Spurious Local Minima are Common in Two-Layer ReLLU Neural Networks

A. Additional Proofs
A.1. Lower bound on \,;,

We wish to verify that the Hessian of a point returned by the gradient descent algorithm is positive definite, as well as
provide a lower bound for its smallest eigenvalue, avoiding the possibility of errors due to floating-point computations.

Since the Hessians we encounter have relatively small entries and are well-conditioned, it turns out that computing the
spectral decomposition in floating-point arithmetic provides a very good approximation of the true spectrum of the matrix.
Therefore, instead of performing spectral decomposition symbolically from scratch, our algorithmic approach is to use the
floating-point decomposition, and merely bound its error, using simple quantities which are easy to compute symbolically.
Specifically, given the (floating-point, possibly approximate) decomposition UDU " of a matrix A, we bound the error
using the distance of UDU T from A, as well as the distance of U from its projection on the subspace of orthogonal
matrices given by U = U (UTU ) 09 Formally, we use the following algorithm (where numerical computations refer to
operations in floating-point arithmetic):

Input: Square matrix A € R4*<,

Output: A lower bound on the smallest eigenvalue of A if it is positive-definite and —1 otherwise.

- Numerically compute A’, a double precision estimate of A.

- Symbolically compute €; = ||A — A'|| .

- Numerically compute U, D € R4*4st. A’ ~ UDU ", D is diagonal.

- Symbolically compute E =1—-UTU, A" =UDU ", 3 = ||A" — A"|| .

- Symbolically compute an upper bound B = 1 + ||U — IJ|  on [|U]|,.

- Symbolically compute an upper bound C' = ||E|| on || E|[,.

- Let Amin, Amax denote the smallest and largest diagonal entries of D respectively, then symbolically compute e3 =

2
2 1 1
B <2/\max(m1)+(m1) >
- Return Ay — €1 — €5 — €3 if it is larger than 0 and —1 otherwise.

Algorithm analysis: For the purpose of analyzing the algorithm, the following two lemmas will be used. We will also
make use of the following version of Weyl’s inequality, stated below for completeness.

Theorem 2 (Weyl’s inequality). Suppose A, B, P € R¥? are real symmetric matrices such that A — B = P. Assume
that A, B have eigenvalues oy > ... > ayg, 81 > ... > B4 respectively, and that ||P||sp < €. Then

|Oéi—ﬂi|§€ VZE[CZ]
Lemma 4. For any natural n > 0 we have

4= z": (2:) <2Z : ik> .

k=0

Proof. Clearly, for any |z| < 1 we have
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Using the generalized binomial theorem, we have for any |z| < 1
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Consider the k-th coefficient in the expansion of the square of Eq. (12), which is well defined as the sum converges

absolutely for any |z| < 1. From Eq. (11), these coefficients are all 1. However, these are also given by the expansion
of the square of Eq. (12). Specifically, the k-th coefficient in the square is given as the sum of all 2* coefficients in the
expansion of the root, that is, it is a convolution of the coefficients in Eq. (12) with index < k, thus we have

Lemma 5. Let U U be a diagonally dominant matrix, let E = 1—U U satisfying ||E| lp < C <1 Then (vtu)
ST (2")47”E". Moreover, E' .= 57 (2")4’”E" satisfies || E'||,, < ( L

n=0 \n
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n=1 \n sp — \V1=-C

Proof. Consider the series given by the partial sums

and observe that
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where the second equality is due to Lemma 4, and holds for some ), € (0,1), k € {n +1,...,2n}. Now, since
n—1
lim |{(I—E)E" > Burktr B
k=0

sp

< lim ([T B||, | |5 ZMME

sp

. n+1
lim [T B]|, | B[]}, + (ZﬁMHIIEIgp)

. . n+1 k
<l [[1- 2|, |12 <Zc>

IA

A

< lim [|T- Bl || BII," (1
n—oo
=0,
we have that Eq. (13) reduces to I as n — oo, concluding the proof of the lemma. O

