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Abstract
We propose a primal-dual based framework for
analyzing the global optimality of nonconvex lowrank matrix recovery. Our analysis are based on
the restricted strongly convex and smooth conditions, which can be verified for a broad family of loss functions. In addition, our analytic
framework can directly handle the widely-used
incoherence constraints through the lens of duality. We illustrate the applicability of the proposed
framework to matrix completion and one-bit matrix completion, and prove that all these problems have no spurious local minima. Our results
not only improve the sample complexity required
for characterizing the global optimality of matrix
completion, but also resolve an open problem in
Ge et al. (2017) regarding one-bit matrix completion. Numerical experiments show that primaldual based algorithm can successfully recover the
global optimum for various low-rank problems.

1. Introduction
Low-rank matrix recovery has received increasing attention in recent years, due to its wide range of applications
including signal processing, computer vision and collaborative filtering (Rennie & Srebro, 2005; Ahmed & Romberg,
2015). The objective is to estimate an unknown rank-r
matrix X∗ ∈ Rd1 ×d2 based on partially observed measurements. More formally, low-rank matrix recovery can be
formulated as the following optimization problem
min Fn (X) subject to

X∈C

rank(X) ≤ r,

(1.1)
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where Fn : Rd1 ×d2 → R denotes a general sample loss
function with respect to n measurements, and C denotes
a constraint set such that X∗ ∈ C. For example, C is set
to be Rd1 ×d2 in matrix sensing (Recht et al., 2010; Negahban & Wainwright, 2011), and is chosen to be the set
of incoherent matrices in matrix completion (Rohde et al.,
2011; Koltchinskii et al., 2011; Negahban & Wainwright,
2012) and one-bit matrix completion (Cai & Zhou, 2013;
Davenport et al., 2014).
Tremendous efforts have been made to efficiently solve
(1.1), among which the most popular ones are nuclear norm
relaxation based methods (Srebro et al., 2004; Candès &
Tao, 2010; Rohde et al., 2011; Recht et al., 2010; Recht,
2011; Negahban & Wainwright, 2011; 2012; Gui & Gu,
2015). These methods can achieve near optimal sample
complexity for recovery (Balcan et al., 2017), but a singular
value decomposition (SVD) step, whose time complexity
is O(d3 )1 , is required at each iteration, which is computationally expensive for large-scale datasets. To avoid using
SVD, the most commonly-used technique is based on BurerMonteiro factorization (Burer & Monteiro, 2003), which
reparameterizes the low-rank matrix X as the product of
two smaller matrices U ∈ Rd1 ×r and V ∈ Rd2 ×r such that
X = UV> . Instead of optimizing (1.1) directly, we turn to
solve the following nonconvex optimization problem
min

U∈C1 ,V∈C2

Fn (UV> ),

(1.2)

where C1 ⊆ Rd1 ×r , C2 ⊆ Rd2 ×r are some constraint sets
induced by C (c.f. Section 2.1). Note that (1.2) automatically
ensures the low-rankness of the estimated matrix.
A line of research (Bach et al., 2008; Keshavan et al., 2009;
Lee et al., 2013; Jain et al., 2013; Bach, 2013; Hardt, 2014;
Hardt & Wootters, 2014; Netrapalli et al., 2014; Jain &
Netrapalli, 2014; Haeffele et al., 2014; Sun & Luo, 2015;
Bhojanapalli et al., 2015; Chen & Wainwright, 2015; Zhao
et al., 2015; Tu et al., 2015; Chen & Wainwright, 2015;
Zheng & Lafferty, 2015; 2016; Park et al., 2016b; Jin et al.,
2016; Gu et al., 2016; Wang et al., 2017a;b; Xu et al., 2017;
Zhang et al., 2018) proposed to solve (1.2) based on gradient
1
We assume d1 = d2 = d when discussing the sample complexity for simplicity.

A Primal-Dual Analysis of Global Optimality in Nonconvex Low-Rank Matrix Recovery

