Supplementary Material to “Graphical Nonconvex Optimization via
an Adaptive Convex Relaxation”

Abstract

This supplementary material collects proofs for the main theoretical results in the main text and additional techni-
cal lemmas. The proofs of Proposition 3.4, Theorems 3.5 and 3.6 are collected in Section A. Section B provides
the proof for Theorem 3.8. Proofs related to semiparametric graphical models are given in Section C. Various
concentration inequalities and preliminary lemmas are postponed to Sections D and E, respectively.

A. Rate of Convergence in Frobenius Norm

This section presents an upper bound for the adaptive estimator T(® in Frobenius norm, which in turn establishes the
scaling conditions needed to achieve the optimal spectral norm convergence rate.

A.1. Proofs of Proposition 3.4, Theorems 3.5 and 3.6

In this section, we collect the proofs for Proposition 3.4, Theorems 3.5 and 3.6.

In order to suppress the noise at the /th step, it is necessary to control min; j)cg f@§§_1)| in high dimensions. For this,

we construct an entropy set, £, of S and analyze the magnitude of H)\(gic_l)
defined as

. The entropy set at the ¢-th stage, &, is

Hmin

£ = {(i,j) : (i,5) € Sor NV < aw(u), foru = 2(32 |3 + || %1%, v 1)/\}. (A1)

Thus the constant in Assumption 3.3 is ¢ = 2(32||®*||3 + ||=*||%, V 1). Then it can be seen that S C &, and thus & is an
entropy set of .S for any £ > 1. Proposition 3.4 follows from a slightly more general result below, which establishes rate of
convergence for the one-step estimator of sparse inverse correlation matrix ¥ (1),

Proposition A.1 (One-step Estimator). Assume that assumption 3.1 holds. Suppose 8||¥*||3\y/s < 1. Take A such that
X =< y/(log d)/n and suppose n > log d. Then with probability at least 1 — 8/d, ¥(1) must satisfy

«n2 |Slogd
REYelR AT

Proof of Proposition A.1. Define the event J = {||6 — C*|lmax < A/2}. Then in the event .7, by applying Lemma A .4

and taking £ = .S, we obtain ||1il(1) — W¥|[p < 4] P*||2 - \y/s. If we further take A = 1/3c; '/ (logd)/n =< /(logd) /n,
then by Lemma D.5, we have event 7 hold with probability at least 1 — 8d~!. The result follows by plugging the choice
of A. O

o - v

Theorems 3.5 and 3.6 follow from a slightly more general result below, which characterizes the rate of convergence of
W in Frobenius norm and that of ®(™) in spectral norm.



Theorem A.2. Suppose that 8]|®*||3\\/s < 1. Take A such that A < /logd/n. Under Assumptions 3.1, 3.2 and 3.3,
with probability at least 1 — 84—, () satisfies

[ 80w |, < 819" I V£ )s e+ 5 [[FD -0, 10T

e
| S —

Contraction

== Op(|[®*]|31/s/n), and

= . T |®* 2 [logd\ , [ ®*[5 [s
6T e, = 0e 7] sy IR 2.

min min

Optimal Rate

Moreover, if that T' 2> log(Ay/n), we have H\TI(T) —

Proof of Theorem A.2. Under the conditions of thAe theorem, combining Proposition A.7 and Lemma D.5, we obtain the
following contraction property of the solutions, {®¥ )} |

o~ 1 I
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Next, we introduce an inequality by induction analysis. Specifically, if a,, < a9 + aa,—1, Vn > 2and 0 < a < 1, then

1- an71 n—1
a, < agg— + ay.
l-«o
Taking ao = 4] ¥ [3|VL(¥")s k. we obtain that || B — | < 8| |3|VLE sl + (1/2)" [T — @7
In the sequel, we bound || VL(¥*)g||r and || &) — W*||, respectively. By Proposition A.1, we have |1 — ¥*||p <
8|/ *(|3\y/5. Moreover, if we let 7' > log(Ay/n)/ log 2 2 log(Ay/n), then (1/2)T =& — W*||p < 16(|T*|3 - \/s/n.
On the other side, we have [|[VL(¥*)s|r = Op(||®*|]3 - \/s/n), which follows from Lemma D.4. Therefore, combining

the above results, we have R
@) — @ = Op (|| ®*|31/5/n).

To achieve the statistical rate for |©(T) — ©*||5, we apply Lemma E.3 and obtain that

Hé(T) — O||y= H(V/‘\,—l_w—l)(.i,(T)_‘I,*) (\/7\\/'_1—W_1) Hz—"H (\/A\T_I—W_l)‘i’(T)W_lHQ
H[(W =W W |, [WH (B — e )W,
< [W = W8T — ot [W = W[ [ B D[ WY
(R1) (R2)
W W[5 [ [W [+ W o[ W o[ 8T — @7

(R3) (R4)

We now bound terms (R1) to (R4) respectively. Before we proceed, we apply Lemma D.2 and the union sum bound to
obtain that, for any € > 0,

IP(H\/N\ﬂ - W2y > emiafoi) <d-exp {—n . C’(s)} = exp{—n . C’(»s)+logd}7

where C'(g) = 271(¢ — log(1 + €)). Suppose that 0 < & < 1/2, then we have —n - C(¢) < —n - £2/3. Further suppose
that n > 36 log d and take ¢ = 31/(log d) /n, we obtain that—n - C(e)+logd < 2log d and

— logd 1
P( W2 - W2[l2 > 302, 1/ 0 ) < .
n d?

where we use the assumption that max; 37, < o2,,.. Therefore, we have || W2 — W2||, = Op (ofnax -y/logd/ n) Since

W2 and W2 are diagonal and thus commutative. We note that, for any two event A and B, P(A) =P(ANB)+P(ANB°)



holds. Therefore, for any M > 0, we have

P(}’A_l B _1H2 - Mo? logd>
n
< P(HA_l_ vV _1H2>A4 rznax 1Ogd,
n

min

W W <22 1) [ WA (W) [ W2 W )
(W W, 2V WA (W)W W ).

