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1. Omitted Proofs
1.1. Proof of Lemma 1
We will follow the following notation:
Ty = By, [o(a’z) (07 z)]
Ty = Epp,[(aTz) (b7 2)).
Since x is drawn from a symmetric distribution we have

E.py|[F(x)] = Egup,|[F(—z)] for any function F.
Thus, we have

Ty = Epp,[o(—a’z) (=T 2))]
= 2Ty = Epup,[(0(—a2) — o(—a’z)) (" z))]
(1*Q)\C|2+(1+Q)C _

= (1 + «a)c. Substituting this in the above,
we get the required result 27 = (1 + «)7T5.

Observe that o(c) — o(—¢) =
w

1.2. Proof of Lemma 2
‘We have,

% > Eul(o(w.Pix) — o(wPix))(w. — w)" Pix)]
1<i<k

- 1 ;:a 1<§z;k]Ez[((’w* - w)TPix))2]
= 2w [ Y PELTP ) (0 - w)

1
= L —w)” [ 3 PEPT | (w, —wy)

2k 1<i<k
1
< D ax(®) | D0 A PP | [ =
1<i<k
1+«

= T)‘maX(E)Hw* - U’HQ
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The first equality follows from using Lemma 1 and the last
follows since for all i, P, P! is a permutation of the identity
matrix by definition.

Using monotonicity of ¢ and Jensen’s inequality, we also
have,

% Z E.[(o(w.Piz) — o(wP;z))(w, — w)T Pix]

1<i<k
> % E.[(0(w. Piz) — o(wPiz))?]
1<i<k
2
1
>E, || ¢ Z (o(wyPyz) — o(wPx))
1<i<k
= L(w)

Combining the two above lemmas, we get the required
result.

1.3. Proof of Lemma 3
‘We have,

(fu.(x) = fu,(2))?

2

4 (o(w? Pix) — o(wTPix))>
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[lw, = wl[*]]]|*

The first inequality follows from using Jensen’s, the second
inequality follows from the 1-Lipschitz property of o, the
third follows from observing that P; P! is a PSD matrix and
the last inequality follows since for all i, Apax (P PL) =1
since P, P! is a permutation of the identity matrix.
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2. Properties of Patch Matrix P

Letr =pd+qforsomep >0and1 < g < d.
Lemma A. Ford < r/3, P~ has the following form:

agifi=j€{l,...,q}Uu{r—q+1,...,r}
apifi=j€e{g+1,....,d}U{r—d+1,r—q}
lifi=je{d+1,....,r—d}

—0.5if|i —jl=d+1

Bifli—jl=pd+1
0 otherwise

where ag = 4+ 0.5, a1 = ¢+ 0.5, 8 = 222} and ¢ =
%27‘;)_1. AlSO, )\max(P_l) S 2.

Proof. We need to show that A = PP~! = I. Observe
that P and P~ are bisymmetric, thus A is centrosymmetric
implying A; ; = A,_1_; —1—;. Hence, we need to only
prove that the lower triangular matrix matches /. We show
the result for p > 2, as the same ideas apply for the other
case.

To verify this, consider each diagonal entry,

o d<i<[d)2]: A =—05(k—1)+k—05(k—1) =
1.

e ic{l,....q}: A = apk—05(k—1)+8(k—p) =
1.

ei e {¢g+1,....d}: A; = ouk —05(k —1) +
p(k—p—-1)=1

For non-diagonal entries, that is, j # 1,

o d S] < |—d/2~| Ai’j = —O.5Pi’j7d+P7;,j—0.5Pi7j+d.
If|i—j| =adthen A; j = —0.5(k —a—1)+k—a—
0.5 (ki —a+ 1) = O, else Pi,j = Pi,j—d = Pi,j+d =
0 = Ai,j =0.

e j€E {1, ey q}: Ai’j = aOPi,j_0'5Pi,j+d+ﬁpi,j+pd-
Now if i — j = ad, then A; ; = ay(k —a) — 0.5(k —
a+1)—|—ﬁ(k—p+a) = 0 else P@j = Pi,j+d =
Pi,j-‘rpd =0 = Ai,j =0.

° ] S {q +1,... ,d}l Ai,j = Ollpi’j - 0'5-P7,',j+d +
ﬁPZ‘J‘erd. Now if ¢ — 7 = ad, then Ai)j = Oél(k —

a)—05k—-—a+1)+¢p(k—p+a+1) =0else
Pij=Pijta= P jtpa=0 = A;; =0.

Hence A = 1.

Using Theorem 1, we have Apa(P71) =

max; (pi;.l 0 |P;jl|). If g < d, then Apax (P~1) =

oifli—jl=@—-1)d+1landiorjec{qg+1,...

a =05 T B
05 1 05
=05 1 05
B =05«

»d}

Figure I. P! ford = 1. Here a = § + 0.5 and 8 =

0.5 p
Py o B The shaded area is all Os.

0.5 __

2k—p

max(ag + 0.5 + B,a1 + 0.5 + ¢,1 + 0.5 + 0.5) =
max(28 + 1,2¢ + 1,2) = 2 as f,¢ < 0.5 which
follows from 2k — p — 1 > 1. Similarly, when ¢ = d,
Amax(P~1) = max(ag + 0.5 + 8,1 + 0.5 + 0.5) =
max (25 +1,2) = 2. O

Lemma B. Forr/3 < d < r/2, P~! has the following
form:

apifi=j€{l,....qtU{r—qg+1,...,7}
apifi=j€e{g+1,....,d}U{r—d+1,r—q}
lifi=jef{d+1,...,r—d}

oifli—jl=d+1landiorje{qg+1,...,d}
Bifli—j|=2d+1
0 otherwise

where ag = [+ 0.5, a1 = % B = %andqb =
— =L Also, Amax(P71) < 2.

Proof. Similar to the previous lemma, to verify this, con-
sider each diagonal entry,

o d<i<[d/2]: Ai; = —05(k—1)+k—0.5(k—1) =
1.

e ic{l,...
1.

.q}: Aii = apk—0.5(k—1)+8(k—p) =

e | C {q—l—l,...,d}: A@i :Oélk—l—(b(k—l) =1.
For non-diagonal entries, that is, j # 4,

e d<j< [d/21 A,L',j = —0.5F; j_q+P; ;—0.5P; ;4.
If|i—j| =adthen A4, ; = —-05(k—a—1)+k—a—
05(k—a+1)=0,else P, ; =
0 = Ai’j =0.

ij—d = Pijra =

—05ifli—jl=d+1landiorje{d+1,...,r—d}
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e je{l,....q}: Aij = aogP;;—05P; jra+BP; j124.
Now if i — j = ad, then A; ; = ap(k —a) — 0.5(k —
a—i—l)—i—ﬂ(k—?—i—a) = OelsePZ—,j = Pi,j+d =
Pi,j+pd =0 = Ai,j =0.

e jc {q+ 1,..., d} Ai)j = Oélpi,j + ¢Pi,j+d' Now if
i—j=uad, thena =1, implying A; ; = a1(k — 1) +
(bk =0 else Pi,j = Pi,j+d =0 = A@j =0.

Hence A = 1.

Similar to the previous lemma, we have \yay(P71) =
max(ag + 0.5+ 8,01 + |¢|,1 4+ 0.5+ 0.5) = max(25 +
1,1,2) = 2asay + |¢| = 1 and 8 < 0.5 which follows
from2k —p—12>1. [



