
Supplementary Material for
“ An Algorithmic Framework of Variable Metric Over-Relaxed

Hybrid Proximal Extra-Gradient Method ”

A. Proof of Theorem 1
Theorem. Let

{
(xk, yk)

}
be the sequence generated by the VMOR-HPE framework.

(i) For any given x∗ ∈ T−1(0), the following approximation contractive sequence of
∥∥xk − x∗∥∥2

Mk
holds∥∥xk+1 − x∗

∥∥2

Mk+1
≤ (1 + ξk)

∥∥xk − x∗∥∥2

Mk
− (1− σ)(1 + ξk)(1 + θk)

∥∥xk − yk∥∥2

Mk
. (31)

(ii) {xk} and {yk} both converge to a point x∞ belonging to T−1(0).

Proof. (i) Notice that vk ∈ T [εk](yk) and x∗ ∈ T−1(0). By utilizing the definition of T [εk], it holds that
〈
vk, yk − x∗

〉
≥

−εk. In combination with this inequality and xk+1 = xk − (1 + θk)ckM−1
k vk, we obtain that∥∥xk+1 − x∗

∥∥2

Mk
=
∥∥xk − x∗∥∥2

Mk
+ (1+θk)2

∥∥ckM−1
k vk

∥∥2

Mk
− 2(1+θk)

〈
ckv

k, xk − x∗
〉

(32)

=
∥∥xk− x∗∥∥2

Mk
+ (1+θk)2

∥∥ckM−1
k vk

∥∥2

Mk
− 2(1+θk)

〈
ckv

k, xk− yk+ yk− x∗
〉

=
∥∥xk− x∗∥∥2

Mk
+(1+θk)2

∥∥ckM−1
k vk

∥∥2

Mk
− 2(1+θk)

〈
ckv

k, xk− yk
〉
− 2(1+θk)ck

〈
vk, yk− x∗

〉
≤
∥∥xk − x∥∥2

Mk
+ (1+θk)2

∥∥ckM−1
k vk

∥∥2

Mk
− 2(1+θk)

〈
ckM−1

k vk,Mk(xk − yk)
〉
+ 2(1+θk)ckεk

=
∥∥xk − x∥∥2

Mk
+(1+θk)

[
θk
∥∥ckM−1

k vk
∥∥2

Mk
+
∥∥ckM−1

k vk + yk−xk
∥∥2

Mk
+2ckεk−

∥∥yk−xk∥∥2

Mk

]
≤
∥∥xk − x∥∥2

Mk
− (1− σ)(1 + θk)

∥∥yk − xk∥∥2

Mk
,

where the last inequality holds according to (7b). Moreover, according toMk+1 � (1 + ξk)Mk, we obtain 1
1+ξk

∥∥zk+1 −
z∗
∥∥2

Mk+1
≤
∥∥zk+1 − z∗

∥∥2

Mk
. Substituting this inequality into (32) yields the desired approximation contractive sequence∥∥xk+1 − x∗
∥∥2

Mk+1
≤ (1 + ξk)

∥∥xk − x∗∥∥2

Mk
− (1− σ)(1 + ξk)(1 + θk)

∥∥xk − yk∥∥2

Mk
.

(ii) By the inequality (31), θk ≥ θ ≥ −1 and σ < 1, we obtain
∥∥xk+1 − x∗

∥∥2

Mk+1
≤ (1 + ξk)

∥∥xk − x∗∥∥2

Mk
and

∥∥xk+1 − x∗
∥∥2

Mk+1
≤

k∏
i=1

(1 + ξi)
∥∥x0 − x∗

∥∥2

M0
. (33)

In addition, for any t ≥ 0, it is easy to verify that log(1 + t) ≤ t. Hence,
∑∞
i=0 ξi < +∞ implies

Ξ :=

∞∏
i=0

(1 + ξi) < exp
( ∞∑
i=0

ξi

)
< +∞.

Combing the above two inequalities implies
∥∥xk+1 − x∗

∥∥2

Mk+1
≤ Ξ

∥∥x0 − x∗
∥∥2

M0
. This inequality, in combination with

Mk � ωI, implies the boundedness of sequence {xk}. According to (31) again, we obtain

(1− σ)(1 + ξk)(1+θk)‖xk − yk‖2Mk
≤ (1+ξk)‖xk − x∗‖2Mk

− ‖xk+1 − x∗‖2Mk+1

≤ ‖xk − x∗‖2Mk
− ‖xk+1 − x∗‖2Mk+1

+ ξkΞ‖x0 − x∗‖2M0
.
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Using θk ≥ θ > −1, σ < 1 and taking a summation of both sides of the above inequality, we obtain

(1− σ)(1 + θ)

k∑
i=1

∥∥xi − yi∥∥2

Mi
≤

k∑
i=1

(1− σ)(1 + ξi)(1 + θi)
∥∥xi − yi∥∥2

Mi

≤
∥∥x1 − x∗

∥∥2

M1
−
∥∥xk+1 − x∗

∥∥2

Mk+1
+

k∑
i=1

ξiΞ
∥∥x0 − x∗

∥∥2

M0

≤
(
1 +

k∑
i=1

ξi
)
Ξ
∥∥x0 − x∗

∥∥2

M0
. (34)

Dividing the term (1− σ)(1 + θ) on both sides of the above inequality, we obtain

k∑
i=1

∥∥xi − yi∥∥2

Mi
≤
(
1 +

∑k
i=1 ξi

)
Ξ

(1− σ)(1 + θ)

∥∥x0 − x∗
∥∥2

M0
. (35)

According to
∑∞
i=1 ξi <∞,Mk � ωI , the boundedness of {xk} and inequality (35), sequence {yk} is apparently bounded

and has the same limitation points as sequence {xk}. To show the convergences of {xk} and {yk}, we further need to argue
that the accumulated residuals

∑k
i=1 ‖M

−1
i vi‖2Mi

and the accumulated error
∑k
i=1 εi are bounded. Expanding the term∥∥ckM−1

k vk+yk−xk
∥∥2

Mk
in (7b), we acquire 2〈ckvk, xk−yk〉 ≥ (1+θk)

∥∥ckM−1
k vk

∥∥2

Mk
+(1−σ)

∥∥yk−xk∥∥2

Mk
+2ckεk.

In addition, by the Cauchy-Schwartz inequality, it holds that

2〈ckvk, xk − yk〉≤ 2
∥∥ckM−1

k vk
∥∥
Mk

∥∥xk − yk∥∥Mk
≤ 1+ θk

2

∥∥ckM−1
k vk

∥∥2

Mk
+

2

1+θk

∥∥xk − yk∥∥2

Mk
.

Substituting the inequality into the above inequality, we obtain

(1 + θk)
∥∥ckM−1

k vk
∥∥2

Mk
+ 2ckεk −

1 + θk
2

∥∥ckM−1
k vk

∥∥2

Mk
− 2

1 + θk

∥∥xk−yk∥∥2

Mk
≤ 0, (36)

which further indicates 1+θk
2

∥∥ckM−1
k vk

∥∥2

Mk
+ 2ckεk ≤ 2

1+θk

∥∥xk−yk∥∥2

Mk
. Hence, we have

∥∥ckM−1
k vk

∥∥2

Mk
≤ 4

(1 + θk)2

∥∥xk − yk∥∥2

Mk
, ckεk ≤

1

1 + θk

∥∥xk−yk∥∥2

Mk
. (37)

Combining (35) and (37) yields the bounds of
∑k
i=1(1+θi)

2
∥∥ciM−1

i vi
∥∥2

Mi
and

∑k
i=1(1+θi)ciεi, which are

k∑
i=1

(1 + θi)
2
∥∥ciM−1

i vi
∥∥2

Mi
≤

4(1 +
∑k
i=1 ξi)Ξ

(1− σ)(1 + θ)

∥∥x0 − x∗
∥∥2

M0
, (38)

k∑
i=1

(1 + θi)ciεi ≤
(1 +

∑k
i=1 ξi)Ξ

(1− σ)(1 + θ)

∥∥x0 − x∗
∥∥2

M0
. (39)

By θk ≥ θ and ck ≥ c > 0, the upper estimations for
∑k
i=1

∥∥M−1
i vi

∥∥2

Mi
and

∑k
i=1 εi are given below:

k∑
i=1

∥∥M−1
i vi

∥∥2

Mi
≤

4(1+
∑k
i=1 ξi)Ξ

(1−σ)c2(1+θ)3

∥∥x0−x∗
∥∥2

M0
,

k∑
i=1

εi ≤
(1+

∑k
i=1 ξi)Ξ

c(1−σ)(1+θ)2

∥∥x0−x∗
∥∥2

M0
. (40)

By (35), (40) andMk � ωI, it holds that limk→∞ εk = limk→∞ ‖vk‖ = limk→∞ ‖xk − yk‖ = 0. In addition, due to the
boundedness of {xk} and {yk}, there exists a subsequence K ⊆ {1, 2, . . .} such that limk∈K,k→∞ xk = limk∈K,k→∞ yk =
x∞. Let k ∈ K tend to be infinity in vk ∈ T [εk](yk) in (7a), and then it holds that 0 ∈ T (x∞) by verifying the definition of
enlargement operator T [εk]. Hence, x∞ is a root of inclusion problem (1). Replacing x∗ by x∞ in inequality (31), we derive∥∥xk+1 − x∞

∥∥2

Mk+1
≤ (1 + ξk)

∥∥xk − x∞∥∥2

Mk
− (1 + ξk)(1− σ)(1 + θk)

∥∥xk − yk∥∥2

Mk
.
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Notice that limk∈K,k→∞ xk = x∞. Therefore, for any given ε > 0, there exists k ∈ K > 0 such that ‖xk − x∞‖2Mk
≤ ε

Ξ .
Then, for all k ≥ k, the above inequality indicates

‖xk+1 − x∞‖2Mk+1
≤

k∏
i=k

(1 + ξi)‖xk − x∞‖2Mk
≤

k∏
i=0

(1 + ξi)
ε

Ξ
≤ ε.

