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Abstract

Off-policy learning is key to scaling up reinforce-
ment learning as it allows to learn about a target
policy from the experience generated by a differ-
ent behavior policy. Unfortunately, it has been
challenging to combine off-policy learning with
function approximation and multi-step bootstrap-
ping in a way that leads to both stable and efficient
algorithms. In this work, we show that the TREE
BACKUP and RETRACE algorithms are unstable
with linear function approximation, both in the-
ory and in practice with specific examples. Based
on our analysis, we then derive stable and effi-
cient gradient-based algorithms using a quadratic
convex-concave saddle-point formulation. By ex-
ploiting the problem structure proper to these algo-
rithms, we are able to provide convergence guar-
antees and finite-sample bounds. The applicabil-
ity of our new analysis also goes beyond TREE
BACKUP and RETRACE and allows us to provide
new convergence rates for the GTD and GTD2
algorithms without having recourse to projections
or Polyak averaging.

1. Introduction

Rather than being confined to their own stream of experi-
ence, off-policy learning algorithms are capable of lever-
aging data from a different behavior than the one being
followed, which can provide many benefits: efficient par-
allel exploration as in Mnih et al. (2016) and Wang et al.
(2016), reuse of past experience with experience replay (Lin,
1992) and, in many practical contexts, learning form data
produced by policies that are currently deployed, but which
we want to improve (as in many scenarios of working with
an industrial or health care partner). Moreover, a single
stream of experience can be used to learn about a variety of
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different targets which may take the form of value functions
corresponding to different policies and time scales (Sutton
et al., 1999) or to predicting different reward functions as
in Sutton & Tanner (2004) and Sutton et al. (2011). There-
fore, the design and analysis of off-policy algorithms using
all the features of reinforcement learning, e.g. bootstrap-
ping, multi-step updates (eligibility traces), and function
approximation has been explored extensively over three
decades. While off-policy learning and function approxima-
tion have been understood in isolation, their combination
with multi-steps bootstrapping produces a so-called deadly
triad (Sutton, 2015; Sutton & Barto, 2018), i.e., many algo-
rithms in this category are unstable.

A convergent approach to this triad is provided by impor-
tance sampling, which bends the behavior policy distribu-
tion onto the target one (Precup, 2000; Precup et al., 2001).
However, as the length of the trajectories increases, the vari-
ance of importance sampling corrections tends to become
very large. The TREE BACKUP algorithm (Precup, 2000) is
an alternative approach which remarkably does not rely on
importance sampling ratios directly. More recently, Munos
et al. (2016) introduced the RETRACE algorithm which also
builds on TREE BACKUP to perform off-policy learning
without importance sampling.

Until now, TREE BACKUP and RETRACE()) had only been
shown to converge in the tabular case, and their behavior
with linear function approximation was not known. In this
paper, we show that this combination with linear function ap-
proximation is in fact divergent. We obtain this result by an-
alyzing the mean behavior of TREE BACKUP and RETRACE
using the ordinary differential equation (ODE) (Borkar &
Meyn, 2000) associated with them. We also demonstrate
this instability with a concrete counterexample.

Insights gained from this analysis allow us to derive a new
gradient-based algorithm with provable convergence guaran-
tees. Instead of adapting the derivation of Gradient Tempo-
ral Difference (GTD) learning from (Sutton et al., 2009c),
we use a primal-dual saddle point formulation (Liu et al.,
2015; Macua et al., 2015) which facilitates the derivation
of sample complexity bounds. The underlying saddle-point
problem combines the primal variables, function approx-
imation parameters, and dual variables through a bilinear
term.
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In general, stochastic primal-dual gradient algorithms like
the ones derived in this paper can be shown to achieve
O(1/k) convergence rate (where k is the number of itera-
tions). For example, this has been established for the class
of forward-backward algorithms with added noise (Rosasco
et al., 2016). Furthermore, this work assumes that the ob-
jective function is composed of a convex-concave term and
a strongly convex-concave regularization term that admits
a tractable proximal mapping. In this paper, we are able
to achieve the same O(1/k) convergence rate without hav-
ing to assume strong convexity with respect to the primal
variables and in the absence of proximal mappings. As corol-
lary, our convergence rate result extends to the well-known
gradient-based temporal difference algorithms GTD (Sutton
et al., 2009¢) and GTD2 (Sutton et al., 2009b) and hence
improves the previously published results.