Turning back to the algorithm analysis, we wish to numerically compute the eigenvalues of A and bound their deviation due
to roundoff errors. Other than the inaccuracy in computing A” = A’, another obstacle is that U is not exactly orthogonal,

however it is very close to orthogonal in the sense that E = I — U'U has a small norm. Let U = U (U'U) -0

be the projection of U onto the space of orthogonal matrices in R?*9, Clearly, (UTU ) ~%% is well defined if UTU is
diagonally-dominant, hence positive-definite, which can be easily verified. Also,

0T =uUT) (vwTu)?)
—u o) ) T
—v@W'v)uT
—pUut () UT
-1

‘We now upper bound | ’A’ " — /I| |Sp, where A = UDU " and therefore its spectrum is given to us explicitly as the diagonal
entries of D, diag (D). Compute

|47 = All, =[[vpU’ - UDTT|,

= HUDUT ~U(Wu) "’ p(U (UTU)‘“)T

sp
~|jv(p- @) pUTU)"") 0T
=||[U(D-A+E)DA+E)NUT|,

= ||U(F'D+ DE' + E"?) UTHSP

< ||Vl |[E'D + DE' + E”| |

Sp

2 2
<1015, (211Dl 1Bl + 112115

(o ) )

= €3.
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Estimating the spectrum diag (D) of A using the spectrum of A yields an approximation error of

HA—AHSP = HA—A’—%—A’—A"—FA”—AHSP
< A=A+ (14 = A"l + (|47 = A
<€ + €+ €3,

where in the last inequality we used the fact that the Frobenius norm upper bounds the spectral norm, which also proves
that C' is an upper bound on || E’[| . Verifying the upper bound given by B, we compute

Whenever U is close to unity, this provides a sharper upper bound than taking C' = ||U|| .

Finally, applying Weyl’s inequality (Thm. 2) to A and A, we have that the spectra of the two cannot deviate by more than
€1 + €2 + €3, concluding the proof of the algorithm.

A.2. Upper Bound on Remainder Term Rw? u

In a nutshell, to derive an upper bound L on the third order term in Eq. (3), we show that the second order term in any
direction is L-Lipschitz. Recalling that the purpose of this upper bound is to provide the radius of the ball enclosing a
minimum in the vicinity of w7 (see Lemma 1), we observe, however, that Lemma 9 suggests L depends on the norm
each neuron attains inside the ball, and therefore also on the radius of the ball enclosing the minimum. To circumvent this
circular dependence between the radius and the third order bound, we first fixed the radius around w7 where we bound
the third order term’, and then checked whether the resulting radius enclosing the ball is smaller than the one used for the
bound, thus validating the result.

In what follows, the ball where the third order bound is derived on is referred to as some compact subset of the weight
space A C R*™, We now define some notation that will be used throughout the rest of this section. Given A, define

Wmin = vg?ienA 112[17{1] ||W1H2 ’

Wmax = VIV?LaG)i ?é%ﬁ”W’L”Q :

That is, Wi, and Wy, are the neurons with minimal and maximal norm among all possible network weights in the set
A, respectively. Similarly, defining v, to be the target parameter vector with maximal 2-norm, the necessary bound is
now given by the following theorem:

Theorem 3. Suppose V2F (-) is differentiable on A C R*™. Then

83

sup 7F(W?)u wp g, < La

wi €A i1iais awilawi2awi3 i1 Uig Uig ,
wi|ul|,=1

where
n
LA = ) (\/5(771 - 1) (meaxH + ||Wmin||) + k vaax”) '

m melnH

To prove the theorem, we will first need the following two lemmas.
Lemma 6. Suppose V2F (-) is differentiable on A C R¥". Then

[[Vmax]||

o hy(w,v)is T R—L Lipschitz in w on A.
o V2l Wanax |

Lipschitz in (w1, ws) on A.
Mwmml? ~P zin (Wi, w2)