descent and/or alternating minimization, and established a
locally linear convergence property provided that the initial
solution falls into a basin of attraction, i.e., a small neighbourhood around the optimum. Recently, another line of research (Bhojanapalli et al., 2016; Ge et al., 2016; Park et al.,
2016c; Li et al., 2016; Zhu et al., 2017a; Ge et al., 2017)
directly characterized the optimization landscape of (1.2)
and proved that various low-rank matrix recovery problems,
including matrix sensing (Bhojanapalli et al., 2016; Park
et al., 2016c; Zhu et al., 2017a), matrix completion (Ge et al.,
2016), and robust PCA (Ge et al., 2017), have no spurious
local minima, i.e., all local minima are global ones. Based
on existing results on finding local minimum for certain
nonconvex problems (Ge et al., 2015; Carmon et al., 2016;
Agarwal et al., 2016; Jin et al., 2017), they further showed
that (1.2) can be successfully solved by saddle-avoiding
algorithms, such as perturbed gradient descent. However,
none of the aforementioned work is generic enough to cover
objective functions beyond square loss, e.g., the sample loss
function for one-bit matrix completion (Davenport et al.,
2014).
Following the second line of research, we propose a primaldual analysis to characterize the landscape of general objective functions in nonconvex low-rank matrix recovery
including both square loss and beyond. By using restricted
strongly convex and smooth conditions (Negahban et al.,
2009; Negahban & Wainwright, 2011), we are able to characterize a large family of low-rank problems. To incorporate
the widely-used incoherence constraints for low-rank matrix
estimation, we propose to analyze the corresponding Lagrangian function rather than the primal objective function
and use the Karush-Kuhn-Tucker (KKT) condition (Nocedal
& Wright, 2006) to characterize the local minima of (1.2).
Our analysis shows that the optimization landscape of (1.2)
is well-behaved, i.e., there are no spurious local minima. In
addition, we demonstrate empirically that the primal-dual
based algorithm proposed in (Nocedal & Wright, 2006) can
recover the ground truth matrix successfully. Our major
contributions are further highlighted as follows.
1.1. Contributions
• Our general framework can be applied to any loss function that satisfies the restricted strongly convex and
smooth conditions (c.f. Section 3), which covers a
broad family of loss functions for low-rank problems.
All the existing theoretical analyses (Bhojanapalli et al.,
2016; Ge et al., 2016; Park et al., 2016c; Li et al., 2016;
Zhu et al., 2017a; Ge et al., 2017) are limited to square
loss, thus we resolve an open problem raised in Ge
et al. (2017) regarding the characterization of global
geometry for one-bit matrix completion.
• Our primal-dual analysis is applicable to various noisy

low-rank problems. In particular, our analysis suggests
there are no spurious local minima in noisy matrix
completion, provided that the number of observations
is O(r2 d log d). Compared with existing studies (Ge
et al., 2016; 2017) whose sample complexity scales
to the fourth power with the rank, the sample requirement of our method matches the best-known sample
complexity of matrix completion using nonconvex optimization algorithm (Zheng & Lafferty, 2016) under
the incoherence condition.
• Compared with the seminal work (Ge et al., 2016;
2017) along this line that makes use of ad hoc regularizer to deal with incoherence constraints, our primaldual analytic framework directly characterizes the
global geometry of constrained nonconvex optimization problem for low-rank matrix recovery using duality theory. We believe the Lagrangian based proof
technique is of independent interest, which can be extended to handle more general inequality constraints in
other nonconvex problems.
1.2. Related Work
Characterizing the landscape of various objective functions
has attracted more and more attention in recent years. For
instance, Sun et al. (2015) studied the nonconvex geometry
of complete dictionary recovery problem, and proved that all
local minima are global ones. Sun et al. (2016) showed that
a nonconvex fourth-order polynomial objective for phase
retrieval has no spurious local minimum and all global minima are equivalent. Lee et al. (2016) showed that gradient
descent converges to local minimum almost surely, using the
stable manifold theorem from dynamical system. Ge et al.
(2016) proved that the commonly used nonconvex objective
function for positive semidefinite matrix completion has no
spurious local minimum. In an independent work, Bhojanapalli et al. (2016) proved that positive semidefinite (PSD)
matrix sensing, a very related problem to matrix completion,
has no spurious local minima under the restricted isometry
property (RIP). Later on, Park et al. (2016c) extended the
geometric analysis of matrix sensing from PSD matrices
to rectangular matrices. Zhu et al. (2017a) provided a unified geometric analysis for objective functions satisfying the
restricted strong convexity/smoothness property, but their
work cannot deal with the constrained optimization, e.g.,
matrix completion and one-bit matrix completion.
Most recently, several studies attempted to unify the global
geometry analyses for nonconvex low-rank matrix recovery
problems. For instance, Li et al. (2016) proposed a general theory to characterize the global geometry of positive
semidefinite low-rank matrix factorization problem. Zhu
et al. (2017b) further extended the geometric analysis in
Li et al. (2016) to rectangular matrix factorization problem.
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Nevertheless, both of their analyses require the objective
function to be quadratic (i.e., square loss function), which is
not applicable to constrained low-rank matrix recovery problems. The most relevant work to ours is Ge et al. (2017),
which proposed a general framework to characterize the
landscape of nonconvex low-rank matrix recovery problem.
More specifically, they incorporated the constraints for matrix completion and robust PCA by a specifically designed
regularizer, to make the solution lie in a desired region (e.g.,
the set of incoherent matrices). However, their framework
still requires the loss function to be quadratic, thus unable to
analyze low-rank problems with general objective function,
such as one-bit matrix completion.
1.3. Organization and Notation
The remainder of this paper is organized as follows. We
formally state the general low-rank matrix recovery problem
and introduce two specific applications in Section 2. In Section 3, we lay out conditions for the proposed primal-dual
based framework and present our main theoretical results.
In Section 4, we apply the general results to two specific
low-rank problems. The primal-dual based method and the
numerical experiments are illustrated in Sections 5 and 6, respectively. We conclude in Section 7 and defer the detailed
proofs to the supplementary materials.
We use capital symbols such as A to denote matrices and
[d] to denote index set {1, 2, . . . , d}. Let the i-th row, jth column and (i, j)-th entry of A be Ai,∗ , A∗,j and Aij
respectively. Denote the i-th standard basis by ei and the
`-th largest singular value of A by σ` (A). We use vec(A)
to denote the vectorization of matrix A. For any vector
x, we use kxk2 to denote its `2 norm. Let kAkF , kAk2
be the Frobenius norm and the spectral norm of matrix A,
respectively. We define the largest `2 norm of its rows as
kAk2,∞ = maxi kAi,∗ k2 . For any two sequences {an }
and {bn }, if there exists a constant 0 < C < ∞ such that
an ≤ Cbn , then we denote an = O(bn ).