Hence, it holds that limk→∞ xk = limk→∞ yk = x∞ byMk � wI. We complete the proof.

B. Proof of Theorem 2
Theorem. Let {(xk, yk)} be the sequence generated by the VMOR-HPE framework. Assume that the metric subregularity
of T at (x∞, 0) ∈ gphT holds with κ > 0. Then, there exists k > 0 such that for all k ≥ k,

dist2
Mk+1

(
xk+1, T−1(0)

)
≤
(

1− %k
2

)
dist2

Mk

(
xk, T−1(0)

)
, (41)

where %k = [(1− σ)(1 + θk)]
/[(

1 + κ
c

√
Ξω
ω

)2(
1 +

√
σ + 4 max{−θk,0}

(1+θk)2

)2
]
∈ (0, 1).

Proof. Let x∞ be the limitation point of {xk} and zk be the point satisfying 0 ∈ ckT (zk) +Mk(zk − xk), respectively.
By the metric subregularity of T at (x∞, 0) ∈ gphT , there exists k̃ ∈ N such that for all k ≥ k̃,

distMk

(
zk, T−1(0)

)
≤
√

Ξωdist
(
zk, T−1(0)

)
≤
√

Ξωκdist
(
0, T (zk)

)
≤
√

Ξωκ

c

∥∥Mk(zk − xk)
∥∥ ≤ κ

c

√
Ξω

ω

∥∥zk − xk∥∥Mk
, (42)

where the third inequality holds due to −c−1
k Mk(zk − xk) ∈ T (zk) and ck ≥ c, and the last inequality holds due to∥∥M 1

2

k (zk−xk)
∥∥≥λmin(M

1
2

k )
∥∥zk − xk∥∥. By the triangle inequality, inequality (42) indicates

distMk

(
xk, T−1(0)

)
≤
∥∥xk − zk∥∥Mk

+ distMk

(
zk, T−1(0)

)
≤
(

1 +
κ

c

√
Ξω

ω

)∥∥zk − xk∥∥Mk
. (43)

Next, we build the connection between ‖zk − xk‖Mk
and ‖yk − xk‖Mk

, which is crucial for establishing the linear
convergence rate (41). Due to inequality (7a), 0 ∈ ckT (zk) +Mk(zk − xk) and the definition of T [εk], we obtain〈
ckv

k−Mk(xk−zk), yk−zk
〉
≥ −ckεk . Let rk := ckM−1

k vk+yk−xk, and then it holds that ckvk=Mkr
k+Mk(xk−yk).

Substituting this equality into the last inequality yields

‖zk − yk‖2Mk
− ‖rk‖Mk

‖zk − yk‖Mk
− ckεk ≤ 0.

The above quadratic inequality on the term
∥∥zk − yk∥∥Mk

directly implies the following result that

∥∥zk − yk∥∥Mk
≤ 1

2

[∥∥rk∥∥Mk
+
√∥∥rk∥∥2

Mk
+ 4ckεk

]
≤
√∥∥rk∥∥2

Mk
+ 2ckεk. (44)

Moreover, arranging the terms in (7b), and then using notations rk and inequality (37), we have∥∥rk∥∥2

Mk
+ 2ckεk ≤ σ

∥∥xk − yk∥∥2

Mk
− θk

∥∥ckM−1
k vk

∥∥2

Mk
≤
(
σ + max{−θk, 0}/(1 + θk)2

)∥∥xk − yk∥∥2

Mk
.

Substituting this inequality into (44) and using the triangle inequality, we further obtain

∥∥zk − xk∥∥Mk
≤
∥∥zk − yk∥∥Mk

+
∥∥yk − xk∥∥Mk

≤
(

1 +

√
σ +

4 max{−θk, 0}
(1 + θk)2

)∥∥xk − yk∥∥Mk
.
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Substituting this inequality into inequality (43), for all k ≥ k̃ it holds that

distMk

(
xk, T−1(0)

)
≤
(

1 +
κ

c

√
Ξω

ω

)(
1 +

√
σ +

4 max{−θk, 0}
(1 + θk)2

)
‖xk − yk‖Mk

≤
(

1 +
κ

c

√
Ξω

ω

)(
1 +

√
σ +

4 max{−θk, 0}
(1 + θk)2

)
‖xk − yk‖Mk

. (45)

According to (31) in Theorem 1, for all k ∈ N, it holds that

dist2
Mk+1

(
xk+1, T−1(0)

)
=
∥∥xk+1 −ΠT−1(0)(x

k+1)
∥∥2

Mk+1
≤
∥∥xk+1 −ΠT−1(0)(x

k)
∥∥2

Mk+1
(46)

≤ (1 + ξk)
∥∥xk −ΠT−1(0)(x

k)
∥∥2

Mk
− (1 +ξk)(1− σ)(1 +θk)

∥∥xk −yk∥∥2

Mk

= (1 + ξk)dist2
Mk

(
xk, T−1(0)

)
− (1 + ξk)(1− σ)(1 + θk)

∥∥xk − yk∥∥2

Mk
, (47)

where ΠT−1(0)(·) = arg infx∈T−1(0)

∥∥ · −x∥∥Mk+1
, and the first equality and the first inequality hold due to the definition

of disMk+1
(·, T−1(0)). Utilizing inequalities (45) and (46), we obtain

dist2
Mk+1

(
xk+1, T−1(0)

)
≤ (1 + ξk)(1− %)dist2

Mk

(
xk, T−1(0)

)
, (48)

where %k = [(1− σ)(1 + θk)]
/[(

1 + κ
c

√
Ξω
ω

)(
1 +
√
σ + 4 max{−θk,0}

(1+θk)2

)]2
∈ (0, 1). In addition, recall

∑∞
k=1 ξk <∞.

Hence, there exists k̂ ∈ N such that for all k ≥ k̂, it holds that ξk ≤ %k
2(1−%k) , which means that (1+ξk)(1−%k) ≤ 1− %k

2 < 1.

Substituting this inequality into (48) and setting k = max{k̃, k̂}, we acquire the desired result (41). The proof is finished.

C. Proof of Theorem 3
Theorem. Let {(xk, yk, vk)} and {εk} be the sequences generated by the VMOR-HPE framework.
(i) There exists an integer k0 ∈ {1, 2, . . . , k} such that vk0 ∈ T [εk0

](yk0) with vk0 and εk0 ≥ 0 respectively satisfying

‖vk0‖ ≤

√
4(1 +

∑k
i=1 ξi)Ξ

2ω

k(1− σ)(1 + θ)3c2
‖x0 − x∗‖M0

, and εk0
≤

(1 +
∑k
i=1 ξi)Ξ

k(1− σ)(1 + θ)2c
‖x0 − x∗‖2M0

. (49)

(ii) Let {αk} be the nonnegative weight sequence satisfying
∑k
i=1 αi > 0. Denote τi = (1 + θi)ci, and

yk =

∑k
i=1τiαiy

i∑k
i=1τiαi

vk =

∑k
i=1τiαiv

i∑k
i=1τiαi

, εk =

∑k
i=1τiαi

(
εi + 〈yi − yk, vi − vk〉

)∑k
i=1τiαi

. (50)

Then, it holds that vk ∈ T [εk](yk) with εk ≥ 0. Moreover, ifMk ≤ (1 + ξk)Mk+1, it holds that

‖vk‖ ≤
max

1≤i≤k
{αi+1}

k∑
i=1

ξi +
k∑
i=1

∣∣αi − αi+1

∣∣+ αk+1 + α1

c(1 + θ)
∑k
i=1 αi

M, (51)

εk =

(10 + θ) max
1≤i≤k

{αi}
(
1 +

k∑
i=1

ξi
)

+ (2 + θ)
k∑
i=1

∣∣αi+1 − αi
∣∣

c(1 + θ)2
∑k
i=1 αi

B, (52)

where M and B are two constants that are respectively defined as M = Ξω
[∥∥x∗∥∥+

√
Ξ
ω

∥∥x0 − x∗
∥∥
M0

]
and

B = max

{
M, Ξ

∥∥x∗∥∥2
+

Ξ2

ω

∥∥x0 − x∗
∥∥2

M0
,

Ξ2

(1− σ)ω

∥∥x0 − x∗
∥∥2

M0
,

Ξ

(1− σ)

∥∥x0 − x∗
∥∥2

M0

}
.
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Proof. (i) By (35), there exists an integer k0 ∈ {1, 2, . . . , k} such that the following inequality holds:∥∥xk0 − yk0
∥∥2

Mk0

≤
(1 +

∑k
i=1 ξi)Ξ

k(1− σ)(1 + θ)

∥∥x0 − x∗
∥∥2

M0
. (53)

Combining this inequality with (37) and using ωI �Mk+1 � (1 + ξk)Mk, ck ≥ c, we obtain

‖vk0‖ ≤

√
4(1 +

∑k
i=1 ξi)Ξ

2ω

k(1− σ)(1 + θ)3c2
∥∥x0 − x∗

∥∥
M0

, εk0
≤

(1 +
∑k
i=1 ξi)Ξ

k(1− σ)(1 + θ)2c

∥∥x0 − x∗
∥∥2

M0
.

In addition, vk0 ∈ T [εk0
](yk0) holds directly due to (7a). Hence, result (i) has been established.