[ ) hl (W17W2> L

Sspecifically, the radius was chosen to be a 102 fraction of maX;e[n] ||Wi||,. Testing this value, we observed that restricting the
radius further only slightly improved the bound
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V2

worT] Lipschitz in (w1, wz) on A.

o ho(Wy,ws)is

Proof. We begin with computing some useful derivatives:

T T
0 w'v v w W'V Ny w

Coow IwlllivIl DwlH vl fw]* Wl v (fwl]

—cos (fw v)

ow

T 2 w' v
asin(Gw’v):a\/l_(Wv> | Ny W
ow ow '~ W —— | Twi

1= ||wm|v||)

B cos (Ow.v) _ cos (Ow.v)
[lwllsin (0w v) ™ w7
0 P 0 w'lv 1 Ny,w Ny w
— = —— arccos = —
ow Y ow W[ [|v]]

B 17( wTy )2 Iwll — [lwl]’
TwITV]

Now, differentiating the spectral norms of h; and ho using Lemma 9 yields

9 _ 0 sin (ew,v) HVH
87w th (W7V)||sp - aiww
__cos(@wa) VIl sin(Bwo) lIVI]
— P) V,W 2
wl =
= HVH 2 (Sin (aw,v) W — cos (GW’V) ﬁV’W) ’
m[[wl]

therefore

0
g I el |

VI it (B ) 5 — 08 () )

wl 2

|[v] 5 \/(sin (Ow.v) W — cos (Ow.v) ﬁv’w)T (sin (Ow,v) W — €08 (Oy v ) Dy w)
Wl

ML 2 (B 19112+ €052 (Bur) 1w ]
Wl

™

y

Wl

Next, differentiating with respect to v gives

0 0 sin(Ow,v) ||V
By 1 (w,v)ll, = v rlwl
_cos (Ow) [|V]] sin (Ow.v) _
mliwl[[[v][ " w]
1

= sin (Ow,v) v — cos (Ow,v) Dw v)
T (60 (O ) ¥ 05 (O ) )
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SO

0
| s vl

= | (sin (Ow,v) V — oS (Ow v) Dy v ) =
2

| |w] 7 [[wl|

Concluding the derivation for the spectral norm of the gradient of h; we get

2
) 1 \? I[v|] 1 5 5
9y vl || = ( ) n . JIwIE+ VIE a4
[ all, =\ Fwll) ) = e VI
Similarly, for Ao we have
B o 1

w |72 (W7V)||sp = owon (m — Ow,v +sin (Ow,v))
1 (nw,v cos (F)w,v)ﬁ >

2 \ [[wl] [|wl]
1 —cos(fw,v) _
arflw|| T
thus
0 1—cos(fwv)_ 1—cos (Ow.v) 1
7||h2 (W7V)Hg = H : v,W = ’ S .
Hﬁw Py 2 [|wl| 2 2 [[wl| | |wl]
For the gradient with respect to v we have
0 0 1 .
v |[h2 (W, V)|, = v on (T — bw v +sin Oy v))
_ L (nvv’v cos ww’v)ﬁ )
2 \ [[v]| vl
1 —cos(Ow,v) _
am|lvll Y
which implies
0 1—cos(Owv) _ 1 —cos (Ow.v)
—||h [ | P A A - N WV/
| e (vl : [T , = 2l

Concluding the derivation for the spectral norm of the gradient of hs we get

0 B 1 —cos (fw,v) 2 1 —cos(Ow,v) 2
|y s v ‘\/< o)+ (o
1 1 1
==+ —. (15)
m\wl® (v

Finally, since a differentiable function is L-Lipschitz if and only if its gradient’s 2-norm is bounded by L, the lemma
follows from substituting Winin, Wmax, Vmax 10 Eq. (14) and Eq. (15). O

Lemma 7. Suppose V2F (-) is differentiable on A C R¥"™. Then HVQF () ’ }sp is L o-Lipschitz in w on A.