The algorithms resulting from our analysis are simple to
implement, and perform well in practice compared to other
existing multi-steps off-policy learning algorithms such as
GQ(A\) (Maei & Sutton, 2010) and AB-TRACE(\) (Mah-
mood et al., 2017).

2. Background and notation

In reinforcement learning, an agent interacts with its en-
vironment which we model as discounted Markov De-
cision Process (S, A,~y, P,r) with state space S, action
space A, discount factor v 2 [0, 1), transition probabil-
ites P :'S A ¥ (S ¥ [0,1]) mapping state-action
pairs to distributions over next states, and reward func-
tionr : (S A) ¥ R. For simplicity, we assume the
state and action space are finite, but our analysis can be
extended to the countable or continuous case. We denote
by m(aj s) the probability of choosing action a in state s
under the policy 7 : S ¥ (A ¥ [0,1]). The action-value
function for policy 7, denoted @ :S A ¥ R, repre-
sents the expected sum of discounted rewards along the
trajegtories induced by the policy in the MDP: Q (s,a) =
E[ tj;o ~Yrej (s, a0) = (s,a), 7). Q can be obtained as
the fixed point of the Bellman operator over the action-value
function T @ = r + P ( where 7 is the expected imme-
diate reward and P is defined as:

>
(P Q)(s,a) , P(sjs,a)n(a’ | sHQ(s", ") -

si2S a’2A

In this paper, we are concerned with the policy evaluation
problem (Sutton & Barto, 1998) under model-free off-policy
learning. That is, we will evaluate a farget policy 7 using
trajectories (i.e. sequences of states, actions and rewards)
obtained from a different behavior policy p. In order to
obtain generalization between different state-action pairs,
@ should be represented in a functional form. In this paper,

we focus on linear function approximation of the form:

Q(s,a) » 07¢(s,a) ,

where 6 2 RY is a weight vectorand ¢ : S A ¥
RY is a feature map from a state-action pairs to a given
d-dimensional feature space.

Off-policy learning  (Munos et al., 2016) provided a uni-
fied perspective on several off-policy learning algorithms,
namely: those using explicit importance sampling correc-
tions (Precup, 2000) as well as TREE BACKUP (TB(\)) (Pre-
cup, 2000) and Q(\) (Harutyunyan et al., 2016) which do
not involve importance ratios. As a matter of fact, all these
methods share a general form based on the A-return (Sutton
& Barto, 2018) but involve different coefficients xj in :

Y
Ot K Ki
t=k i=k+1

(rt +7E Q(st+1, ) Q(St;at))l

Gy » Q(sk,ak) +

Y
(A,-y)t K Ri 6t )
t=k i=k+1

= Q(sk,ak) +

where E Q(st+1,.) » aza T(a] st+1)Q(st+1, a) and
0t » 7Tt +7E Q(st+1,.)  Q(st,at) is the temporal-
difference (TD) error. The coefficients x; determine how the
TD errors would be scaled in order to correct for the discrep-
ancy between target and behavior policies. From this unified
representation, Munos et al. (2016) derived the RETRACE(\)
algorithm. Both TB(\) and RETRACE(\) consider this form
of return, but set x; differently. The TB(\) updates corre-
spond to the choice ki = 7m(aj j sj) while RETRACE()) sets
= min 1123

ing from full returns when the target and behavior policies
are very close. The importance sampling approach (Pre-
cup, 2000) converges in the tabular case by correcting the
behavior data distribution to the distribution that would be
induced by the target policy m. However, these correction
terms lead to high variance in practice. Since QQ(\) does not
involve importance ratios, this variance problem is avoided
but at the cost of restricted convergence guarantees satisfied
only when the behavior and target policies are sufficiently
close.

