Bandits with Delayed, Aggregated Anonymous Feedback

Appendix
A. Preliminaries

A.1. Table of Notation

For ease of reading, we define here key notation that will be used in this Appendix.

T : The horizon.
Aj; : The gap between the mean of the optimal arm and the mean of arm j, A; = p* — ;.
A,, : The approximation to A; at round m of the ODMF algorithm, A, = 2%,
N, : The number of samples of an active arm 7 ODMAF needs by the end of round m.
Uy : The number of times each arm is played in phase m, vy, = 1y, — Nyyp—1-
d : The bound on the delay in the case of bounded delay.
m; : The first round of the ODMAF algorithm where A, < Aj)a.
M; : The random variable representing the round arm j is eliminated in.
Tj(m) : The set of all time point where arm j is played up to (and including) round m.
X:; : Thereward received at time ¢ (from any possible past plays of the algorithm).
Ry ; : Thereward generated by playing arm j at time ¢.
Tt; - The delay associated with playing arm j at time .
E[r] : The expected delay (assuming i.i.d. delays).
V(r) : The variance of the delay (assuming i.i.d. delays).
Xm’j :  The estimated reward of arm j in phase m. See Algorithm 1 for the definition.
S, + The start point of the mth phase. See Appendix A.2 for more details.
U,, : Theend point of the mth phase. See Appendix A.2 for more details.
Sm,; : The start point of phase m of playing arm j. See Appendix A.2 for more details.
Un,; : Theend point of phase m of playing arm j. See Appendix A.2 for more details.
A, ¢ The set of active arms in round m of the ODMF algorithm.
Ait,Bi+,Ciy @ The contribution of the reward generated at time ¢ in certain intervals relating to phase
1 to the corruption. See (11) for the exact definitions.
G: : The smallest o-algebra containing all information up to time ¢, see (8) for a definition.

A.2. Beginning and End of Phases

We formalize here some notation that will be used throughout the analysis to denote the start and end points of each
phase. Define the random variables S; and U; for each phase i = 1,...,m to be the start and end points of the phase.
Then let S; ;, U; ; denote the start and end points of playing arm j in phase ¢. See Figure 4 for details. By convention,
let S;; = U;; = oo if arm j is not active in phase 7, S; = U; = oo if the algorithm never reaches phase 7 and let
So,j = Up,; = So = Uy = 0 for all j. It is important to point out that n,, are deterministic so at the end of any phase
m — 1, once we have eliminated sub-optimal arms, we also know which arms are in .4,,, and consequently the start and
end points of phase m. Furthermore, since we play arms in a given order, we also know the specific rounds when we start
and finish playing each active arm in phase m. Hence, at any time step ¢ in phase m, Sp,, U, Sm+1 and Uy, j, S, 5 for
all active arms j € A,,, will be known. More formally, define the filtration {G; } 2, where

gt:O'(Xl,...,Xt,TLJl,...,TtJt,RLJl,...,Rt7Jt,J1,...,Jt) (8)

and Gy = {0, }. This means the joint events like {S; <t} N{S;; =5} € G, foralls' €N, j € A

A.3. Useful Results

For our analysis, we will need Freedman’s version of Bernstein’s inequality for the right-tail of martingales with bounded
increments:

Theorem 10 (Freedman’s version of Bernstein’s inequality; Theorem 1.6 of Freedman (1975)) Ler {Yy}2, be a
real-valued martingale with respect to the filtration {Fi}32, with increments {Z}3,: E[Zy|Fr—1] = 0 and Z), =
Y —Yi_1, fork =1,2,.... Assume that the difference sequence is uniformly bounded on the right: Zy, < b almost surely
fork =1,2,.... Define the predictable variation process Wy, = 2521 E[Z}\fj,l]for k=1,2,.... Then, forall t > 0,
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Figure 4: An example of phase 4 of our algorithm. Here j’ is the last active arm played in phase i.
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This result implies that if for some deterministic constant, o2, Wi, < o2 holds almost surely, then P (Y >1¢) <

exp {—#ﬁ/g} holds for any ¢ > 0.

We will also make use of the following technical lemma which combines the Hoeffding-Azuma inequality and Doob’s
optional skipping theorem (Theorem 2.3 in Chapter VII of Doob (1953))):

Lemma 11 Fix the positive integers m,n and let a,c € R. Let F = {F;}{ be a filtration, (e, Zt)1=1,2,... . be a se-
quence of {0, 1} x R-valued random variables such that fort € {1,2,...,n}, € is Fy_1-measurable, Z is Fi-measurable,
E[Zi|Fi—1] = 0 and Z; € |a,a + c|. Further;, assume that Y ._, €5 < m with probability one. Then, for any X > 0,

- 2\
P Zy>\) < —— 7. 9
(;% t = )GXP{ sz} )]
Proof: This lemma appeared in a slightly more general form (where n = oo is allowed) as Lemma A.1 in the paper by
Szita & Szepesviri (2011) so we refer the reader to the proof there. ]
B. Results for Known and Bounded Expected Delay

B.1. High Probability Bounds

Lemma 1 Under Assumption | and the choice of n, given by (2), the estimates )_(m, j constructed by Algorithm | satisfy
the following: For every fixed arm j and phase m, with probability 1 — either j ¢ A, or:

3
TAZ,

Xmj— i < Ap/2.

Proof: Let

_ 4log(TA2)) N 2log(TA2,) N 3mIE[T].

3N Noyn, Nyn,

(10)

m

We first show that with probability greater than 1 — ﬁ, Jj ¢ Ap or ﬁ ZteTj(m)(Xt — ;) < W,

For arm j and phase m, assume j € A,,. For notational simplicity we will use in the following I {H} := {H N {j €
A;}} < T{H]} for any event H. If j € A,, for a particular experiment w then I;(H)(w) = I(H)(w). Then for any phase
1 < m and time t, define,

Aiv =Ry s {15, +t>5:}, Bip=Re {15, +t>5:;}, Ciy =R {m 5, +t>Ui }, (11)

and note that since S; ; = U, ; = oo if arm j is not active in phase ¢, we have the equalities I; {7, j, +t > S, ,;} =
Hr,g, +t>S;jyand Li{ry 5, +t > U ;} = {7 4, +t > U, ;}. Define the filtration {G,}22, by Go = {2, 0} and

gt = 0<X17"'7Xt)J17'-';JtaTl,Jla-' -7Tt,JtaR1,J13-'-Rt,Jt)' (12)
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Then, we use the decomposition,

U‘LJ S,;’]’fl Ui’]‘ Uiyj

m m
DI ¢ ( Y ResIifrg, +t2Sigk+ Y (Rug, =) = ) Reglidns, +t> Uw»})
i=1t=S; ; i=1 “t=Si_1,; t=5;; t=Si ;
m S;—1 Sij—1
<Y ( Y. Ruglng +t>S}t+ Y Rigl{ng +t> S}
i=1 “t=S;_, t=5;
Ui,j Ui,j
+ Y Ry, —p)— Y, Ruglmg, +t> Uzyj}>
t:Si_’j t:Si,j
m S;—1 Sij—1 Ui, Uj,j
3 (X et 3Bt X (R - 3 6
i=1 “t=S;_,, t=85; t=S; ; t=5; ;
m Ui, S -y
=2 2 By —m)+ 3 Qi ZPf
i=1t=S; t=1
m Ui ,J Sm WJ U'm,j
=33 (Reg, =)+ > (Qe —E[Qi|Gi-1]) + > (B[P|Gi—1] — Py) (13)
i=1t=S; t=1 t=1
Term L Term II. Term III.
Sm J Um »J
( E[Q:|G¢-1] E[P;|G:— 1)
t=1 t=1
Term IV.
where,
Qi = Z(Ai,t]l{siq,j <t<S;—1}+ B J{S; <t < S, ; —1})
i=1
Pr=Y Cil{Si; <t < Ui}
i=1
Recall ~ that the filtration {Gs}%2, is defined by Go = {Q, 0}, Gt =
o(Xi,..., Xe, i, Je, 0y, g, Rigy, .- Rey,) and we have defined S;; = oo if arm j is eliminated

before phase ¢ and S; = oo if the algorithm stops before reaching phase i.

Outline of proof We will bound each term of the above decomposition in (13) in turn, however first we need to prove
several intermediary results. For term II., we will use Freedman’s inequality so we first need Lemma 12 to show that
Zy = Q¢ — E[Q+|G:—1] is a martingale difference and Lemma 13 to bound the variance of the sum of the Z;’s. Similarly,
for term II., in Lemma 14, we show that Z, = E[P;|G;_1] — P, is a martingale difference and bound its variance in
Lemma 15. In Lemma 16, we consider term IV. and bound the conditional expectations of A; ;, B;;,C; ;. Finally, in
Lemma 17, we bound term I. using Lemma 1 1. We then combine the bounds on all terms together to conclude the proof.

Lemma 12 Let Y, = Y 7 (Qr — E[Q4|Gi—1]) for all s > 1, Yy = 0. Then {Y}22 is a martingale with respect to the
Siltration {G4}2 , with increments Zs = Y — Ys_1 = Qs — E[Qs|Gs—1] satisfying B[ Zs|Gs—1] =0, Zs; < 1 forall s > 1.

Proof: To show {Y;}52, is a martingale with respect to {G4}2°,, we need to show that Y; is G measurable for all s and
E[Ys|Gs—1] = Ys-1.

Measurability: First note that by definition of G, 7 j,, R; j, are all G;-measurable for t < s. Then, for each 4, either ¢ is
in a phase later than ¢ so S;_q ; and S; are G;-measurable, or S;_; ; and .S; are not G;-measurable, but I{t > S, ;} =0
so I{t > S; ;} is G;-measurable. In the first case, since S;_1 ; and S, are Gy-measurable A, I{S; 1 ; <t < S; —v;}is
G-measurable. In the second case, A;I{S;—1,; <t < S; — 1} = A; I{{Si—1; < t}I{t < 5, — 1} = 0 so it is also
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G;-measurable. Similarly, if ¢ is after S; , S; and \S; ; will be G-measurable or I{.S; <t < S; ; — 1} = 0. In both cases,
B; JI{S; <t < S;; — 1} is G;-measurable. Hence, Q) is G;-measurable, and also @, is G, measurable for any s > ¢. It
then follows that Y is G,-measurable for all s.

Expectation: Since Q); is G; measurable for all ¢ < s,
mmwkﬂ—E{EthMkaqnwa

t=1

E {i(@t - E[Qt|gt—1])|gs—1:| +E[(Qs — E[Qs]Gs-1])|Gs—1]

t=1

'
|
—

(Qt - ]E[Qt|gt—1]) + ]E[Qs|gs—l] - ]E[Qs|gs—1]

T
_

(Qt E[Q¢|Gi-1]) = Y1

o~
Il
—

Hence, {Y;}52, is a martingale with respect to the filtration {G,}52,.