Proof. Since Lemma 6 implies the Lipschitzness of the spectral norms of Ay, hy in w} € R*™, we let wi = (w1, ..., wy,),
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wi' = (wl,...,w]) € A, then compute
|[V2F (w) = V2F (wi)]|
1 noo N noo
= 514‘ Z hy (Wuwj) Z hy (Wlavj)+ Z ha (Wzawj)

= %
1 " -

— | =1+ Z hi (W”W])f Z hi (W, v;) + Z ho (w;,w;)

Z%J;,é:jl ;zll, ..... 7]2 Z%j;é:jl ’

3,j=1 i=1,...,n
oy i=1"k
n ~
+ Z (hg (Wi, w;) — ho (WZ,WJ))
ij=1
oy ®
n ~ ~ ~
< [ wiswy) = B (whowi) ||+ DT || (v = B ()|
ij=1 L P
i J=1,k
n ~ ~
+ Z th (Wi,Wj) — h2 (W;,W;) ,
ij—1 P
i#£]
n n
V2 [[Winax|| [[Vinax| V2
<y R W =W+ Y L wl = W Y ﬁ”w?*wlmb
=1 T |[Win| i=Toen ™ [Wnin| ij=1 " |[Wmin
i =1k i
2 2
_ n(nfl) \/7||Wmax2|| +nl<: ||Vmax||2 +n(n71) f ||W§L*W/1n||2
7T‘|Wmin|| 7r||wmin” ﬂ-HWminH
n
e (VB 1) (Wl + Wil + [Vl 1) [ = w7
™ ||WminH

Proof of Thm. 3. Let w?, w" € A. For any u € R*" with ||u||, = 1 we have using Lemma 7
‘uTVQF (whu—u' V2F (w]) u|
=[u" (V°F (w}) = V°F (w]")) u]
<||V?F (w}) — VPF (WQ")HSp
<Lallwi —wi|l,,

therefore the differentiable on A, R¥® — R function ¢t + u' V2F (w} + tu)u is La-Lipschitz for any u € R*?,

[|u|| = 1, hence its derivative on A is upper bounded by L 4. Namely, we have that
PE
7F n 7] ’L ’L < L .
S, Y. Gurdwgw W) us s, < La

01,82,1:
wilull,=1 1,02,23
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A.3. Lipschitzness of F' (w7) and Proof of Lemma 2

In this subsection, we turn to proving a Lipschitz bound on the objective in Eq. (6), implying Lemma 2 and showing that
the local minimum identified in Eq. (1) is necessarily non-global. A straightforward approach would be to globally upper
bound ||VF (w7)|| (excluding the neighborhood of some singular points). However, this approach is quite loose, since
it does not take advantage of the fact that the gradients VF (w?) close to our points of interest are very small. Instead,
we first derive a Lipschitz bound on V2 F (w?), implying that VF (w?) does not vary too greatly, and therefore remains
small for any w/™ in the ball enclosing w7, providing a stronger bound than the more naive approach.

Theorem 4. Suppose I is thrice-differentiable on A C R¥™. Then for any w'" € A,
[F'(w1") = F(wi)| < [[wi" = wily (LH [[w)" = wi|l, + [[VE (wi)]]5)

where . X .
LH = 3 +n(n—1) <||Wmax|| + ) 4 D8 M Vmaxl HVmaXH.

