0 — %) .
=1 j=1

Taking expectations on both sides of the last equality gives a recursion on E[Z?Zl a; (Aj,x, — X;)], which, combined
with (A.2), completes the proof. O

Proof of Lemma 4.5. As Aj_1T;_1 is measurable with respect to the natural filtration Fy, 1, E[Ax Tk | Fr—1] < Ap—1Tk—1
is equivalent to E[A;T'y — Ap—1Tk—1|Fr—1] < 0.

The change in the upper bound is:
AUk = Ap1Up—1 = Ar(f(yr) = F(xx)) + Ap1 (F (k) = f(yr-1)) + anf(xk).

By convexity, f(xx) — f(yr_1) < (Vf(Xx), X} — yr_1). Further, as yj, = x5, + I —%— (v}, — vj_1), we have, by

P Ak
smoothness of f(-), that f(yx) — f(xx) < <Vf(xk) I}\’;p ‘”Ak (Vi — vk_1)> Li ;ij i —vi¥ | [|?. Hence:
AU, — Ap1Ui—1
L,kak (A.3)

SahﬂmJ+<Vf@w1M;ﬂxw—W:ﬂ+Ik wk—vkn> v vy )P

ik

Let mg(u) = Zf L0 (Aj,u—x5) 4+ > % lu’ — x{||* denote the function under the minimum in the definition of

Aj. Observe that my(u ) my—1(u) + ar (Ag,u — x) and v, = argmin,, my(u). Then:
Mmi—1(Vi) =me—1(Vi—1) + (Vmg_1(Ve—1), Vi — Vi 1>+Z ”Vk Vil

0i i (]2
vk — vy,

as vy, and vi_1 only differ over the block iy, and vi_; = argmin, my_1(u) (and, thus, mG—1(Vk—1) =0).

=mp_1(Vik-1) +

Hence, it follows that my,(vi) — my_1(Vi—1) = ay, (Dg, Vi — Xi) + 2| vih 2 and, thus:
g; ik i
Ay — A 1M1 = ap f(Xx) + ar (A, Vi — Xi) + 7’“”%’“ —viE |12 (A4)
Combining (A.3) and (A.4):

i a
Al — AT < <Vf(xk)7Ak—1(Xk —Yi—1) + I3 pfk (v — Vk—1)> — a (Ag, Vi, — Xp)
i
S fvir

_ 2 _ 2
2pzk2A || v Vk: 5= Vk: ol

< <Vf(Xk) Ap1 (X — yro1) + I b (Vk — V- 1)> —ag (Ak, Vi — Xg)

ik
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2 ;T
as, by the initial assumptions, % < %
Finally, taking expectations on both sides, and as xj, yx—_1, Vix—1 are all measurable w.r.t. F;_1 and by the separability of

the terms in the definition of v:
E[ALy — Ap1 D1 | Frm1] <V F(xk), ApxXp — Ap—1Yk—1 — apVi—1) = 0,

as, from (AAR-BCD), x;, = Afx_l

a
Afllkal' O

B. Efficient Implementation of AAR-BCD Iterations

Using similar ideas as in (Fercoq & Richtarik, 2015; Lin et al., 2014; Lee & Sidford, 2013), here we discuss how to
efficiently implement iterations of AAR-BCD, without requiring full-vector updates. First, due to the separability of the
terms inside the minimum, between successive iterations v changes only over a single block. This is formalized in the
following simple proposition.

Proposition B.1. In each iteration k > 1, v};. = vz_l, Vi # iy and vfj = vfc’“_l + Wik, where:

wit = argmin{ay, (A}, u) + %”uik — Vi)
u’k

Proof. Recall the definition of vi. We have:

k n—1
. Tiy i i
Vi :argmln{Z<A]’7u> + Z ?Hu —X1H2}

j=1
k-1
_argmln{Z<Ag, u) + (Ag,u +Z*|| u’ —xi }
j=1
k—1 ) n—1 o
:argmin{Z<A],u <A;€k7u2k>+251||ul_x11||2}
u j=1 i=1
=Vi_1 + argmin{ <A';€k7ulk> + %Huik — V;‘:leQ}?
utk

where the third equality is by the definition of Ay (A% = 0 for i # i) and the last equality follows from block-separability
of the terms under the min. O

Since v, only changes over a single block, this will imply that the changes in xj, and y can be localized. In particular, let
us observe the patterns in changes between successive iterations. We have that, Vi # n :

Ap—1 ak Ap_1

Xj, = T}g)’fﬂq + Afkviq =4, (Yho1 = Vie1) + Vi (B.1)
and 1
i i Ak (i i
Yie = Xp + (Vi = Vi_1)
Di Ak
(B.2)
Ak ! (Yk 1 Vi—l) + (1 - 1ak> (VZ—l *Vz) + Vi
Ak pi Ak

