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Abstract
In this paper, community detection in hypergraphs is explored. Under a generative
hypergraph model called “d-wise hypergraph
stochastic block model” (d-hSBM) which naturally extends the Stochastic Block Model (SBM) from graphs to d-uniform hypergraphs, the fundamental limit on the asymptotic minimax misclassified ratio is characterized. For proving the achievability, we propose a two-step polynomial time algorithm
that provably achieves the fundamental limit
in the sparse hypergraph regime. For proving the optimality, the lower bound of the
minimax risk is set by finding a smaller parameter space which contains the most dominant error events, inspired by the analysis in the achievability part. It turns out
that the minimax risk decays exponentially
fast to zero as the number of nodes tends
to infinity, and the rate function is a weighted combination of several divergence terms,
each of which is the Rényi divergence of order
1/2 between two Bernoulli distributions. The
Bernoulli distributions involved in the characterization of the rate function are those
governing the random instantiation of hyperedges in d-hSBM. Experimental results on
both synthetic and real-world data validate
our theoretical finding.

1

INTRODUCTION

Community detection (clustering) has received great
attention recently across many applications, including
social science, biology, computer science, and machine
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learning, while it is usually an ill-posed problem due
to the lack of ground truth. A prevalent way to circumvent the difficulty is to formulate it as an inverse
problem on a graph G = {V, E}, where each node
i ∈ V = [n] , {1, . . . , n} is assigned a community
(label) σ (i) ∈ [K] , {1, . . . , K} that serves as the
ground truth. The ground-truth community assignment σ : [n] → [K] is hidden while the graph G is
revealed. Each edge in the graph models a certain
kind of pairwise interaction between the two nodes.
The goal of community detection is to determine σ
from G, by leveraging the fact that different combination of community relations leads to different likeliness
of edge connectivity. A canonical statistical model is
the stochastic block model (SBM) (Holland et al., 1983)
(also known as planted partition model (Condon and
Karp, 2001)) which generates randomly connected edges from a set of labeled nodes.
The presence of the

n
n
edges
is
governed
by
independent
Bernoulli
2
2
random variables, and the parameter of each of them
depends on the community assignments of the two nodes in the corresponding edge.
Through the lens of statistical decision theory, the
fundamental statistical limits of community detection
provides a way to benchmark various community detection algorithms. Under SBM, the fundamental statistical limits have been characterized recently. One
line of work takes a Bayesian perspective, where the
unknown labeling σ of nodes in V is assumed to be
distributed according to certain prior, and one of the
most common assumption is i.i.d. over nodes. Along
this line, the fundamental limit for exact recovery is
characterized (Abbe et al., 2016) in the full generality, while partial recovery remains open in general.
See the survey (Abbe, 2017) for more details and references therein. A second line of work takes a minimax perspective, and the goal is to characterize the
minimax risk, which is typically the mismatch ratio
between the true community assignment and the recovered one. In (Zhang and Zhou, 2016), a tight asymptotic characterization of the minimax risk for community detection in SBM is found. Along with these theoretical results, several algorithms have been proposed
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to achieve these limits, including degree-profiling comparison (Abbe and Sandon, 2015) for exact recovery,
spectral MLE (Yun and Proutiere, 2015) for almostexact recovery, and a two-step mechanism (Gao et al.,
2017) under the minimax framework.
However, graphs can only capture pairwise relational
information, while such dyadic measure may be inadequate in many applications, such as the task of
3-D subspace clustering (Agarwal et al., 2005) and
the higher-order graph matching problem in computer vision (Duchenne et al., 2011). Therefore, it is natural to model such beyond-pairwise interaction by a
hyperedge in a hypergraph and study the clustering
problem in a hypergraph setting. Hypergraph partitioning has been investigated in computer science,
and several algorithms have been proposed, including
spectral methods based on clique expansion (Agarwal
et al., 2006), hypergraph Laplacian (Zhou et al., 2006),
tensor method (Ghoshdastidar and Dukkipati, 2015),
linear programming (Li et al., 2016), to name a few.
Existing approaches, though, mainly focus on optimizing a certain score function entirely based on the connectivity of the observed hypergraph and do not view
it as a statistical estimation problem.
In this paper, we investigate the community detection
problem in hypergraphs through the lens of statistical
decision theory. Our goal is to characterize the fundamental statistical limit and develop computationally
feasible algorithms to achieve it. As for the generative model for hypergraphs, one natural extension of
the SBM model to a hypergraph setting is the hypergraph stochastic block model (hSBM), where the presence of an order-h hyperedge e ⊂ V (i.e. |e| = h ≤ M ,
the maximum edge cardinality) is governed by a Bernoulli random variable with parameter θe and the presence of different hyperedges are mutually independent. Despite the success of the aforementioned algorithms applied on many practical datasets, it remains
open how they perform in hSBM since the the fundamental limits have not been characterized and the probabilistic nature of hSBM has not been fully utilized.
The hypergraph stochastic block model is first introduced in (Ghoshdastidar and Dukkipati, 2014) as the
planted partition model in random uniform hypergraphs where each hyperedge has the same cardinality.
The uniform assumption is later relaxed in a follow-up
work (Ghoshdastidar and Dukkipati, 2017) and a more
general hSBM with mixing edge orders is considered. In
(Angelini et al., 2015), the authors consider the sparse
regime and propose a spectral method based on a generalization of non-backtracking operator. Besides, a
weak consistency condition is derived in (Ghoshdastidar and Dukkipati, 2017) for hSBM by using the hypergraph Laplacian. Departing from SBM, an extension