(ii) By (Monteiro & Svaiter, 2010), it holds that vk∈ T [εk](yk) and εk≥ 0. By (50), it holds that

‖vk‖ =
1∑k

i=1 ciαi(1 + θi)

∥∥ k∑
i=1

ciαi(1 + θi)v
i
∥∥ =

1∑k
i=1 ciαi(1 + θi)

∥∥ k∑
i=1

αiMi(x
i+1 − xi)

∥∥
=

1∑k
i=1 ciαi(1 + θi)

∥∥ k∑
i=1

(
αi+1Mi+1x

i+1 − αiMix
i
)

+

k∑
i=1

(
αiMi − αi+1Mi+1

)
xi+1

∥∥
≤
∥∥∑k

i=1

(
αi+1Mi+1x

i+1 − αiMix
i
)∥∥∑k

i=1 ciαi(1 + θi)
+

∥∥∑k
i=1

(
αiMi − αi+1Mi+1

)
xi+1

∥∥∑k
i=1 ciαi(1 + θi)

≤
∥∥αk+1Mk+1x

k+1 − α1M1x
1
∥∥∑k

i=1 ciαi(1 + θi)
+

∑k
i=1

∥∥αiMi − αi+1Mi+1

∥∥ max
1≤i≤k

{‖xi+1‖}∑k
i=1 ciαi(1 + θi)

≤
αk+1

∥∥Mk+1x
k+1‖+ α1

∥∥M1x
1
∥∥∑k

i=1 ciαi(1 + θi)
+

∑k
i=1

∥∥αiMi − αi+1Mi+1

∥∥ max
1≤i≤k

{‖xi+1‖}∑k
i=1 ciαi(1 + θi)

≤
αk+1

∥∥Mk+1

∥∥+ α1

∥∥M1

∥∥+
∑k
i=1

∥∥αiMi − αi+1Mi+1

∥∥∑k
i=1 ciαi(1 + θi)

max
1≤i≤k

{‖xi+1‖}, (54)

where the first and the third inequalities hold by the Cauchy-Schwartz inequality. By usingMk ≤ (1 + ξk)Mk+1 and
Mk+1 ≤ (1 + ξk)Mk, the following inequality holds that

k∑
i=1

‖αiMi − αi+1Mi+1‖

≤
k∑
i=1

|αi − αi+1|max{‖Mi+1‖, ‖Mi‖}+

k∑
i=1

ξi max{αi+1‖Mi+1‖, αi‖Mi‖}

≤ max
1≤i≤k

{‖Mi+1‖}
k∑
i=1

|αi − αi+1|+ max
1≤i≤k

{αi+1‖Mi+1‖}
k∑
i=1

ξi

≤ max
1≤i≤k

{‖Mi+1‖}
[ k∑
i=1

|αi − αi+1|+ max
1≤i≤k

{αi+1}
k∑
i=1

ξi

]
.

Substituting this inequality into (54) and using ‖Mk+1‖ ≤ Ξω and ck ≥ c > 0, we obtain

‖vk‖ ≤
max

1≤i≤k
{αi+1}

∑k
i=1 ξi +

∑k
i=1 |αi − αi+1|+ αk+1 + α1

c
∑k
i=1 αi(1 + θi)

max
1≤i≤k

{‖xi+1‖}Ξω.

By inequality (33), we have
∥∥xk‖ ≤ ∥∥x∗∥∥+

√
Ξ
ω

∥∥x0 − x∗
∥∥
M0

. By using the notation M and θk ≥ θ, it holds that

‖vk‖ ≤
max

1≤i≤k
{αi+1}

∑k
i=1 ξi +

∑k
i=1 |αi − αi+1|+ αk+1 + α1

c(1 + θ)
∑k
i=1 αi

M.
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In the following, we estimate the upper bound for εk. By the definition of εk, we obtain

εk =

∑k
i=1αici(1+θi)

(
εi+〈yi−yk, vi〉

)∑k
i=1 ciαi(1 + θi)

=

∑k
i=1αici(1+θi)ε

i∑k
i=1ciαi(1 + θi)

+

∑k
i=1αici(1+θi)〈yi−yk, vi〉∑k

i=1 ciαi(1 + θi)

=

∑k
i=1αi(1 + θi)ciε

i∑k
i=1 ciαi(1 + θi)

+

∑k
i=1αici(1 + θi)〈xi − yk, vi〉∑k

i=1 ciαi(1 + θi)
+

∑k
i=1αici(1 + θi)〈yi − xi, vi〉∑k

i=1 ciαi(1 + θi)

≤
max

1≤i≤k
{αi}

∑k
i=1(1 + θi)ciε

i∑k
i=1 ciαi(1 + θi)

+

∑k
i=1αici(1 + θi)〈xi − yk, vi〉∑k

i=1 ciαi(1 + θi)

+

max
1≤i≤k

{αi}
∑k
i=1

(
(1 + θi)

2‖ciM−1
i vi‖2Mi

+ ‖yi − xi‖2Mi

)
∑k
i=1 ciαi(1 + θi)

≤
6 max

1≤i≤k
{αi}

∑k
i=1

∥∥yi − xi∥∥2

Mi∑k
i=1 ciαi(1 + θi)

+

∑k
i=1αiτi〈xi − y

k, vi〉∑k
i=1ciαi(1 + θi)

, (55)

where the first inequality holds according to the Cauchy-Schwartz inequality and the last inequality holds according
to (37). In addition, ‖xi+1 − yk‖2Mi

= ‖xi − yk‖2Mi
+ ‖τiM−1

i vi‖2Mi
− 2〈τivi, xi − yk〉 holds by using xk+1 =

xk − (1 + θk)ckM−1
k vk = xk − τkM−1

k vk. Hence, we obtain

2αi〈τivi, xi − yk〉 = αi‖τiM−1
i vi‖2Mi

+αi‖xi − yk‖2Mi
− αi‖xi+1 − yk‖2Mi

≤ αi‖τiM−1
i vi‖2Mi

+αi‖xi − yk‖2Mi
− αi

1 + ξi
‖xi+1 − yk‖2Mi+1

≤ αi‖τiM−1
i vi‖2Mi

+αi‖xi − yk‖2Mi
− αi‖xi+1 − yk‖2Mi+1

+ αiξi‖xi+1 − yk‖2Mi+1

= αi‖τiM−1
i vi‖2Mi

+αi‖xi − yk‖2Mi
− αi‖xi+1 − yk‖2Mi+1

+ αiξi‖xi+1 − yk‖2Mi+1
,

where the first and the second inequalities hold due toMi+1 � (1 + ξi)Mi and 1
1+ξi

≥ 1 − ξi, respectively. Taking a
summation on both sides of the above inequality, it holds that

2

k∑
i=1

αi〈τivi, xi − yk〉 (56)

≤
k∑
i=1

αi‖τiM−1
i vi‖2Mi

+

k∑
i=1

(αi+1−αi)‖xi+1−yk‖2Mi+1
+α1‖x1−yk‖2M1

+

k∑
i=1

αiξi‖xi+1−yk‖2Mi+1

≤ 4 max
1≤i≤k

{αi}
k∑
i=1

∥∥yi−xi∥∥2

Mi
+ max

0≤i≤k
{‖xi+1−yk‖2Mi+1

}
[ k∑
i=1

|αi+1−αi|+
k∑
i=1

αiξi + α1

]
≤ 4 max

1≤i≤k
{αi}

k∑
i=1

∥∥yi−xi∥∥2

Mi
+ max

0≤i≤k
{‖xi+1−yk‖2Mi+1

}
[ k∑
i=1

|αi+1−αi|+ max
1≤i≤k

{αi}(
k∑
i=1

ξi + 1)
]
,

where the last inequality holds according to (37). This inequality combined with (55) yields

εk ≤
8 max

1≤i≤k
{αi}

∑k
i=1

∥∥yi − xi∥∥2

Mi∑k
i=1 ciαi(1 + θi)

+

[∑k
i=1|αi+1−αi|+ max

1≤i≤k
{αi}(

∑k
i=1ξi + 1)

]
2
∑k
i=1ciαi(1 + θi)

Bk, (57)

where Bk = max
0≤i≤k

{‖xi+1 − yk‖2Mi+1
}. Moreover, by the definition of yk, it holds that∥∥xi+1 − yk

∥∥2

Mi+1
≤ 2
∥∥xi+1

∥∥2

Mi+1
+ 2
∥∥yk∥∥2

Mi+1
≤ 2
∥∥xi+1

∥∥2

Mi+1
+ 2 max

0≤j≤k
{
∥∥yj∥∥2

Mi+1
},

where the second inequality holds according to the convexity of ‖ · ‖2Mi+1
. Hence, we obtain

Bk ≤ 2Ξω max
0≤i≤k

[∥∥xi+1
∥∥2

+
∥∥yi+1

∥∥2] ≤ 2Ξω max
0≤i≤k

[
2
∥∥xi+1

∥∥2
+
∥∥xi+1 − yi+1

∥∥2]
. (58)
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By (31) and (33), it holds that
∥∥xi − yi∥∥2

Mi
≤ Ξ

(1−σ)(1+θ)

∥∥x0 − x∗
∥∥2

M0
. Moreover, by (33), it holds that 1

2

∥∥xk∥∥2 ≤∥∥x∗∥∥2
+ Ξ

ω

∥∥x0 − x∗
∥∥2

M0
. Substituting the two inequalities into (58) yields

Bk ≤ 2Ξ
[∥∥x∗∥∥2

+
Ξ

ω

∥∥x0 − x∗
∥∥2

M0
+

Ξ

(1− σ)ω(1 + θ)

∥∥x0 − x∗
∥∥2

M0

]
. (59)