Further using Lemma E.7 yields that

IP(HVAV*—W*HQ - Mo? logd)
n

< B(2AV2H D W2 (W) W2 W2, > Mo 21

(T

+P(|\v/\72 ~wW?||, > 2‘1/\min(W2)) |

(T2)

By taking M = M, - |W]2A2 (W?) = M, - Umax/Umm and letting M; — 0, we get (T1) — 0. Under the assumption

that o2,/ amm =0((n/ log d)l/ 8), we have 02, /o2, = o(y/n/logd), and thus (T2) — 0. Therefore we obtain that
||W V=W, = Op(0min08,0x v/ (log d) /n). Similarly, we have the following facts:

[F0], = 0n(1%° 1), [W], = X5hy (W) = Oslohy). and [ W], = o3

min mln mln °

Applying the above results to the terms (R1)-(R4). we obtain that

Tmax 108 d
®D =0 (2192 S E0) o (o2 e ),
3 log d
®D) = (R = O ( 22 97252 ), Ry = O (021913, ).

Therefore, by combining the rate for terms (R1)-(R4), we obtain the final result. O]

A.2. Technical Lemmas

Define the symmetrized Bregman divergence for the loss function £(-) as D7 (0, 0*) = (VL(©)—L(©*),©—0*). For
any matrix A € R?¥9, let A_ € R%*? be the off diagonal matrix of A with diagonal entries equal to0,and A| = A—A _
be the diagonal mtrix.

Lemma A.3. For the symmetrized Bregman divergence defined above, we have
s * * * * * —2 *
Dz(©,0%) = (VL(©) - VL(©"),0 - 0") > (|02 + 6 - 0"[2) | - e}

Proof of Lemma A.3. We use vec(A) to denote the vectorized form of any matrix A. Then by the mean value theorem,
there exists a vy € [0, 1] such that,

Di(©,0%) = (VL(O®) — VL(O*),0 — ©%) = vec(© — ©*)T (V2L(O + yA))vec(© — OF)
> Auin(V2L(O" +74)) A,



where A = ® — ©*. By standard properties of the Kronecker product and the Weyl’s inequality (Horn and Johnson,
2012), we obtain that

Auin (V2L(O" +7A4)) = Auin (0" +74) @ (©" +74)) )
= |©* +7A[,2 > (|02 +]A]2)

Finally, observing that v < 1, we obtain
s * * * -2 *
Dz(©,0%) =(VL(©) - VL(©O), A) > (|07 + [All2) "€ - O

Plugging the definition of A obtains us the final bound. O

The following lemma characterizes an upper bound of || T — o |lr by using localized analysis.

Lemma A.4. Suppose 8| ¥*|2A\/s < 1. Take € such that S C £ and || < 2s. Further assume ||Age|lmin > A/2 >
([VL(T*)||max- Let ¥ be the solution to (B.4). Then ¥ must satisfy

1% — [l < 412 3 (I As e+ [ VLE e [l) < SIE[3A5.

Proof of Lemma A.4. We start by introducing an extra local parameter  which satisfies 8[| ¥*[|3\/s < r < || &*|,.
This is possible since A\y/|€] < v2\/s — 0 and 8||\Il*||2)\\f < 1 by assumption. Based on this local parameter r,

we construct an intermediate estimator: W = W* + ¢ . (¥ — W*), where ¢ is taken such that ||(¥ — ®*||p = 7, if
(¥ — ®*||g > r; t = 1 otherwise. Applying Lemma A3 with ®; = W and ©, = ¥* obtains us

( +r)

To bound the right hand side of the above inequality, we use Lemma E.2 to obtain

2 < (VL(P) - VL(P), T — T, (A2)

D3(W, W) < tD5(¥, %) = t(VL(P) — VL(T*), ¥ — &), (A.3)

We note that the sub-differential of the norm || - ||1 ofr evaluated at W consists the set of all symmetric matrices I’ € R4*4
such that T';; = 0if ¢ = j; I';; = sign(T'y;) if ¢ # j and ¥,; # 0; T'y; € [—1,+1] if ¢ ;é Jj and ¥;; = 0, where
Wi; is the (3, ]) th entry of W. Then by the Karush-Kuhn-Tucker conditions, there exists a T e 8||\Il||1 off such that

VL( )+A G I=C-U14+A 6T = 0. Plugging (A.3) into (A.2) and adding the term A L, 0 W*) on both sides
of (A.3), we obtain

(1* o472 ® — T |2+t (VL(T*), & — ")+t (AT, U —T*)

1 I
<t(VL(O)+ACT, T —0*) . (A4)

1II

Next, we bound terms I, II and III respectively. For a set £, let £¢ denote its complement with respect to (w.r.t.) the full
index set {(i,7) : 1 <i,j < d}. For term I, separating the support of V£(¥) and ¥ — ¥* to £ UD and £° \ D, in which
D is the set consisting of all diagonal elements, and then using the matrix Holder inequality, we obtain

(VL) = 0") =((VE®) g0 (¥ = ¥) ) H{(VEE)) g (F=F7) )
>~ [[(TL2) e el (% =) e

~(VL®) g Il (- 7)

e\l eevoll

For term 1I, separating the support of (A ® I') and (¥ — ¥*) to S UD and S \ D, we obtain

(AGT), (F-¥")) = (AOT)sup, (¥~ ¥)sup) +{(AOT)se\p, (¥ =) se\p). (A5)



For the last term in the above equality, we have
(A0 T)se\p, (¥ = T)seyp) = Aserps [Tsern]) = (Agerp, [(¥ — ) gerpl). (A6)
Plugging (A.6) into (A.5) and applying matrix Holder inequality yields
(AOT, ¥ — ") = (AO D)sup, (¥ — ¥*)s0p) + (Ageyp, [(¥ — ¥ geyp])
(AOT)s, (¥ = ¥)s) + | Ase\p e[| (¥ — ¥*)sape
—[[Asllel (¥ —¥")slle + [Aee\p el (¥ = ¥F)eapllF,

Y

where we use Ap = 0 in the second equality and £°\D C S°\D in the last inequality. For term III, using the optimality
condition, we have Il = (VL(¥)+AGT, ¥ — W) =0. Plugging the bounds for term I, IT and III back into (A.4), we find
that

ez +r

+([Aeaplle = 1(VLE))erpllr) - [[(F = )eerp |,
<t([(VL®) eoplls + [[Asllp) - (1€ — 2.

