Appendix for “Stein Variational Message Passing for Continuous Graphical
Models”

A. Proof of Theorem 1|

Proof. Consider f = [f1,...,f4]7 € H, where H =
H1 X -+ X Hg. Using the reproducing property of H;,
we have for any f; € H,;
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This shows that the optimal f should equal ¢*/||¢" ||,
and D(q [[ p) = (@™ /[|@" (13, &™) 1 = |67 I3

B. Proof of Theorem

Proof. Plugging the optimal solution in Theorem(I]into the
definition of Stein discrepancy (2), we get

D(q |l p) = Eyng[P: " & (2)]
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On other hand, because D(q || p) = ||¢”||., we have

d
2= Z By 2/ nq[Pu, Pt ki(, )]

i=1

D(q || p) (B.1)

To prove (I0), note that

Ezng [Pwi f(x)]

= EINQ[Ilef] - [QL f]

= Equ[( ; logp(z) — Vyu, log q()) f(z)]
= Ewwq[( Ing(xz‘xﬁz) = Vg, log Q(xz‘xﬁz))f(x)]
= Eongldi(@) f(2)].

Applying this equation twice to gives

D(q || p)* ZEWQ k(e a')0i(2)]. (B.2)

By and the definition of strictly integrally positive
definite kernels, we can see that D(q || p) = 0 implies
di(x) = 0, Vi € [d], if k;(x, ') is strictly integrally posi-
tive definite for each ¢. Note that §;(z) = 0 means p and ¢
matches the conditional probabilities:

p(xi|z=i) = q(zi|x=;), Vi€ [d]. (B.3)
For positive densities, this implies that p(z) = q(z) (see
e.g., [Brook| (1964); Besag| (1974)). O

C. Proof of Theorem 3|

Proof. For a graphical model p(x) with Markov blanket \;
for node 7, we have

Moreover, by Stein’s identity on g, we have

Eong[Va, logg(zi | 2n.) f(2)+ Ve, f(2)] = 0, Vi€ [d].

With a similar argument as the proof of Theorem 2] we get
Eo[Pr, f(2)]
=E,;q[(Va; logp(zi|zn,) —
- wavq[(sz(xcb)f(x)h

where §;(z¢,) =

Va;logq(zilzn;)) f(2)]
Vi logq(xi|za,) — Vi, log p(zi|aas,).
Applying this equation twice to gives
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Therefore, if k;(xz,z’) is strictly integrally positive defi-
nite on x¢,, Stein discrepancy D(q || p) = 0 if and only
if g(zilen,) = p(zilzn;)-

O
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