Increments: For any s = 1,..., we have that
s s—1
Zs = Ye - }/s—l - Z(Qt Qf|gt 1 Z Qt‘gt 1]) Qs - ]E[Qs|gs—l]-
t=1 t=1
Then,

E[Zs‘gs—l] = E[Qs - E[Qs|gs—1“gs—1] = E[Qs|gs—1] - E[Qslgs—l] =0

Lastly, since for any ¢, there is only one 4 where one of I{.S; 1 ; <t < 5; —1} =1orI{S, <t < S; ; —1} =1 (and they
cannot both be one), and since R, j, € [0,1], A; ¢, B; ¢ < 1, so it follows that Z; = Qs — E[Qs]|Gs—1] < 1foralls. O

Lemma 13 Foranyt, let Z; = Q; — E[Q¢|Gi—1], then, for any s < Sy, ;,

iE[zﬂgt,l] < 2mE[7].

t=1

Proof: First note that

ZM%M@zZW@M@SZM@M%
t=1 t=1

2
= ZE[(Z A {Si—1; <t<S;—1}+ B J{S; <t < S, ; — 1})>

=1

|

Then, given G;_1, all indicator terms I{S;_1 ; < ¢ < S; — 1} and I{S; < S; ; — 1} forall i = 1,..., m are measurable
and only one can be non zero. Hence, all interaction terms in the expansion of the quadratic are 0 and so we are left with

m 2
ZE [Z2|Gi 1] < ZEKZ (A ]I{S;—1; <t <S; —1}+ B JI{S; <t < S, ; — 1})) gt1:|
=1
= Z]E{Z A2 (S <t <S8 —1}+ BLI{S; <t < Sij — 117 gtl]
=1

m S

=Y D TE[A2I{Sio1,; <t < S —1}Gi +ZZ]EBft]I{S <t <8 —1}Gi ]

i=1 t=1 i=1 t=1
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m SL— m S’L j_1
<X 2 ElALIG-)+ ] Y EIBLIG-]
=1 t:SifL i=1 t=8;
Then, for any ¢ > 1
Si—1 Si—1
> E[ALIGa]= Y EIR; Hri, +t > Si}Gi]
t=S;_1,; t=S;_1,;
Si—1
< Z E[l{7,j, +t > Si}|Gi—1]
t=Si71,j
s'—1
ZZH{SZ 1, =5,5 —S}ZEH{TtJt+t>S}‘gt 1]
s=0s'=s

o oo s —1

Z Z E[[{Si-1, = 5,5 = SlyTt.,J,, +t > 8:}Gi1]

/

s=0s'=s t=

(Since {t > Si—l,ja Sz = S/} S gt—l)

/

co oo s —1

= Z Z ElI{Si—1,; =5,8 =5 75 +t>5}G_1]
5=0s'=s t=s
0o oo s'—1

= Z Z {S,'_l,j =s,9; = S/} Z P(Tt,Jt +t> S/)

’

t=s

Il
=)

S S

(Since {t > S;—1;,Si = 5"} € Gi—1)

<ZZH{S’ 1, =55 —S}ZPT>Z

s=0s'=s
< E[r].
Likewise, for any 7 > 1,

7J—1 Si,,j—l

Z E[B},|G: 1] = E[R} ;{77 +1t > S ;}|Gi1]

IN

E[l{r, ., +t > Si;}|Gi-1]

s'—1

Z]I{Sz—s s]_s}ZM{mﬁwS”}Igt 1]

= Z Z Z E[{S; = s,8i; =&, 7,5, +t > Si ;}|Gi—1]

5=0s'=s t=s
(Since {t > S;,S; j =s'} € Gi—1)

’
co oo s —1

STS RIS = 5,80, =8 70, +t > 5'}Ge]

0s'=s t=s

S

s'—1

Z ]I{S,L =S, SZJ = 8/} Z ]P)(Tt,Jt +1t Z SI)

s'=s t=s

o

@
I
<)

(Since {t > S;,S;; =s'} € Gi—1)

<ZZH{S —SS”—S}ZPT>Z

s=0s'=s
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< Efr].
Hence, combining both terms and summing over the phases m gives the result. (]
Lemma 14 Let Y] = >} | (E[Ps|Gs_1] — Ps) forall s > 1, Y] = 0. Then {Y/}2, is a martingale with respect to the

Siltration {G}22  with increments Z!, = Y] —Y! | = E[P,|Gs_1] — Ps satisfying E[Z|Gs_1] = 0, Z < 1 forall s > 1.

Proof: The proof is similar to that of Lemma 12. To show {Y/}2, is a martingale with respect to {G4}22,, we need to
show that Y, is G; measurable for all s and E[Y/|G,_1] =Y]_;.

Measurability: As before, by definition of G,, 7 j,, R: s, are all G,-measurable for ¢ < s. Also, we can reduce
measurability again to measurability of I{7; ;, +s > U; ;,S;; < s < U; ;}. But, {U; ; = s’} N {S; ; < s} € G, forall
s’ € Nand Y] is adapted to Gs.

Increments: For any s > 1, we have that

S

s—1
Z, =YY/ =) (B[P|Gi1] - P) = Y (E[P,|Gi—1] — Pi) = E[P:|G,_1] — P..
t=1

t=1

Then,
E[Z;|gé—1] = E[E[PJQ&—I} - Ps|gs—1] = E[Ps|gs—1] - E[Ps|gs—1] =0.

Lastly, since for any ¢ and w € €, there is at most one ¢ for which I{.S; ; < t < U, ;} = 1, and by definition of R; j,,
C;+ < 1, so it follows that Z! = E[P,|Gs_1] — Ps < 1forall s. ]

Lemma 15 For any t, let Z] = E[P;|G;_1] — P;, then

UnL .J

> E[Z{|Gi—1] < mE[7].

t=1

Proof: The proof is similar to that of Lemma 13. First note that

Unm,j Unm,j Unm,j
2
Z E[Z;"|Gi-1] = Z V(PGi—1) < Z E[Pt2|gt—l}
t=1 t=1 t=1
™m,j 2
= Z E[(Z (CiI{S;; <t < Ui,j}) |gt1:|~
t=1 =1
Then, given G;_1, all indicator terms I{.S; ; <t < U, ;} fori = 1,..., m are measurable and at most one can be non zero.

Hence, all interaction terms are O and so we are left with

Ur,,,,,]' Ur,,,,,j m 2
Z E[Zé2|gt—1] < Z E{(Z(Ci,tﬂ{si,j <t< Ui,j}) |gt—1:|
=1 t=1 i=1

m U

3

> E[Cftﬂ{su <t <Ui;j}Ge]

1 1

I
&
I

.
Il

S

E[OE +1Gi—1] (since the indicator is G;_1-measurable)

o
I

N
Il
_

~

¥

S

2 J

|

N
Il
_
~
[
n

E[R? ;, {71, +t > Ui ;}|Gi—1]

(2%
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S

i

I

s
I
-
o~
Il
n

< E[l{7,7, +t > Ui ;}|Ge—1]

> IS, =s, U”_S}ZM{T”terU,JHQt 1]

s'=s

M-

@
Il
-

/
oo

ZZM{sjfs Uij =575, +t>U;;}|G1]

s'=s t=s

M-

s
I
—

’
o0 S

ZZEH{S”_S Uj=58 71, +t>5}Gi_1]

s'=s t=s

@
Il
-

’

I{Si; =5Ui; =s}Y Plrg, +t>5)

Mg

'blﬂs bllﬂs
i~]e 102 L[] ZiM% ?LM%

i=1 s'=s t=s
< i i H{Si’j =S, Ui,j = S/} iP(T > l)
i=1 s=0s'=s =0

| = mE[7].

IA
Nt
=
ﬁ

s
Il
—

O

Lemma 16 For A;+, B;; and C; ; defined as in (11), let v; = n; — n;_1 be the number of times each arm is played in
phase i and j| be the arm played directly before arm j in phase i. Then, it holds that, for any arm j and phase i > 1,

S;—1
(i) Y E[A;|Gi1] <E[r]
t=Si—1,;
Sij—1 v
(ii) > E[BislGi-a] E[r] +p; Y P(r > 1)
t=5; 1=0
Ui,j v;
(i) Y E[Cis|Gia] = p; Y P(r>1)
t=S; ; =0

Proof: We prove each statement individually. Several of the proofs are similar to those appearing in Lemmas 13 and 15.

Statement (i):

Si—1
Z E[A;+|Gi—1] < Z E[I{r.s, +t > Si}|Gi—1]
t=S;_1,; t=S;i_1,;
s'—1
—ZZH{SI 1= 5,5 —s}ZEH{m+t>S}\Qt 1]
s=0s'=s

/
oo o0 s —

— ZZEH{SZU_SS_S Te.g, +t > Si}HGi—1]

s=0s'=s t=s
(Since {t > S;_1;,5; = 5"} € Gi—1)

o oo s'—1

= Z Z Z E[]I{SZ‘,LJ* = S,Si = 8/7Tt,Jt +t> S/}|gt71]

s=0s'=s t=s
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= i i I{S;—1,; =858 =5} Si P(r,y, +t>5")
s=0s'=s t=s

(Since {t > S;_1,;,S;i =5} € Gi—1)

{Si1;=s5S=5}> P(r>1)

s
NE

s=0s'=s =0
=> P(r>1)=E[r].
=0
Statement (iii):
Ui,j Ui,j
> E[CislGia] = Y E[Ri s I{ry, +t>Ui;}Gi ]
t:SLJ' t:Si,j
=3 > Si;=5Ui; =5}> E[R s {r s, +1>Ui;}Gi-1]
s=0s'=s t=s

’
S

= N> E[R IS, =5.Uij =57 +t>Ui;}|Gi1]

s=0s'=s t=s

(Since {Si,j =S, U@j = S/} € Gi_qfors <t)

’
o0 S

Z Z ZE[Rt,Jt]I{Si,j =5Uij=5,m.4,+t>5}G1]

s=0s'=s t=s

0o oo s’
= Z Z H{S@j =S, Ui,j = 8’} Z/’[’j]P)(Tt;Jt +1> S/)
t=s

s=0s'=s

(Since {S; ; = s,U; ; = s'} € G,—1 and given G;_1, R, 5, and 7 j, are independent)

= Z Z H{Sﬂ] =S, Ui,j = S/}[Lj ZI]P)(T > l)

s=0s'=s =0

=15y P(r>1)
=0

Statement (ii): For statement (ii), we have that for (i, j) # (1, 1),

Si,jfl Si’jfl/i7172 Si,jfl
> EBiGial= > E[BiddGal+ Y. E[BiGi1l
t=5; t=S5; t:Si=j7Vi7171

Then, S; ; is G;—1 measurable for ¢ > S;, so we can use the same technique as for statement (i) to bound the first term. For
the second term, since we will only be playing arm j; for S; ; —v;_1 —1,...,5; ; — 1, we can use the same technique as
for statement (iii). Hence,

Sq‘,,j_l

0 Vi—1 Vi
> EBilGea]l < > P(r>1)4py Y Pr>1) <E[r]+pp Y P(r>1).
t=S; l=v;—1+1 =0 =0

Note that, for (¢, j) = (1, 1), the amount seeping in will be 0, so using vy = 0, 7, = 0, the result trivially holds. Hence
the result holds for all 7, 7 > 1. O

Lemma 17 Forany arm j € {1, ..., K} and phase m, it holds that for any A > 0,

P( > (Rt,j—uj)Z/\)Sexp{—i/:}-

teTy; (m)
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Proof: The result follows from Lemma 1. When applying this lemma, we use n = 17", m = n,,, fort = 0,1,...,T
set Fy = o(X1,..., X4, R1j,..., Ry ;) andfort = 1,2,..., T define Z, = Ry j — pj and ¢, = I{J; = j,t < Up 5}
Note that Tj(m) = {t € {1,...,T} : & = 1} and hence } .7 () (Rej — 1) = Zthl €:(R¢,; — pj). Further,
Zle €, = |T;(m)| < n,, with probability one.