Further observing the facts that | A¢e\p || r > v/|E\D]|| Agap ||Inin >+/|E\D| HVE(‘I’*) ||Inax > || (Vﬁ(‘I’*))gC\DHF and
t[|[ @ — ¥* ¢ = || ¥ — ¥* ¢, dividing both sides by || ¥ — ¥*||r, we can simplify the above inequality to

(1" flo4r) 2% =7l < | Asp+ | VL ) eun e = Aslle+ [ VLT e[l <2A5,

where we use |[VL(®)eupllr = [[(C — Ceunllr = [[(C — C*)ellr = |[VL(¥*)e||r in the equality, and the last in-
equality follows from the Cauchy-Schwarz inequality, the fact [ A[max < A and the assumption that A > 2[|VL(¥*) ||max
Therefore, by the definition of 7, we obtain || ¥ — ¥* ||p < 2(||®* || +7)2A\/5 < 8||®*|2A\\/5 < r, which implies ¥ = ¥
from the construction of ¥. Thus ¥ satisfies the desired {5 error bound. O

Recall the definition of &, 1 < ¢ < T. We can bound || ¥®) — ¥* ¢ in terms of ”)\(3471) IIg-

Lemma A.5 (Sequential Bound). Under the same assumptions and conditions in Lemma A.4, for ¢ > 1, T must
satisfy

I — || <

XS+ VL@ e, |)-

I
Proof of Lemma A.5. Now if we assume that for all ¢/ > 1, we have the following

|€e| < 2s, where & is definedin (A.1), and (A7)
AR D i = 22 = VL) e (A8)

Using the matrix Holder inequality, we obtain

H)‘g_l)HF < \% ‘S|H>‘SHmax < A\/g and ”V'C(‘II* S[”F < V |gl HV'C ‘I’*)&Hmaw
Therefore, we have
IAS e+ IV LZe, | A+ VLT e, lmax v/ [Ee < 205, (A.9)

where the second inequality is due to the assumption that [|VL(®*)|lmax < A/2. The ¢5 error bound is given by Lemma
A4 by taking X = A~V and £ = &, ie.

[ @ < a3 (NS + VL@ ) < 81978 AE, (a.10)

where last inequality is due to (A.9). Therefore, we only need to prove that (A.7) and (A.8) hold by induction. For £ = 1,
we have A > Aw(u) for any w and thus & = S, which implies that (A.7) and (A.8) hold for £ = 1. Now assume that (A.7)

and (A.8) hold at £—1 for some ¢ > 2. Since (4, j) € &£\S implies that (¢, j) ¢ S and )\W(\TJ%*D) = )\§_4) < Aw(u) = /2.



By assumption, and since w(x) is non-increasing, we must have }\ffl(f_l) | > wu. Therefore by induction hypothesis, we
obtain that

H"I\,(f—l) P

u

8||‘I’*|I%/\

S
\/mg || 51\65 HF

where the second last inequality follows from Lemma A.4, the fact that (A.7) and (A.8) hold at £ — 1. This implies that
|€e| < 2|S| = 2s. Now for such £, we have ||Ag¢|[min > Aw(u) > A/2 > [[VL(P)]|o0, which completes the induction
step. O

Vs < s,

Our next lemma establishes the relationship between the adaptive regularization parameter A and the estimator from the
previous step.

Lemma A.6. Assume w(-) € 7. Let \;; = Aw(|©;;|) for some © = (0;;) and w(Og) = (W(@ij))(i J)es- then for the
Frobenius norm || - ||r, we have

IXsle < Mlw(1©3] = u) [ + X[ ©F — sl

Proof of Lemma A.6. By assumption, if |®2‘j — 0©,;| > u, then W(l@ijD <1<u 'O — @;‘j|; otherwise, w(|@ij\) <
W(|@;k j\ — u) Therefore,the following inequality always hold:

w(104]) < w(|0f] —u) +u"t6]; — Oy.
Then by applying the || - ||.-norm triangle inequality, we obtain that
[Asllp < Al[w(1©3] = w) || + Au™"|©F = O],

O

Our last technical result concerns a contraction property, namely, how the sequential approach improves the rate of conver-
gence adaptively.

Proposition A.7 (Contraction Property). Assume that assumptions 3.1, 3.2 and 3.3 hold. Assume that A >
2||VL(P*)||max and 8|[¥*||2\y/s < 1. Then T (® satisfies the following contraction property

@O || <43 VL)s e+ 5 ||\i/<4 Dowr|.

Proof of Proposition A.7. Under the conditions of the theorem, the proof of Lemma A.5 yields that

|E¢| < 2s, where & is defined in (A.1), and || g{\gﬂmin > IVL(P") || max-

Thus, applying Lemma A.5 with & = T X = A(=D and £ = &, we obtain
12 — @l < ][5 (Al + ([ VLE e ) (A1)
On the other side, by Lemma A.6, we can bound A%~ || in terms of | &1 — @™ :
NSV |p < Aw(® s — ) + Au D — e (A.12)
Plugging the bound (A.12) into (A.11) yields that
19O @ | <4 @[5 [TL®)e, A w5 -w)|)

I
[ 2 [E2 XV L A A | (A.13)



In the next, we bound term I. Separating the support of (Vﬁ(\Il*))

Lo S and &\ S and then using triangle inequality, we
obtain

&

1= ||[VL(®)g,||p < [|[VLOE)s|lp + || VL) e s (A.14)

I

Moreover, we have the following facts. First, we have |[VL(®*)en s, < /1€\S]|VL(E")||,., by the Holder
inequality. From the assumption, we know ||[VL(¥*)||max < A/2. Plugging these bounds into (A.14) results that
IVL(®*)g, |l < [|[VL(F*)s|lF + A/ |E\S|. Now, by following a similar argument in Lemma A.5, we can bound

V€ \ S| by ||\Tlf€i<;) [lp/u < @D — g &/ u- Therefore, term I can be bounded by ||[VL(¥*)s][g + Au~" Hlfl“_l) —
v ||F Plugging the upper bound for I into (A.13), we obtain

[ — || < 4] @3 (||V£(‘I’*)S||2 + Allw(|®s| - u)llz)
A+ DB ]

-
Now observing that ||®%||lmin > u + aX =< A, thus w(|®@% — u) < w(ar - 1g) = 0g, where 1g is
a matrix with each entry equals to 1 and Og is defined similarly. Further notice that (4| ®¥*[|3 + 1) u"t < 1/2, we
complete the proof. O

B. Improved Convergence Rate

We develop an improved spectral norm convergence rate in this section. We collect the proof for Theorem 3.8 first and
then give technical lemmas that are needed for the proof.