which is intended to allow learn-

The analysis provided in this paper concerns TB(\) and
RETRACE(\), which are convergent in the tabular case, but
have not been analyzed in the function approximation case.
We start by noting that the Bellman operator ! R underlying

"'We overload our notation over linear operators and their cor-
responding matrix representation.
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these these algorithms can be written in the following formwhere matrixA and vectoib are de ned as follows:
I
hx Yo A, (1 P OYYP 1)
RO, Qs+ E () . ) |
t=0 i=1 . b, (1! P ) “r:

i
(re+ E Q(st+1;)  Q(st;a))
_ 1 . Sketch of Proof (The full proof is in the appendix).
=Q(sa+ (Il P ) (T Q Q)s;a) ; |

: : . . X Y
whereE is the expectation over the behavior policy and ., = , + ( )k D (s ax)
MDP transition probabilities anél  is the operator de ned t=k P
by:
X [E (X)) (@)l w+
P Qsid,  P(jsia) (&%) (s5a9Q(s%a) = o+ k(Ac Kt b))
5

SO,E[ k+1] k]=(1+ KA) k+ kbwhereA = E[A(]

andb= E O
In the tabular case, these operators were shown to be contrac- (]

tion mappings with respect to the max norm (Precup, 2000;

Munos et al., 2016). In this paper, we focus on what hapthe ODE (Ordinary Differential Equations) ap-
pens to these operators when combined with linear functioproach (Borkar & Meyn, 2000) is the main tool to
approximation. establish convergence in the function approximation
case (Bertsekas & Tsitsiklis, 1995; Tsitsiklis et al., 1997).
In particular, we use Proposition 4.8 in Bertsekas &
Tsitsiklis (1995), which states that under some conditions,
k converges to the unique solution of the system

When combined with function approximation, the temporalA  + b= 0. This cr)ucially relies on the matri& being
difference updates corresponding to theeturnG, are  negative de nite i.ey” Ay < 0;8y 6 0. In the on-policy

3. Off-policy instability with function
approximation

given by case, when = , we rely on the fact that the stationary
distribution is invariant under the transition matRx i.e
k+e1 = k+t k G Q(sk;ak) r Q(sk;ar) d>P = d (Tsitsiklis et al., 1997; Sutton et al., 2015).
X v o However, this is no longer true for off-policy learning with
= W+« ( )k i f (Sk; ax) arbitrary target/behavior policies and the matixmay not
t=k i= K+l be negative de nite: the serieg may then diverge. We

(1)  will now see that the same phenomenon may occur with
TB( ) and RETRACE( ).
where ¥ = ri+ [E (St+1;) 1 (s;a&)and are
positive non-increasing step sizes. The updétgsnplies  Counterexample: We extend the two-states MDP of Tsit-
off-line updating asG, is a quantity which depends on siklis et al. (1997), originally proposed to show the diver-
future rewards. This will be addressed later USing ellglbllltygence of off_po|icy TD(O), to the case of function approxi_
traces: a mechanism to transform the off-line updates intenation over state-action pairs. This environment has only

ef cient on-line ones. SlnC(El) describes stochastic Updates,two states, as shown in Figure 1, and two actions: left or
the following standard assumption is necessary: right.

Assumption 1. The Markov chain induced by the behav-
ior policy is ergodic and admits a unique stationary
distribution, denoted by, over state-action pairs. We
write  for the diagonal matrix whose diagonal entries
are( (s;a))szs aza -

Our rst proposition establishes the expected behavior of

the parameters in the fimit. Figure 1. Two-state counterexample. We assign the fea-

Proposition 1. If the behavior policy satis es Assumption 1 turesf (1;0)” ; (2;0)” ; (0; 1)” ; (0; 2)” g to the state-action pairs
and( )k o isthe Markov process de ned If§) then: f (1, right); (2; right); (1; left); (2; left)g. The target policy is
given by (rightj ) =1 and the behavior policy is(rightj ) =
E[ k«1j ol=(1+ kA)E[ k] o]+ «b; 0:5
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In this particular case, both TBf andRETRACE( ) share In order to derive parameter updates, we could compute
the same matri® andP =0:5P : gradients of the above expression explicitly as in Sutton