Fix 1 <t < T. We now argue that ¢; is F;_1-measurable. First, notice that by the definition of ODMF, the index M of
the phase that ¢ belongs to can be calculated based on the observations X, ..., X;_1 up to time ¢t — 1. Since t < U, ; is
equivalent to whether for this phase index M, the inequality M < m holds, it follows that {¢ < U,,, ;} is F;_1-measurable.
The same holds for {J; = j} for the same reason. Hence, it follows that ¢, is indeed F;_;-measurable.

Now, Z; is Fi-measurable as R, ; is clearly F;-measurable. Furthermore, by our assumptions on (R; ;):; and (X;),
E[R; ;| F¢—1] = u; also holds, implying that Z; also satisfies the conditions of the lemma with @ = —p; and ¢ = 1. Thus,
the result follows by applying Lemma 11. ]

‘We now bound each term of the decomposition in (13) in turn.

Bounding Term I.: For Term L., we use Lemma 17 to get that with probability greater than 1 — W’

S

UL N log (T A2
S 3 (B —py) < ) 0BT R

=1t

Il
e

¥

Bounding Term II.: For Term II., we will use Freedmans mequahty (Theorem 10). From Lemma 12, {Y;}32, with
Y, =Y/, (Q:—E[Q:|G:—1]) is a martingale with respect to {G, } 22, with increments { Z, } 22 satisfying E[Z4|Gs_1] = 0
and Z; < 1 for all s. Further, by Lemma 13, thl [Z2|Gi_1] < 2mE[7] < %QEH < nyy, /12 with probability 1.

Hence we can apply Freedman’s inequality to get that with probability greater than 1 — ﬁ,
Sm,j 1
D Qi — E[Qi]Gi1]) < 3 1og(TA2 )+ 737 log(TAZ).
t=1

Bounding Term III.: For Term III., we again use Freedman’s inequality (Theorem 10) but using Lemma 14 to show that
{Y)}2 o withY! =37, (E[P|G,—1] — P,) is a martingale with respect to {G}22 with increments {Z/}2° satisfying
E[Z!|Gs—1] = 0 and Z] < 1 for all s. Further, by Lemma 15, _7_, E[Z?|G,;_1] < mE[r] < n,,/12 with probablhty L.

Hence, with probability greater than 1 — ﬁ,
Un,; 9 ) : -
E[P|Gi—1] — P) < glog(TAm) + T3"m log(TAZ2).
t:l

Bounding Term IV.: We bound term IV. using Lemma 16,

Sm,j Unm,j

ZE[Qt|gt 1 Z]EPt|gt 1

= Z E[Z i,t]I{Sifl,j S t S SZ — 1} + Bz,tﬂ{sz S t S Si,j - 1}) gt1:|
=1
Um,j m
E{Zci,tﬂ{si,j <t<U,} Qt_l}
t=1 i=1
m thj m S’NL,j
= N B[AI{Sii1; <t < S — 1G]+ Y Y E[BiI{S; <t < Si; —1}Gi]
P — i=1 t=1

U, j

- Z Z E[C; +1{Si; <t < Ui ;}|Ge-1]

i=1 t=1
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m i_l Sl j—l Uri,j

= Z < Z A 1|Gia] + Z E[B; +|Gi—1] — Z E[Cz’,t|gt—l]>
i=1 Nt=S; 1 t=S; t=5, ;

SZ( ]+ pye Z]P’T>l ujZP(T>l)>§3m]E[T].
i=1 1=0 1=0

since R ; € [0,1].

Combining all terms: To get the final high probability bound, we sum the bounds for each term L.-IV.. Then, with
probability greater than 1 — T’ either j ¢ A,,, or arm j is played n,, times by the end of phase m and

=Y xew) 410g<m;n>+( L) log(T'A%,) | 3mElr]

< —+ —
teT;(m) 3nm 12 V2 'm
41og(TA2? 21log(TA2 E
_ Alog(TA2) | [210g(TA3) | 8mER] _
3nm Nm Nim
Defining n,,,: Setting
1 S - - 2
N, = [52 ( 2log(TA2)) + \/2 log(TAZ2,) + §A mlog(TA2) + 6AmmE[T]> —‘ (14)
ensures that w,,, < 52”“ which concludes the proof. |

B.2. Regret Bounds

Here we prove the regret bound in Theorem 2 under Assumption | and the choice of n,, given by (14). Under Assump-
tion 1, the bridge period is not necessary so the results here hold for the version of Algorithm | with the bridge period
omitted. Note that if we were to include the bridge period, we would be playing each arm at most 2n,,, times by the end of
phase m so our regret would simply increase by a factor of 2.

Theorem 2 Under Assumption I, the expected regret of Algorithm [ is upper bounded as

K
E[Rr] < Z;O(log(ATJA) +log(1/A)E H>- (5)
J#3*

Proof: Our proof is a restructuring of the proof of (Auer & Ortner, 2010). For any arm j, define M; to be the random
variable representing the phase when arm j is eliminated in. We set M; = oo if the arm did not get eliminated before
time step 7. Note that if M; is finite, j € A M, (this also means that A M, is well-defined) and if AMj+1 is also defined
(M is not the last phase) then J & Ang 1. We also let m; denote the phase arm j should be eliminated in, that is
m; =min{m>1: A, <& 5 }. From the definition of A, in our algorithm, we get the relations

A
<

J
) — . 1
my < 5 (15)

1

4
< —< =
Amj Aj Amj—',-l

2™ = and

! A A
1 S

Define N; = 23:1 I{J; = j} be the number of times arm j is used and let %52) = N;A; be the “pseudo’-regret

contribution from each arm 1 < j < K so that E[Ry] = E {Zle SQ(Tj)] . Let M* be the round when the optimal arm j*

is eliminated. Hence,

K K K
E[R7] = E{ngj)] :E{ZS}#)H{M* > mj}} +E[Zm§?>ﬂ{M* < my}

Jj=1 Jj=1 Jj=1

Term I. Term II.
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We will bound the regret in each of these cases in turn. To do so, we need the following results which consider the
probabilities of confidence bounds failing and arms being eliminated in the incorrect rounds.

Lemma 18 For any suboptimal arm j,

6
P(M; >m;and M* > m;) < ——.
(M; J Z J)_TA%”

Proof: Define - -
E={Xm,; <pj+wn} and H={Xp, j>p" —wn,}.
If both £ and F occur, it follows that,

ij7j S IJ/] + wmj

=5 = Aj + wm, (since A; = pije — 1)

< Xy g+ Wiy — B + W,

< K, o = 280, + 20, (by (15))

< Xy g — Amj (since 7, is such that w,, < A,,/2)

and arm j would be eliminated. Hence, on the event M* > m;, M; < m;. Thus, M* > m; and M; > m; imply that
either &/ or H does not occur and so P(M; > mjand M* > m;) < P{ECUH} N {j,j* € An,}) <P(E°Nj €
Am;) +P(H® N j* € Ap;). Using Lemma 1, we then get that,

6
P(M; >m;and M* > m,;) < ——.
(M; > m; =z ])7TA%IJ

]
Note that the random set .4,,, may not be defined for certain w € ). That is, A,, is a partially defined random element.
For convenience, we modify the definition of A, so that it is an emptyset for any w when it is not defined by the previous
definition. Define the event F;(m) = {X,,, j» < Xy ; — A} N {4,7* € A} to be the event that arm j* is eliminated

by arm j in phase m (given our note on A,,, this is well-defined). The probability of this occurring is bounded in the
following lemma.

Lemma 19 The probability that the optimal arm j* is eliminated in round m < oo by the suboptimal arm j is bounded by

6
P(Fj(m)) < TAZ

Proof: First note that for a suboptimal arm j to eliminate arm j* in round m, both j and 5* must be active in round m and
Xm,j — W, > Xy j» + wm. Hence,

IP(F](TR)) = ]P(.]a]* € Am and thj — W, > X’m,j* + wm)
Then, observe that if - -
E={X,; <pj+wn} and H={Xp > —wny,}
both hold in round m, it follows that,
v r r Am Am v Am v
Xm,j_AmS#j'f'wm_AmS/lj—T S,uj* —7 SXm,j*'me—T SXm,j*

so arm j* will not be eliminated by arm j in round m. Hence, for arm j* to be eliminated by arm j in round m, one of E
or H must not occur and the probability of this is bounded by Lemma 1 as,

B(F;(m)) <P(ECUH)N (.57 € An)) SBE N (j € An)) + PIHON (" € An)) < —=5-.

We now return to bounding the expected regret in each of the two cases.
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Bounding Term I. To bound the first term, we consider the cases where arm j is eliminated in or before the correct round
M; < mj) and where arm j is eliminated late (M; > m,;). Then, by Lemma 18,

K
E[Z%QH{M* > mj}]
j=1

K K
=E| Y RPHM* > m}I{M; < mj}} + E[Z%&?H{M* > m, JI{M; > m;}

Jj=1

1

j=1
] K
ERP M, <mj}] + Y E[TAL{M* > m;, M; > m;}]

Jj=1

M=

<.
I
—

K
Ajnmj + ZTAJ'P(M]‘ > m; and M* > mj)
j=1

K 6
Aing,. + TA;, ———
J 7 j; JTAQ 2,

24 96
<Ajnmj+A ) <Z<A—|—A nm]>.

m; j=1 J

M=

<.
Il
—

-

<
Il
—_

<

-

j=1

Bounding Term II  For the second term, let my,ax = max;;- m;. and recall that N; is the total number of times arm j
is played. Then,

K Mmax
E[Z%&Z)H{M* < mj}] [ Sy w¥Kmr = m}}
j=1 m=1 j:m<m;

Mmax

=Y E ]I{M*_m} > m‘ﬂ)}
m=1

Jim;>m
:%X]E ]I{M*_m} > NA}
m=1 Jjim;>m

IN

Z E|I{M* =m}T Ina;( A}
m=1 - m

Mmax

> AP(M* =m)TA,, .
m=1

IA

Now consider the probability that arm j* is eliminated in round m. This includes the probability that it is eliminated by
any suboptimal arm. For arm j* to be eliminated in round m by a suboptimal arm with m; < m, arm j must be active
(M; > my;) and the optimal arm must also have been active in round m; (M™* > m;). Using this, it follows that