27 | [ Wnin| 27 || Wnin |

To prove the theorem, we will need the following lemma:
Lemma 8. Suppose F is thrice-differentiable on A C R*". Then

sup HVQ Wl)H <2—|—n( 1)(”‘;‘/‘““‘”4_;)_’_7“’“1“”

w ‘€A 27T meinH 271— ||wmin||

Proof. Recall the Hessian of the objective as defined in Eq. (10). Using Lemma 9, the fact that the spectral norms of k1, ho
and hy, hs are identical, and the fact that sin (z) < x for any x > 0, we have forany W € A

HVQF(W?)HSP = fI—i— Z hy ( (Wi, w;) Z hy ( (Wi, vj) Z hsy (Wi, W)

1,0=1 1,0=1

i#£] J 1, 7k i#£] sp
1
L3 [l e 3 ] 3 ],
ij—=1 i=1,..., i,5=1
i#£] j=1,..., k i#£]
1 sin (Oww,) |[W5]] sin (O, v, ) [ V5]
<-4 Gt + AW Vs I
2 Zl 2m [[wl| ,123 2 [[wl|
sJ= ) ooy TV
i#£j j=1,....k
"1
+ Z or (W — bwi,w; +sin (gwuwg‘))
i,j=1 m
z‘;éj
1 | [ Wrax]| |[Vimax| ~ 1
S - J,» max max J,» .
2 221 2 ||Wm1n|| -712 2 HWmi“H 'Zl 2m
5] 1=1,..., n 1,)=
i#j j=1,...k i£j
||WmaX|| 1) nk vaaXH
<-—4+nn-1 —
00 (G +3) * BT

Proof of Thm. 4. For some u € R*", consider the function g, (t) = u' VF (W} +t (w]* — w?))
Since F' is thrice-differentiable, we have from the mean value theorem that there exists some ¢,, such that
1) — 0
T (F (W)~ VF (wj) = D =00
= 9:1 (tU)
=u' V2F (W] + tu (W)" — wi)) (W)" — w{)



Spurious Local Minima are Common in Two-Layer ReLLU Neural Networks

Taking u = VF (w{") + VI (w{) and recalling that from Lemma 8 we have that supy,m ¢ 4 ||V2F (w

by LH, we get

IVF (wi)][s = [IVE (WD)l

= (VF (wW{") + VF (w})) " (VF (wWf") — VF (w}))
= (VE(w{") + VF (w})) V2F (W] +tu (W} —wT)) (w)" — wT)
<[|VF (W) + VE (WD), [|[V2F (W] + ta (W] = W]))
<(IVE (W), + [IVE (wWi)lly) LH ||w — wi], .

)
)T
Hsp ||W/ — Wi ||2
Dividing by ||VF (w")||, + ||[VF (w})||, and rearranging yields
IVE (Wi)ly < LH [[w)" = wl, + [[VE (w7)]]5 -
That is, the target function F'is (LH ||w}* — w7||, + ||VF (w])||,)-Lipschitz on A, thus
[F(w1) = F (wi)| < [[wi" = willy (LH [[w)" = wi|ly + [[VE (wD)]],)

™ |Sp is bounded

O

Proof of Lemma 2. For A which is a ball of radius r centered at w} = (wy,...,w,), we have that ||wWp.x|| =

max; ||w;|| + r as well as ||Wpin|| = min; ||w;|| — r. Plugging this in Thm. 4 and substituting ||w?}*

completes the proof of the lemma.

A.4. Technical Proofs
A.4.1. DERIVATION OF V2F (w?)

Theorem 5. The Hessian of F at point W} = (wy,...,w,,) with respect to target values (v1, ...,

main diagonals
0’F
g fI—i-Zhl (Wi, w;)

j=1
J#

1(Wi, vj),

<.
I Mk‘
-

>

and on the off-diagonals by

where )
Sin (HW,V) |[v]] (I

M) = ]

W+ Byt
and 1
hy (W, V) = o (7 = bw) T+ Ry V' + 0y wW ).