0 01 0 01 0 01 0 01 et al. (2009c), but we would then obtain a gradient that is
0 1 0 01 0 a product of expectations. The implied double sampling
P = %1 0 0 § ;P )" = 10 § 8n 2 makes it dif cult to obtain an unbiased estimator of the
100 0 010 0 gradient. Sutton et al. (2009c) addressed this problem with
a two-timescale stochastic approximations. However, the
Ifweset :=0:5 ,we then have: algorithm obtained in this way is no longer a true stochastic

0 1 gradient method with respect to the original objective. Liu
1 T 00 et al. (2015) suggested an alternative which converts the
(I P ) 1= %0 1 0 OE . original minimization problem into a primal-dual saddle-
T 1 oK’ point problem. This is the approach that we chose in this
‘0 1 paper.
! !
6 5 0 The convex conjugate of a real-valued functfois de ned
A= 5 T2 g as:
s f(y)= sup (hy;xi f(x)) ; @)
Therefore 2 (§;1)and8 2 [0;min(1; —)),the 14t is convex, we havd = f. Also, if f (x) =

rst eigenvaluee; = 6175 of A is positive. The basis %jjxij 1, thenf (x) = %jjxij . Note that by going

vectors(1;0)” and(0;1)” are eigenvectors of A associ- to the convex conjugate, we do not need to invert magrix

ated withe, an8 -5, then if o = bl; 2)”, we obtain We now go back to the original minimization problem:

Elki o]=( 1 5@+ &) 2 15 5 )7 im-

pying thatiEl «j oli | 1 “ico'(1+ ie1). Hence, as
k k'L GE[«j olitl if 160.

min MSPBE (), min %jjA + bj2 .

, minmax bA +b;!i %jj!jjfﬂ
4. Convergent gradient off-policy algorithms . . .
9 d policy alg The gradient updates resulting from the saddle-point prob-
If A were to be negative de niteRETRACE( ) or TB( )  lem (ascentin and descentin) are then:
with function approximation would converge to =
PP J Peer =1kt (At b Mby)

A b Itis known (Bertsekas, 2011) that is the xed (3)
point of the projected Bellman operator : kil = ko kATl
= R( ); wheref (gandf g are non-negative step-size sequences.

As the A, bandM are all expectations, we can derive
stochastic updates by drawing samples, which would yield
unbiased estimates of the gradient.

where = ( > ) ! > isthe orthogonal projec-
tion onto the spac8 = f j 2 RYgwith respect to the

weighted Euclidean norijj:jj . Rather than computing the
sequence of iterates given by the projected Bellman operatqs, jine updates: We now derive on-line updates by ex-

another approach for nding is to directly minimize (Sut- ) iting equivalences in expectation between forward views
ton et al., 2009a; Liu et al., 2015) the Mean Squared Proénd backward views outlined in Maei (2011).

jected Bellman Error (MSPBE): . o
Proposition 3. Let g be the eligibility traces vector, de-

MSPBE ( )= %jj R( ) ji2 nedase ;=0 and:
& = (sk;a)ex 1+ (sk;ak) 8k O
This is the route that we take in this paper to derive conver- A _ N
gent forms of TB() andRETRACE( ). To do so, we rst Furthermo:e., let Ak = Qf( E [' (Skérl )
de ne our objective function in terms @& andbwhich we (sc;a)D”; B .- r(sk; a)ex; k =
introduced in Proposition 1. (sc;a) (sca)”. Then, we haveE[A] = A,
Proposition 2. LetM , > = E[ ~]be the covari- E[l] = bandEM\]= M.
ance matrix of features. We have: (The proof is provided in the appendix.)
MSPBE ()= %jjA + bijg . This proposition allows us to replace the expectations in