Combining (35),(59) with (57) and using the fact that ck ≥ c and θk ≥ θ > −1, we further obtain

εk ≤
8 max

0≤i≤k
{αi}∑k

i=1 ciαi(1 + θi)

(
1 +

∑k
i=1 ξi

)
Ξ

(1− σ)(1 + θ)

∥∥x0 − x∗
∥∥2

M0

+

∑k
i=1|αi+1−αi|+ max

1≤i≤k
{αi}(

∑k
i=1ξi+1)∑k

i=1ciαi(1+θi)
Ξ
[∥∥x∗∥∥2

+
Ξ

ω

(
1+

1

(1−σ)(1+θ)

)∥∥x0−x∗
∥∥2

M0

]

≤
8 max

0≤i≤k
{αi}

(
1 +

∑k
i=1 ξi

)
c(1 + θ)2

∑k
i=1 αi

Ξ
∥∥x0 − x∗

∥∥2

M0

(1− σ)

+

∑k
i=1|αi+1−αi|+ max

1≤i≤k
{αi}(

∑k
i=1ξi + 1)

c(1 + θ)
∑k
i=1αi

[
Ξ
∥∥x∗∥∥2

+
Ξ2

ω

∥∥x0 − x∗
∥∥2

M0

]

+

∑k
i=1|αi+1−αi|+ max

1≤i≤k
{αi}(

∑k
i=1ξi + 1)

c(1 + θ)2
∑k
i=1αi

[Ξ2

ω

∥∥x0 − x∗
∥∥2

M0

(1− σ)

]

≤
(10 + θ) max

1≤i≤k
{αi}

(
1 +

∑k
i=1 ξi

)
+ (2 + θ)

∑k
i=1|αi+1−αi|

c(1 + θ)2
∑k
i=1 αi

B,

where B = max
{

Ξ
(1−σ)

∥∥x0−x∗
∥∥2

M0
,Ξ
∥∥x∗∥∥2

+ Ξ2

ω

∥∥x0−x∗
∥∥2

M0
, Ξ2

(1−σ)ω

∥∥x0−x∗
∥∥2

M0
,M
}

. The proof is finished.

D. Proof of Proposition 1
Recall that the over-relaxed Forward-Backward-Half Forward (FBHF) algorithm (Briceño-Arias & Davis, 2018) is defined
as {

yk := JγkA
(
xk − γk(B1 +B2)xk

)
, (60a)

xk+1 := xk + (1 + θk)
(
yk − xk + γkB2(xk)− γkB2(yk)

)
. (60b)

Proposition. Let {(xk, yk)} be the sequence generated by the over-relaxed FBHF algorithm. Denote εk = ‖xk−yk‖2/(4β)
and vk = γ−1

k (xk − yk)−B2(xk) +B2(yk). Then,
(yk, vk) ∈ gphT [εk] = gph (A+B1 +B2)[εk], (61a)

θk
∥∥γkvk∥∥2

+
∥∥γkvk + (yk − xk)

∥∥2
+ 2γkε ≤ σ

∥∥yk − xk∥∥2
, (61b)

xk+1 = xk − (1 + θk)γkv
k, (61c)

where (γk, θk) satisfies θk≤[σ−(γkL)2+γk/(2β))]/[1+(γkL)2].

Proof. By the definition of resolvent JγkA, the updating step (60a) of yk is formulated as follows

xk − γk(B1 +B2)(xk) ∈ yk + γkA(yk). (62)

By (Svaiter, 2014, Lemma 2.2), it holds that B1(xk) ∈ B[εk]
1 (yk) with εk=‖xk − yk‖2/(4β). Then,

γ−1
k (xk − yk)−B2(xk) +B2(yk) ∈ A(yk) +B2(yk) +B1(xk)

⊆ A(yk) +B2(yk) +B
[εk]
1 yk

⊆ (A+B1 +B2)[εk](yk),
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where the first inclusion holds by (62), and the last inclusion holds by using the additivity property of enlargement operator
(Burachik et al., 1998). Hence, utilizing vk = γ−1

k (xk − yk)−B2(xk) +B2(yk), we directly obtain (61a) and (61c) that
(yk, vk) ∈ gphT [εk] and xk+1 = xk − (1 + θk)γkv

k, respectively. Next, we argue that (61b) holds. By the monotonicity of
B2, it holds that

θk‖γkvk‖2 + ‖γkvk + yk − xk‖2 + 2γkεk

= θk
∥∥yk − xk + γkB2(xk)− γkB2(yk)

∥∥2
+
∥∥γk(B2x

k −B2y
k)
∥∥2

+ 2γkεk

≤ θk
[
‖yk − xk‖2 + ‖γkB2(xk)− γkB2(yk)

∥∥2]
+
∥∥γk(B2x

k −B2y
k)
∥∥2

+ 2γkεk

≤
[
θk(1 + γ2

kL
2) + γ2

kL
2 + γk/(2β)

]
‖xk − yk‖2 ≤ σ‖xk − yk‖2,

where the last inequality holds according to the definition of θk. As a consequence, the FBHF algorithm with the iterations
(60a) and (60b) is a special case of the VMOR-HPE algorithm.

E. Proof of Proposition 2
Let P be a bounded linear operator and U = (P+P ∗)/2, S = (P−P ∗)/2. The over-relaxed non self-adjoint Metric
Forward-Backward-Half Forward (nMFBHF) algorithm (Briceño-Arias & Davis, 2018) is defined as{

yk := JP−1A

(
xk − P−1(B1 +B2)(xk)

)
, (63a)

xk+1 := xk + (1 + θk)
(
yk − xk + U−1[B2(xk)−B2(yk)− S(xk − yk)]

)
. (63b)

Proposition. Let {(xk, yk)} be the sequence generated by the over-relaxed nMFBHF algorithm. Denote εk = ‖xk −
yk‖2/(4β) and vk = P (xk − yk) +B2(yk)−B2(xk). The step-size θk satisfies θk + K2(1+θk)

λ2
min(U)

+ 1
2βλmin(U) ≤ σ. Then,


(yk, vk) ∈ gphT [εk] = gph (A+B1 +B2)[εk], (64a)

θk
∥∥U−1vk

∥∥2

U
+
∥∥U−1vk + (yk − xk)

∥∥2

U
+ 2ε ≤ σ

∥∥yk − xk∥∥2

U
, (64b)

xk+1 = xk − (1 + θk)U−1vk. (64c)

Proof. By the definition of (63a), it holds that P (xk − yk)− (B1 +B2)(xk) ∈ A(yk), which indicates

P (xk − yk) +B2(yk)−B2(xk) ∈ A(yk) +B1(xk) +B2(yk)

⊆ A(yk) +B
[εk]
1 (yk) +B2(yk)

⊆ (A+B1 +B2)[εk](yk). (65)

By the definition of vk, we derive (64a) that (yk, vk) ∈ gphT [εk]. In addition, recall U=(P+P ∗)/2 and S=(P−P ∗)/2.
It is easy to check U−1P − I = U−1S. Hence, we obtain

xk+1 = xk + (1 + θk)
(
yk − xk + U−1[B2(xk)−B2(yk)− S(xk − yk)]

)
= xk + (1 + θk)

(
yk − xk − U−1

(
S(xk − yk) +B2(yk)−B2(xk)

))
= xk + (1 + θk)

(
yk − xk − U−1

(
S(xk − yk)

)
− U−1

(
B2(yk)−B2(xk)

))
= xk + (1 + θk)

(
yk − xk + (I − U−1P )(xk − yk)− U−1

(
B2(yk)−B2(xk)

))
= xk + (1 + θk)

(
U−1

(
P (yk − xk)

)
− U−1

(
B2(yk)−B2(xk)

))
= xk − (1 + θk)U−1vk,

which indicates that (64c) holds. In what follows, we argue that (64b) holds. According to the above equality, it clearly
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holds that U−1vk = xk − yk − U−1[B2(xk)−B2(yk)− S(xk − yk)]. Hence

θk
∥∥U−1vk

∥∥2

U
+
∥∥U−1vk + yk − xk

∥∥2

U
+ 2εk

= θk
∥∥xk−yk−U−1[(B2−S)(xk)−(B2−S)(yk)]

∥∥2

U
+
∥∥U−1

[
(B2−S)(xk)−(B2−S)(yk)]

∥∥2

U
+2εk

≤ θk
∥∥xk−yk∥∥2

U
+ (1 + θk)

∥∥U−1
[
(B2−S)(xk)−(B2−S)(yk)]

∥∥2

U
+ 2εk

≤ θk
∥∥xk−yk∥∥2

U
+ (1 + θk)λ−1

min(U)‖(B2 − S)xk − (B2 − S)yk‖2 + 2εk

≤ θk
∥∥xk−yk∥∥2

U
+
[
(1 + θk)λ−1

min(U)K2 + 1/(2β)
]
‖xk − yk‖2

≤
[
θk + [(1 + θk)λ−1

min(U)K2 + 1/(2β)]λ−1
min(U)

]∥∥xk−yk∥∥2

U

≤ σ‖xk − yk‖2U ,

where the first inequality holds by the monotonicity of B2 − S, the second inequality holds by ‖U−1 · ‖2U ≤ λmax(U−1)‖ ·
‖2 = λ−1

min(U)‖ · ‖2, the third inequality holds by the Lipschitz continuity of B2 − S, the fourth inequality holds by
‖ · ‖2 ≤ λ−1

min(U)‖ · ‖2U , and the last inequality holds by θk + [K2(1 + θk)]/[λ2
min(U)] + 1/[2βλmin(U)] ≤ σ. Hence,

(64b) holds. In conclusion, the over-relaxed non self-adjoint metric FBHF algorithm with the iterations (63a) and (63b) falls
into the framework of VMOR-HPE. The proof is finished.