2. Constrained Nonconvex Optimization for
Low-Rank Matrix Recovery
In this section, we introduce our general framework for
low-rank matrix recovery, along with several applications.
2.1. Generic Framework
Let the singular value decomposition of the unknown low∗
∗>
rank matrix be X∗ = U ΣV and U∗ , V∗ be the un∗
derlying factorized matrices such that U∗ = U Σ1/2 ,
∗
V∗ = V Σ1/2 . Denote the sorted singular values of X∗
by σ1 ≥ σ2 ≥ . . . ≥ σr > 0. Recall that we aim to
characterize the global optimality of the general nonconvex
optimization problem (1.2). Formally, we define the general

constraint sets C1 , C2 as follows

C1 = U ∈ Rd1 ×r kUk2,∞ ≤ α1 ,

C2 = V ∈ Rd1 ×r kVk2,∞ ≤ α2 ,

(2.1)

where α1 , α2 will be specified for different examples. To
guarantee optimization problem (1.2) is well-defined, we
assume U∗ ∈ C1 and V∗ ∈ C2 . It is worth noting that
(2.1) can cover a wide range of low-rank matrix recovery
problems. For instance, in matrix completion, constraint
sets in the form of (2.1) are proposed to ensure the estimator
X = UV> is incoherent.
In addition, following Tu et al. (2015); Zheng & Lafferty
(2016); Park et al. (2016a); Wang et al. (2017a), we add an
additional regularization term kU> U − V> Vk2F to (1.2)
such that the solutions U, V are in similar scale. Specifically, we propose to analyze the following constrained
optimization problem with respect to the stacked matrix
Z = [U; V] in the lifted space R(d1 +d2 )×r
min G(Z) = Fn (UV> ) +

Z∈D

γ
kU> U − V> Vk2F , (2.2)
4

where the constraint set D is defined as D = {Z ∈
R(d1 +d2 )×r | kZk2,∞ ≤ α}, where α = max{α1 , α2 }, and
γ denotes the regularization parameter.
2.2. Specific Examples
We briefly introduce two specific examples: noisy matrix
completion and one-bit matrix completion.
Noisy matrix completion. The goal of matrix completion
(Rohde et al., 2011; Koltchinskii et al., 2011; Negahban
& Wainwright, 2012) is to estimate the unknown low-rank
matrix X∗ from its partially observed (noisy) entries. More
specifically, we consider the uniform observation model
 ∗
Xjk + Ejk ,
for any (j, k) ∈ Ω;
Yjk =
(2.3)
∗,
otherwise.
where Ω ⊆ [d1 ] × [d2 ] denotes the observed index set
such that for any (j, k) ∈ Ω, j ∼ uniform([d1 ]) and
k ∼ uniform([d2 ]). Here, Y ∈ Rd1 ×d2 denotes the observed data matrix, E ∈ Rd1 ×d2 denotes a random noise
matrix such that each entry of E follows i.i.d. Gaussian
distribution with variance ν 2 /(d1 d2 ).
As discussed in previous work (Gross, 2011; Negahban &
Wainwright, 2012), it is impossible to recover the unknown
low-rank matrix X∗ if it is too sparse. To avoid such issue,
we impose the following incoherence condition (Candès &
Recht, 2009) on the singular spaces of X∗
r
r
βr
βr
∗
∗
and kV k2,∞ ≤
, (2.4)
kU k2,∞ ≤
d1
d2
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where r denotes the rank of X∗ , and β denotes the incoherence parameter. Note that based on the incoherence condi∗
tion (2.4), we can derive kX∗ k∞,∞ ≤ kU k2,∞ · kΣk2 ·
√
∗
kV k2,∞ ≤ βrσ1 / d1 d2 , which leads to a dimension-free
signal-to-noise ratio in observation model (2.3).