Eq. (3) by corresponding unbiased estimates. The resulting
(The proof is provided in the appendix.) detailed procedure is provided in Algorithm 1.
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Algorithm 1 Gradient Off-policy with eligibility traces have uniformly bounded second moments. It follows that
there exists a constantsuch that:

Given: target policy , behavior policy
Initialize ¢ and! ¢ EkGizq  OK3Fk 1] 2(1 + kzck?)
forn=0...do

seteg =0
for k=0...end of episoddo
Observesg; ax; rg; sk+1 according to
Update traces
& = (sk;ak)ex 1+ (Skrax)
Update parameters
k=Tt RE (s+15) ¢ (s a)

Before stating our main result, the following key quantities
needs to be de ned:

) max(A>|\/| 1A); y  min (A>|V| lA);
h i
Le, E G;GjF 1

P = 1tk k& Pe (s a) (skiax) The following proposition characterize the convergence in
k1= ko k& (E (i) (k&) expectation okze  z7k2= k 7K+ Lkwyk?

end for . . .

end for Proposition 4. Suppose assumptions 2 and 3 holds and if

_ 8 — 92 2
we choose = — and ¢ = there

) =2 9°¢(M)? 2+32¢(M)Lg. Then the mean square
5. Convergence Rate Analysis error E kzx z°k? is upper bounded by:

In order to characterize the convergence rate of the algorithm

n 2 ? K2 2 ZANY
1, we need to introduce some new notations and state neg¢ 8c(M ) ® + 92)2E kzg 22 k .8 2(12 + kz 2k )
assumptions. (8 2k +92) (82 *k+92)

We denote bykAk , sup-; kAxk the spectral norm  Sketch of Proof (The full proof is in the appendishe be-

of the matrix A and byc(A) = kAKKA Ik its condition  ginning of our proof relies on Du et al. (2017) which shows

number. If the eigenvalues of a matéxare real, we use the linear convergence rate of deterministic primal-dual gra-
max (A) and min (A) to denote respectively the largest and dient method for policy evaluation. More precisely, we

the smallest eigenvalue. make use of the spectral properties of ma@ishown in

the appendix of this paper. The rest of the proof follows a

If w = for itivi nstant, it i ibl . o
€ set_ K k for a pqst €co sta_ L itis POsS ble different route exploiting the structure of our probleni]
to combine the two iterations present in our algorithm as

k

a single iteration using a parameter vecgr,

Pt The above proposition 4 shows that the mean square error
where : E kzx Zz°k? atiteratiork is upper bounded by tow terms.
' - a The rst bias term tells that the initial errd® kzo z°k?
Z =z k(Gkze &) , ’
_ is forgotten at a rat®(1=k“) and the constant depends
where: on the condition number of the covariance mat ).
0 P A 0 The second variance term shows that noise is rejected at a
Gx p A M &, P B rate O(1=k) and the constant depends on the variance of

h o estimates 2 andc(M ). The overall convergence rate is
LetG, E G¢ andg= E[¢]. It follows from the propo- O(1=k).
sition 3 thatG andg are well de ned and more speci cally:
p_
_ 0 A~> _ 0
G= P 9= Py

Existing stochastic saddle-point problem results:
Chen et al. (2014) provides a comprehensive review of
stochastic saddle-point problem. When the objective
functprl is convex-concave, the overall convergence rate is
Furthermore, leFy = (20;Go;00:::;2; Gk 0 Zk+1)  O(1= k). Although several accelerated techniques could
be the sigma-algebra generated by the variables up totime improve the dependencies on the smoothness constants of
With these de nitions, we can now state our assumptions. the problem in their convergence rate, the dominant term
Assumption 2. The matricesA and M are nonsingu- that depends on the gradient variance still decays only as
lar. This implies that the saddle-point problem admits O(1= K).