F. Proof of Proposition 3
The over-relaxed Proximal-Proximal-Gradient (PPG) algorithm (Ryu & Yin, 2017) takes the following iterations:

xk+ 1
2 := Proxαr

( 1

n

n∑
i=1

zki
)
, (66a)

xk+1
i := Proxαgi

(
2xk+ 1

2 − zki − α∇fi(xk+ 1
2 )
)
, i = 1, . . . , n, (66b)

zk+1
i := zki + (1 + θk)(xk+1

i − xk+ 1
2 ), i = 1, . . . , n. (66c)

To establish Proposition 3, we need the following lemma which characterizes how to calculate the proximal mapping
Proxαr(·).

Lemma 1. Given z ∈ Xn, Proxαr(z) = arg minx∈Xn r(x) + 1
2α‖x− z‖2 can be calculated in parallel with Proxαr(z) =(

Proxαr(
1
n

∑n
i=1 zi),Proxαr(

1
n

∑n
i=1 zi), · · · ,Proxαr(

1
n

∑n
i=1 zi)

)
∈ V .

Proof. By the definition of r(x), it holds that the components of Proxαr(z) are equal to each other. Let 1 = (1, 1, · · · , 1) ∈
Xn. By definitions of V and r(x), the following equalities hold

arg min
x∈Xn

r(x) +
1

2α
‖x− z‖2 = arg min

x∈Xn
1V (x) +

1

n

n∑
i=1

r(xi) +
1

2α
‖x− z‖2

= arg min
x∈V

1

n

n∑
i=1

r(xi) +
1

2α
‖x− z‖2. (67)

Let Proxαr(
1
n

∑n
i=1 zi) = arg minx∈X r(x) + 1

2α‖x1− z‖2. By the definition of V , we obtain

min
x∈V

1

n

n∑
i=1

r(xi) +
1

2α
‖x− z‖2 = min

x∈X
r(x) +

1

2α
‖x1− z‖2,

and that Proxαr(
1
nz1

T ) solves (67). Hence, Proxαr(
1
nz1

T )1 = Proxαr(z). The proof is completed.

Proposition. Let (xk+ 1
2 , xki , z

k
i ) be the sequence generated by the over-relaxed PPG algorithm. Denote xk = (xk1 , · · · , xkn),

zk = (zk1 , · · · , zkn), 1 = (1, · · · , 1)∈Xn, yk = zk + xk+1 − xk+ 1
21, vk = xk+ 1

21− xk+1, and εk = L
∑n
i=1 ‖x

k+1
i −
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xk+ 1
2 ‖/4. Parameters (θk, α) are constrained by θk + Lα/2 ≤ σ. Then, it holds that

(yk,vk) ∈ gphS [αεk]

α,∇f+∂g,∂r
= gphT [αεk], (68a)

θk
∥∥vk∥∥2

+
∥∥vk + (yk − zk)

∥∥2
+ 2αεk ≤ σ

∥∥yk−zk∥∥2
, (68b)

zk+1 = zk − (1 + θk)vk. (68c)

Proof. By Lemma 1 and equation (66a), we derive xk+ 1
21 = Proxαr(z

k). Hence,

α−1
(
zk − xk+ 1

21
)
∈ ∂r(xk+ 1

21) (69)

Unitizing g and f , (66b) is reformulated as xk+1 = Proxαg
(
2xk+ 1

21− zk − α∇f(xk+ 1
21)
)
. Then,

α−1
(
2xk+ 1

21− xk+1 − zk
)
∈ ∂g(xk+1) +∇f(xk+ 1

21) (70)

⊆ ∂g(xk+1) +
[
∇f
][εk]

(xk+1)

⊆
[
∂g +∇f

][εk]
(xk+1),

where εk = L‖xk+1 − xk+ 1
21‖/4 = L

∑n
i=1 ‖x

k+1
i − xk+ 1

2 ‖/4 and the second inclusion holds by (Svaiter, 2014, Lemma
2.2). Combining (69), (70) and using simple calculations, we obtain

xk+ 1
21− xk+1 ∈ Sα,[∇f+∂g][εk],∂r

(
xk+1 + α[α−1

(
zk − xk+ 1

21
)
]
)

= Sα,[∇f+∂g][εk],∂r

(
zk + xk+1 − xk+ 1

21
)

⊆ S [αεk]

α,[∇f+∂g],∂r

(
zk + xk+1 − xk+ 1

21
)

= S [αεk]

α,[∇f+∂g],∂r

(
yk
)
,

where the first inclusion holds by xk+1 + α[α−1
(
2xk+ 1

21 − xk+1 − zk
)
] = xk+ 1

21 − α[α−1
(
zk − xk+ 1

21
)
] and using

the definition of Sα,∇f+∂g,∂r, and the last inclusion holds by (Shen, 2017). By using the notation vk, (68a) directly holds.
In addition, (66c) can also be equivalently reformulated as zk+1 = zk + (1 + θk)(xk+1 − xk+ 1

21), which is equivalent to
zk+1 = zk − (1 + θk)vk by utilizing the definition of vk. Hence, (68c) holds. Next, using the definition of vk, it holds that

θk
∥∥vk∥∥2

+
∥∥vk + (yk − zk)

∥∥2
+ 2αεk

= θk
∥∥xk+ 1

21− xk+1
∥∥2

+
∥∥xk+ 1

21− xk+1 + (zk + xk+1 − xk+ 1
21− zk)

∥∥2
+ 2αεk

=
(
θk + Lα/2

)∥∥xk+ 1
21− xk+1

∥∥2

≤ σ
∥∥yk − zk

∥∥2
,

where the first equality holds due to the definitions of vk and yk, the second equality holds due to the definition of εk, and
the last inequality holds due to θk + Lα/2 ≤ σ, which indicates that (68b) holds. In conclusion, the over-relaxed PPG
algorithm with the iterations (66a),(66b),(66c) falls into the framework of VMOR-HPE. The proof is finished.

G. Proof of Proposition 4
The Asymmetric Forward Backward Adjoint Splitting (AFBAS) algorithm (Latafat & Patrinos, 2017) is defined as:{

xk := (H +A)−1
(
H −M − C

)
xk (71a)

xk+1 := xk + αkS
−1(H +M∗)(xk − xk), (71b)

where αk =
[
λk‖zk − zk‖2P ‖

] / [
‖(H +M∗)(zk − zk)‖2S−1

]
and λk ∈ [λ, λ] ≤ [0, (2− 1/(2β)].

Proposition. Let (xk, xk) be the sequence generated by the AFBAS algorithm. Denote θk = αk−1, vk = (H+M∗)(xk)−
(H +M∗)(xk), and εk =

‖zk−zk‖2P
4β . Then,

(xk, vk) ∈ gph (A+M + C)[εk], (72a)

θk
∥∥S−1vk

∥∥2

S
+
∥∥S−1v+(xk−xk)

∥∥2

S
+2ε≤σ

∥∥xk−xk∥∥2

S
, (72b)

xk+1 = xk − (1 + θk)S−1vk. (72c)
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Proof. We first argue that C(z) ∈ C [ε](x) with ε = ‖x− z‖2P /(4β) for any x, z ∈ X. Notice that for any y ∈ X,

〈x− y, C(z)− C(y)〉 = 〈x− z, C(z)− C(y)〉+ 〈z − y, C(z)− C(y)〉
≥ 〈x− z, C(z)− C(y)〉+ β‖C(z)− C(y)‖2P−1

≥ −‖x− z‖P ‖C(z)− C(y)‖P−1 + β‖C(z)− C(y)‖2P−1

≥ inf
t≥0

βt2 − ‖x− z‖P t = −‖x− z‖2P /(4β),

where the first inequality holds by
〈
x− x′, C(x)− C(x′)

〉
≥ β

∥∥C(x)− C(x′)
∥∥2

P−1 , which implies C(z) ∈ C [ε](x) with
ε = ‖x − z‖2P /(4β) by the definition of C [ε](x). Specifying (x, z) as (xk, xk), it holds that C(xk) ∈ C [εk](xk) with
εk = ‖xk − xk‖2P /(4β). This inclusion equation, in combination with (71a), yields

(H −M)(xk)− (H −M)(xk) ∈ A(xk) +M(xk) + C(xk)

⊆ A(xk) +M(xk) + C [εk](xk)

⊆ (A+M + C)[εk](xk).

Due to the definition of vk and the operatorM being skew-adjoint, the above inequality indicates vk ∈ (A+M+C)[εk](xk),
i.e., (72a) holds. Next, we argue that (72b) holds. Utilizing the formula of vk, we obtain

θ‖S−1vk‖2S + ‖S−1vk + zk − zk‖2S + 2εk

= θ‖(H +M∗)(xk − xk)‖2S−1 + ‖(H +M∗ − S)(xk − zk)‖2S−1 + ‖xk − xk‖2P /(2β)

= ‖xk − xk‖2θk(H−M)S−1(H+M∗)+(H−M−S)S−1(H+M∗−S)+P/(2β)

= ‖xk − xk‖2(θk+1)(H−M)S−1(H+M∗)−2H+S+P/(2β)

= ‖xk − xk‖2(θk+1)(H−M)S−1(H+M∗)−(2−1/(2β)P+S

≤ σ‖xk − xk‖2S ,

where the first equality holds by using the definition of εk, the second and the third equalities hold according toM being skew-
adjoint, the fourth equality holds by H = P +K and K being skew-adjoint, and the last inequality holds by the condition
on θk = αk − 1, which implies that (72b) holds. At last, xk+1 = xk +αkS

−1(H +M∗)(xk −xk) = xk − (1 + θk)S−1vk

holds by utilizing the definitions of vk and θk. Hence, (72c) holds. By now, we have shown that the AFBAS algorithm with
the iterations (71a)-(71b) falls into the framework of VMOR-HPE. The proof is finished.

