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where n = min(ng, nt).

2. The Gradient towards Optimizing W
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where Kk?z iy K’,tf(j’j,), and K;‘z”) depending on the kernel function are calculated as follows,
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3. Exemplar of A Pair of Source and Target Domains
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Figure 1. One example pair of source and target domains.

4. Coefficients of RBF Kernels

We plot the values of the coefficients for N, RBF kernels, i.e., Sy for k = {1,--- , Ni } in Figure 2. Note that we use 33
RBF kernels as stated in the paper.
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Figure 2. Values of the coefficients for all N RBF kernels.

5. Discussion on /. in Equation (2)

l¢, the performance improvement ratio, heavily depends on the number of labeled examples in the target domain 7, i.e.,
nj.. A smaller number of target labeled examples tends to produce a larger performance improvement ratio, and vice versa.
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Figure 3. Empirical validation of the assumed function that bridges the number of labeled examples in a target domain and the performance
improvement ratio.

Since the n}, varies from experience to experience, we adopt a transformed I, instead of [, to train the reflection function
in Equation (2). The . is expected to be the expectation of the performance improvement ratio in the range of [p, g| for
the e-th experience, where p and ¢ are the minimum and maximum number of target labeled examples. To compute the
expectation, we first assume that the performance improvement ratio with regard to the number of target labeled examples
follows the following monotonically decreasing function,

fle) = 22T (10)

T

where a. and b are two parameters deciding the function. a. is conditioned on a specific experience but b is shared across all
experiences. With the assumed function, we can obtain the expected performance improvement ratio as:
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Combining with the fact that f (nfe) = ae(bini, _ le, we can finally obtain the corrected l; as,

t
e

where the parameter b can be learned simultaneously during optimizing the objective (2).

We have empirically validated the soundness of the assumed function in Figure 3. We first randomly selected three transfer
learning experiences. For each, we vary the number of labeled examples in the target domain and obtain the curve of the
performance improvement ratio w.r.t. the number of labeled examples (see the red lines in Figure 3). Meanwhile, we fix
b = 0.2582 which is learned from all transfer learning experiences, and fit the function y = @ to the true trend by
solving a.. Obviously, the function is qualified to model the trend of the performance improvement ratio w.r.t. the number

of labeled examples.

6. Algorithmic Stability and Generalization Bounds
6.1. Latent Feature Factor Based Algorithms

In this subsection, we would discuss the algorithmic stability and generalization bounds for latent feature factor based
transfer learning algorithms without considering past transfer leaning experiences. We denote the transferred knowledge
from the e-th source domain to the e-th target domain as the latent feature factor matrix W.. As a result of the knowledge
transfer, the target domain is represented on the latent feature factors, i.e., XéWe. Without loss of generality, we assume
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that the e-th target domain learns a predictor 2/, by minimizing the following regularized least square objective function:

1
mmnTZIIyq (he, W () D)1 + Al |12, (12)

where ) is a regularization parameter. Setting h, = W h. and meanwhile constraining W, to be orthonormal (i.e.,
WI'W, = 1), we obtain an equivalent optimization problem as below:

nj,

mm*ZHyGJ he, (x2;) )P + AW he . (13)

he lejl

Note that such orthonormal constraint on the latent feature factor matrix W has been widely adopted and proven effective
in dimension reduction methods such as PCA as well as in transfer learning algorithms (Baktashmotlagh et al., 2013; 2014).
The optimization problem (13), also known as Tikhonov regularization (Golub et al., 1999), is uniformly stable.

Theorem 1. Suppose that for any X!, we have || o || = |[xLW.|| < r, and for any y.. we have |y.| < B. The algorithm that
minimizes problem (13) is uniformly stable. For any (x%,y!) in the target domain, the following inequality holds:

4B2 2
lye = (he(Te)s (xe) I = llye — (he(Ter), (xe)T)1?] < yp; (14)

le
where T, = (i1 41). -+ (k1 9E1) O U Ok (g )} denoes she fll set of rain
ing samples, and T, — {(xty gty )oe- - (xty. 10 (R T s ) Ky 0l )} represents the

training samples with the k-th example replaced to (XL, 3t,). he(Te) is the hypothesis learned using training samples from
Te.

Proof. Our proof generalizes the proof in (Liu et al., 2017) in which the authors proved the uniform stability of self-
taught learning algorithms. Let fi(he) = A|WThe|]%, fr.(he) = -+ Z"le lyl; = (he, (xE)) 17 + fi(he), and

fri(he) = %(Zﬁfk lye; = Ches )OI + 1121, — (he, (£ ) + f1(he). Both f; and f; are convex functions.
Following (Liu et al., 2017), we take advantage of the additive and non-negative properties of Bregman divergence, i.e.,