Proof. By a straightforward calculation, we have

—wil,

<r

V) is given on the

wTv
82f(W,V) 1 H H 1 'LUZ2 . (0 ) w; [wl|]|v] U; Wy WTV
—_— = \% — — — | SIn —
ow? 27 Wil [jwl)? Y | R IREDR
(HWIIHVH)
+ (o (3 w; WTV
. wry \2 WL w])? (W]
N (HWIIHVII)
1 29WV 9WV 1
S LIV G gy e I8 @0s) o cos(Oua) |
W S (0w, v W s (Uw,v W,V
[wl] 1w sin (6.) [[wiPsin (y)  [IWITTVI[sin (B v)

)
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-
0°f (w,v) 1 wiw; w; TwlTIv] vj wj  w'v
T oww.  om 4l _7351n(9w,v)_ - 2
wiw; ™ |[wl| [[w] L (wy )2 Wl VI ffwl])® Wl [[v]]
MTwITvII
(7 Vj wy WTV
+ B 2
. wrv \2 WLV fw|? Wl
B (leleH)
HVHCOS 2HWAV) COS (6w v) 1
= — W — (W v, + W,v;) ——5 " + V;; -
%( Wl sin (Owy) T WP sin (Bwye) WV s (Ow,v)
Hence

||v]| cos (29w,V) T

*f(w,v) 1 (v
— = — | ——sin(Owv) I+ 16)
ow? 21 \ [|w]| (Bw.v) ||w||® sin (04 ) (
_M (wvl +vw') + L vv !
||w||? sin (B ) [[wll[[v][sin (fwv)
[|v]| . cos(20w~) _ v cos(Owy) T __T 1 T
I -~ 77 R A A P
o fw] \ S ) T = ) Y T e
vl

= 27 sin (O v ) |[W]] (Sin2 (Ow.v) (I - V_VV_VT) + (v —cos (Owv) W) (Vv — cos (Ow,v) V_V)T> . 17

Recall the definition of n in Eq. (9), we have that

Vv — cos (Ow.v) w) ' (v — cos (Owv) W)
V — 2008 (Bw.v) V' W 4 cos? (O ) W' W

=1-—cos? (fw.v)

Therefore Eq. (16) can be written as

0 f (wov) _ sin (Bu) V]
ow? 27 |

I—ww' +0ywhy ).

w|
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Differentiating with respect to different individual parameter vectors, we have

762]0(“”") = L wi Yigin (Bw) — ||V]] HV‘:IVIIH‘:'H Wy Y w'v
Ow; Ov; 2m | [[wl| | [Iv]] ’ . wrv \2 WV vl Wl vl
o HW||||V||)
+ ( 0 )+ [ w; (O WTV
T — Ow v _
’ | ( wre 2 WV vl Wl
- ||W||||V||)
1 5 €08 (Oywv) 1 cos® (Ow,v)
B4 Gt o R o LR e Rt
9WV
_”?% + (7 — Oy)
[V sin (Ow,v)
1 5 €08 (Owv) 2 5 €08 (Ow,v)
= | ~w; — + w;v; . —; : + (7T - ew,v)
2 ( |[w?[| sin (Ow,v) Wil [[v]]sin (fw,v) || V]| sin (0w )

- - sin () — ||v]

w; v, 27 | [[wl] || || . wiv \2 WLV v Wl vl
o IIWHIIVII)

+ (% w _ Uj WTV
1_( wTy )2 IwIHIVIE v W]

[wIllvIl

WTV
Pf(w,v) 1| w TwIIvI] ( w; v; WTV>

- 1 ( ww; _ S Vwyv) (Ow.v) + w;v; (sm( v) + 7@82 (HW’V))
2r \ w2 lsin (Bwy) WV |||| [ sin (6w,v)
. L, ww>>
WV sin )~ 1] sin (Gurv)

1 (ww 08 (Ow v) . 1

2 \ w2 sin (Gwe) 0 TIWIT VI sin (B v)

1 oS (Ow.,v)
T T TS Ba) 7 v sin <eW,V>> '

Hence

) 1+ m ((V’V +9) (W4 V)" = (14 cos (fwy)) (Ww ' + WT))

o W_ew,v 1 — T e = =T =T
- <27r >I+ Ssin (Bury) (Wv' +vw' —cos (bw,v) WW' — cos (Bwv) VvV ')

= <7r_2i“’"> I+ M (W — cos (bw,v) V) T+ (V — cos (Bw.y) W) WT)
1 = = — _
= 5 (7= bw ) T4 BV + iy wW ).