K
P(M =Y P(Fm)= Y P(Ejm)+ Y P(E(m)

j=1 Jimgi<m jimji>m
< Y P(M;>mjand M* >my)+ Y P(F;(m)).
Jimi<m Jimgi>m

Then, using Lemmas 18 and 19 and summing over all m < M gives,

mzmix ( Z AP(M; > mj and M* > m;)TA,, + Z 4P(Fj(m))TAm)

m=1 jm;<m jm;>m
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Mmax 6 Amj 24 B
< Z ( Z 4TA2 T2m—mj + Z TA2 TAm)
=1 “jm;<m m; jimji>m m

j=1 """ m=m; j=1m=1
K K
96 - 2
SILLES IR
=1 9 =1
K K K
192 4 384
I
=1 77 =1 A j=1 Aj

Combining the regret from terms I and II gives,

K
480
IE[ERT} < Z (A + Ajnmj)
j=1 >

Hence, all that remains is to bound 7, in terms of A;, 7T and d,

2
Ny, = [ (1/210g(TA72nj) + \/2 log(TA%”) + %Amj log(TA?nj) + 6Amj mﬂE[T]) —‘

1 ~ 16 ~ ~ ~
< ’VAQ (8 log(TA?n]_) + ;Am]- log(TA?nj) + 12Amjij[T])-‘

mj

1
Az,

N 8log(TA%/4) N 161log(TA%/4) N 121og,(4/A;)E[7]

- Az, 3A, A,
N 128log(T'A%) N 32log(TA?) N 96 log(4/A;)E[7]
A? 3A; A ’

where we have used (a + b)? < 2(a? + b?) for a, b > 0 and log, (z) < 2log(x) for x > 0.

Hence, the total expected regret from ODAAF with bounded delays can be bounded by,

K 2
128 log(T A% 32 480
J=1:5#5" /

J
‘We now prove the problem independent regret bound,

Corollary 3 For any problem instance satisfying Assumption 1, the expected regret of Algorithm 1 satisfies
E[R7] < O(v/ KT log(K) + KE[r]log(T)).

5= [ K log(K)e?
B T

and note that for A > )\, log(TA?%)/A is a decreasing function of A. Then, for some constants Cy, Co, and using the
previous theorem, we can bound the regret by,

Proof: Let

; i KC log(T)\?
Epr] < Y EmPI+ > E[m(TJ)}g%ﬂ{d@mg(mﬁm
Ji A< JA>A

Then, subsituting the above value of A gives a worst case regret bound that scales with O(1/ KT log(K) + KE[7]log(T)).
(]
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C. Results for Delays with Bounded Support
C.1. High Probability Bounds

Lemma S Under Assumptions | of known expected delay and 2 of bounded delays, and choice of n, given in (6), the
estimates X, ; obtained by Algorithm 1 satisfy the following: For any arm j and phase m, with probability at least

1_W’ either j ¢ A, or ) ~
Ko = 1j < A j2.
Proof: Let
4log(TA? 2log(TA2)  2E
| _10g(TAL) | [2105(TA3) | 2E[] 07
3nm Nm Nm
We show that with probability greater than 1 — T’ either j ¢ A, or — ZteT m)(Xt i) < wp,. For now, assume

that n,,, > md.

For arm j and phase m, assume j € A,,, and define p; to be the probability of the confidence bounds on arm j failing at the
end of each phase i < m, ie. p; = P(ZteTj(i) (X¢ — pj) > njw;) with pg = 0. Again, let B;, = RJI{7 4, +t > S; ;}
and C;;, = RJI{m j, +t > U, ;} (note that we don’t need to consider A, ; since v; = n; — n;_1 > d so all reward
entering [S; j, U; ;] will be from the last ; > d plays) and for any event H, let [, {H} := I{H N {j € A;}}. Recall the
filtration {G,}$2 from (12) where G; = o(X1,..., X¢, J1, ..., Je, 700y, Te g Ry -, Re ) and Gy = {0, Q}.
Now, defining,

= B d{S;;—d—1<t<S;;—1}),

i=1
= Z Ciil{Si; <t < U},
i=1
we use the decomposition
m Ui
Yo Ke—n) =) Y (X —p)
teT; (m) i=11t=8,

m S1 j_l U'i,j Uri,j

<> < > R li{rg, +t>Sib+ > (Res,— ) — Y RegLifmg, +t> Um‘}>
=1 t= SZ 1,5 t=Si,j tZSi,j
m Sij—1 Ui, j Ui,j;

S APITD CEIED 3N
=1 t= S t= SZ j t=Si7j
m Uz ,J Sm sJ m \J

=2 2 ()43 Q-3 R
i=1t=8, t=1
m U'i ,J Snz \J U, m,j

=S (Res, — ) + Z Qt —ElQi|G1)) + Y (E[PG 1] — Py)
i=11t=8, t=1

Term L Term II. Term III.
Sm.,j Unm.,j
+ZE[Qt|gt 1 E[P;|Gi-1]
t=1 t=1

Term IV.

Outline of proof Again, the proof continues by bounding each term of this decomposition in turn. Note that we do
not have the A; ; terms in this decomposition since there will be no reward from phase ¢ — 1 (before the bridge period)
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received in [S; j, U; ;]. We bound each of these terms with high probability. For terms I. and IIL., this is the same as
in the general case (see the proof of Lemma 1, Appendix B),. For term II. we need the following results to show that
Zy = Q¢ — E[Qs|G:—1] is a martingale difference (Lemma 20) and to bound its variance (Lemma 21) before we can apply
Freedman’s inequality. The bound for term IV. is also different due to the bridge period and boundedness of the delay.
After bounding each term, we collect them together and recursively calculate the probability with which the bounds hold.

Lemma 20 Let Y, = > ;_,(Q; — E[Q:|Gi—1]) for all s > 1, and Yy = 0. Then {Y,}32 is a martingale with respect to
the filtration {G,}32 , with increments Z; =Y, — Ys_1 = Qs — E[Qs|Gs—1] satisfying E[Z|Gs—1] = 0,|Zs| < 1 for all
s> 1.

Proof: To show {Y;}22, is a martingale we need to show that Y; is Gs-measurable for all s and E[Y;|Gs_1] = Ys_1.

Measurability: We show that B; JI{S; ; —d — 1 < s < S; ; — 1} is G,-measurable. This then suffices to show that Y is
Gs-measurable since the filtration G, is non-decreasing in s.

First note that by definition of G, 71 j,, R;,, are all G;,-measurable for ¢ < s. Hence, it is sufficient to show that I{7, ;. +
5 >85;;,8,;—d—1<s<S;;— 1} is Gs-measurable since the product of measurable functions is measurable. For
any s' € NU {oo}, {S;; = ¢/, —d—1 < s} € G, fors > SA — v;_1 and so the union US,GNU{OO}{TS}JS + 5>
s —d—1<s<s—-1,8;=5}={r4,+5> 5,5, —1<s5<S;; — 1} is an element of G.

Increments: Hence, {Y;}52,, is a martingale with respect to the filtration {G,}52, if the increments conditional on the past
are zero. For any s > 1, we have that

s s—1
Zo=Y, =Y = (Qr—E[QiGi1]) = > (Q: — E[Q:|Gi—1]) = Qs — E[Qs|Gs—1].
t=1 t=1

Then,
E[Z|Gs—1] = E[Qs — E[Qs]Gs-1]|Gs—1] = E[Qs]Gs—1] — E[Qs|Gs—1] =0

and so {Y;}2°, is a martingale.

Lastly, since for any ¢ and w € €, there is at most one 7 where I{S; ; —d <t < S; ; — 1}(w) = 1, and by definition of
Ry j,. Biy <1, it follows that | Z| = |Qs — E[Qs]|Gs—1]| < 1foralls. O

Lemma 21 Foranyt > 1, let Z; = Q¢ — E[Q¢|Gi—1], then

Sm,j—1

Z E[Z}|G-1] < mE[].

t=1

Proof: Let us denote S” = S,,, ; — 1. Observe that

S’ m 2
ZEZ 1Ge-1] ZV QilGe-1) < ZE Q7 1Gr-1] ZEKZ(&,J{&J ~d<t<Sig- 1})) ]g“].
t=1 t=1 i=1
Then for all s = 1,...,m, all indicator terms I{S; ; —d < t < S, ; — 1} are G;_1-measurable and only one can be non

zero for any w € ). Hence, for any i,i’ < m, i # i/,

Bi,t X H{Si,j —d—1 S t S Si,j — 1} X Bi’,t X ]I{Si/J' —d—1 S t S Si/J‘ — 1} = 0,
Using the above we see that

S/
ZE[Zt2|gt 1] KBZEJ{SM —d—-1<t<S;; — 1})
t=1

2
o
m

{ZBi%tH{Si,j —d—-1<t< 85— 1}2‘91&—1}

<3
e
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=> D E[B}I{Si; —d—1<t<8;;—1}|Gi1]

(using that the indicator is G;_;-measurable)

Then, for any ¢ > 1,

Si,j—l Sriyj—l
S EBAIG-il= Y. E[R:,I{r, +t>Si;}G )
t=S; ;—d—1 t=S; j—d—1
Sij 1

M}'

E[I{r,s, +t > Si;}Gi-1]
t=S; j—d—1

:ZH{&M} Z E[l{re s, +t > Si;}Gi ]

t=s—d—1
00 s—1
—Z Z E[I{S:; = s, 7,7, +t > Si ;}|Gs—1]
s=0t=s—d—1

(Since S; ; > S; and so, due to the bridge period, {S; ; = s} € G;_; forany t > s — d)

_Z Z E[I{S;; = 8,7y, +t > s}|G_1]

s=0t=s—d—1

7211{5]75} Z P(ry,5, +t > s)

t=s—d—1
(Since {S;; = s} € Gy—1 forany t > s — d)

< iﬂ{si,j = S}iP(T > l)
s=0 =0
< E[r].

Combining all terms gives the result. ]

We now return to bounding each term of the decomposition

Bounding Term I.: For term II., as in Lemma 1, we can use Lemma 17 to get that with probability greater than 1 — ﬁ,
m  Uij ~
Ny, log(T A2
> (Be,7, — pj) < w
i=1t=5S5,

(2%

Bounding Term II.: For Term II., we will use Freedmans inequality (Theorem 10). From Lemma 20, {Y;}52, with
Yy =37, (Q:—E[Q¢|G¢—1]) is a martingale with respect to {G, } 52, with increments { Z, } 32, satisfying E[Z,|G,_1] = 0
and Z, < 1 for all 5. Further, by Lemma 21, 35 E[Z2|G, 1] < mE[r] < ZZElT <y /8 with probability 1. Hence

we can apply Freedman’s inequality to get that with probability greater than 1 — W’

m

S.