necessary optimality conditions with respect to constrained
optimization problem (2.2) .
Definition 3.1. Z is a local minimizer of constrained optimization (2.2), if Z satisfies the following conditions: (i)
Z ∈ D. (ii) There exists a neighbourhood N of Z such that
e ∈ N ∩ D, G(Z)
e ≥ G(Z) holds.
for any Z

More specifically, we consider the following constrained
optimization problem for matrix completion
For general constrained optimization (2.2), we provide the
1 X
γ
>
min
(Uj,∗ Vk,∗
− Yjk )2 + kU> U − V> Vk2F ,
fundamental first-order necessary condition as follows.
Z∈D 2p
4
(j,k)∈Ω

(2.5)
where D is defined in Section 2.1 and p = |Ω|/(d1 d2 )
denotes the sampling rate.pIn order to guarantee Z∗ =
[U∗ ; V∗ ] ∈ D, we set α = βrσ1∗ /d, where d1 and d2 are
in the same order O(d) for simplicity.
One-bit matrix completion. The objective of one-bit matrix completion (Davenport et al., 2014; Cai & Zhou, 2013;
Ni & Gu, 2016) is to recover the unknown low-rank matrix
X∗ from a set of binary observations. In detail, the dependence of the observed binary matrix Y ∈ Rd1 ×d2 on X∗ is
presented as follows
(
∗
+1, if Xjk
+ Ejk > 0,
Yjk =
(2.6)
∗
−1, if Xjk
+ Ejk < 0,
where E ∈ Rd1 ×d2 denotes a random noise matrix. Let
f be the cumulative distribution function of −Ejk , then
the observation model (2.6) can be recast as the following
probabilistic model
(
∗
+1, with probability f (Xjk
),
Yjk =
(2.7)
∗
−1, with probability 1 − f (Xjk
).

Lemma 3.2. Suppose Z is a local minimizer of constrained
optimization problem (3.1). Then for all feasible directions2
∆ ∈ R(d1 +d2 )×r , the following inequality holds:
h∇G(Z), ∆i ≥ 0.
Recall that the constraint set D is defined as D = {Z ∈
R(d1 +d2 )×r | kZk2,∞ ≤ α}. Thus, according to the definition of k · k2,∞ , we can reformulate (2.2) as the following
equivalent standard form
γ
kU> U − V> Vk2F
4
Z∈R(d1 +d2 )×r
subject to hi (Z) ≤ 0, for all i ∈ [d1 + d2 ],
(3.1)
G(Z) = Fn (UV> ) +

min

2
2
where hi (Z) = ke>
i Zk2 − α , and ei represents the i-th
natural basis. Accordingly, the Lagrangian with respect to
(3.1) is given as follows

L(Z, λ) = G(Z) +

dX
1 +d2

λi hi (Z),

i=1

where λ = [λ1 , λ2 , . . . λ(d1 +d2 ) ]> denotes the Lagrange
In addition, we consider the same uniform sampling model
multiplier vector. Based on the Lagrangian, we give the folfor the observed index set Ω as in matrix completion, and
lowing necessary optimality conditions (Nocedal & Wright,
impose the incoherence condition (2.4) on X∗ to avoid the
2006) for constrained optimization problem (3.1).
overly sparse matrices. Specifically, we aim to solve the folLemma 3.3. Let Z be a local minimizer of constrained oplowing optimization problem for one-bit matrix completion
timization problem (3.1). Define the set of active constraint
n
X

1
>
min −
1 log f (Uj∗ Vk∗
)
gradients at Z as A(Z) = {i ∈ [d1 + d2 ] | hi (Z) = 0}.
Z∈D
|Ω|
(Yjk =1)
Suppose the active set {∇hi (Z) | i ∈ A(Z)} is linearly in(j,k)∈Ω
o γ

dependent. Then there exists a Lagrange multiplier vector λ
>
+
1
log 1 − f (Uj,∗ Vk,∗
) + kU> U − V> Vk2F ,
such that (Z, λ) satisfies the following Karush-Kuhn-Tucker
4
(Yjk =−1)
(KKT)
conditions
(2.8)
where Ω ⊆ [d1 ] × [d2 ] denotes the observed index set
with
p cardinality |Ω|, and we also set the parameter α =
βrσ1∗ /d in the constraint set D to ensure optimization
probelm (2.8) is well-defined.