Recall the objective in Eq. (6), we have that its Hessian is comprised of n x n blocks of size d x d each. On the main
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diagonal we therefore have

PE_ 0 L ) + 307 (i) + 3 F ()
= 5 Wi, W; Wi, W Wi, Vj
ow?  ow? |2 = / = !
J#i
1 n k
= 51 -+ Zhl (W27WJ) - Zhl (Wi7vj) )
j=1 j=1
i
and on the off diagonal we have
O*F o ( )
— = Wi, W;).
awi(’)wj 2 J
O
A.4.2. THE SPECTRAL NORM OF h; AND ho
Lemma 9. We have that
sin(Ow.v)||v

o [[h (w, V)|, = TVl

o [|hz (W, V)|, = 57 (7 = Ow.v +sin (w.v))
Proof. To find the spectral norm, we compute the spectra of 1, ho.

e Clearly, for any u € R? orthogonal to both w, n, w we have

i 0W v — — — — i 9W v
o vyu = SO ML s IV,

2 [[wl] 2 [[wl|

Thus 20wVl

2m[[wl]
sponding eigenvalues comprise the rest of the spectrum of h;. Compute

is an eigenvalue of h; with multiplicity at least d — 2. Since w, iy v are orthogonal, their corre-

sin (ew,V) [[v]|

hy (W, V)W = o lwll I-ww' +nywny )W
<1 9
_ blné WaV) HVH (W S HW||2>
| |wl|

=0.
Hence 0 is the eigenvalue of w. Also,

sin (fw v) || V]|

hy (W, V) Dy w = ol

I—ww' + 0y why ) yw

w|

sin (Owv) || V]|

_ _ — 2
= T‘VVH (nv,w + Ny w an,wH )

_ sin (Owv) IVl

Cowwl Y

sin(Ow,v)||v]]

Therefore T ]]

is the largest eigenvalue of h;.

e Once again, for any u € R orthogonal to both ¥, w we have

1
he (W, v)u=— ((7r —Owv) I+ ﬁwyv\fl—r + ﬁv,wWT) u= - (7 — Owv)u.
T
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Thus 5= (7 — 6y.) is an eigenvalue of i, with multiplicity at least d—2. We now show the remaining two eigenvalues
2 [
correspond to the eigenvectors Ny v + Ny w and Ny y — Ny w.

va) (nwv - nv w)

ha
% (7 — Ow,v) I+ Dy, WV 41y WWT) (Mw,y — Dy w)
% ((7 = bwv) (Bw,y — Dy w) + By wW By — Dy V' Dy w)
3 (70w o =) TS T )
1 1 — cos? (Bw .+ _ 1 — cos? (Bw .+
o (0 e s ““V’W”“‘v’wsmww(,v)’) e )
=5 (7~ ) (B — D) — 510 () (B — D)
:% (m— 0wy —sin (Owv)) (Dwy — Dy w) -
Hence i (m — Ow,v — sin (A v )) is an eigenvalue of hq. Similarly, we have
he (W, V) (Dy v + Dy w)
%( ) I+ D V| + 0y wW ') (Aw,v + Dy w)
% (7 = Owv) (Awy + Ny w) + Ny wW By + By vV Dy w)
% ( (Rw,v + Ny w) + Dy wW W= cos Ww.v) ¥ _Slio(be(i"‘vl)" )v + gV V= 08 Wwiv) W _Sfr??éi‘”v;) W)
1 1—cos?(Owy) . 1—cos?(Owv)
o () ) o T T )
% (7 = Ow,v) (Mw,v + Ny ,w) +5in (Owv) (Aw v + Dy w))
:% (T — Ow,v +sin (Owv)) (Dw,v + Dy w) .

Therefore % (m — Ow v +sin (O v)) is the largest eigenvalue of hs.