3

¥

(Q: — E[Q4]Gi-1]) <

_ 1 N
0g(TA) + 1/ g1 log(TAZ).
1

[SURN )
—

t
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Bounding Term III.: For Term III., we again use Freedman’s inequality (Theorem 10). As in Lemma 1, we use
Lemma 14 to show that {Y;}32, Wlth Y! = >, | (E[P|G;—1] — P,) is a martingale with respect to {G,}22, with in-
crements { Z! }°2 , satisfying ]E[Z |Gs—1] = 0 and Z, < 1 forall s. Further by Lemma 15, Y7 E[Z?|G;—1] < mE[7r] <

nm /8 with probability 1. Hence, with probability greater than 1 — W’

m

U'm \J

S (RG]~ P) <

< 1
log(TAEn) + gnm log(TA?n)
t=1

Wl o

Bounding Term IV.: For term IV., we consider the expected difference at each round 1 < 7 < m and exploit the
independence of 7; 5, and Ry j,. Consider first ¢ > 2 and let j; be the arm played just before arm j is played in the ith
phase (allowing for j! to be the last arm played in phase ¢ — 1). Then, much in the same way as Lemma 21,

Si—1 Si—1
> EBidGial= Y B[R, +t>Si;}Gi-]
t=S; ;—d—1 t=S; ;—d—1
— Y S =Sk — ) Z [Re., 1{7s,0, +t = S5 }1Gi—1]
s'=d+1 s=s’ t=s—d

] [e%e] s—1 K
Do > D B[RS =5, S = 5,7, +t 2 Sig, e = k}Ge]
s'=d+1 s=s’ t=s—d k=1
(Due to the bridge period {S; = §',5; ; =s} € Gi_1fort > s —d > s —d)

]I{Sl = S/, Siyj =S, Jy = k}E[Rtﬁk]I{Ttk +t> s}|gt_1]

wl{S; =8, S;; = s, Jy = k}P(r > s — 1)

~

=0

A similar argument works for ¢ = 1,7 > 1 with the simplification that S; ; is not a random quantity but known . Finally,
for ¢ = 1,5 = 1 the sum is 0. Furthermore, using a similar argument, for all ¢, 7,

Us,; Ui,j
> ECidlGial= Y E[Cit|Gi]
t=5S;,; t=U; ;j—d+1

= > > > BRI m +t> sH{Us; = 5,8 = s'}Gi1]

s'=d+1 s=s’ t=s—d

s Z H{Ui’j:S,Si:S/} Z P(T+t>8)

s=d+1 t=s—d
d—1
=i » P(r>1).
1=0
Combining these we get the following bound for term IV for all (¢, 7) # (1, 1),
S -1 Ui d—1 d—1
Y EBidlGi-a] = Y ElCidlGi] < py Yy Pl >1) =iy Plr >1)
t:si,jfdfl t=Si,, 1=0 1=0
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If (4,7) = (1,1) then we have the upper bounded by 1 E[7] < E[7] = AyE[7] since no pay-off seeps in and we define
Ag = 1.

Let p; be the probability that the confidence bounds for one arm hold in phase ¢ and py = 0. Then, the probability that
either arm j/ or j is active in phase ¢ when it should have been eliminated in or before phase ¢ — 1 is less than 2p; ;. If
neither arm should have been eliminated by phase 7, this means that their mean rewards are within A;_1 of each other.
Hence, with probability greater than 1 — 2p;_1,

Sij—1 Ui j
Z zt|gt 1 Z E zt|gt 1 <Az IE[ }
t:S’i,j—d—l t=S; ;

Then, summing over all phases gives that with probability greater than 1 — 2 ZZ 0 pl,

m Si—1 Ui, ;j m m—

,. N 1
> ( S BB E[@,ﬂgu]) <EY A= 5 ]
i=1 t=S8; j—d—1 t=S; i=1 =0

Combining all Terms: To get the final hlgh probability bound, we sum the bounds for each term L.-IV.. Then, with
probability greater than 1 — (=25~ + 2 Oy pz) either j ¢ A,,, or arm j is played n,, times by the end of phase m and

TAz
1 41og(TA2)) 2 1 log(TA2)  2E[r]
— Z Xe—p) s ——+ | =+—% s+
™ teT;(m) 3nm V8 V2 m
- =
< 4log(TAZ)) n 2log(T'A2)) n 2E[7] — .
3N, Nm Nm

Using the fact that po = 0 and substituting the other p;’s using the recursive relationship p; = % + 2 Z;;i p; gives,

3 — 3 3
TAZ +2 ;0 Pi= AL +2(TA$,H +2(Pm-2+ -+ p1) +Pm2+ -+ p1)
3 3
= 2( +3(Pm—2+---+p1))

3 3 3
= 2 +3(=— +3(Pm—s + -+
TA?n ( TA’%L 1 ( TA7271—2 (p ’ n ) )
< m 7
. ?} 75

W ’ﬂ\w
HMg i
Mw

S
1
=
S
1
=

Hence, with probability greater than 1 — A2 , either j ¢ A,, or — ZtET (m) (Xt — p15) < Wi
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Defining ny,,: The above results rely on the assumption that n,, > md, so that only the previous arm can corrupt our
observations. In practice, if d is too large then we will not want to play each active arm d times per phase because we will
end up playing sub-optimal arms too many times. In this case, it is better to ignore the bound on the delay and use the
results from Lemma | to set n,,, as in (14). Formalizing this gives

ST . - 8~ - - 2
Ny = Max {mdm, [Afn (\/21og(TA3n) + \/2 log(TAZ) + gAm log(TAZ) + 4AmE[T]> —‘ } (18)

A‘ITL
2

where d,,, = min{d, %} This ensures that if d is small, we play each active arm enough times to ensure that w,, <

for w,, in (17). Similarly, for large d, by Lemma 1, we know that n,, is suffiently large to guarantee w,,, < % for wy,
from (10). ([l

C.2. Regret Bounds

We now prove the regret bound given in Theorem 6. Note that for these results, it is necessary to use the bridge period of
the algorithm.

Theorem 6 Under Assumption | and bounded delay Assumption 2, the expected regret of Algorithm | satisfies

K 2
log(T A%
()((%KJ)4—E

B[R] < Y L +Elr]
J=Li#5" !
log(T'A?
+ min {d, g(AJJ) + log(Alj)E[T] })

Proof: For any sub-optimal arm j, define M to be the random variable representing the phase arm j is eliminated in
and note that if Mj is finite, j € Ay, but j & Apz; 1. Then let m; be the phase arm j should be eliminated in, that is

m; = min{m|A,, < %} and note that, from the definition of A, in our algorithm, we get the relations

1 ~ ~ A ~ A
2™ = X 20, = Apy1 2 7] and so, <Ap, < 7] (19)

=235

4
Define %Eﬂ ) to be the regret contribution from each arm 1 < 5 < K and let M* be the round where the optimal arm j*is
eliminated. Hence,

E[Rr] = E _imgj)} = IE[ i img)ﬂ{M* = m}]

Lj=1 m=0 j=1
M > . .

=E| Y Y wPrmr=mb+ Y w’Pimr = m}}
-m=0 j:m;<m jm;>m

:E_i 3 D‘igf)H{M*:m}}—i—E{i 3 m§2>ﬂ{M*:m}]

-m=0 j:m;<m m=0 j:m;>m

L 1L
We will bound the regret in each of these cases in turn. First, however, we need the following results.

Lemma 22 For any suboptimal arm j, if j* € A, then the probability arm j is not eliminated by round m; is,

24
TA2,

P(M; > mj and M™ > m;) <

Proof: The proof is exactly that of Lemma 18 but using Lemma 5 to bound the probability of the confidence bounds on
either arm j or j* failing. O

Define the event Fj(m) = {X,, j+ < Xmj — A} N {4, j* € A} to be the event that arm j* is eliminated by arm j in
phase m. The probability of this occurring is bounded in the following lemma.
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Lemma 23 The probability that the optimal arm j* is eliminated in round m < oo by the suboptimal arm j is bounded by

24
P(Fj(m)) < @

Proof: Again, the proof follows from Lemma 19 but using Lemma 5 to bound the probability of the confidence bounds

failing. ]

We now return to bounding the expected regret in each of the two cases.

Bounding Term I. To bound the first term, we consider the cases where arm j is eliminated in or before the correct round
(M; < my;) and where arm j is eliminated late (M; > m;). Then,

o) K
E[ S Y w¥KMr = m}} = E{Z%@H{M* > mj}}
m=0 j:m;<m 7j=1
=E {ng)ﬂ{M* > m YI{M; < mj}} + E{ZM)H{M* > m YI{M; > m;}
j=1 j=1

IA
M=

K
ERP M, <mj}] + Y E[TA{M* > m;, M; > m;}]
1 j=1

<.
Il

K
201, ; + > TAP(M; > mj and M* > m;)

-

j=1 j—l
K 24
< 28 np,, 5 + TAj———
S e
j=1 j=1

K

384

e t)

=1 J

where the extra factor of 2 comes from the fact that each arm will be played n,,, times by the end of phase m to get the data
for the estimated mean, then in the worst case, arm j is chosen as the arm to be played in the bridge period of each phase
that it is active, and thus is played another n,,, times.

Bounding Term II  For the second term, we use the results from Theorem 2, but using Lemma 22 to bound the probability
a suboptimal arm is eliminated in a later round and Lemma 23 to bound the probability j* is eliminated by a suboptimal

arm. Hence,
K
[Z S RwPIe = m}]§21536.

m=0 j:m;>m ]

Combining the regret from terms I and II gives,

K
1920
E[R7] <Z<+2A nm]j>

Hence, all that remains is to bound n,, in terms of A;, T and d. Using L, 7 = log(TAfn), we have that,

2
Nim;,j = Max {mjczmj, [52 (\/210g(TAm) + \/2 log(TA,,) gA log(TA,,) + 4AmE[T]) —‘ }

~ 1
< max{mjdmj, ’V (8Lm,, + A Lm], +8Am E[ ]>-‘ }

AQ
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8[17,2”7'1“ i 8L~mj7T + SEE[T] }
Am,- 3Amj Amj

z 128Lyy,, 32L,,. 39K
Smax{mjdmj71+ AQJ,T_F A,WT N A[T]_}
J J J

< max {mjczij +

where we have used (a + b)? < 2(a? + b?) for a,b > 0.

Hence, using the definition of dm = min{d, %} and the results from Theorem 2, the total expected regret from ODMAAF
with bounded delays can be bounded by,

K 2
256 log(T A%
ER] < Z max { min{d, (16)}, (i(j) + 64E[7] + 122.0 64 log(TA?) + 2Aj) } (20)
J=1i#5" J J
K 2
256 log(TA2) 1920
< R — A 2 .
< 2( A, + 64E[7] + A, +641og(TA2) + 24,
JI=LI37F3 ’

A

J

+ min{ ) M + 96 10g(4/Aj)IE[T]}>

O

Note that the constants in these regret bounds can be improved by only requiring the confidence bounds in phase m to hold

with probability 7 i rather than ﬁ. This comes at a cost of increasing the logarithmic term to log(T'A;). We now

prove the problem independent regret bound,

Corollary 7 For any problem instance satisfying Assumptions | and 2 with d < / TIOTgK + E[7], the expected regret of

Algorithm [ satisfies
E[Rr] < O(\/KTlog(K) + KE[7]).