H. Proof of Proposition 5
The Condat-Vu Primal-Dual Splitting (Condat-Vu PDS) algorithm (Vũ, 2013; Condat, 2013) takes the following iterations:

x̃k+1 := Proxr−1g

(
xk − r−1∇f(xk)− r−1B∗yk

)
, (73a)

ỹk+1 := Proxs−1h∗
(
yk + s−1B(2x̃k+1 − xk)

)
, (73b)

(xk+1, yk+1) := (xk, yk) + (1 + θk)
(
(x̃k+1, ỹk+1)− (xk, yk)

)
. (73c)

Proposition. Let (xk, yk, x̃k, ỹk) be the sequence generated by the Condat-Vu PDS algorithm. Let zk = (xk, yk), and
wk = (x̃k+1, ỹk+1). Parameters (r, s, θk) satisfy s − r−1‖B‖2 > 0, and θk + L/[2(s − r−1‖B‖2)] ≤ σ. Denote
vk =M(zk − wk) and εk = L‖xk − x̃k+1‖2/4. Then,

vk ∈ T [εk](wk), (74a)

θk
∥∥M−1vk

∥∥2

M +
∥∥M−1vk + wk − zk

∥∥2

M + 2εk ≤ σ
∥∥wk − zk∥∥2

M, (74b)

zk+1 = zk − (1 + θk)M−1vk. (74c)

Proof. By the definition of Proxr−1g, (73a) yields r(xk − x̃k+1)− B∗yk ∈ ∂g(x̃k+1) +∇f(xk). Using (Svaiter, 2014,
Lemma 2.2), we obtain ∇f(xk) ∈ (∇f)[εk](x̃k+1) with εk=L‖xk − x̃k+1‖2/4. Combining the above two inclusions and
performing simple calculations yield

r(xk − x̃k+1)−B∗(yk − ỹk+1) ∈ ∂g(x̃k+1) + (∇f)[εk](x̃k+1) +B∗ỹk+1. (75)
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Using the definition of Proxs−1h∗ and performing similar operations on ỹk+1 as x̃k+1, we obtain

s(yk − ỹk+1)−B(xk − x̃k+1) ∈ ∂h∗(ỹk+1)−Bx̃k+1. (76)

By the definitions ofM, zk, wk, T and T [ε], (75) and (76) indicate thatM(zk − wk) ∈ T [εk](wk). Thus, (73a) holds by
utilizing vk =M(zk − wk). In addition, (73c) can be equivalently reformulated as zk+1 = zk + (1 + θk)(wk − zk) =
zk − (1 + θk)M−1vk by using the definitions of zk, wk and vk. Hence, (74c) holds. Below, we argue that (74b) holds. By
the definition of vk, it holds that

θk
∥∥Mvk

∥∥2

M +
∥∥M−1vk + wk − zk

∥∥2

M + 2εk ≤ θk
∥∥wk − zk∥∥2

M + L‖xk − x̃k+1‖2/2
≤
(
θk + L/(2λmin(M))

)
‖zk − wk‖2M

≤
[
θk + L/[2(s− r−1‖B‖2)]

]∥∥wk − zk∥∥2

M

≤ σ
∥∥wk − zk∥∥2

M,

where the first and the second inequalities hold by using εk and ‖xk−x̃k+1‖2≤‖zk−wk‖2 ≤ ‖zk − wk‖2M/λmin(M),
respectively. Hence, (74b) holds. In conclusion, the Condat-Vu PDS algorithm with the iterations (73a)-(73c) falls into the
framework of VMOR-HPE. The proof is finished.

I. Proof of Proposition 6
The Asymmetric Forward Backward Adjoint Splitting Primal-Dual (AFBAS-PD) algorithm (Latafat & Patrinos, 2017) is
defined as 

xk := Proxγ1g

(
xk − γ1B

∗yk − γ1∇f(xk)
)
, (77a)

yk := Proxγ2h∗
(
yk + γ2B((1− θ)xk + θxk)

)
, (77b)

xk+1 := xk + αk
(
(xk − xk)− µγ1(2− θ)B∗(yk − yk)

)
, (77c)

yk+1 := yk + αk
(
γ2(1− µ)(2− θ)B(xk − xk) + (yk − yk)

)
, (77d)

where αk =
[
λk(γ−1

1 ‖xk−xk‖2+γ−1
2 ‖yk−yk‖2−θ〈xk−xk, B∗(yk−yk)〉)

]/
V (xk−xk, yk−yk), λk ∈ [λ, λ] ⊆ (0, δ),

and δ and V (x, y) are defined as δ = 2−L(γ−1
1 −γ2θ

2‖B‖2/4)−1/2 and V (x, y) = γ−1
1 ‖x‖2 +γ−1

2 ‖y‖2 +(1−µ)γ2(1−
θ)(2− θ)‖Bx‖2 + µγ1(2− θ)‖B∗y‖2 + 2((1− µ)(1− θ)− µ)〈x,B∗y〉 which requires γ−1

1 − γ2θ
2‖B‖2/4 > L/4 and

µ ∈ [0, 1], θ ∈ [0,∞).

Denote a linear operator M : Z→ Z that M = RS−1, where R,S : Z→ Z are defined as below

R =

[
γ−1

1 −B∗
(1−θ)B γ−1

2

]
, S =

[
1 −µγ1(2−θ)B∗

γ2(1−µ)(2−θ)B 1

]
. (78)

By the block matrix inversion formula (Horn & Johnson, 1990), R−1 and M−1 are derived as below

R−1 =

[
γ−1

2 Ξ ΞB∗

−(1− θ)BΞ γ2 − γ2(1− θ)BΞB∗

]
, Ξ =

[
γ−1

1 γ−1
2 + (1− θ)B∗B

]−1
,

M−1 = SR−1 =

[
γ1µ(2− θ) + γ−1

2 [1− µ(2− θ)]Ξ [1− µ(2− θ)]ΞB∗
[1− µ(2− θ)]BΞ γ2 + γ2[1− µ(2− θ)]BΞB∗

]
.

Here, we claim that Ξ =
[
γ−1

1 γ−1
2 +(1 − θ)B∗B

]−1 � 0. In fact, if θ ≤ 1, it is obvious that Ξ � 0, otherwise, γ−1
1 −

γ2θ
2‖B‖2/4 > L/4 > 0 indicates γ−1

1 γ−1
2 >θ2‖B‖2/4>(θ − 1)‖B‖2 � (θ − 1)B∗B. Hence, Ξ�0 holds for θ≥0. In

addition, M is a self-adjoint positive definite linear operator by Schur complement theorem (Horn & Johnson, 1990).
Proposition. Let {(xk, yk, xk, yk)} be the sequence generated by the AFBAS-PD algorithm. Denote wk = (xk, yk),
zk = (xk, yk), vk = R(zk − wk), εk = L‖xk − xk‖2/4, and θk = αk − 1. Then, it holds that

vk ∈ T [εk](wk), (79a)

θk
∥∥M−1vk

∥∥2

M +
∥∥M−1vk + wk − zk

∥∥2

M + 2εk ≤ σ
∥∥wk − zk∥∥2

M, (79b)

zk+1 = zk − (1 + θk)M−1vk. (79c)
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Proof. By the definition of Proxγ1g , (77a) indicates xk−γ1B
∗yk−γ1∇f(xk) ∈ xk+γ1∂g(xk), i.e.,

γ−1
1 (xk − xk)−B∗(yk − yk) ∈ ∂g(xk) + (∇f)[εk](xk) +B∗yk (80)

by using ∇f(xk) ∈ (∇f)[εk](xk). Similarly, by the definition of Proxγ2h∗ , (77a) indicates that

(1− θ)B(xk − xk) + γ−1
2 (yk − yk) ∈ ∂g(yk)−Bxk. (81)

By the definitions of (zk, wk, vk, T k) and using the additivity property of enlargement operator (Burachik et al., 1998), the
two inclusions (80)-(81) indicate that vk = R(zk − wk) ∈ T [εk](wk). Hence, (79a) holds. By using (zk, wk), (77c)-(77d)
can be reformulated as a compact form that

zk+1 = zk − αkS(zk − wk) = zk − αkM−1R(zk − wk) = zk − αkM−1vk, (82)

which indicates that (79c) holds. At last, we verify (79b). By the definition of (M, εk, v
k), it holds

θk
∥∥M−1vk

∥∥2

M +
∥∥M−1vk + wk − zk

∥∥2

M + 2εk − σ‖wk − zk
∥∥2

M

= ‖wk − zk‖2(θk+1)S∗MS−S∗M−MS+(1−σ)M + L‖xk − xk‖2/2

= ‖wk − zk‖2αkS∗R−R∗−R+(1−σ)M + L‖xk − xk‖2/2,

where the first equality holds due to M−1vk = S(zk − wk), and the second equality holds due to MS = R. Hence,
θk
∥∥M−1vk

∥∥2

M +
∥∥M−1vk + wk − zk

∥∥2

M + 2εk < σ‖wk − zk
∥∥2

M, i.e., (79b) holds if it can be shown that αk <[
‖wk − zk‖2R∗+R − L‖xk − xk‖2/2

]/
‖wk − zk‖2S∗R. Notice

S∗R =

[
γ−1

1 + γ2(1− µ)(2− θ)(1− θ)B∗B [(1− µ)(1− θ)− µ]B∗

[(1− µ)(1− θ)− µ]B γ−1
2 + µγ1(2− θ)BB∗

]
.