to the censored block model to the hypergraph setting
is considered in (Ahn et al., 2016), where an information theoretic limit on the sample complexity for exact
recovery is characterized.
As a first step towards characterizing the fundamental
limit of community detection in hypergraphs, in this
work we focus on the “d-wise hypergraph stochastic
block model” (d-hSBM), where all hyperedges generated in the hypergraph stochastic block model are of
order d. Our main contributions are two-fold.First,
we give a tight asymptotic characterization of the optimal minimax risk in d-hSBM for any d. Second, we
propose a polynomial time algorithm which provably
achieves the minimax risk under mild regularity conditions. Throughout the paper, the order d and the
number of communities K are both treated as constants, while other parameters (hyperedge connection
probability) may be coupled with n. The proposed algorithm consists of two steps. The first step is a global
estimator that roughly recovers the hidden community assignment to a certain precision level, and the
second step refines the estimated assignment based on
the underlying probabilistic model. This refine-afterinitialize concept has also been used in graph clustering (Abbe and Sandon, 2015; Yun and Proutiere,
2015; Gao et al., 2017) and ranking (Chen and Suh,
2015). The proposed algorithm performs well on both
synthetic data and real-world data. The experimental
results validate the theoretical finding that not only
is the refinement step critical in achieving the optimal
statistical limit, but it is significantly better to use
hypergraphs for community detection problem rather
than graphs.
The characterized minimax risk in d-hSBM is an exponential rate, and the error exponent turns out to
be a linear combination of Rényi divergences of order
1/2. Each divergence term in the sum corresponds to
a pair of community relations that would be confused
with one another when there is only one misclassification, and the weighted coefficient associated with it
indicates the total number of such confusing patterns.
Probabilistically, there may well be two or more misclassifications, with each confusing relation pair pertaining to a Rényi divergence when analyzing the error
probability. However, we demonstrate technically that
these situations are all dominated by the error event
with a single misclassified node, which leaves out only
the “neighboring” divergence terms in the asymptotic
expression. The main technical challenge resolved in
this work is attributed to the fact that the community
relations become much more complicated as the order
d increases, meaning that more error events may arise
compared to the much simpler homogeneous graph SBM
case. In the proof of achievability, we show that the re-
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finement step is able to achieve the fundamental limit
provided that the initilization step satisfies a certain
weak consistency condition. The converse part of the
minimax risk follows a standard approach in statistics
by finding a smaller parameter space where we can
analyze the risk.
Finally, we would like to note that an extended version
(especially when K is allowed to scale with n) of this
paper can be found online (Chien et al., 2018).

2
2.1

PROBLEM FORMULATION
Community Relations

Let Kd , {ri } be the set of all possible community relations under d-hSBM and κd , |Kd |. Contrary to the
dichotomy situation (same-community or not) concerning the appearance of an edge between two nodes in a
symmetric graph SBM, there is a multitude of community relations in d-hSBM. In order not to mess up with
them as d increases, we use the idea of majorization to
organize Kd with each ri in the form of a histogram.
Specifically, the histogram operator hist(·) is used to
transform a vector r ∈ [K]d into its histogram vector
hist(r). For convinience, we sort the histogram vector
in descending order and append zero’s to make hist(r)
remain d-dimensional. The notion of majorization is
introduced as follows. For any a, bP
∈ Rd , we say
Pk that
k
a majorizes b, written as a  b, if i=1 a↓i ≥ i=1 b↓i
Pd
Pd
↓
for k = 1, . . . , d and i=1 ai =
i=1 bi , where xi ’s
are elements of x sorted in descending order. Observe
that each relation ri ∈ Kd can be uniquely represented by it histogram counterpart hi . We arrange Kd in
majorization (pre)order such that hi  hj ⇔ i < j.
Example 2.1 (K4 in 4-hSBM): |K4 | = κ4 = 5 with
histogram vectors being