B.1. Proof of Theorem 3.8

Proof of Theorem 3.8. Let us define S0 = {(i, ) : ]\Pff) -y
{(,5) : [¥;| > u} = S. Then Lemma B.5 implies

> u}, where u is introduced in (A.1). Let S =

A e < A5 = w2 /I5¢eD 08T+ 2y [ew/s]

For any (i, j) € £/S, we must have ’\T'U| = ﬁ'w — U] > wand thus (i,§) € S~V /5. Therefore, applying Lemma

B.5 and using the fact that || ¥ ||max > © + @), we obtain

2)\{\/]5(6—1) ns|+ \/ys<f—1>/s|} < 32v2| @

&0 - %

< 32w

WRVCICE)

On the other side, (4, 5) € S implies that
I (¢ T0 T (¢ * I0 * *
|\Il§j) - \If,]| > |‘I’z(‘j) - ‘I'z'j| - |‘I’ij - \I/ij‘ > u — 2K\ > 64| W ||§)\»

Exploiting the above fact, we can bound \/[S(®]| in terms of || ¥®) — ¥° [z

V150 < W < /|50 /2.
JIso) < (%)m SO = (%)W\/g.

Since £ > log s/ log 2, we must have that the right hand side of the above inequality is smaller than 1, which implies that

By induction on ¢, we obtain

SO = g and ¥ = ¥°.
Therefore, the estimator enjoys the strong oracle property. Using Lemma B.4 obtains us that
[ — @[], < [[&° = @[], < M (C = € gl e

Applying Lemma D.6 finishes the proof of theorem. O



B.2. Technical Lemmas

We start with the definitions of some constants. For notational simplicity, let k1 = ||X*||o and D ={(¢,4) : 1 < i < d}.
Define the oracle estimator as

Y° = argmin {<‘Il,(AJ> —logdet(\Il)}.
supp(¥)=S,¥eS{
Recall that smax = max; » ; 1(07;) is the maximum degree.

Lemma B.1. Suppose that the weight function satisfies that w(u) > 1/2 for u defined in (A.1). Assume that 2Asax <
K122, 8] *|13AV/5 < 1. If A>2||VL(¥®)||max, We must have

€] < 2 and [[ @O @2 < 32 w[[5]|Ag |
Proof of Lemma B.1. If we assume that for all £ > 1, we have the following
|€e| < 2s, where & is defined in (A.1), and (B.1)
I min = VL) finax. (B.2)

Using lemma B.4, we obtain that |[¥°||y < || ¥*|| + | ¥° — ¥*||oc < [|¥*||3 + 2K2ASmax. Therefore, the assumption of
the lemma implies 4[| ®°||2Ay/s < 1. Replacing S by & in Lemma B.3 and using Holder inequality, we have

o0 - %

e < AN < 16] A

o < ®3

For ¢ = 1, we have A > Aw(u) and thus & = S, which implies that (B.1) and (B.2) hold for £ = 1. Now assume that
(B.1) and (B.2) hold at £ — 1 for some £ > 2. Since j € & \ S implies that j ¢ S and /\W(,B (&= 1)) = /\y) < Aw(u) by

assumption, and since w(x) is decreasing, we must have \5](»6 1)| > u. Therefore by induction hypothesis, we obtain that

H‘I'é\é’HF [ — el s2) e

VIENS < 1 < =S5 < s,

u

where the last inequality follows from the definition of « hold at £ — 1. This inequality implies that || < 2|S| = 2s. Now
for such £, we have

H)‘anmin > Aw(u) 2 A/2 > [|[VLE)[max,
which completes the induction step. This completes the proof. O

With some abuse of notation, we let [¥5| = (|VF;|)(i j)es and [¥E| —u = (V7 —

in terms of functionals of ¥* and W.

u)(i,j)es- The following inequality
bounds the regularization parameter As = Aw(|¥%|) = (Aw(¥} )) (ij)eE
Lemma B.2. Let A = Aw(|®]). For any set £ 2 S, Ag must satisfy

Al < w5 — )|, + A/|E/S] +A[{G €5« Wy — U] > u}|1/2

Proof. By triangle inequality, we have [[A¢|lr < [[As[lr + A\/|E/S]. We further bound [|Ag|[r. If |¥;; — V7| > u, then
we have w(|U;;]) <1 < I(|¥;; — W7;| > u), otherwise, since because w(-) is non-increasing and thus |W;; — U¥| < u

implies w (|Wy;]) < w(|¥};| — u). Therefore, using the Cauchy Schwartz inequality completes our proof. O
Define the following optimization problem

U = argmin {<\Il, 6> —logdet(¥) + [|[A® ‘Il||1 off}. (B.4)
vesd '



Lemma B.3. Let [ Ase;p|lmin > [ VL(®)|max and 4| ®°[|2A\/5 < 1. Then ¥ must satisfy

[ = %2 < 4| ]| As |-

Proof. We construct an intermediate solution ® = ©* + ¢(® — ©*), where ¢ is chosen such that [[(© — ©*||p = r, if
|(© — ®*||g > r; t = 1 otherwise. Here r satisfies 4| ¥°||2\\/s < r < || ¥°||o. Lemma A.3 implies that

(1%°]], +7) | — ©°||, < (VL(®) — VL(E),  — ¥°) = D} (L, T°). (B.5)
Then, we use Lemma E.2 to upper bound the right hand side of the above inequality
D3 (¥, 0°) < tD5(P,¥°) = t(VL(T) — VL(T®), ¥ — B°).
Plugging the above inequality into (B.5), we obtain
(%0, +7) 2 — B2 < (VL(®) - VL(E°), ¥ — &°). (B.6)

We further control the right hand side of the above inequality by exploiting the first order optimality condition, which is
Vﬁ( )+AG T =0and Vﬁ(‘I’O) sup = 0. Therefore, adding and subtracting term A ® T to the right hand side of (B.6)
and using the optimality condition obtains us that
T o -2 3 I, 0
(e, +r) e - @

g+ (AOT, ¥ — %°) + (VL(E®), ¥ — $°) < 0. (B.7)