Simple algebraic manipulations yield ‖wk − zk‖2S∗R = V (xk − xk, yk − yk). In addition,

‖wk − zk‖2R∗+R − L‖xk − xk‖2/2
= 2
[
γ−1

1 ‖xk − xk‖2 + γ−1
2 ‖yk − yk‖2 − θ〈xk − xk, B∗(yk − yk)〉

]
− L‖xk − xk‖2/2

≥
[
2− L/[2(γ−1

1 − γ2θ
2‖B‖2/4)]

][
γ−1

1 ‖xk − xk‖2+γ−1
2 ‖yk−yk‖2−θ〈xk − xk, B∗(yk − yk)〉

]
,

where the first equality holds by using the definition of R, and the second inequality holds by the fact that

‖xk − xk‖2 ≤ ‖xk − xk‖2Pλmax(P−1) ≤ ‖xk − xk‖2Pλ−1
min(P ) ≤ (γ−1

1 − γ2θ
2‖B‖2/4)−1‖xk − xk‖2P ,

where P =

(
γ−1

1 −θB∗/2
−θB/2 γ−1

2

)
� 0. Hence, we have that θk = αk <

[
‖wk − zk‖2R∗+R − L‖xk − xk‖2/2

]/
‖wk −

zk‖2S∗R holds. In conclusion, the AFBAS-PD algorithm with the iterations (77a)-(77d) falls into the framework of VMOR-
HPE algorithm. The proof is finished.

J. Proof of Theorem 4
Theorem. Let (x̃k, ỹk, xk, yk) be the sequence generated by the PADMM-EBB algorithm. Denote vk = Uk(zk − wk),
εk=‖xk−x̃k+1‖D/4, and operator T as (25). Then, it holds that

vk ∈ T [εk](wk), (83a)

θk
∥∥M−1

k vk
∥∥2

Mk
+
∥∥M−1

k vk + wk − zk
∥∥2

Mk
+ 2εk ≤ σ

∥∥wk − zk∥∥2

Mk
, (83b)

zk+1 = zk − (1 + θk)M−1
k vk. (83c)

Besides, (i) (xk, x̃k) and (yk, ỹk) converge to x∞ and y∞, respectively, belonging to the optimal primal-dual solution set of
(6).
(ii) There exists an integer k ∈ {1, 2, . . . , k} such that

p∑
i=1

dist
(
(∂gi +∇fi)(x̃k) +Aiỹk, 0

)
+
∥∥b− p∑

i=1

A∗i x̃ki
∥∥≤O(

1√
k

).
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(iii) Let αi = 1 or i. There exists 0 ≤ εxik ≤ O( 1
k ) such that

p∑
i=1

dist
(
(∂gi +∇fi)εxik (xk) +Aiyk, 0

)
+
∥∥b− p∑

i=1

A∗i xki
∥∥ ≤ O(

1

k
),

where xk =
∑k
i=1(1+θi)αix̃

i+1∑k
i=1(1+θi)αi

and yk =
∑k
i=1(1+θi)αiỹ

i+1∑k
i=1(1+θi)αi

.

(iv) If T satisfies metric subregularity at
(
(x∞, y∞), 0

)
∈gphT with modulus κ>0. Then, there exists k>0 such that

distMk+1

(
(xk+1, yk+1), T−1(0)

)
≤
(

1− %k
2

)
distMk

(
(xk, yk), T−1(0)

)
, ∀k ≥ k,

where %k := [(1− σ)(1 + θk)]
/[(

1 + κ
√

Ξω
ω

)2(
1 +

√
σ + 4 max{−θk,0}

(1+θk)2

)2] ∈ (0, 1).

Proof. By the optimality condition of the subproblem of x̃k+1
i , the following inclusion directly holds for i = 1, . . . , p that

0∈∇fi(xk)+∂gi(x̃
k+1
i )+Aiyk+βkAi

( i∑
j=1

A∗j x̃k+1
j +

p∑
j=i+1

A∗jxkj−b
)
+
(
Σ̂i+P

k
i

)
(x̃k+1
i −xki ).

Substituting yk = ỹk+1 − βk
(
A∗1x̃k+1

1 +
∑p
i=2A∗i xki − b

)
into the above inclusion, we obtain

(
Σ̂i + P ki

)
(xki − x̃k+1

i ) + βkAi
i∑

j=2

A∗j (xkj − x̃k+1
j ) ∈ ∇fi(xk) + ∂gi(x̃

k+1
i ) +Aiỹk+1. (84)

Stacking (84) for i = 1, 2, . . . , p and yk = ỹk+1−βk
(
A∗1x̃k+1

1 +
∑p
i=2A∗pxkp − b

)
, we obtain

(Σ̂1+P k1 )(xk1−x̃k+1
1 )

...(
Σ̂i+P

k
i

)
(xki −x̃

k+1
i )+βkAi

∑i
j=2A∗j (xkj − x̃

k+1
j )

...(
Σ̂p+P kp

)
(xkp−x̃k+1

p )+βkAp
∑p
j=2A∗j (xkj − x̃

k+1
j )

β−1
k (yk − ỹk+1) +

∑p
i=2A∗p(xki − x̃

k+1
i )


∈



∂g1(x̃k+1
1 )

...
∂gi(x̃

k+1
i )

...
∂gp(x̃

k+1
p )
b


+



∇f1(xk)+A1ỹ
k+1

...
∇fi(xk)+Aiỹk+1

...
∇fp(xk)+Apỹk+1

−
∑p
i=1A∗i x̃

k+1
i


.

By utilizing the notations Uk, zk, wk and T , the above inclusion is further reformulated as:

Uk(zk − wk) ∈
[
∂g(x̃k+1)

b

]
+

[
∇f(xk)

0

]
+

[
A∗ỹk

−
∑p
i=1A∗i x̃

k+1
i

]
(85)

⊆
[
∂g(x̃k+1)

b

]
+

[
∇f [εk](x̃k+1)

0

]
+

[
A∗ỹk

−
∑p
i=1A∗i x̃

k+1
i

]
,

where g(x) =
∑p
i=1 gi(xi), and A = [A1 A2 · · · Ap]. Using the additivity property of enlargement operator (Burachik

et al., 1998) and the definition of T , the above inclusion indicates

vk = Uk(zk − wk) ∈ T [εk](wk).

Besides, by utilizing the updating step of (xk+1, yk+1) and the definition of (vk, wk, zk) , it holds that

zk+1 = (xk+1, yk+1) = (xk, yk) + (1 + θk)M−1
k Uk

(
x̃k+1 − xk, ỹk+1 − yk)

= zk + (1 + θk)M−1
k Uk(wk − zk)

= zk − (1 + θk)M−1
k vk.
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Hence, (83a) and (83c) hold. At last, we check (83b). By the definition of (vk, εk), it holds that

θk
∥∥M−1

k vk
∥∥2

Mk
+
∥∥M−1

k vk + wk − zk
∥∥2

Mk
+ 2εk − σ

∥∥wk − zk∥∥2

Mk

=
∥∥wk − zk∥∥2

(1+θk)(Uk)∗M−1
k Uk−(Uk)∗−Uk+(1−σ)Mk+D/2

≤ 0,

where the last inequality holds by the setting of over-relaxed step-size θk. Hence, PADMM-EBB is equivalently reformulated
as (83a)-(83c), i.e., it falls into the framework of VMOR-HPE. By Theorem 1, (i) directly holds that (xk, yk) and (x̃k, ỹk)
simultaneously converge to a point (x∞, y∞) belonging to T−1(0) which is exactly the primal-dual optimal solution set of
(6). In the following, we argue that (ii) and (iii) hold by utilizing Theorem 3. In fact, using (85), we have

vk +

[
∇f(x̃k+1)

0

]
−
[
∇f(xk)

0

]
∈
[
∂g(x̃k+1)

b

]
+

[
∇f(x̃k+1)

0

]
+

[
A∗ỹk

−
∑p
i=1A∗i x̃

k+1
i

]
= T (wk).

Hence, dist
(
T (wk), 0

)
≤ ‖vk‖+ L‖xk − x̃k+1‖ = ‖vk‖+ 4εk. This, in combination with (49), yields the desired result

(i), i.e., there exists an integer k ∈ {1, 2, . . . , k} such that

p∑
i=1

dist
(
∂gi(x̃

k
i ) +∇fi(x̃k) +Aiỹk, 0

)
+
∥∥b− p∑

i=1

A∗i x̃ki
∥∥ = dist

(
T (wk−1), 0

)
≤ O(

1√
k

).

Next, we claim that εxjk =

∑k
i=1(1+θi)αi

(
ε
xj
k +〈x̃i+1

j −xkj ,G
i
xj
−Gkxj 〉

)
∑k
i=1(1+θi)αi

, where εxjk =
Lj‖xkj−x̃

k+1
j ‖2

4 ,

Gix1
= (Σ̂1 + βkP

k
1 )
(
xk1 − x̃i+1

1

)
−A1ỹ

i+1,

Gix2
=
(
Σ̂2 + βk(A2A∗2 + P k2 )

)(
xi2 − x̃i+1

2

)
−A2ỹ

i+1,

...

Gixp =
(
Σ̂p + βk(ApA∗p + P kp )

)(
xip − x̃i+1

p

)
+

p−1∑
j=2

σAiA∗j
(
xij − x̃i+1

j

)
−Apỹi+1,

G
k

x1
=

∑k
i=1(1 + θi)αiG

i
x1∑k

i=1(1 + θi)αi
, G

k

x2
=

∑k
i=1(1 + θi)αiG

i
x2∑k

i=1(1 + θi)αi
, · · · , Gkxp =

∑k
i=1(1 + θi)αiG

i
xp∑k

i=1(1 + θi)αi
,

Giy = β−1
k (yi−ỹi+1) +

p∑
j=2

A∗p(xij − x̃i+1
j ), and G

k

y =

∑k
i=1(1 + θi)αiG

i
y∑k

i=1(1 + θi)αi
.