Due to Proposition B.1, v and v;_; can be computed without full-vector operations (assuming the gradients can be
computed without full vector operatlons which we will show later in this section). Hence, we need to show that it is
(yk 1= Vi_ 1) with a quantity that can be computed without the full-vector operations. Observe
thatyyg —vg =0 (from the initialization of (AAR-BCD)) and that, from (B.2):

. A ) . 1 a ; ;
i vim 2 G —vho) o+ (125 ) (v - )
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2k is constant over iterations, we get:

2
Ap_1

A,.2 . ) A2 1 ) ,
: Gl —vho) 25 (12 25 ) (vl - ) ®3)

Tk2 (yz —Vi) =

ak—1

Let N,, denote the size of the n*® block and define the (N — N,,)-length vector uy by uf, = A" (yi—vi). Vi # n.

1 oar ) (vi | _ i T
- Ak) (kal vk) , and, hence, in iteration k, uj changes only over block

1. Combining with (B.1) and (B.2), we have the following lemma.

2
Lemma B.2. Assume that %c is kept constant over the iterations of AAR-BCD. Let uy, be the (N dimensional vector

Ny)-
defined recursively asug = 0, ul, = u},_, fori € {1,...,n—1}, i # i and uk = uk L+ ‘2:2 (1 — piA—’“) (V}FI — v}c)

Then, Vi € {1,...,n —1}: x} = 4= Qu,C Vi andy = A’Zguz_l + (1 - pij—’;) (vi_y — Vi) +vi.

Note that we will never need to explicitly compute xy, ¥y, except for the last iteration K, which outputs y 5. To formalize
this claim, we need to show that we can compute the gradients V, f (x;,) without explicitly computing x;, and that we can
efficiently perform the exact minimization over the n'" block. This will only be possible by assuming specific structure
of the objective function, as is typical for accelerated block-coordinate descent methods (Fercoq & Richtérik, 2015; Lee &
Sidford, 2013; Lin et al., 2014). In particular, we assume that for some m x N dimensional matrix M :

=" ¢;(ef Mx) + 9 (x), (B.4)

=1

where ¢; : R — R and ¢ = 21;1 i : RV — R is block-separable.

Efficient Gradient Computations. Assume for now that x;' can be computed efficiently (we will address this at the end
of this section). Let ind denote the set of indices of the coordinates from blocks {1,2,...,n — 1} and denote by B the
matrix obtained by selecting the columns of M that are indexed by ind. Similarly, let ind,, denote the set of indices of the
coordinates from block n and let C denote the submatrix of M obtained by selecting the columns of M that are indexed
by ind,. Denote ry, = Buyg, ry, = Blv},vi, ..., VZ’_l]T, r, = Cx}. Let ind;, be the set of indices corresponding to
the coordinates from block ;. Then:

m a 2 )
Vi ) = 3 (M )T (Ak 4, 4 ) V(). B.5)

=1
Hence, as long as we maintain ry, , ry, , and r,, (which do not require full-vector operations), we can efficiently compute

the partial gradients V;, f(x}) without ever needing to perform any full-vector operations.

Efficient Exact Minimization. Suppose first that ¢)(x) = 0. Then:

2
r, = argmin Zqﬁj <A Qr{lk 1+r{,k 1+r3> ,

rerRm

and r,, can be computed but solving m single-variable minimization problems, which can be done in closed form or with
a very low complexity. Computing r,, is sufficient for defining all algorithm iterations, except for the last one (that outputs
a solution). Hence, we only need to compute X;. once — in the last iteration.

More generally, x}! is determined by solving:

2
Xk: - argmln Z¢J (A 2 le 1 +rz/k 1 (CX)]> +’l/1n(X)

xERNn

When m and N,, are small, high-accuracy polynomial-time convex optimization algorithms are computationally inexpen-
sive, and x}' can be computed efficiently.
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In the special case of linear and ridge regression, xj; can be computed in closed form, with minor preprocessing. In
particular, if b is the vector of labels, then the problem becomes:

m 2 2
, . ag® ; ; ; Ay 2
X} = argmin —=r’ +r! +(Cx) — b’ | + =|x ,
=i 3 (Srard el (O W)

2
where A\ = 0 in the case of (simple) linear regression. Let b’ = b — %};zruk_l —ry, ,. Then:

xp = (CTC+ ADT(CTD),

where (-) denotes the matrix pseudoinverse, and I is the identity matrix. Since C”'C + AI does not change over iterations,
(CTC + AI)T can be computed only once at the initialization. Recall that CT'C + AL is an N,, x N,, matrix, where N, is
the size of the n'" block, and thus inverting CT C + AI is computationally inexpensive as long as N,, is not too large. This
reduces the overall per-iteration cost of the exact minimization to about the same cost as for performing gradient steps.