Relation
r1
r2
r3
r4
r5
2.2

(all-same)
(only-1-diff)
(only-2-same)
(all-diff)

Histogram
h1
h2
h3
h4
h5

= (4, 0, 0, 0)
= (3, 1, 0, 0)
= (2, 2, 0, 0)
= (2, 1, 1, 0)
= (1, 1, 1, 1)

Connecting
Probability
p1
p2
p3
p4
p5

Probabilistic Model: d-hSBM

In a d-uniform hypergraph, the adjacency relation is
indicated by a d-dimensional n×· · ·×n random tensor
A , [Al ] (the size of each dimension being n), where
l = (l1 , . . . , ld ) ∈ [n]d is the access index of an element
in the tensor. Let xπ , (xπ(1) , . . . , xπ(n) ) for a permutation π ∈ Sn denote the permuted version of a vector

x = (x1 , . . . , xn ) ∈ Rn . Also, Sn is the symmetric
group of degree n which contains all the permutations
from [n] to itself. The following two natural conditions
on this adjacency tensor come from hypergraph:
No self-loop: Al 6= 0 ⇐⇒ |{l1 , . . . , ld }| = d.
Symmetry:
Al = Alπ ∀π ∈ Sd .

In d-SBM, Al is a Bernoulli random variable with
success probability Ql for each l. The parameter tensor Q , [Ql ] depends on the community assignment
and forms a block structure. The block structure is
characterized by a symmetric community connectivity
d-dimensional tensor B ∈ [0, 1]K×···×K where Ql =
Bσ(l) . Here the function σ(x) , (σ(x1 ), . . . , σ(xn )) is
the community label vector assigned by σ for a node
vector x = (x1 , . . . , xn ). Let nk = {i|σ(i) = k}
be the size of the k-th community for k ∈ [K]. In
addition, let p = (p1 , . . . , pκd ) ∈ (0, 1)κd where pi
is to denote the success probability of the Bernoulli
random variable that corresponds to the appearance
of a hyperedge with relation ri ∈ Kd . We assume,
without loss of generality, that pi ≥ pj ∀i < j. The
more concentrated a group is, the higher the chances that the members will be connected by a hyperedge. To guarantee the solvability of weak recovery
in d-hSBM, we set the probability parameter p at least
in the order of Ω(1/nd−1 ). Therefore, we would write
1
(a1 , . . . , aκd ) where ai = Ω(1) ∀i = 1, . . . , κd .
p = nd−1
The sparse regime Ω(1/nd−1 ) considered here is first
motivated in (Lin et al., 2017). Under 3-hSBM, the authors in (Lin et al., 2017) consider p = Θ(1/n2 ), which
is orderwise-lower than the one (i.e. Θ(1/n)) required
for partial recovery (Abbe and Sandon, 2015) and the
minimax risk (Zhang and Zhou, 2016) under SBM.
The parameter space that we consider is a homogeneous and approximately
equal-sized case where each
n
 nk
n
is roughly K
. Formally speaking (let n0 , K
),
n
Θ0d (n, K, p, η) , (B, σ) | σ : [n] → [K],
o
nk ∈ [(1 − η)n0 , (1 + η)n0 ] ∀k ∈ [K]
where B has the property that Bσ(l) = pi if and only if
hist(σ(l)) = hi . In other words, only the histogram of
the community labels within a group matters when it
comes to connectivity. η is a parameter that controls
how much nk could vary. We assume the more interesting case that η ≥ n10 where the community sizes are
not restricted to be exactly equal. Interchangeably, we
σ
would write l ∼ ri to indicate the community relation
within nodes l1 , . . . , ld under the assignment σ.
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2.3