Define wk =

∑k
i=1(1+θi)αiw

i∑k
i=1(1+θi)αi

, vk =

∑k
i=1(1+θi)αiv

i∑k
i=1(1+θi)αi

and εk =

∑k
i=1(1+θi)αi

(
εi+〈wi−wk,vi−vk〉

)∑k
i=1(1+θi)αi

as Theorem 3. Hence,

utilizing (51)-(52) and (83a)-(83a), we obtain ‖vk‖ ≤ 1
k and εk ≤ 1

k by setting αi = 1 or αi = i. Using (85) and the

definitions of Gkx1
, · · · , Gkxp and G

k

x1
, · · · , Gkxp , we have Gkx1

+A1ỹ
k+1

...
Gkxp +Apỹk+1

 ∈

(
∂g1 +∇f1)[ε

x1
k ](x̃

k+1
1 ) +A1ỹ

k+1

...(
∂gp +∇fp)[ε

xp
k ](x̃

k+1
p ) +Apỹk+1

 .

By utilizing (Burachik et al., 1998, theorem 2.3), it holds that εxik ≥ 0 for all i ∈ {1, · · · , p} and
G
k

x1
+A1y

k

...
G
k

xp +Apyk

 ⊆

(
∂g1 +∇f1)[ε

x1
k ](x

k
1) +A1y

k

...(
∂gp +∇fp)[ε

xp
k ](x

k
p) +Apyk

 .
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By (85) and Gky = β−1
k (yk − ỹk+1) +

∑p
i=2A∗p(xki − x̃

k+1
i ) = b−

∑p
i=1A∗i x̃

k+1
i , we get that

vk =


G
k

x1
+A1y

k

...
G
k

xp +Apyk

G
k

y

 ⊆

(
∂g1 +∇f1)[ε

x1
k ](x

k
1) +A1y

k

...(
∂gp +∇fp)[ε

xp
k ](x

k
p) +Apyk

b−
∑p
i=1A∗i x

k
i

 ⊆ T [ε
x1
k +...+ε

xp
k ](wi).

Hence, we obtain
∑p
i=1 dist

(
(∂gi +∇fi)εxik (xk) +Aiyk, 0

)
+
∥∥b−∑p

i=1A∗i x
k
i

∥∥ ≤ ‖vk‖ ≤ O( 1
k ). Next, we show that

0≤εxik ≤O( 1
k ) for all i = 1, 2, . . . , p. Notice

εx1

k + · · ·+ ε
xp
k =

p∑
j=1

{
1∑k

i=1(1 + θi)αi

k∑
i=1

(1 + θi)αi
(
εxik + 〈x̃i+1

j − xkj , Gixj −G
k

xj 〉
)}

=
1∑k

i=1(1 + θi)αi

k∑
i=1

(1 + θi)αi
( p∑
j=1

εx
j

i +

p∑
j=1

〈x̃i+1
j − xkj , Gixj −G

k

xj 〉
)

=
1∑k

i=1(1 + θi)αi

k∑
i=1

(1 + θi)αi
(
εi + 〈x̃i+1 − xk, Gix −G

k

x〉
)
, (86)

where the third equality holds according to εi =
∑p
j=1 ε

xj
i , and (x̃i+1, xk, Gix, G

k

x) are defined as

x̃i+1 =

 x̃i+1
1
...

x̃i+1
p

 , xk =

 xk1
...
xkp

 , Gix =

 Gix1

...
Gixp

 , G
k

x =


G
k

x1

...
G
k

xp

 .

Let vki = Gkxi +Aiỹk+1 be the i-th component of vk. Using x̃i+1, xk, Gix, G
k

x, we obtain

k∑
i=1

(1 + θi)αi〈x̃i+1 − xk, Gix −G
k

x〉 =

k∑
i=1

(1 + θi)αi〈x̃i+1 − xk, Gix〉 (87)

=

k∑
i=1

(1 + θi)αi〈x̃i+1 − xk, [vi1 −A1ỹ
i+1, · · · , vip −Apỹi+1]T 〉

=

k∑
i=1

(1 + θi)αi〈x̃i+1 − xk, [vi1, · · · , vip]T 〉 −
k∑
i=1

(1 + θi)αi〈x̃i+1 − xk, [A1ỹ
i+1, · · · ,Apỹi+1]T 〉

=

k∑
i=1

(1 + θi)αi〈x̃i+1 − xk, [vi1, · · · , vip]T 〉 −
k∑
i=1

(1 + θi)αi(ỹ
i+1)>

p∑
j=1

A∗j (xi+1
j − xkj )

= −
k∑
i=1

(1 + θi)αi〈ỹi+1, Giy −G
i

y)〉 −
k∑
i=1

(1 + θi)αi(ỹ
i+1)>

p∑
j=1

A∗j (x̃i+1
j − xkj ) +

k∑
i=1

(1 + θi)αi〈wi − wk, vi〉,

where the last equality holds by using the definitions of vk, wk and vk, wk. In addition,

k∑
i=1

(1 + θi)αi(ỹ
i+1)>

p∑
j=1

A∗j (x̃i+1
j − xkj ) +

k∑
i=1

(1 + θi)αi〈ỹi+1, Giy −G
i

y)〉

=

k∑
i=1

(1+θi)αi(ỹ
i+1)>


p∑
j=1

A∗j x̃i+1
j −b−

( p∑
j=1

A∗jxkj−b
)+

k∑
i=1

(1+θi)αi〈ỹi+1, Giy−G
i

y)〉

=

k∑
i=1

(1 + θi)αi〈ỹi+1, G
i

y −Giy〉+

k∑
i=1

(1 + θi)αi〈ỹi+1, Giy −G
i

y)〉 = 0.
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By the definition of εk and combining the above equality with (86) and (87), it directly holds that

εx1

k + · · ·+ ε
xp
k = εxk ≤ O

(1

k

)
.

Thus, (iii) has been established. At last, (iv) is directly derived according to Theorem 2 by setting ck = c = 1. As a
consequence, the proof is completed.

K. More Experiments
Actually, to make the subproblems of PADMM-EBB, PLADMM-PSAP (Liu et al., 2013; Lin et al., 2015), PGSADMM and
M-GSJADMM (Lu et al., 2017) have closed-form solutions, we equivalently reformulate problem (29) as the following
form by introducing two slack variables (H,F ) to separate the sparsity and nonnegativity of (Z,G):

min ‖H‖∗ + ‖F‖∗ + λ‖E‖1 +
µ

2
‖Z‖2LZ +

γ

2
‖G‖2LG (88)

s.t. X = XZ +GX + E,Z ≥ 0, G ≥ 0, Z = H,G = F.

In the implementation, we measure the performance of the four solvers of PADMM-EBB, PLADMM-PSAP (Liu et al.,
2013; Lin et al., 2015), PGSADMM and M-GSJADMM (Lu et al., 2017) in terms of the proximal KKT residual de-
fined as (25), objective value, and feasibility of (29) over iterations and runtime. Below, we report the performance on
X = randn(200, 200) and PIE pose27 of PADMM-EBB, PLADMM-PSAP, PGSADMM and M-GSJADMM with new
hyperparameters (λ, µ, γ) = (102, 104, 104). In addition, we conduct experiments on two extra real datasets (COIL20,
YaleB 32x32)2 with hyperparameters (λ, µ, γ) = (102, 104, 104) and (λ, µ, γ) = (103, 104, 104) . In the implementation
of PLADMM-PSAP, PGSADMM and M-GSJADMM, the penalty parameters βk are all updated via the suggestions from
(Lu et al., 2017), i.e., βk+1 = min(ρβk, 1.0e10) where ρ = 1.1 and β0 = 1.0e− 4.
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Figure 3. The above four figures illustrate the proximal KKT residual vs. iteration, proximal KKT residual vs. runtime, objective value vs.
iteration, and feasibility vs. iteration on the synthetic dataset with parameters (λ, µ, γ) = (102, 104, 104), respectively.
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Figure 4. The above four figures illustrate the proximal KKT residual vs. iteration, proximal KKT residual vs. runtime, objective value vs.
iteration, and feasibility vs. iteration on the real dataset PIE pose27 with parameters (λ, µ, γ) = (102, 104, 104), respectively.

2http://dengcai.zjulearning.org:8081/Data/FaceDataPIE.html
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Figure 5. The above four figures illustrate the proximal KKT residual vs. iteration, proximal KKT residual vs. runtime, objective value vs.
iteration, and feasibility vs. iteration on the real dataset COIL20 with parameters (λ, µ, γ) = (102, 104, 104), respectively.
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Figure 6. The above four figures illustrate the proximal KKT residual vs. iteration, proximal KKT residual vs. runtime, objective value vs.
iteration, and feasibility vs. iteration on the real dataset COIL20 with parameters (λ, µ, γ) = (103, 104, 104), respectively.
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Figure 7. The above four figures illustrate the proximal KKT residual vs. iteration, proximal KKT residual vs. runtime, objective value vs.
iteration, and feasibility vs. iteration on the real dataset YaleB 32x32 with parameters (λ, µ, γ) = (102, 104, 104), respectively.
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Figure 8. The above four figures illustrate the proximal KKT residual vs. iteration, proximal KKT residual vs. runtime, objective value vs.
iteration, and feasibility vs. iteration on the real dataset YaleB 32x32 with parameters (λ, µ, γ) = (103, 104, 104), respectively.