I 1T

Therefore, to bound ||‘if — ¥ |2, it suffices to bound I and II separately. For term I, by decomposing the support to S and
S¢/D, then using matrix Holder inequality, we have

12 | As o)l (8 = %) gl + [Aseml] i Ivee (¥ = #) . -
Again, by using the optimality condition, we has
= <v£(‘i’o)56/v’ (‘i' - {I\IO)SC/D> —[[vL( (° SF/DHmavaeC(CI} - (I\lo)SC/DHl'

By plugging the upper bound for I and II back into (B.7), we have

(122 ) % =22 et (s 0] = (VLT /] e (2= )
<[Ixs gl (2 —2°)s

-

By assumption, we know that | Al|min > ||V£(¥°)||max, Which implies that the second term in the right hand side of the
above inequality is positive. Thus, we have (|| ®°||, )_QH\II - \IJOHF < || As]|5- Now since AT |2A/5 < 7 < || T°|2,
we obtain that H\f! — \Il°||F < 4H\IIH ||)\5||F < 4||\I!°||2)\\f < r. By the construction of ¥, we must have ¢ = 1, and thus
T =0 O

Recall that M* is the sparsity pattern matrix corresponding to ¥*.
Lemma B.4. If 4kic, +1 < \/1+4K1/Smax and || (6 — C*)sllmax < ¢ /2 for a sequence c¢,,, then we have

9 = 9], < s and [ = 7], < s I

max

Proof of Lemma B.4. Let A = ¥° — W*. It suffices to show that | Allmax < 7, where r = r%c,. To show this, we
construct an intermediate estimator, ¥ = ¥* + t(\Ilo W*). We choose ¢ such that || ¥ — O*|| ;o = 7, if | A|max > 7
and ¥ = W, otherwise. For a matrix A, let A 5 be a matrix agreeing with A on S and having 0 elsewhere. Using the two

term Taylor expansion, we know that there exists a y € [0, 1] such that ¥* = ¥* + (¥ — ¥*),

vec{VL(®)} = vec{VL(T*)} + V2L (T*)vec(¥ — &),



which implies that

vec{c; - (\'17);1} - (@; ® ifrz) Vec(\ilg - \Irz) —0, (B.8)
where £ = SUD. Let A = ¥ — Wi =tA. Define f(Vec(E)) to be
HVCC{CZ‘ — (¥ + 5);} — I‘ngec(ﬁg)H ,

in which I';; = (¥; ® ¥%)~!. By the matrix expansion formula that (A + A)™t — A7t =3 (—A71A)"A"!,
f{vec(A)} reduces to

vecH i(-z*&)mz*}g}

m=2

’ oo

Using triangle inequality, we then obtain that

f{vec )} < ﬂ?é‘g 232 ‘e?(E*A)mE*ek‘.

Further applying Holder inequality to each single term in the right hand side of the above displayed inequality, we have

T \m m+1y X m=1%x 1 m—+1 m
‘ej (Z*A)mZ*Ek’ S ’ : [e’e] HAHOO H Hmax — leax HE* HAHmax’
where we use the fact || Allco < Smax||A|lmax- Therefore, we obtain
~ > ~ 3 A
Flvee(A)} € 3 sl 57t A g = o Bl

1- filsmaxHAHmax’

which, by triangle inequality, implies that

. 3 Smaxl | A[|2,
||A|mxs||Fgg||oo(Hvec{Cg (4 &), Y| Lol A )

1-— Klsmax”AHmux
Utilizing the KKT condition 65 = \T:g, the fact ||é — C*||lmax < ¢n/2 and 4k3c, < —1++/1+k1/Smax, We obtain

A 1 K3 Smax
”AHmax S Ii%cn<7 + 1°max

2 —
7) < RiCp =T,
2 1- R1S8maxT

which is a contradiction. Thus, A = A and e satisfies the desired maximum norm bound. For the spectral norm bound,
we utilize Lemma E.6 and obtain that

H\f,o - ‘I’*Hz < HM* 2”@‘” -

< K1 | M|2.

max —

The proof is finished. O

C. Semiparametric Graphical Model

Proof of Theorem 4.3. We need the follows lemma, which are taken from (Liu et al., 2012). It provides a nonasymptotic
probability bound for estimating 3"" using S”.

Lemma C.1. Let C be a constant. For any n 2 log d, with probability at least 1 — 8/d, we have

logd d

sup ST — npn <C
ih | jk | n

The rest of the proof is adapted from that of Theorem 4.3 and thus is omitted.



D. Concentration Inequality
In this section, we establish the concentration inequalities which are the key technical tools to the large probability bounds
in Section 3.

Lemma D.1 (Sub-Gaussian Tail Bound). Let X = (X;, Xa,...,X,)T be a zero-mean random vector with covariance
32* such that each X; /o7 is sub-Gaussian with variance proxy 1. Then there exists constants ¢; and ¢, such that for all ¢

with 0 <t < ¢, the assoc1ated sample covariance S satisfies the following tail probability bound
P(|oy; — 053] > t) <8exp{ — cint®}.

Proof of Lemma D.1. By the definition of the sample covariance matrix, we have 5;; = n~'>"/_ (X Z.(k) - X)X

X)=n"1Y0_, ka)X;k) — X, X;. Therefore we can decompose G;; — o asn™ " ), Xi(k)X](,k) —o5: — X, X;. By
applying the union sum bound, we obtain that

N 1 n t o t
P(aij—a] zt>gp<‘n§:xi<k> ol 22>+]P>< i X 22)
k=1
N———
R2)

RD)

In the sequel, we bound (R1) and (R2) separately. For term (R1), following the argument of Lemma A.3 in (Bickel and
Levina, 2008), there exists constant ¢j and ¢}, not depending n, d such that