1. hi (Z) ≤ 0,
2. λ ≥ 0,
3. λi hi (Z) = 0,

3. Results for Generic Framework
Before presenting our main theoretical results, we first lay
out the formal definition of local minimizer and the basic

for all i ∈ [d1 + d2 ],

for all i ∈ [d1 + d2 ],

4. ∇Z L(Z, λ) = 0.
2
We say ∆ is a feasible direction for constraint set D at Z, if
there exists t > 0 such that Z + s∆ ∈ D for all s ∈ [0, t].
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Lemma 3.4. Under the same conditions as in Lemma 3.3,
let λ be a Lagrange multiplier vector such that (Z, λ) satisfies the KKT condition. For any ∆ ∈ R(d1 +d2 )×r satisfying
the condition that h∇hi (Z), ∆i ≤ 0 holds for all i ∈ A(Z),
(Z, λ) also satisfies the following inequality
>

vec(∆)

∇2Z L(Z, λ)vec(∆)

(1, 18/17), for all local minima Z = [U; V] of optimization
problem (3.1) with regularization parameter γ satisfying
µ − L/2 ≤ γ < min{(22µ − 19L)/4, (3L − 2µ)/2}, the
reconstruction error satisfies
kUV> − X∗ k2F ≤ Γr2 (n, δ),

(3.2)

≥ 0.

The aforementioned necessary optimality conditions characterize the properties of local minima with respect to constrained optimization problem. As will be seen in later
analysis, these optimality conditions are essential to show
that there are no spurious local minima in (3.1).

with probability at least 1 − δ, where Γ is a constant depending on µ, L and γ.

Remark 3.9. Theorem 3.8 suggests that for all local minima Z = [U; V] of (3.1), the reconstructed matrix UV>
lies in a small neighbourhood of X∗ , and the radius of such
neighbourhood decreases as the sample size n increases.
While in the noiseless case ((n, δ) = 0), the right hand
Next, we lay out several conditions for the general sample
side of (3.2) is 0, which suggests that all local minima are
loss function Fn . To begin with, we present the restricted
global ones, i.e., UV> = X∗ . Note that we require the
strong convexity and smoothness conditions (Negahban
condition number L/µ to be close to 1 in Theorem 3.8. As
et al., 2009; Loh & Wainwright, 2013).
will be clear in the next section and in the proofs, this asCondition 3.5 (Restricted Strong Convexity). The sample
sumption can be verified for the specific examples discussed
loss function Fn is µ-restricted strongly convex, i.e., for all
in Section 2.1. Similar assumption has been imposed in
matrices Y, W ∈ Rd1 ×d2 with rank at most 6r
existing work on matrix sensing (Bhojanapalli et al., 2016;
Ge et al., 2017), in that the restricted isometry property
µ
Fn (Y) ≥ Fn (W) + h∇Fn (W), Y − Wi + kY − Wk2F . parameter is required to be in a small range around 0.
2

Condition 3.6 (Restricted Strong Smoothness). The sample loss function Fn is L-restricted strongly smooth, i.e.,
for all matrices Y, W ∈ Rd1 ×d2 with rank at most 6r

4. Implications for Specific Examples

Theorem 3.8. Assume the sample loss function Fn satisfies
Conditions 3.5, 3.6 and 3.7. Under condition that L/µ ∈

with probability at least 1 − c2 /d , where c1 , c2 are both
universal constants.