Proof: We consider the maximal value each part of the regret in (20) can take. From Corollary 3, the first term is bounded
by
O(min{Kd,/ KT log K + K log(T)E[7]}).

For the first term, we again set A = 4/ %. Then, as in corollary Corollary 3, for constants C7,Cy > 0, we bound
the regret contribution by
; ; KClog(T)\?
ST EmPI+ Y EmY) < % + CKE[r] + TA.
VAV VHAYE)
Then, substituting in for A implies that the second term of (20) is O(v/KT log K + KE[7]).
Ford <,/ % +E[7], min{Kd, /KT log K + K log TE[r|} < /KT log K + KE[r]. Hence the bound in (20) gives

E[Rr] < O(/KTlog K + KE[r] + /KT log K + KE[r]) = O(v/KT log K + KE[]).

D. Results for Delay with Known and Bounded Variance and Expectation
D.1. High Probability Bounds

Lemma 24 Under Assumption | of known expected value and 3 of known (bound on) the expectation and variance of the
delay, and choice of n,, given in (7), the estimates X,, ; obtained by Algorithm | satisfy the following: For any arm j and

phase m, with probability at least 1 — TIAQQ , either j & A, or

Xing =15 < Am/2.
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Proof: Let

A2 A2
0, — 4log(TAZ)) N 2log(TA2)) N 2E[r] + 4V(T). 1)
3N Nyn, Nyn,

We show that with probability greater than 1 — W’ J & Amor — Zt et (m) (Xt = 1) < W

For any arm j, phase ¢ and time ¢, define,
Aiv =Ry ;{1 7, +t>S;}, Biy=Ry {15, +t>5:;}, Cip =Ry ,l{m g, +t>U,;} (22)

asin (11) and

m

Qt = Z(Ai,tﬂ{si—l,j <t <S8 —vio1 = 1} + Bi {8 —vi1 <t <85 — 1},

i=1
m

Pr=Y Cii{S;; <t < Ui},
i=1

where v; = n; — n;_1 is the number of times each active arm is played in phase ¢ > 1 (assume ny = 0). Recall from
the proof of Theorem 2, I, {H} := I{H N{j € A;}} < I{H} and for all arms j and phases 4, ;{7 j, + ¢t > S, ,;} =
W5, +t = Si;}andLi{re, s, +¢ > Ui} =Um, +t > Ui}

Then, using the convention Sy = Sy ; = 0 for all arms j, we use the decomposition,

m UL] m Si.j_l U’i,j U’L ,J
Sy (x gz( S Rl 412 Sub+ S (Res— )~ Y Rusliin, J,+t>U”})
i=1t=S; ; i=1 Nt=8;_1; t=S; ; t=S;,;
m Si—vi—1—1 S -1
gz( S RM{n +t2 8 + S Ren{m +t> S,
i=1 t=S;_1,; t=S;—vi_1
Us,; Ui j
+ ) (Reg,— i) — Y. Reglmg, +t> Um-}>
t= i,5 t=S7;j
m  ,Si—vi—1—1 Si;—1 Ui,
SCE e S me Y o 3 o)
=1 t=S, 1,5 t= S—l/l 1 t= Szj t=Siyj
m U7 7 S WL]
= > (B — 1) +ZQt za
i=1t=S; t=1
m Ujg Snz] Um,j
=3 > (R, — +Z Q: — E[Qi|Gi1])+ > (E[Pi|Gi—1] — P) (23)
i=1t=S; t=1
Term L Term II. Term III.
S i U, j

+ ZE[Qt|gt 1 E[P;|Gi—1]
=1 1

t=

Term IV.

Recall that the filtration {G}2°, is defined by Gy = {2, 0} and
gt = O.(Xla s 7Xt)‘]17' . 'aJtaTl,Jla o 7Tt,J”R1,J1a .. 'Rt,Jt)'

Furthermore, we have defined S; ; = oo if arm j is eliminated before phase 7 and S; = oo if the algorithm stops before
reaching phase 7.
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Outline of proof: We will bound each term of the above decomposition in turn. We first show in Lemma 25 how the
bounded second moment information can be incorporated using Chebychev’s inequality. In Lemma 26, we show that
Zy = Q¢ — E[Q¢|G:—1] is a martingale difference sequence and bound its variance in Lemma 27 before using Freedman’s
inequality. Then in Lemma 28, we provide alternative (tighter) bounds on A; ;, B; ;, C; ; which are used to bound term IV..
All these results are then combined to give a high probability bound on the entire decomposition.

Lemma 25 Forany a > |E[7]] + 1, a €N,
> V(r)
2P 2D < T

Proof: For any b > a, b € N, and by denoting £ = |E(7)],

b b —£
> P(r>1) Z (r—¢>1-9) Z (r—¢>1)
l=a l=a l=a—
$= V()
< 2 (by Chebychev’s inequality since [ + £ > E[r] forl > a — &)
l=a—¢
b—£—1 1
< V(r)
i (l+1)
b—£—1
=V (1 l : 1>
l=a—€—1 +
1 1
=V e 1~ bg)
Hence, taking b — oo gives
- 1
P(r>1) <V
> Pr2 ) < Vi e

O

Lemma 26 Let Yy = > ;_,(Q: — E[Q:|Gi—1]) for all s > 1, and Yy = 0. Then {Y;}32 is a martingale with respect to
the filtration {G,}32 , with increments Z, =Y, — Ys_1 = Qs — E[Qs|Gs—1] satisfying E[Z|Gs_1] = 0,|Zs| < 1 for all
s> 1.

Proof: To show {Y,}22, is a martingale we need to show that Y; is Gs;-measurable for all s and E[Y;|Gs—1] = Ys_1.

Measurability: We show that A; JI{S;_1; < s < S; —vi_1}+ B, JJ{S; —v;—1+1 < s < 5; j — 1} is G;-measurable for
every ¢ < m. This then suffices to show that Y is G;-measurable since each @) is a sum of such terms and the filtration G,
is non-decreasing in s.

First note that by definition of G, 7 j,, R: s, are all G;-measurable for ¢ < s. It is sufficient to show that I{rs ;. +
5§ >8,8-1; <s<8S—vi}t+lrss +s>85;58—vi1+1<s < S;; —1} is Gs-measurable since the
product of measurable functions is measurable. The first summand is G measurable since {S;_1; < s} € G, and
{Si=¢,8i—1,; <s}eGsforalls € NU{co}. So the union US,GNU{OO}{TS,JS +5>5,8.1;<s<s-—v,S; =
sy =A{1s5, +5>8;,5-1,; <s<S5; —v;_1}is an element of G,. The same argument works for the second summand
since {S;; = ', 5; —vi—1 < s} e G, forall s’ € NU {oo}

Increments: Hence, to show that {Y;}2 , is a martingale with respect to the filtration {G;}52, it just remains to show that

the increments conditional on the past are zero. For any s > 1, we have that

s—1

Ze=Y. =Y =Y (Qr—E[QiGi1]) = > _(Q — E[Q:|Gi-1]) = Qs — E[Qs|Gs1].

t=1 t=1



Bandits with Delayed, Aggregated Anonymous Feedback

Then,
E[Zs|gsfl] = ]E[Qs - E[Qs|g571]|g571] = E[Qs|gsfl} - E[Qs‘gsfl] =0
and so {Y;}22, is a martingale.
Lastly, since for any ¢ and w € €, there is only one ¢ where one of I{S;_1 ; < ¢t < S; —vy;_1}or I{S; —v;_1 +1 <

t < S;; — 1} is equal to one (they cannot both be one), and by definition of Ry j,, A, B;x < 1, it follows that
|Zs| = 1Qs — E[Qs]Gs-1]| < 1 forall s. -

Lemma 27 Foranyt > 1, let Z; = Q — E[Q¢|Gi—1], then
Sm,hj—l
> E[Z7(Gi-1] < mE[r] + mV(r).
t=1
Proof: Let us denote S” = S,,, ; — 1. Observe that
s’ s’ s
ZE[Zﬂgt_l] = V(QilGi-1) <D E[Q?|G: 1]
t=1 t=1

2
— ZE[(Z A {81 <t <Si—vio1 — 1} + B J{S; —vim1 <t <S5 — 1})) ’gt_l]_

i=1

Then all indicator terms I{S; _; ; <t < S; —v;_; — 1} and I{S; —v;—y <t < S;; — 1} foralli =1,...,mare G;_;-
measurable and only one can be non zero for any w € 2. Hence, for any w € (), their product must be 0. Furthermore, for
any 1,7’ <m, 1 # 7,
A {81 <t < Si—vi1 — 1} x Ay JJ{Sy—1; <t < Sy —vy_1 —1} =0,
B JJ{S; —vi—1 <t <S;; —1} x By JJ{Sy —vp_1 <t < Sy ; —1} =0,
A {S;i—1; <t < Sj—vim1 — 1} x By I{Sy —vy_1 <t < Sy j — 1} =0,
Ai’,tH{Si’fl,j <t< Si/ — Vi1 — 1} X Bi,t X H{Sl —v;i1 <t< Si,j — 1} =0.

Using the above we see that,

ZEZM |

m 2
<Z A {81 <t <Si—vi1 — 1} + B J{S; —vim1 <t <S5 — 1}))

i=1

gt1:|

Z AltH{Sz 1,5 <t<S —V;_ 1—1}2+B ]I{Si_yi—l StSSm—l}Q)‘gt_l]
i=1

Il
1 g nMw

S’
Z A IS <t < Si—vig —1}|Gi ]

m S
+ Z ZE[Biz,t]I{Si —v; <t <S5 — 1G]
i=1 t=1
(using that both indicators are G;_1-measurable)
Si;—1

i—vi—1—1
> E[AF|Gi +Z Y. EBGi-]
t:Si_L]‘

<

5

I|
N

[ i=1t=S;—v;_1

Then, for any i > 2,

Si—vi—1—1 Si—vi—1—1

> EAYIGal= Y. E[R?;Ires, +t > Si}Gi]

t=Si—1,; t=Si—1,;
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Si—vi—1—1

Z E[I{r,s, +t > Si}Gi—1]

t:Siflyj

IA

Slfl/,;_lfl

Z Z ]I{Si—l,j =S, Sl = S/} Z E[H{Tt”]t + t Z Si}‘gt_l]

s=0s'=s t=s

o oo 8'—vii1—1

- Z Z Z E[{Si—1; = 5,8 =&, 7., +t> Si}|Gi1]

(Since {Sl = SI, Sifl’j = S} S gtfl fort > s)