H H ? ?
aounlquoe leIUE'or( 17 =( A 'b;0) and we de ne When the objective function is strongly convex-concave,
27, (e=l). Rosasco et al. (2016) and Palaniappan & Bach (2016)
Assumption 3. The features and reward functions are uni- showed that stochastic forward-backward algorithms can
formly bounded. This implies that the features and rewardsachieveO(1=k) convergence rate. Algorithms in this class
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are feasible in practice only if their proximal mappings canand to identity matrix for GTD.
be computed ef ciently. In our case, our objective function The table 1 show in chronological order the convergence
is strongly concave because of the positive-de niteness ofates established in the literature of Reinforcement learn-
M but is otherwise not strongly convex. Because our algoing. GTD was rst introduced in Sutton et al. (2009c)
rithms are vanilla stochastic gradient methods, they do no&nd its variant GTD2 was introduced later in Sutton et al.
rely on proximal mappings. (2009b). Both papers established the asymptotic conver-

gence with Robbins-Monro step-sizes. Later, Liu et al.
Singularity:  If assumption 2 does not hold, the matrix (2015) provided the rst sample complexity by reformulat-
G is singular and eitheBz + g = 0 has in nitely many  ing GTD/GTD2 as an instance of mirror stochastic approxi-
solutions or it has no solution. In the case of many solutiongnation (Nemirovski et al., 2009). Liu et al. (2015) showed
we could still get asymptotic convergence. In Wang & Bert-that with high probability, MSPBE ( ) 2 O(1= k)
sekas (2013), it was shown that under some assumptions avhere | , ﬂikkk However, they studied an alter-
the null space of matrié and using a simple stabilization nated version of GTD/GTD2 as they added a projection
scheme, the iterates converge to the Drazin (Drazin, 195&kep into bounded convex set and Polyak-averaging of it-
inverse solution of5z + g = 0. However, it is not clear erates. Wang et al. (2017) studied also the same version
how extend our nite-sample analysis because the spectrals Liu et al. (2015) but for the case of Markov noise case
analysis of the matri (Benzi & Simoncini, 2006) inour  instead of thé.i.d assumptions, They prove that with high
proof assumes that the matricksandM are nonsingular. probability MSPBE ( ) 2 O(PﬁTE) when the step-size

2

6. Related Work and Discussion sequence satises  x = 1 ;85— < 1. The op-

timal rate achieved in this setup is thé)ﬂ:p k). Re-
Convergent RETRACE:  Mahmood et al. (2017) have cently, Lakshminarayanan & Szepesvari (2017) improved
recently introduced the ABQJ algorithm which uses an  on the existing results by showing for the rst time that
action-dependent bootstrapping parameter that leads to offk ?k2] 2 O(1=k) without projection step. How-
policy multi-step learning without importance sampling ra-ever, the result still consider the Polyak-average of it-
tios. They also derived a gradient-based algorithm calle@rates. Moreover, the constants in their bound depend
AB-TRACE( ) which is related to RTRACE( ). However,  on the data distribution that are dif cult to relate to the
the resulting updates are different from ours, as they usgroblem-speci ¢ constants, such as those present in our
the two-timescale approach of Sutton et al. (2009a) as b@ound 4. Finally, Dalal et al. (2017) studied sparsily pro-
sis for their derivation. In contrast, our approach uses th‘jiected version of GTD/GTD2 and they showed that for
saddle-point formulation, avoiding the need for double samstep-sizes | = ek = k(”)% wherec 2 (0;1),
pling. Another bene t of this formulation is that it allows us 2k 2 O(k 14 $) with high probability. The projec-
to provide a bound of the convergence rate (proposition 4;

: . on is called sparse as they project only on iterations which
whereas Mahmood et al. (2017) is restricted to a more gen; o powers of% yprol y

eral two-timescale asymptotic result from Borkar & Meyn Our work is the rst to provide a nite-sample complexity

(2000). The saddle-point formulation also provides a riChanalysis of GTD/GTD?2 in its original setting, i.e without

literature on acceleration methods which could be incorpoéssumption a projection step or Polyak-averaging and with
rated in our algorithms. Particularly in the batch Semngdiminishing step-sizes.