1 k k o t
(Rl)_]I”(’nZX( XM —or| > 2) §4exp{ c’lntZ}
k=1

for all ¢ satisfying 0 < ¢ < t3. Next, we bound the term (R2). By the linear structure of sub-Gaussian random variables,
we obtain that \/nX; ~ sub-Gaussian(0, ;) for all 1 < i < d. Therefore, by applying Lemma E.1, we obtain that
|v/nX; -y/nX;] is a sub-exponential random variable with 11 norm bounded by 2|[/nX; ||, [|v/7.X; ||, . We give explicit
bounds for the 9-norm of /nX; and v/nX;. By the Chernoff bound, the tail probability of \/nX; can be bounded in the
following

_ t2
IP’(|\/EX¢| > t) < 2exp{ ~ 50 }
1%

%

For every non-negative random variable Z, integration by parts yields the identity EZ = fooo P(Z > u)du. We apply this
for Z = |\/nX;|P and obtain after change of variables u = t? that

2

B [eS) B [e%S) ¢
EI\/?LXiI‘”:/ P(lvnXi| zt)-ptpfldtgf 2p-exp{—27*}t”*1dt
0 0 Tii
/2 p /2 p/2
= p(20})"2 T(2) < p2oy)? - (B)
2 2
which indicates that ||v/nX;|ly, < +/20};,. The Gamma function is defined as T'(¢ fo e~tzt~1dz. Similary, we
can bound |[/n Xjlly, by \/207,. Therefore we obtain [[/nX; - v/nX; ||w1 < 2 05,05, < 207, Where o7,

max{oj;,...,00;}. Define Z;; = |fX vnX;|. Let § = (e — 1)(202,,.€%) ! and write the Taylor expansion series
of the expoentlal function, we obtain

> sk (Zk 00 /{ 9]
ECXp{(SZij} =1+ Z —_— Z max Z qu S €,
k=1 : k=1 k=1

where we use k! > (k/e)* in the last second inequality. Exponenting and using the Markov inequalty yields that

P(Zij z t) = ]P’((SZU > 5t) = [P’(65Zij > eét) < Ee‘;zij

< exp{l — dt},



for all ¢ > 0. Using the above result, we can boudn (R2) as

(R2) < P(Zij > %t) < exp{l _ %} < 4exp{1 _ ?}

Combing the bounds for (R1) and (R2), taking ¢; = min{c},d} and ¢, = min{1, ¢{} obtain us that
P(\Eij — o;‘j| > t) < 8exp{ — clnt2} Vit <t,

which completes the proof. ]

We then develop a large deviation bound for marginal variances.

Lemma D.2 (Large Deviation Bound for Marginal Variance). Let X = (X1, Xo,..., X4)" be a zero-mean random
vector with covariance X* such that each X / \/2; is sub-Gaussian with variance proxy 1, and {X (k) }::1 be n ii.d.

samples from X. Let C(¢) = 27! (5 —log(1 + 5—:)) > 0. Then, for any ¢ > 0, we must have
P(‘iu - 35| >e- E:‘Z) <2-exp {—n . C(e)}.

Proof. We write Z( ) — (E* )_1/2Xi(k) and f}“ =n! 22:1 ZZ.(k) . Zi(k), forl < i <d. Let qi(k) = Zi(k) . ZZ.(k) ~ X%
for 1 < k < n. Therefore, the moment-generating function of gi(k) is M_a (t) = (1 - 2t)~1/2, for t € (—00,1/2). Next,

we control the tail probability of Sy >1l4eandS; <1—e, respectively. For the tail probability of Siu > 1+4e, by
applying Lemma E.8, we obtain

(1) (n)
p<M> 1+5> < exp {_n . A(s)},
n

where A(e) = sup, {(1 + &)t + 27 log(1 — 2¢)} = 27! (e —log(1 + ¢)). Similarly, for any ¢ > 0, we obtain the tail
probability of Si<l—cas

n

¢5) (n)
P<++<<1—E> < exp {—n . B(s)},

where B(e) = sup, {(1—¢)t+27"log(1—2t)}. After some algebra, we obtain B(c) =271 (e+log(1—¢)), if e < 1;
B(g) = 400, otherwise. Let C(e) = min {A(e),B(e)} = 27! (e —log(1+¢)). Therefore, combing the above two

inequalities by union bound, we obtain ]P’(|7"f1 (gi(l) +.. 4+ §i(n)) - 1| > 6) < 2-exp {fn . C’(s)}. Note that we have
= (E;fi)_1~§~]ii:n_1(g.(.1)+. ) .+gl.(f)). Thus, we obtain

17

P(‘iii - 5| >e- ZZ) <2-exp {—n : C(a)}.

Our next results characterizes a large deviation bound for sample correlation matrix.
Lemma D.3 (Large Deviation Bound for Sample Correlation). Let X = (X1, X»,..., X4)T be a zero-mean random
vector with covariance matrix 3* such that each X / /2% is sub-Gaussian with variance proxy 1 and {X (k)}gzl be n

1ndependent and identically distributed copies of X. Let S=1 / ny X #) X M7 denote the sample covariance and

C = W ISW! denote the sample correlation matrix, where W2 is the diagonal matrix w1th diagonal elements of 5.
Further let p;; and p;; be the (4, j)th element of C and C* respectively. Define ¢y = min{4~'¢; min(2%,)2,1/6}. Then,
for 0 < e < min{1/2, to max; X}, we have

]P’(|ﬁij — pij| > 5) < 6exp{ — czn-52}, where 1 <i#j <d.



Proof of Lemma D.3. We denote the sample correlation as p;; = (f]” 55 i)Y 221‘3‘- To prove the tail probability bound.
It suffices to prove the tail probability bound for p;; — p;; > € and p;; — p;; < —¢, respectively. We start with the
tail probability bound for p;; — p;; > €. Let us assume that p;; > 0. Using the basic probability argument, we have
P(A) =P(ANB) +P(AN B°) <P(A) 4+ P(B¢). Thus, for any 0 < ¢t < 1 we obtain

P(ﬁij — pij > 5) = P(iij — (S0 i > (iiiijj)71/2'€)

= P(iij — (R TR =0 py > (5585 T2 - t)_l-E)

R1.1)
+P(Si - Th > Thet) +P(S; - T > Tj0t). (D.1)
Next, we bound the term (R1.1). After some simple algebra, (R1.1) can be bounded by
P(iij =35> (e +pij)-(Z5E5) P -0)7" - Ejﬂ')
< P(iij —my>e(Thsy) A + t-z;j)

Let ¢y = c; min;(2};)?, where c; is defined in Lemma D.1. If we apply Lemma D.1 with a better constant and Lemma
D.2, then forany 0 < € < tp,/ E;‘iE}‘j, in which £ is defined in Lemma D.1, we must have

P(ﬁij —pij > 5) < P(iij« -3y >5(2;;2;j)’1/2) + P(f)u > t-z;;)
+P<§jj -y s t~2;*-j)
1
< 4exp{—c’2n~52} + Qexp{ - nE(t —log(1 +t))}.