Performance Measure

To gauge how good an estimator σ
b : G → [K]n is, we
use the mismatch ratio as the performance measure to
the community detection problem. The un-permuted
loss function is defined as `0 (σ1 , σ2 ) , n1 dH (σ1 , σ2 )
where dH is the Hamming distance. It directly counts
the proportion of misclassified nodes between an estimator and the ground truth. Concerning the issue
of possible re-labeling, the mismatch ratio is defined
as the loss function which maximizes the agreements
between an estimator and the ground truth after an
alignment by label permutation.
`(b
σ , σ) , min `0 (b
σπ , σ)
As convention, we use Rσ (b
σ ) , Eσ `(b
σ , σ) to denote the
corresponding risk function. Finally, the minimax risk
for the parameter space Θ0d (n, K, p, η) under d-hSBM is
denoted as
sup

m ri rj ,

σ

σ[σ0 ]

l = (1, l2 , . . . , ld ) | l ∼0 ri , l ∼ rj

as the number of how many ri -edges do we mistake as
rj -edges. Note that the above definition is independent
of the choice of σ0 ∈ ΘL
d.
Relation Pair

Combinatorial Number

(r1 , r2 )
(r2 , r3 )
(r3 , r4 )
(r2 , r4 )
(r4 , r5 )

0
mr1 r2  n3
0
mr2 r3  n2 n0
0
mr3 r4  n0 (K − 2) n2
0
0
mr2 r4  n2 (K −
 2)n
0 K−2
0 2
mr4 r5  n 2 (n )

Rσ (b
σ)

σ
b (B,σ)∈Θ0d

3



Example 3.1 (N4 in 4-hSBM): |N4 | = 5 with elements

π∈SK

R∗d , inf

In ΘL
d , each community takes on only 3 possible sizes
and there are exactly n0 + 1 members in the community where the first node belongs. We pick a σ0 in
ΘL
d and construct a new assignment σ[σ0 ] based on
σ0 : σ[σ0 ](i) = σ0 (i) for 2 ≤ i ≤ n and σ[σ0 ](1) =
arg min2≤k≤K {nk = n0 }. In other words, σ[σ0 ] and σ0
only disagree on the label of the first node. For each
pair (ri , rj ) ∈ Nd , we define the weighted coefficient

MAIN CONTRIBUTIONS

Note: mr1 r2 is the smallest while mr4 r5 is the largest.
R∗2

For the case d = 2, the asymptotic minimax risk
is
characterized in (Zhang and Zhou, 2016), which decays
to zero exponentially fast as n → ∞. In addition, the
(negative) exponent of R∗2 is determined by n0 and the
Rényi divergence of order 1/2 between two Bernoulli
distributions Ber(p) and Ber(q)

√
p
p
pq + 1 − p 1 − q .
Ipq , −2 log
It turns out the worst-case risk of our proposed algorithm also decays to zero exponentially fast, given
that the outcome of the initialization algorithm satisfies certain conditions. The exponent is a weighted combination of divergence terms. To specify the
weight,we introduce further notations below. We use
Nd , (ri , rj ) | i < j, khi − hj k1 = 2 to denote the
collection of ordered pairs of relations in Kd that are
at a one-hop distance to each other where k·k1 stands
for the `1 norm. There is a weighted coefficient associated with every pairwise divergence term. Appearing
in the hypothesis testing problem when deriving the
minimax lower bound, it represents the number of error events arising from confusing relation ri with rj for
each pair (ri , rj ) ∈ Nd . It turns out that this situation
also happens for any order d. Precisely, let’s consider
a least favorable sub-parameter space of Θ0d :
n
ΘL
(n,
K,p,
η)
,
(B, σ) ∈ Θ0d | ∀k ∈ [K]
(1)
d
o
nk ∈ {n0 − 1, n0 , n0 + 1} , nσ(1) = n0 + 1

Here the asymptotic equality between two functions
f (n) and g(n), denoted as f  g (as n → ∞), holds if
limn→∞ f (n)/g(n) = 1. The asymptotic optimal minimax risk for the parameter space Θ0d (n, K, p, η) under
d-hSBM is characterized by the following theorem.
Theorem 3.1 (Main Theorem): Suppose as n → ∞,
X
mri rj Ipi pj → ∞
(2)
i<j:(ri ,rj )∈Nd

Then
log R∗d  −

X

mri rj Ipi pj

i<j:(ri ,rj )∈Nd

The converse part of Theorem 3.1 is established via
the following lower bound on the minimax risk.
P
Theorem 3.2: If i<j:(ri ,rj )∈Nd mri rj Ipi pj → ∞ as
n → ∞, then there exists a positive sequence ζn → 0
as n → ∞ such that