In this section, we illustrate how to apply our general framework to two specific low-rank problems: noisy matrix comL
Fn (Y) ≤ Fn (W) + h∇Fn (W), Y − Wi + kY − Wk2F . pletion and one-bit matrix completion. Note that given the
2
general results in Section 3, we only need to verify Conditions 3.5, 3.6, 3.7 and the assumption regarding the restricted
In addition, we assume there is an upper bound for the
condition number L/µ for each specific example.
gradient of the sample loss function ∇Fn with respect to
the unknown low-rank matrix X∗ .
4.1. Results for Noisy Matrix Completion
Condition 3.7. Given a fixed sample size n and tolerance
Recall that for noisy matrix completion, we aim to optimize
parameter δ ∈ (0, 1). Let (n, δ) be the smallest scalar such
(2.5) under the uniform sampling model (2.3) and incoherthat with probability at least 1 − δ, we have
ence condition (2.4). Specifically, we verify Conditions 3.5,
∗
3.6 and 3.7 for Fn in the following corollary to characterize
k∇Fn (X )k2 ≤ (n, δ),
the global optimality of noisy matrix completion.
where (n, δ) depends on sample size n and δ, and (n, δ)
Corollary 4.1. Consider noisy matrix completion probdeceases as n increases.
lem (2.5) under the uniform sampling model. Suppose
the unknown rank-r matrix X∗ satisfies incoherence conAs will be clear in the next section and in the proofs, Condition (2.4) and each entry of the noise matrix E follows
ditions 3.5, 3.6 and 3.7 can be verified for a wide range of
i.i.d. Gaussian distribution with variance ν 2 /(d1 d2 ). Prosample loss functions, such as the objective functions in
vided the number of observed samples |Ω| ≥ c1 r2 d log d,
matrix completion and one-bit matrix completion.
with regularization parameter γ = 1/2, all local minima
Z = [U; V] of optimization problem (2.5) satisfy
Finally, we present the main results regarding the global
optimality of optimization problem (3.1). In particular, we
r
 √
rd log d
are going to show that under proper conditions, (3.1) has no
>
∗
kUV − X kF ≤ c2 max ν, rβσ1
,
spurious local minima.
n
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Remark 4.2. Due to the existence of noise, it is impossible to exactly recover the unknown low-rank matrix X∗ for
noisy matrix completion. However, we show that the reconstruction UV> from any local minimizer of (2.5) is actually
a goodpestimator of X∗ . The estimation error is in the order
of O( r2 d log d/n), which suggests that the more observations we have, the smaller estimation error we can achieve.
It is worth noting that we only need O(r2 d log d) observed
entries of X∗ to ensure (3.1) has no spurious local minima,
in sharp contrast to existing work (Ge et al., 2016; 2017)
whose sample complexity is at least O(r4 d log d).
4.2. Results for One-Bit Matrix Completion
Recall that the objective of one-bit matrix completion is to
solve optimization problem (2.8). We assume the standard
regularity condition (Cai & Zhou, 2013) on the cumulative
distribution function f in (2.7) as follows


sup |f 0 (x)|/ f (x)(1 − f (x)) ≤ γβ 0 ,
(4.1)
|x|≤β 0

where γβ 0 reflects the steepness of the sample loss function,
and when f and β 0 are given, γβ 0 is a fixed constant. We note
that this condition holds for a large family of distributions,
such as Logistic distribution, Gaussian distribution, and
Laplacian distribution. To apply the results in the unified
framework, it suffices to prove Conditions 3.5, 3.6 and 3.7
for one-bit matrix completion, respectively.
Corollary 4.3. Assume that the observed matrix Y follows
the binary observation model (2.7) generated based on a
cumulative distribution function f satisfying (4.1). Suppose the unknown low-rank matrix X∗ satisfies incoherence
condition (2.4) and the observed index set Ω follows the
uniform sampling model. If the sample complexity |Ω| exceeds c1 r2 d log d, and the regularization parameter is set as
γ = 1/2, then with probability at least 1 − c2 /d, all local
minima Z = [U; V] of optimization problem (2.8) satisfy
r
√
rd log d
>
∗
kUV − X kF ≤ c3 max{γβ 0 , rβσ1 }
,
n
where c1 , c2 , c3 are all universal constants.
Remark 4.4. Corollary 4.3 shows all local minima Z =
[U; V] of one-bit matrix completion satisfy the condition
>
∗
UV
p lies in a close neighborhood around X with radius
O( r2 d log d/n). This suggests that as long as the number
of observations is sufficient, we can obtain a good estimator
for X∗ by solving (2.8). To the best of our knowledge, all
the existing studies on the characterization of global geometry for low-rank problems require the objective function to
be square loss, thus our work is the first that can characterize
the global optimality for one-bit matrix completion, which
resolves an open problem in Ge et al. (2017).

5. The Primal-Dual Algorithm
So far, we have shown that all local minima of inequality
constrained optimization problem (3.1) belong to a close
neighbourhood of the ground truth matrix, with applications
to two specific low-rank problems. It remains to find an efficient and effective algorithm that can find a local minimizer
of (3.1) successfully.
Recall that our characterization of global optimality with
respect to (3.1) is based on the Lagrange function and the
duality theory. This motivates us to search for local minima
of (3.1) from the primal-dual perspective. It has been proved
in Di Pillo et al. (2011) that a particular primal-dual based
algorithm can converge to a solution that satisfies the necessary optimality Conditions 3.3 and 3.4 for general nonlinear
inequality constrained optimization problems. It immediately suggests that their algorithm can be directly applied
to solve the optimization problem (3.1), and is guaranteed
to find a local minimizer. Nevertheless, the algorithm in
Di Pillo et al. (2011) requires to access the Hessian information, which is computationally very expensive for large scale
problems. Thus, a more practical primal-dual algorithm is
preferred.
Witnessing the empirical success of Augmented Lagrangian
Method (Nocedal & Wright, 2006), a first-order primal-dual
method for general constrained optimization problem, we
propose to use the augmented Lagrangian method to solve
the inequality constrained optimization problem (3.1), as
displayed in Algorithm 1. More specifically, we introduce
a slack variable ξ = [ξ1 , . . . , ξd1 +d2 ]> to transform the
inequality constraints in (3.1) into equality ones. Define the
augmented Lagrange function Le as follows
e ξ, λ, µ) = G(Z) +
L(Z,