Du et al. (2017) recently introduced Stochastic Variance Re-

duction methods for state-value estimation combining GTD .

with SVRG Johnson & Zhang (2013) or SAGA Defazio /- Experimental Results

et al. (2014). This work could be extended easily to our

. . . SEvidence of instability in practice: To validate our the-
algorithms in the batch setting.

oretical results about instability, we implemented TB(
RETRACE( ) and compared them against their gradient-
Existing Convergence Rates: Our convergence rate re- pased counterparts GTB(and GRETRACE( ) derived in
sult 4 can apply to GTD/GTD2 algorithms. Recall that thjs paper. The rst one is the-states counterexample that
GTD/GTD2 are off-policy algorithms designed to esti-\ye detailed in the third section and the second isttiseates
mate the state-value function using temporal differencgersjons of Baird's counterexample (Baird et al., 1995). Fig-
TD(0) return while our algorithms compute the action-res 2 and 3 show the MSBPE (averaged @@rmns) as
value function usingRETRACE and TREE BACKUP re- 3 function of the number of iterations. We can see that our
turns. In both GTD and GTD2, the quantitiés and gradient algorithms converge in these two counterexamples
B involved in their updates are the same and equal tQuhereas TB() and RETRACE( ) diverge.

k= ()0 () (s))7 B = r(sean) (si)
while the matrixM, is equal to (s¢) (sk)> for GTD2
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Paper step-sizes Projection Polyak averaging Convergence rate
Sutton etal. (2009¢c), Suttonpc = «; >p0; « ' 7 with probability one
et al. (2009b) K k=1,  E<1 o
Liu et al. (2015) constant step-sizg, = Yes Yes MSPBE ( ) 2 O(1= k) with
_ high probability
Wang et al. (2017) ok = k;r W k=1 Yes Yes MSPBE ( «) 2 O(Pi—:) with
pkif <1 high probability
Lakshminarayanan & coknstant step-sizex = Yes E[k 7k?] 2 O(1=K)
Szepesvari (2017)
Dalal et al. (2017) K= @ k= et Yes ki ’k2O(k 3*%) with high
wherec 2 (0;1) probability
Our work k= Kk > 0; «20(1=k) Elk k  ’K’]2 O(1=Kk)

Table 1. Convergence results for gradient-based TD algorithms shown in previous work (Sutton et al., 2009b;c; Liu et al., 2015; Wang
etal.,, 2017; Lakshminarayanan & Szepesvari, 2017; Dalal et al., 204 8jand for the Polyak-average of iterates:, 4% Our
algorithms achiev®(1=k) without the need for projections or Polyak averaging.

each algorithm over all possible combinations of step-size
values( k; «) 2 [0:001; 0:005 0:01; 0:05; 0:1]? for 2000
episodes and reported their normalized mean squared errors
(NMSE):
k Q K?

kQ k2

whereQ is estimated by simulating the target policy and
averaging the discounted cumulative rewards overs trajec-
tories. AsAB-TRACE( ) and GRETRACE( ) share both

Figure 2.Baird's counterexample. The combination of linear func- . .
tion approximation with TB andRETRACE leads to divergence [N€ Same operator, we can evaluate them using the empir-

(left panel) while the proposed gradient extensions GTB and¢al MSPBE = %jjA\ + Bllfﬁ , whereA&, bandM are
GRETRACE converge (right panel). Monte-Carlo estimates obtained by averagiig fi and
My de ned in proposition 3 ovet0000episodes.
Figure 6 shows that the best empiritdSPBE achieved
by AB-TRACE( ) and (RETRACE( ) are almost identi-
cal across value of. This result is consistent with the
fact that they both minimize thlSPBE objective func-
tion. However, signi cant differences can be observed when
computing the 5th percentiles of NMSE (over all possible
combination of step-size values) for different values of
in Figure 5. When increases, the NMSE of GQJ in-
creases sharply due to increased in uence of importance
Figure 3.In the 2-states counterexample of section 3 showing thatsampling ratios. This clearly demonstrate the variance is-
the gradient-based TB arIETRACE converge while TB and  sues of GQ() in contrast with the other methods based
RETRACE diverge. on theTREE BACKUP andRETRACE returns (that are not
using importance ratios). For intermediate values,oAB-
) i o TRACE( ) performs better but its performance is matched by
Comparison with existing methods: We also compared GRETRACE( ) and TB( ) for small and very large values of