Let ¢4 = min {c},1/6}. Further, for any 0 < & < min{1/2, ¢y max; £}, by taking ¢ = ¢ and using the inequality
t —log(1 +t) > 1/3-¢% for all ¢ such that 0 < ¢ < 1/2, we obtain

1
]P’(ﬁij — pij > E) < 4exp{—c’252 n} + 2exp {—652 n} < 6exp{—c’2'n~52}.

If p;; < 0, in the a similar fashion as before, we can obtain the the following tail probability bound

P([/?\” — Pij > 5) § P(ilj - Z:j >€(E;—E;j)71/2 + Efj'(tz - t) — &4 /Zle;‘Jt)

(R1.2)

JrIP’(iii, — X5 > t~22‘i> +P(§jj - X5 > t'z;j)'

To continue, we bound the term (R1.2) in the next. If take ¢ = ¢ < min {1/2, o max; X3} < 1/2 + 1/2|p;;|, we obtain

that 333 - (t* — t) — e /T35 -t > —1/2, /5555 1. Thus, we have

~

~ S 1 -
]P’(,Oij —pi; > g) < P(Eij - 255> e(S5T)) 1/2) + P(Eii — o> t~2;)
+ P(ijj - s t-z;fj)
1, 1
< 4exp{—102n-5 } + Qexp{ — 5" (e —log(1 + 6))}
< 6exp{ — CQn‘€2},
where ¢ = min{471c},1/6} = min{4~1c; min(X})%,1/6} < 4. By combining above two cases, for 0 < & <

min{1/2, to max; X%}, we have P(p;; — pi; > €) < 6exp{—con-c*}. In a similar fashion, we obtain the same tail
probability bound for p;; — p;; < &, for 0 < & < min{1/2,t, max; ¥7;}. Thus the proof is completed. O



Lemma D.4. Under the same conditions in Lemma (D.3). We have the following result hold

A}gloohmnsupp<||vc(\1: Vsl > M\/;) =0, and |[VL(®")s|r = op(\/z).

Proof of Lemma D.4. 1t is easy to check that HVE(‘I’*)S ||F = || (6 — C*)SHF. By applying Lemma D.3 and the union
sum bound, for any M such that 0 < M < min {1 /2, to max; Efi} - /n, in which tg is defined in Lemma D.3, we obtain

IP(HVE(\II*)SHmaX > M\/z) < s-exp {—C2M2} < exp {—C2M2 +logs}.

Taking M such that 4/2c5 ogs < M < min {1 /2, to max; ZZ‘Z} -y/nand M — oo in the above inequality obtains us
that

L . 1
R (L2 SRS

which implies that ||VL(®*) (||, = Op(+/s/n). O

~

Lemma D.5 (A Concentration Inequality for Sample Correlation Matrix). Let C, C, pij and p; be defined in Lemma

D.3. Suppose n > S(CQt%)fl-log d. Take A = /3¢5 - (logd)/n =< /log(d)/n, in which ¢, is defined as in Lemma D.3.

Then C must satisfy

p(||C - c*

g)\)gl—S/d.

max

Proof. Ttis easy to check that VL(C*) = C — C*. Therefore, applying Lemma D.3 and union sum bound, we obtain that,
for any A < ¢; = min {1/2, o max;{3};} } with ¢¢ defined in Lemma D.1,

IP’(H@ —C| > )\) < 6d? - exp{—conA?}.
where ¢; = min{4~1c; min(X3;)2,1/6}, in which ¢; is defined in Lemma D.1. , for n sufficiently large such that
n> 3(02t%)_1-log d, by taking A = /3¢5 ' - (log d) /n < t1, we obtain P(||C — C* | max < A) = 1—P(||C — C*||max >
A) >1—6d? - exp{—conA?} > 1 — 8/d. The proof is completed. O

Lemma D.6. Under the same conditions in Lemma D.5, we have

- P 1 L 1
]\/}li)noo hmnsupP(HC -C )SHInax > M\/;) = 0’ and ||(C -C )SHInax = OP(\/;)

Proof of Lemma D.6. The proof is similar to that of Lemma D.5 and thus is omitted. O

E. Preliminary Lemmas

In this section we state and prove the technical lemmas used in previous sections. The following lemma establishes the tail
bound type of the product of two sub-Gaussian random variables. Let || - ||, and || - ||, be the 11- and 12-norm defined
in (Vershynin, 2010).

Lemma E.1. For X and Y being two sub-Gaussian random variables, then the absolute value of their product | X - Y| is a
sub-exponential random variable with

12X - Yl <2 ([ X g Y [l



Proof of Lemma E. 1. To show X -Y is sub-exponential, it suffices to prove that the ¢);-norm of X - Y is bounded. By the
definition of the 11 -norm, we have

_ 1
X - Yy, = supp™" [ELX - vP7] 7. (E.1)
p>1

We need to use the Holder inequality as follows

1 1

E[(f o)) < [BIATY [Blgl], ~+ 5 =1,

where f and g are two random functions. If we choose f = XP, g = YP and r = s = 2 in the Holder inequality, then the
right hand side of (E.1) can be bounded by

sup {p ! [E|x[2] "/ [E|y 1]/}

p>1
<zsup {(29) "2 [BIX )] -sup {(2p) 2 [EIY ],
1

p>1 P2
Therefore we obtain that || X - Y|y, < 2||X||y,]|Y ||y, < co. The proof is completed. O

Lemma E.2. Let D[;(@l,eg) = ﬁ(@l) — C(@Q) — <£(®2)7®1 — @2> and Dz(®1,®2) = D£(®1,®2) +
D;(©3,0;). For O(t) = ©* + t(® — ©*) with t € (0, 1], we have that

D7(©(t),0%) <tD}(©0,0).
Proof of Lemma E.2. Let Q(t) = Dz(©(t), %) = L(O(t)) — L(©*) — (VL(O*),O(t) — ©*). Since the derivative of
L(O(t)) with respect to t is (VL(O(t)), ® — ©*), then the derivative of Q(¢) is
Q'(t) =(VLO(t) —VL(O"),8 — 0%).
Therefore the Bregman divergence D% (©(t) — ©®*) can written as
D3(©(t) — ©%) = (VL(O(t)) — VL(O"),H(© — ©")) = tQ'(t) for 0 <t < 1.