dX
1 +d2
i=1

λi ci (Z) +

d1 +d2
µ X
c2 (Z),
2 i=1 i

where ci (Z) = hi (Z) + ξi2 . At each iteration of Algorithm 1, we solve the minimization sub-problem in line
2 based on gradient descent with respect to Z and ξ, and
update the dual variable λ and the penalty parameter µ
as suggested in Nocedal & Wright (2006). Here, we let
h(Z) = [h1 (Z), . . . , hd1 +d2 (Z)]> in line 3.
Algorithm 1 Augmented Lagrangian Method
e parameters
Input: Augmented Lagrangian function L;
T, ξ0 , λ0 , µ0 > 0 and ρ ≥ 1; initial estimator Z0
1: for t = 0, . . . , T do 
e ξ, λt , µt )
2:
Solve Zt+1 , ξt+1 = argminZ,ξ L(Z,

2
3:
λt+1 = λt + µt h(Zt+1 ) + ξt+1
4:
µt+1 = ρµt
5: end for
Output: ZT +1
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Figure 1. Simulation results for matrix completion: (i) Top panel: plots of the recovery probability based on the compared methods under
the setting d1 = 120, d2 = 100 with different sample size n and rank r. White block indicates success and black block indicates failure.
We set d = max{d1 , d2 }. (ii) Bottom panel (e),(f),(g): comparison results on convergence rate in the noiseless case under the setting
d1 = 2000, d2 = 1500, r = 20 with sampling rate p varied in {15%, 25%, 35%}. (iii) Bottom panel (h): Plot of the squared averaged
b − X∗ k2F /(d1 d2 ) vs. the rescaled sample size n/(rd log d) based on our approach under different settings.
Frobenius norm error kX

As will be seen in the next section, we demonstrate through
numerical experiments that the primal-dual based Algorithm
1 can efficiently solve the constrained nonconvex optimization problem (3.1) given enough observations.

6. Experiments
In this section, we provide simulation results of the primaldual based method, as discussed in Section 5, for matrix
completion and one-bit matrix completion. Under random
initialization, we compare our primal-dual based Algorithm
1 (Primal-Dual) with existing gradient-based methods, including vanilla gradient descent (GD), projected gradient
descent (Proj-GD) and perturbed gradient descent (Jin et al.,
2017) (Perturb-GD). We remark that GD and Proj-GD
have been proposed in Ma et al. (2017) and Zheng & Lafferty (2016) for matrix completion respectively, but they all
require a specially designed initialization procedure. Here,
we are interested in evaluating the performance of all these
algorithms with random initialization. All of the aforementioned algorithms are implemented in Matlab, and all the
following experimental results are based on the optimal
parameters, which are selected by cross validation and averaged over 20 trials.
6.1. Matrix Completion
We generate the observed data matrix according to the
uniform observation model (2.3). In particular, the un-

known low-rank matrix X∗ ∈ Rd1 ×d2 is generated via
X∗ = U∗ V∗> , where each entry of U∗ ∈ Rd1 ×r
and V∗ ∈ Rd2 ×r is generated independently from standard Gaussian distribution, and we scale them to ensure
max{kU∗ k2,∞ , kV∗ k2,∞ } ≤ α, where α = 2. The noise
matrix E is set as 0 in the noiseless case, while under the
noisy setting, we generate each element of the noise matrix
E from i.i.d. centered Gaussian distribution with variance
σ 2 = 0.25. Note that due to random initialization, the initial
estimators may not satisfy the incoherence constraint. In
the sequel, we are going to evaluate the recovery performance of different algorithms under the noiseless setting,
and investigate the statistical rate of our method.
To begin with, we compare the sample complexities required by the aforementioned algorithms under the setting d1 = 120 and d2 = 100 with sample size n and
b successfully
rank r varied. We say the final estimator X
recover the ground truth matrix X∗ , if the relative error
b − X∗ kF /kX∗ kF ≤ 10−3 . Figures 1(a)-1(d) illustrate
kX
the recovery probability of different methods. Here, the
white block indicates successful recovery and the black
block denotes failure. As for GD, all the cases have phase
transition around n = 4rd. While our method has phase
transition around n = 2.5rd under all the settings, and similar results are observed in Figure 1(b) for Proj-GD and
Figure 1(c) regarding Perturb-GD. These results suggest
that the sample complexity for all these methods could be
linear in both d and r.
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Figure 2. Numerical results for one-bit matrix completion: (a),(b),(c) Convergence rate of different methods in the noiseless case under the
setting that d1 = 2000, d2 = 1500 and r = 20 with sampling rate p ∈ {10%, 20%, 50%}. (d) Plot of the squared averaged Frobenius
b − X∗ k2F /(d1 d2 ) vs. the rescaled sample size n/(rd log d) based on our algorithm under different settings.
norm error kX