GTB( ) and CRETRACE( ) with two recent state-of-the-art |, tac¢ AB-TRACE( ) updates the function parameters
convergent off-policy algorithms for action-value estimation

NMSE ()=

: - Gigs - as follows:
and function approximation: GQJ (Maei, 2011) and AB-
TRACE( ) (Mahmood et al., 2017). As in Mahmood et al. kel = e (ke k)
(2017), we also consider a policy evaluation task in the
Mountain Car domain. In order to better understand thevhere K , Wy e(E  (Sk+1:2)

variance inherent to each method, we designed the target _ (sx;a) (ajsk) (s«;a)) is a gradient correc-
policy and behavior policy in such a way that the importancetion term. When the instability is not an issue, the
sampling ratios can be as large3is We chose to describe correction term could be very small and the update of
state-action pairs by @6-dimensional vector of features would be essentiallyy+1 K k k€ SO that 1
derived by tile coding (Sutton & Barto, 1998). We ran follows the semi-gradient of the mean squared error
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Figure 4. Comparison of empirical performance of GQ( ), AB-
TRACE( ), GRETRACE( ) and GTB( ) on an off-policy eval-
vation task in Mountain Car domain. Each box plot shows
the distribution of the NMSE achieved by each algorithm after
2000 episodes for different values of . NMSE distributions are
computed over all the possible combinations of step-size values
( %, &) 2[0:001;0:005;0:01; 0:05; 0:1].

k 0 Gk2.

To better understand the errors of each algorithm and their
robustness to step-size values, we propose the box plots
shown in Figure 4. Each box plot shows the distribution
of NMSE obtained by each algorithm for different values
of A\. NMSE distributions are computed over all possible
combinations of step-size values. GTB()\) has the smallest
variance as it scaled its return by the target probabilities
which makes it conservative in its update even with large
step-size values. GRETRACE()) tends to more more
efficient than GTB()\) since it could benefit from full
returns. The latter observation agrees with the tabular case
of TREE BACKUP and RETRACE (Munos et al., 2016).
Finally, we observe that AB-TRACE(\) has lower error, but
at the cost of increased variance with respect to step-size
values.

8. Conclusion

Our analysis highlighted for the first time the difficulties of
combining the TREE BACKUP and RETRACE algorithms
with function approximation. We addressed these issues
by formulating gradient-based algorithm versions of these
algorithms which minimize the mean-square projected Bell-
man error. Using a saddle-point formulation, we were also
able to provide convergence guarantees and characterize the
convergence rate of our algorithms GTB and GRETRACE.
We also developed a novel analysis method which allowed
us to establish a O(1/k) convergence rate without having to
use projections or Polyak averaging (which might also make
implementation more difficult). Furthermore, our proof tech-
nique is general enough that we were able to apply it to the
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Figure 5. Each curves shows the 5th percentile of NMSE (over
all possible combination of step-size values) achieved by each
algorithm for different values of
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Figure 6. Comparison between the best empirical MSPBE ob-
tained by each algorithm for different values of Only
GRETRACE( ) and AB-TRACE( ) are showed here because the
other algorithms do not have the same operators and hence not
the same MSPBE. Note that MSPBEs depend on . Thus,
MSPBE:s are not directly comparable across different values
of . Both GRETRACE( )and AB-TRACE( ) have very similar
performances. AB-TRACE( ) performs slightly better.

existing GTD and GTD2 algorithms. Our experiments fi-
nally suggest that the proposed GTB(\) and GRETRACE (\)
are robust to step-size selection and have less variance than
both GQ(A) (Maei, 2011) and AB-TRACE(\) (Mahmood
etal., 2017).
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