BfTe (iLe | he) + BfTek (he || Be) > By, (iLe | he) + Bfl(he | Be)a (15)

where h, is the solution to the optimization problem (13) when training samples are from 7, and instead he is the solution
with training samples in the set of 7.x. According to the definition of Bregman divergence, the left-hand side of the
inequality
BfTe (ﬁe | he) + BfTek (he |l ﬁe)
=[1.(he) = f1.(he) = (he = he; V1 (he)) + f1oi(he) = fToi(he) = (he = he, V f1, (Re))
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where the first inequality comes from the fact that the squared loss function is 2B-admissible given |y.| < B, and the
second follows the famous Cauchy-Schwarz inequality. Meanwhile, the right-hand side of the inequality (15) By, (he ||
he) + By, (he || he) equals,

By, (ﬁe | he) + Bf1(he | Be) = 2)‘Z<he - ﬁevweu>2- a7

Provided in (15) that the right-hand side is upper-bounded by the left-hand side, we combine (16) and (17) and give,
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Finally, we reach the conclusion that,
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Upon Theorem 1, the generalization bound for the e-th target domain with knowledge transferred from the e-th source
domain can be derived in the following theorem according to (Bousquet & Elisseeff, 2002).

Theorem 2. Suppose that the squared loss function is upper-bounded by M. For any h. that is the solution of the
optimization problem 13, and any § > 0, with probability at least 1 — 9§,

4B%r? 168272 [log1/6
¢ < R, (he. M 2
R (he) —_ R’nle (h ) + )\nfe + ( )\ + > 2,”2{6 b ( O)

where R'(he) = E(xy)|ly — (he,x)||? is the expected risk and Rfllte (he) = n%tc Zﬁfe lyt; — (he, (xL;)T)]1? denotes the

Jj=1
empirical risk we have mentioned above.

6.2. Learning to Transfer

In the next, we conduct a theoretic investigation into how previous transfer learning experiences influence a transfer
learning task of interest. Consider S = {(S1,71),- -+, (Sn., Tn. )} to be N, transfer learning experiences or the so-called
meta-samples (Maurer, 2005). Meanwhile, we focus on the (N, + 1)-th transfer learning task (S, 1, 7w, +1) in which the
(N + 1)-th source domain is expected to improve learning performance of the (N, + 1)-th target domain via knowledge
transfer. Let L(S) be our algorithm that learns meta-cognitive knowledge from N, transfer learning experiences in S and
applies the knowledge to the (N, + 1)-th transfer learning task. Before proceeding to give the generalization bound, we first
prove that L(S) is uniformly stable.

To make the proof self-contained, we first present Lemma 11 in (Maurer, 2005) as following.

Lemma 1. (Maurer, 2005) Let Gy and G be positive operators and X\ > 0. Then
1. G; + Ml is invertible;
2. [(Gi +AD) Moo < 3
3. we have [[(G1 + AI)7™F — (G2 + M) 7Yoo < 2 1G1 = Galloos
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4. let x1 and x5 satisfy (G; + mAI)x; =y, then |Hx1||2 - ||x2||2| <2(mA)73||G1 — Galloo |y

Theorem 3. Suppose that for any xt we have ||xt||*> < r,, and for any y. we have |yt| < B. Meanwhile, for any e-th
transfer learning experience, we assume that the latent feature factor matrix ||W .|| < rw. We also reasonably assume that
the latent feature factor matrix for the (N, + 1)-th transfer learning task is a linear combination of all N, historical latent
Sactor feature matrices plus a noisy latent feature matrix W, satisfying |[W|| < re, i.e, Wy, 41 = Z({El ce W, + W,
with each coefficient 0 < c. < 1. Our algorithm L(S) is uniformly stable. For any (S,T ) as the coming transfer learning
task, the following inequality holds:

|Lemp(L(8), (S, T)) = Lemp(L(S%), (S, T))| <

_ 2 2
4(AN, = B+ re/rw)B?ry O(B rx> o

ANZ AN,

Where S - {<81a7]>7 7<Seo—177;0—1> <$eoa7;0
samples, and S = {<Sl77-1>a 7<S€o—1a eo— 1>

)y (Seo+1s Teo+1)s -+ » (SN., Tn.)} denotes the full set of meta-
(S
samples with the eo-th meta-example replaced as (S, Te; 3

Sers Tey)s <S€0+1,7;O+1>, -+, (SN.,Tn,)} represents the meta-

Proof. Out proof generalizes the proof in (Maurer, 2005) where the authors proved the uniform stability of a meta-algorithm
for regularized least squares regression. Before proceeding to prove the stability of our algorithm L(S), we first present the
solution to the optimization problem (12) as well as the empirical loss in a different perspective. Following (Maurer, 2005),
we make a reasonable assumption that the solution to the optimization problem (12) is generated by all training samples

{x1, 0 xpe }oie by = Z?’Fl ;%L We. As aresult, the problem (12) in a matrix form is
o1
min - lye — XeW W (X0 ]2 + AW (X 2, (22)
le
where y! € RMe*1, v = {7, - Ynt, } € R™e*1 and X! € R™<*™ as we stated in the paper. To solve v, we set the
gradient of (22) w.r.t. 7y to zero, which gives birth to the following equation:

(G + 1A g, ng,))Y = Yoo (23)
where G € R"«*"ic is the well-known Gram matrix with Gy = (WeT(xéj)T, wl (Xtej,)T>. It follows from (Maurer,
2005) that the empirical loss

ni,
oyt — XEWL W (XE) T = n Ay A (24)

le j=1
Now let the meta-sample S = {(S1,71), -+ ,(Sn., Tn.)} be given. The sequence of latent factor feature matrices
(Wq,---, Wy ) for the N, transfer learning experiences capture different knowledge transferred between different pairs

of domains. Here we simplify our algorithm L(S) to keep its key idea - harnessing the collective power of all past
transfer learning experiences and determining the knowledge to be transferred via maximizing the improvement ratio.
We do this by assuming that the latent feature factor matrix for the (N, + 1)-th transfer learning task of interest is the
linear combination of all N, historical latent factor feature matrices plus a noisy latent feature matrix W, satisfying

W] <reie, Wy, 41 = Zf;l ce W, + W_. The coefficients {c1, - - - , cn, }, satisfying 0 < ¢, < 1, can be learned to
maximize the improvement ratio. In this case, the /N.-th latent feature factor matrix can be either dependent or independent
(cp = -+ = cn, = 0) on previous transfer learning experiences, which sticks to the L2T. Following the similar idea

in (Maurer, 2005), here we define a new inner product (-, -)g by

Ne
<(X§‘)T7< ;”)T>S = r2 N2 ZCe et W6><Z e Wer —|—W€,( ;")T>a (25)

e'=1

so that we could formulate our algorithm L(S) as

NF+1

Ne
min ——— % [ly{y, 1), — Gs7IP 411 D] e WXy, 1) 1%, (26)
Ne+1 nN 41 J=1 —1
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Neq1Xnh : Wi — ((xt T (xt T
where Gg € R"~e+17"~e+1 s the new Gram matrix with Gs;; = ((X(_11);)" s (X(n_ 1)) )s-

By replacing the eq-th transfer learning task in S, we obtain another meta-sample S¢. To infer the stability bound, we would
upper bound the difference between the empirical loss using S and that using S, i.e., [lemp(L(S), (Sn.+1, TN.+1)) —
lemp(L(S), (SN, +1, TN6+1))’- Using the equation (24) gives

|Lemp (L(S), (SN.+1, TN.+1)) = Lemp(L(S°), (Sn. 41, Tv.+1))| = niy, 1 2| IIVI12 = [Iv¥ 1], 27

where ~ is the solution to (Gg + anchl)\I(n?V Lxndy +1))7 = y?\rﬁl’ while 4% is the solution to (Ggeo +

¢ o . .
nNe+1’\I(n3ve+1XN§ve+1))'7 = ¥, 11- Meanwhile, we obtain

Gsjjr = Gseogyr
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1 .
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where the last inequality comes from the assumptions: ||[W.|| < r, and for any e, c. < 1 and [|[W,|| < rw. ||v1] and [Jvs]|
can also be bounded as following,

”§v6+1 "§v5+1 ”§Ve+1
[vi]l = Z eleENg—&-l)j < Z |91j|||XfN€+1)j|| < Z ‘|X€N6+1)jH = ("§VE+17”1)1/2a (30)
j=1 j=1 j=1

where the second inequality holds because 1 is a unit vector, and the last equality follows the assumption ||x€ Not1)j | < 7.
Similarly, we infer [|v2| < (n%;_,,7rs)"/2. Consequently, we have

4(4N, — 3 + re/rw)nfveﬂrx

IGs ~ Gse o < 72 b
Combining equation (27), the 4-th conclusion of Lemma 1, and inequality (31), we reach the result,
|lemp(L(S), (SN+1, TNe+1)) = lemp(L(8%), (Sn.41, Tiv.+1))|
<2(nly_ ;1) 2\ 7Y|Gs — Gseo ||oo||y|\i§%
LAUN - 3)—\&-]\7[;;/7“1/1/)327% o (fj\?f“w) (32)
O

To give the generalization bound upon Theorem 3, we make an assumption on the distribution from which all N, transfer
learning experiences as meta-samples are sampled. For every environment £ we have, all IV, pairs of source and target
domains S = {(S.,7.), -+, (Sn.,Tn.)} are drawn according to an algebraic 3-mixing stationary distribution (Dg)™e,
which is not i.i.d.. Intuitively, the algebraical S-mixing stationary distribution (see Definition 2 in (Mohri & Rostamizadeh,
2010)) with the S-mixing coefficient 5(m) < fy/m" models the dependence between future samples and past samples
by a distance of at least m. The independent block technique initiated by (Bernstein, 1927) has been widely adopted to
deal with non-i.i.d. learning problems. By directly applying Corollary 21 in (Mohri & Rostamizadeh, 2010), we give the
generalization bound of our algorithm L(S) in Theorem 4.

Theorem 4. Let §' = § — (N,) 2 3, Then for any sample S of size N. drawn according to an algebraic 3-mixing
stationary distribution, and & > 0 such that 6’ > 0, the following generalization bound holds with probability at least 1 — 0:

L1 1
IREL(S) - A (L) < O (V)77 fog( ) 63)
where R(L(S)) is the expected risk and Ry, (L(S)) denotes the empirical risk. A larger mixing parameter r, indicating

more independence, would lead to a tighter bound.
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