Next, we compare the convergence rate of different methods
under the setting d1 = 2000, d2 = 1500, r = 20 with sampling rate p = |Ω|/(d1 d2 ) chosen from {15%, 25%, 35%}.
The experimental results in
√terms of the averaged Frobenius
b − X∗ kF / d1 d2 versus the number of data
norm error kX
passes are demonstrated in Figures 1(e)-1(g). It can be seen
that our primal-dual based algorithm achieves lower estimation error than GD after the same number of data passes,
especially when the observed sample size is small. On the
other hand, compared with Proj-GD and Perturb-GD, our
method achieves comparable performance, which verifies
the effectiveness of Algorithm 1 for solving nonconvex optimization problem (2.5) to find a local minimum.

pare our method with existing gradient-based algorithms
including GD, Proj-GD and Perturb-GD with random initialization. In particular, we compute the √
logarithm of the
b − X∗ kF / d1 d2 and plot
averaged estimation error kX
it with the number of data passes for different methods,
which are illustrated in Figures 2(a)-2(c) under the setting
d1 = 2000, d2 = 1500, r = 20 with varied sampling rate.
These results again confirm that with random initialization,
the primal-dual based algorithm can recover the unknown
low-rank matrix X∗ successfully. In addition, Proj-GD
demonstrates a sharp decrease in estimation error after the
first several data passes, which is due to the simple but
effective projection mechanism.

Finally, we study the statistical rate of our method under the
following settings: (i) d1 = 100, d2 = 80, r = 2; (ii) d1 =
120, d2 = 100, r = 3; (iii) d1 = 140, d2 = 120, r = 4. The
results are displayed in Figure 1(h). In detail, the vertical
∗ 2
b
axis represents the estimation error kX−X
kF /(d1 d2 ), and
the horizontal axis is the rescaled sample size n/(rd log d).
The results show that the estimation error and the rescaled
sample size align well under different settings, which suggests that the statistical rate of our method is O(rd log d/n).

In addition, we investigate the statistical rate for one-bit
matrix completion based on our algorithm. Figure 2(d)
b − X∗ k2 /(d1 d2 )
plots the averaged estimation error kX
F
versus the rescaled sample size n/rd log d under different
settings, which suggests that our primal-dual based approach
achieves statistical rate with order O(rd log d/n).

6.2. One-Bit Matrix Completion
We generate the data matrix Y based on probability model
(2.7) with f (Xij ) = Φ(Xij /σ), where Φ is the cumulative
distribution function of the standard Gaussian distribution,
and we choose σ = 0.5 as the noise level. For the unknown low-rank matrix X∗ = U∗ V∗> with rank r, we
follow the same generative procedure as in Davenport et al.
(2014); Bhaskar & Javanmard (2015); Ni & Gu (2016).
More specifically, U∗ ∈ Rd1 ×r , V∗ ∈ Rd2 ×r are randomly
generated from a uniform distribution on [−1/2, 1/2], and
are scaled properly such that the incoherence constraint
max{kU∗ k2,∞ , kV∗ k2,∞ } ≤ α is satisfied, where we set
α = 1. In addition, we sample the observed index set Ω
according to the uniform sampling model.
To demonstrate the effectiveness of Algorithm 1, we com-

7. Conclusions and Future Work
In this paper, we proposed a primal-dual based framework
to characterize the global optimality for nonconvex lowrank matrix recovery with incoherence constraints. Based
on duality, we proved that the optimization landscape of
such problem is well-behaved. We further applied a primaldual based algorithm to solve the nonconvex optimization
problem and demonstrated its effectiveness via simulations.
There are still some open problems along this line of research. For example, how to prove the optimization guarantees for the primal-dual based algorithm? Another question
is how to generalize our framework to other constrained nonconvex optimization beyond incoherence constraints. We
hope this work can act as the first step towards understanding the global geometry of general constrained nonconvex
optimization problems.
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