S Y ESiay =58 = s+ = 5G]

s=0s'=s t=s

0o 0o s’ —vi_1—1
S S —sSi=s) Y Bl )

s=0s'=s t=s

(Since {S; = &', 5;_1,; = s} € Gy fort > s)

gii {Si_1; =58 =5} Z P(r > 1)

s=0s'=s l=v;_1+1

by Lemma 25 since v; > |E[7]] 4 2 for all i. Likewise, for any i > 2,

Si=j71 Si=j71
> EBBRIG]l= Y E[R;Hrig, 1> Si;}G ]
t=S;i—v;_1 t=S;i—v;_1
Sj,yj—l
< Z E[l{r,5, +t > Si ;j}|Gi—1]
t=S;—v;_1
00 s'—1
= > ZH{S_SS,J_S} > E{n.g, +t> Si;}G1]
s=v;_1+1s'=s t=s—v;_1

>y i E[I{S;=s5,5; =875 +t>5}Gi1]

s=vi_1+1s'=st=s—v;_1

(Since {S, ; =¢',S;, =st e G fort >s—v;, — 1)

s'—1
= Z ZH{stsu s’} Z P(ry, +t>5")
s=v;_1+1s'=s t=s—v;_1

IN

Z ZH{S =3, S”—S}ZIPT>Z

s=v;_1+1s’'=s

< E[7]

and for 7 = 1 the derivation simplifies since we need to some over 1 to S; ; — 1 only. Combining all terms gives the result.
O

Lemma 28 For A, ;, B;; and C; ; defined as in (22), let v; = n; — n;_1 be the number of times each arm is played in
phase i and j| be the arm played directly before arm j in phase i. Then, it holds that, for any arm j and phase i > 1,

Si—vi—1—1 00

(i) Y EAiGal< Y P>

t=S;_1,; I=v;_1+1
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Si,j_l [e%e] Vi—1
(i) > EBiGal< Y. Plr=D4pyy Pr>1)
t=S;—v;_1 l=v; _1+1 =0
Ui,j vio1
(iii) Y E[Ci|Gia] = p; Y P(r > 1).
t:Si,]‘ =0

Proof: The proof is very similar to that of Lemma 27. We prove each statement individually.

Statement (i): This is similar to the proof of Lemma 27,

Si—Vifl—l Sri—Uifl—l
> B[4GS Y El{m, +t > Si}Gi]
t:Si—l,j t:Si_l,]‘

s —vi_1—1
S Sy —sSi=s) Y Ell{r, +t 2 S)0]
s=0s'=s t=s

e e] ooS—VL11

Z Z Z E[H{Si—lhj = s, S; = Sl,Tt)Jt +t> S/}|gt—1]

s=0s'=s

(Since {S;, = ¢, S;—1,; = s} € Gy_1 fort > s)
8/7117;7171

]I i—1,5 — S,Si = S/} Z P(Tt,.h +t Z S/)

Mg

s=0s'=s t=s
i i {Sifl,j = S,Si = S/} i P(T > l)
s=0s'=s l=v;_1+1
= i P(r > 1).
I=v;_1+1

Statement (ii): For statement (ii), we have that for (4, j) # (1, 1),

Si,j—1 Sij—vi-1—2 Sii—1
Z E[Bi,tlgt—l] = Z E[Bi7t|gt_1] + Z E[Bi7t|gt—1]'
t=S;—vi_1 t=5i—vi-1 t=8ij—vi-1—1

Then, since{S; ; = s'}NAS; —v;—1 <t} € Gi_1 so we can use the same technique as for statement (i) to bound the first

term. For the second term, since we will be playing only arm j; for S; ; — ;1 —1,...,5; ; — 1, so,
Si,jfl Si,jfl
> E[BilGi 1] = > ERysm, +1>Si;}G ]
t:Siyijiflfl t:Si,ijiflfl
0 s—1
=Y {Siy=s} Y. ER K +t>Si;}G ]

s=0 t=s—v;_1—1

00 s—1

= E[R: 7, I{S;; = s, 7,5, +t > S; ; }|Gi—1]

s=0t=s—v;_1—1
(Since {S; ; = ', ; —vic1 <t} €Gi1)

»
[

=> E[Ry, 1, I{S;; = 8, 7,5, +t > 5}|Gs_1]

s=0t=s—v;_1—1
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s—1

oo
=Y Sy =st >, ppP(rg +t>5s)
s=0

t:.Sfl/iflfl

(Since {S; ; = s} € Gy—1 fort > s —v;_1 — 1 and given G;_1, R, ;, and 7, j, are independent)

7211{5,75}#] 721P>7>z

Vi—1

=0

Then, for (i, j) = (1,1), the amount seeping in will be 0, so using vy = 0, ¢, = 0, the result trivially holds. Hence,

Sii—1 S vi_1
S BBl < Y Plr=0)+py > Plr>1).
t=S;—v;_1 l=v;_1+1 =0
Statement (iii): This is the same as in Lemma 16. O

We now bound each term of the decomposition in (23).

Bounding Term I For Term 1., we can again use Lemma 17 as in the proof of Lemma 1 to get that with probability
greater than 1 —

TA’?YL’
m N log(TA2))
S 5 () < | 28 TEE)
i=11t=8;

Bounding Term II.: For Term II., we will use Freedmans inequality (Theorem 10). From Lemma 26, {Y,}52, with
Y, =3 (Q:—E[Q:|G;—1]) is a martingale with respect to {G } 22, with increments { Z, }°2 satisfying E[Z4|G_1] = 0
and Z, < 1 for all s. Further, by Lemma 27, ;| E[Z2|G,_1] < mE[r] + mV(7) < 2Z"(E[7] + V(7)) < n,,/8 with

probability 1. Hence we can apply Freedman’s inequality to get that with probability greater than 1 — ﬁ,
S7n‘j oo
2 <9 1 .
> (Q—ElQulGi-1)) = Y HSmy = s} x Ya < S1og(TAZ) 4\ gnm log(TA2),
t=1 s=1

using that Freedman’s inequality applies simultaneously to all s > 1.

Bounding Term IIl.: For Term III., we again use Freedman’s inequality (Theorem 10), using Lemma 14 to show that
{Y/}2, with Y, = Zle(]E[PﬂQt,l] P,) is a martingale with respect to {G;}52 , with increments {Z.}2° , satisfying
E[Z!|Gs—1] = 0 and Z] < 1 for all s. Further by Lemma 15, >°;_, E[Z} |Qt,1] < mE[r] < n,,/8 with probablllty L.

Hence, with probability greater than 1 —

TA?TL ’
U'm,j o0 2 1
> (EP|G 1) = P) =Y WU = s} x Y] < Slog(TAL) + 1/ cnm log(TAZ).
t=1 s=1

Bounding Term IV.: To begin with, observe that,

%)

m.j Um

> E[Qi]Gi 4] EPt|gt 1]
t t=1

=1
Sm.j m

Z ]El:z it X ]I{Si—l,j S t S Sz —Vi—1 — 1} + Bi7t X ]I{SZ — Vi1 S t S SiJ — 1})
t=1 i=1

6.
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Um ,J

_ Z E|:ZCl’t X H{Si’j S t S Ui7j} gt—1:|
t=1 =1
m S'm,j
=3 ElAis x {Si_1; <t < 8 —vii1 — 1}|Gs1]
i=1 t=1

m Sm.j

+ Z Z E[Bi; x I{S; —vi—1 <t < 8;; — 1}Gi—1]

i=1 t=1

m Um s J
_Z E[Cis x I{S; ; <t < U;;}|Gi—1]
i=1 t=1
m Si—vi—1—1 Sij—1 Ui,
=X EAwG-d+ 3 EBuGl- 3 GG )
i=1 t:Si_17j t=S;—vi_1 t:SiJ'
(using that the indicators are G;_1-measurable)
m o] Vi—1 12
SNED R CEVEVS SRV R Se e
i=1 M=v;_1+1 =0 =0
“ 2V(7) -
< _ 5= s P
B (Vz 1 — E[7] g M])Z (T>l))7
i=1 =0
T (2V(r -
<3 (5 + =) P> ). @
i=1 =0

by Lemma 28 and Lemma 25 where we have used the fact that since n,, < 7', the maximal number of rounds of the

algorithm is 1 log,(7/4) and for m < 1log,(T/4), log(TA ) > 210322%’1"‘1) SO Ny > 2Nyt and vy > Ny,

Then for E[r] > 1, v;_1 — E[r] > 2/A;_1E[r] — E[7] > (2 x 2171 — E[r] > 207 'E[r] > 2~! and for E[7] < 1
vio1—E[r] > i1 —-1>2 10g(4)/Ai,1 —1>2"1soy;_1 —E[r] > 2¢~1. Then, the probability that either arm j/ or j is
active in phase ¢ when it should have been eliminated in or before phase 7 — 1 is less than 2p;_ 1, where p; is the probability
that the confidence bounds for one arm holds in phase 7 and pg = 0. If neither arm should have been eliminated by phase
1, this means that their mean rewards are within Ai_l of each other. Hence, with probability greater than 1 — 2p;_1,

pp Y P(r>1) = Y P(r>1) <A > P(r>1) < A Elr].
=0 =0

Then, summing over all phases gives that with probability greater than 1 — 2 ZL 0 pl,

Sm.j Um,

—

Ni m m m— 1
ZEQt\gt ! E[P;|Gi—1] < 2V(r )222 - Z V() +E[D) Y o
t=1 =1 =1 =0

<4V(7) + 2E[7].

Combining all terms: To get the final high probability bound, we sum the bounds for each term L-IV.. Then, with
m—1

probability greater than 1 — (% +2% " pi),either j ¢ A, or arm j is played n,,, times by the end of phase m and

1 L _4log(TA2) (2 1Y\ [log(TA2) 2E[r]+4V(r)
> (Ko py) < = +<\/§+\/§> =

41og(TAZ2)) N 2log(TA2)) N 2E[7] 4 4V(7)

3N Nyn, Nyn,

m teTj(m)

= Wy
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Using the fact that pg = 0 and substituting the other p;’s using the same recursive relationship p; = TLA? + 2 Z;;i P as
12 ;
TAZ,

in the case for bounded delays (see the proof of Lemma 5) gives, p,, =

12
TAZ,

so the above bound holds with probability

greater than 1 —

Defining n,,: Setting

Ny, = kl (\/ 2log(TA2)) + \/ 2log(TA2)) + gAm log(TA2)) + 4A,, (E[r] + 2V(T))>2—‘ . (25)

2
m

ensures that w,,, < % which concludes the proof. O

Remark: Note that if E[7] > 1, then the confidence bounds can be tightened by replacing (24) with

m

2V (1) -
> <2i_1Em + (g = 115) D P(m > w)
i=1 =0
This is obtained by noting that for E[7] > 1. v;_1 — E[r] > 2/A; 1E[r] — E[r] > (2 x 2/~ — 1)E[r] > 2~ 'E[r]. This
leads to replacing the V(7) term in the definition of n,, by V(7)/E[7].