By plugging ¢ = 1 in the above function equation, we have Q)’'(1) = D7.(®, ®*) as a special case. If we assume that Q(t)
is convex, then @)’(t) is non-decreasing and thus

Dz(©(t),©") =1tQ'(t) < tQ'(1) = tD;(©,0).

Therefore the proof is completed. It remains to prove that Q)(¢) is a convex function, i.e.
Q(a1t1 + Olgtg) S O[lQ(tl) + CYQQ(tQ),vtl,tQ € (O, 1], aq,02 Z 0s.t. a1 +ag = 1. (EZ)
For Va1, g > 0 such that ay + ag = 1, and ¢1,t5 € (0,1), we have O (ayt; + asts) = a1O(t1) + @2O(t3). By the

bi-linearity property of the inner product function (-, -), and using the linearity property of ®(-), we have the following
equality hold

—(VL(©®"),0(aits + asts)—O*)
=—a1(VL(©"),0(t1)—O")—ay(VL(O"), O(ts) —O*). (E.3)

On the other side, by the convexity of the loss function £(-), we obtain
E(@(ozltl + OéQtQ)) = [:(Oél®(t1) + OéQ@(tQ)) S O[lﬁ(@(tl)) + 052[,(6(252)) (E4)
By adding (E.3) and (E.4) together and using the definition of function Q(-), we obtain

Qanty + asts) < a1Q(t1) + @2Q(t2),

which indicates ((t) is a convex function. Thus we complete our proof.



Lemma E.3. Let A;, B; € R%*? be square matrices for i = 1,2. Then we have

A1B1A; — AsBoAs = (A1 — Ap)(B1 — B2) (A1 — Ap) + (A1 — Az)BoAs
+ (A1 — A.Q)B2A.1 + Al(Bl — BQ)AQ.

The next lemma characterizes an upper bound of ||A~! — B~||, in terms of ||A — B||., where || - ||, is any matrix norm.

Lemma E4. Let A, B € R?*? be invertible. For any matrix norm || - .., we have

IAHZIA — B

A1 -_Bl, < .
| I = A A B

We need the following lemma for bounding the difference with respect to the Kronecker product.

Lemma E.5. Let A and B be matrices of the same dimension. Then we have

|A @ Bloc = [|Allc|Blloc, and
|A®A-B®B|sx < ||A—B|% +2min {|A], [|B]loo HIA — Bloo-

The proof of the above lemma can be carried out by using the definitions and thus is omitted here for simplicity.

For a matrix A = (a;;), we say Ayq = (a}}) is the corresponding sparsity pattern matrix if a3} = 1 when a;; # 0; and
a‘;‘? = 0, otherwise.

Lemma E.6. Let A € R%*¢ be a matrix such that ||A||ax < 1. Let Ay be the corresponding sparsity pattern matrix.
Then we have

[Alle < [| A2

Proof of Lemma E.6. Let a;; be the (¢, j)-th entry of matrix A and x; the j-th entry of x. Following the definition of the
spectral norm of a matrix, we obtain that

n n 2
|Alz= sup [Ax]s= sup {Z( x) }
i=1 Nj=1

lIx[l2=1 lIx[l2=1

< swp {an(isgnm)l(aij%omf}

lxll2=1 L527 \ 52

= sup {Zn:( y 1(as; %0)'%‘)2} < [[Adll2-

x>0,||x||2=1 i=1 \j=1
Thus the proof is completed. O

LemmaE.7. Let A € R™4bea semi-positive definite random matrix, A € R%*? a positive definite deterministic matrix.
Then we have

P(|A7 = A7, > 2272

min

(A)-[|A ~ All,) <P(JA - All,>2 " Auin(A)).
If we further assume that A and A are commutative, that is AA = A./AX, then we have
2 min

P& — A7), > 2V2+ DAL A0 (A) A - Al

<P(||A - All, > 27 A (A)):



Proof of Lemma E.7. We first write A~* — A~ as A=1(A — A)A~, then it follows from the sub-multiplicative property
of the spectral norm that
IA7" = A, < [ATHA - M)A, < AT, AT, A - Al
< N (A) A (A) - A = Al (ES)

min mn

By Weyl's inequality, we obtain that Apin(A) < Amin(A) 5 and thus Ain (A) > Apin(A) — [|A — A,
Thus in the event of {HK — A||2 < 27" \nin(A) }, we have Ay (K) > 27" \pin (A) hold. Thus it follows from (E.5)
that

P(IA ~ A7, <202, (A) A - AlL) = B(JA ~ Al <27 A (A)),

min

This proves the first desired probability bound. If we further assume that A and A are commutative, under the event
{HA A||2 < 27" \nin (A) }, we have

[A-12 A2, = (A2 4 A7) AT - AT,
(IA] + Al,) A= = A=,
< (V2 DAL A - a7,
SQ( HAH1/2 mln A)HA_AHQ

IN

Therefore we prove the third result.

O

The follpwing lemma is taken from (Dembo and Zeitouni, 2009), which leads to a concentration bound of the empirical
means X =n~! Z?:l X;, where X;’s are i.i.d. random copies of X. Define the logarithmic moment generating function
associated with X to be

Ax(X) = log Mx (X) = log E[ exp{AX}]. (E.6)

Lemma E.8 (Large Deviation Inequality). Let the logarithmic moment generating function of X, Ax ()), be defined in
E.6. Define the Fenchel-Legendre dual of Ax (z) to be A% (2) = supycp {Az — A(\)}. Then, for any ¢ > 0, we have

< ZX EX>t><exp{ nIEX+1an())} and

el

zeFs

< ZX IEX<—t)<exp{ n(EX + inf A*(z))},
where Fy = [t,+00) and F = ( — oo, —t].
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