Clipped Action Policy Gradient

Appendix

Lemma 3.1. Suppose my(u|s) is a compatible conditional PDF of u € R whose cumulative distribution function (CDF) is
1Ty (u|s). Then, the following equations hold.:

Eu[ﬂuﬁ(xve 1Og e (U|S)] =K, []luﬁavﬁ log 1Ty (Oz|$)],
E,[1s<u Vg logme(uls)] = Eu[ls<uValog(l —Tly(B]s))].

Proof. Noting that 7y (u|s) allows the exchange of derivative and integral, we obtain

E,[Lu<aVelogme(uls)) :/ 7o (u|s)Vo log mg(u|s)du
=/ Voro(uls)du

= Ve/ mo(u|s)du

= Vollp(afs)
= ly(a|s)Velogy(als)
=E,[1y,<aVelogIy(als)].

A similar calculation shows
E,[1s<uVelogmg(uls)] = Eu[ls<u Vg log(l —a(B|s))],

where we used [ g (uls)du = 1 —Tlg(f]s) instead of [°_ mo(uls)du = Tlg(als). O

Lemma 3.2. Suppose my(uls) is a compatible conditional PDF of u € R whose CDF is Ilg(uls). Then, the following
inequalities hold:

[Ly<a Vo logIy(als)],

Wu[ﬂuSaVQ logﬂg(u|s)} Vu

>
Vu[lg<uVelogm(uls)] =

The equalities hold only when V g log g (uls) is constant over u < « and 8 < u, respectively.

Proof. Because both 1,,<, Vg log mg(u|s) and 1,,<, Vg logIIg(als) have the same expected values from Lemma 3.1, the
difference of their variances is written as follows:

Vu[lucaVelog ma(uls)] — Vi [lu<a Valogp(als)] = Eu[lu<a(Velog ma(uls))?] — Eu[lu<a (Ve log g(als))?].
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The difference above is nonnegative because
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E.[Luca(Vologma(uls))*) = | mo(uls)(Valogma(uls))*du
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=Ty(als )(Vglogﬂg(a\ )?
= Eyu[Lu<a(Vologp(als))?],

where the equality holds only when Vg log mg(u|s) is constant over u < .

A similar calculation shows
Vu[Ls<uVologme(uls)] > Vulls<u Vo log(1 — Ty(B]s))],

where the equality holds only when Vy log 7y (u|s) is constant over 5 < u.

O

Lemma 3.4. Suppose Ty(uls) is a conditional PDF of u € R? (d > 2) whose CDF is ly(uls). The conditional PDF

and CDF of u; are denoted by Wéi) and Héi), respectively. Suppose each Wéi)

is compatible and the elements of u are

conditionally independent given s. Let f(s,u) be a real-valued function such that f(s,u) = f(s,clip(u, «, 8)). Define

(s, u) = >, 0D (s, u;), where ) (s,u) = Vg log 7r( )( |s). Similarly, define ¥ (s,u) = >, 09 (s, u;), where

Velogﬂ ) (als) ifu<a
9 (s,u) = { Vglognl” (u]s) fa<u<f.
Volog(1 115" (8]s)) if B <u

Then, the following equality and inequality hold:

Eulf(s, w)i(s,u)] = Eulf (s, w)y(s,u)],
Valf(s,w)ib(s, w)] < Vy[f(s, u)t(s, u)].
The equality of the variances holds only when 1) )(

Proof. Applying Lemma 3.3 to each u; yields

Eu[f(sv u)zjj(i)(&ui)] =Ey )
Val£(5,0) 0 (5, u)] < V[ f (s, 0)9@ (s, u5)).

Because each action is conditionally independent, we can decompose the expectations as

Eulf(s,0)¢ ZE (5, Wy (s,u)],

Eu[f(s,ui ZE 5 uw()(s UZ)]

w) is constant over bothu < avand B < ujforall 1 < i <d.

(1)
12)

(14)
15)
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From (14), these two are equal, and hence (11) holds.

The variances can also be decomposed as

Vaulf(s,u)(s,u)] = ZV [f (s, 0) D (s, u;)] Z Cov[f(s, WD (s,us), f(s, 1) (s,u;)],  (16)

i=1 1<i<j<d

Vaulf(s,u)i(s,u)] = ZWu[f(s,u)¢ s, ;)] Z Cov[f(s, W)@ (s,us), f(s, )PP (s,u;)],  (17)

i=1 1<i<j<d
where
Cov[f (s, W)™ (s,u3), f (s, W) (s, ;)]
= Eu[(f (s, w)*0 D (s,u) D (s, 45)] = Bu[f (s, W)™ (s, u)[Bu[f (s, @)Y (s, 1), (18)
Cov[f(s, ) (s,u;), f(s,0)) (s, u;)]
= Eu[(f(s,w)*0" (5,u) D (s, 45)] = Bulf (s, 0) 0 (5, ui) [ Bu[f (s, w) 9D (s, ;)] (19)

The first term of (17) is smaller than or equal to that of (16) from (15). Thus, to prove (12), it is sufficient to show that the
second terms of (16) and (17) are equal.

The second terms of (18) and (19) are equal from (14). Using the law of total variance, the first terms of (18) and (19) can
be written as

Bul(f (5,020 (5, us)60) (5, 0,)] = Bu | Bu, [Bu, [(£(5, )26 (5, )i (5, 1) [y ][

=K ]Em :d)(l) (Sa ui)Euj [(f(sa 11))21/’0) (57 uj)|u\j} u\i,j: ) (20)

U\, j

Eu[(f(sa u))2¢ (3 ul)'& (57 u])] = Eu\i,j ]Eui _1?(2) (3’ u’i)Euj [(f(sa u))zzz(j)(sv uj)|u\j] u\i,j: ’ 21

where u, ; denotes a vector u with the j-th element excluded, and u\; ; denotes a vector u with the i-th and j-th elements
excluded. Noting the fact that (f(s,u))? is a function of u; conditioned on s and u, ;, we can have the following equation
by applying Lemma 3.3.

Eu, [(f (s, w)*0 9 (5, u5) ] = Eu, [(f (s, w) 09 (5,u5) luy ]

Similarly, we can use the fact that I, [(f(s, u))?y) (s, u;)|uy ] is a function of u; conditioned on s and u,; ; to show

]Eui, 77’(1)(& UZ)EH7 [(f(’S? u))?&(j) (57 uj)|u\j]

w5 ] = B [0 (5, 0B, [(F 5, w) %00 (5,05 )

u\m} )

From (22), we can see (20) and (21) are equal. This implies that the first terms of (18) and (19) are equal, and the second
terms of (16) and (17) are equal. Therefore, (12) is satisfied. The equality of (12) holds only when Vg log we(i)(u|s) is
constant over both u < avand 8 < wuforall 1 <i <d. O