D.2. Regret Bounds

Theorem 8 Under Assumption I and Assumption 3 of known (bound on) the expectation and variance of the delay, and
choice of n., from (7), the expected regret of Algorithm I can be upper bounded by,

K log(T A2
ERAr] < Z O<g<AJj)

+ E[r] + V(T)) .
J=LlipsFAp*

Proof: The proof is very similar to that of Theorem 2, however, for clarity, we repeat the main arguments here. For any
sub-optimal arm j, define M; to be the random variable representing the phase arm j is eliminated in and note that if M is
finite, j € Anz, but j € Apr;+1. Then let m;; be the phase arm j should be eliminated in, that is m; = min{m|A,, < %}
and note that, from the new definition of A,,, in our algorithm, we get the relations
1 P < A; A Aj
2" = ——, 20, =Ap, 12> 7] and so, <Apy, < TJ

j =
m

(26)

Define 27{5,2 ) to be the regret contribution from each arm 1 < 5 < K and let M* be the round where the optimal arm j*is
eliminated. Hence,

r K oo K
E[Rr] = E Zm&?)} = ]E[ SN M = m}]

Lj=1 m=0 j=1
=E > Y a@Pimr=mb+ Y s —m}}
-m=0j:m;<m jm;>m

:E_i 3 %g)H{M*:m}}+E[§: 3 mgi)H{M*:m}]

-m=0j:m;<m m=0 j:m;>m

L s
We will bound the regret in each of these cases in turn. First, however, we need the following results.

Lemma 29 For any suboptimal arm j, if j* € Ap,;, then the probability arm j is not eliminated by round m; is,

24
P(M; >m;and M* > m,;) < ——
(M; j z J)_TA%”
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Proof: The proof is exactly that of Lemma 18 but using Lemma 24 to bound the probability of the confidence bounds on
either arm j or j* failing. O

Define the event Fj(m) = {X,, j+ < X j — A} N {4, j* € A} to be the event that arm j* is eliminated by arm j in
phase m. The probability of this event is bounded in the following lemma.

Lemma 30 The probability that the optimal arm j* is eliminated in round m < oo by the suboptimal arm j is bounded by

24
P(Fj(m)) < TAZ

Proof: Again, the proof follows from Lemma 19 but using Lemma 24 to bound the probability of the confidence bounds
failing. U

We now return to bounding the expected regret in each of the two cases.

Bounding Term I.  As in the proof of Theorem 2, to bound the first term, we consider the cases where arm j is eliminated
in or before the correct round (M; < m;) and where arm j is eliminated late (M; > m;). Then, using Lemma 22,

[Z S wPM = m}} Z(m nmwj—&-?fj)

m=0 j:m;<m

Bounding Term II For the second term, we again use the results from Theorem 2, but using Lemma 29 to bound the
probability a suboptimal arm is eliminated in a later round and Lemma 30 to bound the probability j* is eliminated by a

suboptimal arm. Hence,
> : K 1920
B[S 5 o —m <

m=0 j:m;>m j=1

Combining the regret from terms I and II gives,

K
1920
ERr] <) ( A T 20, J>
J

Jj=1

Hence, all that remains is to bound 7, in terms of A;, 7' and E[7], V(7). Using L, 7 = log(T'A2,), we have that,

1 _ - - - - 2
Ny j = ’VAQ (\/2log(TA3n) + \/2 log(TA2)) gAm log(TA,) +4A,,(E[7] + 2V(T))> —‘

1 16 ~ ~
< ’7A2 (8Lmj,T + ?AmJ Lmj,T + SAmJE[T] + 16AmJV(T))

m

8L, v 16Lm,r | 8E[r] | 16V(7)

<14+ — ~ _ _
A%Li 3A7nj ATrL]‘ Am.j
128L, 7 32Lm, 7  32E[r] 64V(7)
<1 = = :
R e VI vt v

where we have used (a + b)? < 2(a? + b?) for a,b > 0.
Hence, the total expected regret from ODAAF with bounded delays can be bounded by,

E[R:] SZ

(256 log(T'A%) 1920

+ 64E[7] + 128V(7) + + 641og(T) + 2Aj> .

J
]

Note that again, these constants can be improved at a cost of increasing log(TA?) to log(T'A ;). We now prove the problem
independent regret bound.
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Figure 5: The relative increase in regret at horizon ' = 250000 for increasing mean delay when the delay is Ay with
variance 100.

Corollary 9 For any problem instance satisfying Assumptions [ and 3, the expected regret of Algorithm | satisfies
E[Rr] < O(v/KTlog(K) + KE[r] + KV(T)).

Proof: Let A = 4/ w and note that for A > ), log(TA%)/A is decreasing in A. Then, for constants Cy, Cy > 0

we can bound the regret in the previous theorem by

KClog(T\?
Eptr < 3 B9+ Y EmQ) < KGloallY) Of( )\ KCy(Elr] +V(r)) + TA.
FNE) FiA>A

substituting in the above value of A gives a worst case regret bound that scales with O(1/ KT log(K) + K (E[r] + V(7))).
(]

Remark: If E[r] > 1, we can replace the V(7) terms in the regret bounds with V(7)/E[r]. This follows by using the
alternative definition of n,, suggested in the remark at the end of Section D.1.

E. Additional Experimental Results
E.1. Increasing the Expected Delay

Here we investigate the effect of increasing the mean delay on both our algorithm and QPM-D (Joulani et al., 2013) and
demonstrate that the regret of both algorithms increases linearly with E[7], as indicated by our theoretical results. We use
the same experimental set up as described in Section 5. In Figure 5, we are interested in the impact of the mean delay
on the regret so we kept the delay distribution family the same, using a N, (11, 100) (Normal distribution with mean p,
variance 100, truncated at 0) as the delay distribution. We then ran the algorithms for increasing mean delays and plotted
the ratio of the regret at T to the regret of the same algorithm when the delay distribution was A (0,100). In this case,
the regret was averaged over 1000 replications for ODAAF and ODMAF-V, and 5000 for QPM-D (this was necessary since
the variance of the regret of QPM-D was significant). Here, it can be seen that increasing the mean delay causes the regret
of all three algorithms to increase linearly. This is in accordance with the regret bounds which all include a linear factor
of E[7] (since here log(T) is kept constant). It can also be seen that ODAAF-V scales better with E[7] than ODAAF (for
constant variance). Particularly, at E[7] = 100, the relative increase in ODAAF-V is only 1.2 whereas that of ODAAF is 4
(QPM-D has the best relative increase of 1.05).

E.2. Comparison with Vernade et al. (2017)

Here we compare our algorithms, ODAAF, ODAAF-B and ODAAF-V, to the (non-censored) DUCB algorithm of Vernade
et al. (2017). We use the same experimental setup as described in Section 5. As in the comparison to QPM-D, in Figure 6
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Figure 6: The ratios of regret of variants of our algorithm to that of DUCB for different delay distributions.

we plot the ratios of the cumulative regret of our algorithms to that of DUCB for different delay distributions. In Figure 6a,
we consider bounded delay distributions and in Figure 6b, we consider unbounded delay distributions. From these plots,
we observe that, as in the comparison to QPM-D in Figure 3, the regret ratios all converge to a constant. Thus we can
conclude that the order of regret of our algorithms match that of DUCB, even though the DUCB algorithm of Vernade
et al. (2017) has considerably more information about the delay distribution. In particular, along with knowledge on the
individual rewards of each play (non-anonymous observations), DUCB also uses complete knowledge of the cdf of the
delay distribution to re-weigh the average reward for each arm. Thus, our algorithms are able to match the rate of regret
of Vernade et al. (2017) and QPM-D of Joulani et al. (2013) while just receiving aggregated, anonymous observations and
using only knowledge of the expected delay rather than the entire cdf.

‘We ran the DUCB algorithm with parameter e = 0. As pointed out in Vernade et al. (2017), the computational bottleneck in
the DUCB algorithm is evaluating the cdf at all past plays of the arms in every round. For bounded delay distributions, this
can be avoided using the fact that the cdf will be 1 for plays more than d steps ago. In the case of unbounded distributions,
in order to make our experiments computationally feasible, we used the approximation P(7 < d) = 1 for d > 200. Another
nuance of the DUCB algorithm is due to the fact that in the early stages, the upper confidence bounds are dominated by
the uncertainty terms, which themselves involve dividing by the cdf of the delay distributions. The arm that is played last
in the initialization period will have the highest cdf and so it’s confidence bound will be largest and DUCB will play this
arm at time K + 1 (and possibly in subsequent rounds unless the cdf increases quickly enough). In order to overcome this,
we randomize the order that we play the arms in during the initialization period in each replication of the experiment. Note
that we did not run DUCB with half normal delays as DUCB divides by the cdf of the delay distribution and in this case
the cdf would be 0 at some points.

F. Naive Approach for Bounded Delays

In this section we describe a naive approach to defining the confidence intervals when the delay is bounded by some d > 0
and show that this leads to sub-optimal regret. Let

log(T A2
w,, = 1 108TA%) | md
277’7)’1 nm

denote the width of the confidence intervals used in phase m for any arm j. We start by showing that the confidence bounds
hold with high probability:

Lemma 31 For any phase m and arm, j,

P(| X — | > wp) < —— .
(Ko = 5l > w) < =

m
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Proof: First note that since the delay is bounded by d, at most d rewards from other arms can seep into phase ¢ of playing
arm j and at most d rewards from arm j can be lost. Defining S; ; and U; ; as the start and end points of playing arm j in
phase ¢, respectively, we have

Uiyj Ui7]‘
S Ri— Y Xy <d, 27)
t=Si,, t=Si

because we can pair up some of the missing and extra rewards, and in each pair the difference is at most one. Then, since
T;(m) = U {S;;,5,;+1,...,U;;} and using (27) we get

| X R ¥ X <Te

teT;(m) teT;(m)

Define R = pr(my Sosers (my Rt and recall that Xon j = e Sy, (my Xe- Forany a > 24,

_ - _ _ _ md
P (| Xm; — pjl > a) <P (|Xm; — Rl + [Rinj — pjl > a) <P (|Rm,j —pjl >a— n>

md\ 2
SQexp{—2nm (a—) } ,
Mm

where the first inequality is from the triangle inequality and the last from Hoeffding’s inequality since R;, € [0,1] are

independent samples from v;, the reward distribution of arm j. In particular, taking a = 4/ logéfiA) + e md - guarantees that

P(|X; — pjl >a) < finishing the proof. O

A2’

Observe that setting

1 - _ - 2
N = [25% (\/Iog(TAfn) + \/log(TAZn) + 4Ammd) —‘ . (28)

ensures that w,, < 2” Using this, we can substitute this value of n,, into Improved UCB and use the analysis from
(Auer & Ortner, 2010) to get the following bound on the regret.

Theorem 32 Assume there exists a bound d > 0 on the delay. Then for all A\ > 0, the expected regret of the Improved
UCB algorithm run with n,,, defined as in (28) can be upper bounded by

64log(TA 96 64
E Aj—i-L—i-Mlog(Q/A d + + E — + T max A
4 AJ Aj 4 A JEA
JeA jeA A<
A;>x 0<A; <A '

Proof: The result follows from the proof of Theorem 3.1 of (Auer & Ortner, 2010) using the above definition of n,,. [

In particular, optimizing with respect to A gives worst case regret of O(v/ K7 log K + KdlogT). This is a suboptimal
dependence on the delay, particularly when d >> E|[r].
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