X
R∗d ≥ exp − (1 + ζn )
mri rj Ipi pj
i<j:(ri ,rj )∈Nd

We would like to note that the minimax result obtained in (Gao et al., 2017) can be recovered from our
main theorem by specializing d = 2. Their condition
can be identified with (2) by using the approximation
−a2 )2
. Moreover, the only weighted coefIp1 p2  (a1na
1
ficient associated with the community relation pair
(r1 , r2 ) ∈ N2 under Θ02 (n, K, p, η) is mr1 r2 = n0  nk .
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TWO-STEP ALGORITHM

4.1

Refinement Step

The refinement step (Algorithm 1) comprises two major parts. First, for each node u ∈ [n], we generate
an estimated assignment σ
bu of all nodes except u by
applying an initialization algorithm Alginit on the subhypergraph without the vertex u. The sub-hypergraph
is represented by A−u , which is the (n−1)×· · ·×(n−1)
sub-tensor of A when the u-th coordinate is removed in
each dimension. Then, the label of u under σ
bu is determined by maximizing a local likelihood function. Specifically, let us start with the global likelihood function
defined as follows. Let
L(σ; A) ,
X
X 


log pi Al + log(1 − pi )(1 − Al )

Algorithm 1: Refinement Scheme
Input: Adjacency tensor A ∈ {0, 1}n×···×n ,
number of communities K,
initialization algorithm Alginit .
Local MLE:
for u = 1 to n do
Apply Alginit on A−u to obtain σ
bu (v) ∀v 6= u.
b u.
Estimate entries of B using the sample mean B
Assign the label of node u based on
b u (b
σ
bu (u) = arg max L
σu , k; A)

(3)

k∈[K]

end
Consensus:
Define σ
b(1) = σ
b1 (1). For u = 2, . . . , n, define
σ1 (v) = k} ∩ {v|b
σu (v) = σ
bu (u)}
σ
b(u) = arg max {v|b
k∈[K]

σ

(4)

{i|ri ∈Kd } {l|l∼ri }

denote the log-likelihood of an adjacency tensor A
when the hidden community structure is determined
by σ. For each u ∈ [n], we use

Output: Community assignment σ
b.

to denote those likelihood terms pertaining to the u-th
node when its label is k. Since A is symmetric, we can
assume without loss of generality that the first index
in l is u. Based on the estimated assignment of the
other n − 1 nodes, we make use of the following local
Maximum Likelihood Estimation method

spectral clustering (Von Luxburg, 2007) with regularization (Chin et al., 2015). In particular, a modified
version of the hypergraph Laplacian described below is
employed. Let H = [Hve ] be the |V| × |E| incidence
matrix, where each entry Hve is the indicator function
whether or not node v belongs to hyperedge e. Note
that the incidence matrix H contains the same amouont of information as the the adjacency tensor A. Let
du denote the degree of the u-th node, and d¯ be the
average degree across the hypergraph. The unnormalized hypergraph Laplacian is defined as

σ
b(u) , arg max L(σ, k; A)

L(A) , HHT − D

to predict the label of u. While the parameter B that
governs the underlying random hypergraph model is
unknown when evaluating the likelihood, we will use
b A) and L
b u (σu , ku ; A) to denote the global and loL(σ;
cal likelihood function with the true B replaced by its
b and B
b u , respectively. Note
estimated counterpart B
that the superscript u is to indicate the fact that the
b u is calculated with node u taken out.
estimation B

where D = diag(d1 , . . . , dn ) is a diagonal matrix representing the degree distribution in that hypergraph
with adjacency tensor A and (·)T is the usual matrix transpose. Note that L can be thought of as an
encoding of the higher-dimensional connectivity relationship into a two-dimensional matrix.

Lu (σ, k; A) ,
X
X




log pi Al + log(1 − pi )(1 − Al )

σ

{i|ri ∈Kd } {l|l1 =u,l∼ri }

k∈[K]

The final step of the refinement algorithm is to form
a consensus through a majority neighbor voting. The
consensus step seeks for a jointly agreed community
assignment among n different estimated assignments
{b
σu : u ∈ [n]} derived since they would all be close to
the ground truth up to some permutation.
4.2

Spectral Clustering

To devise a good initialization algorithm Alginit , we
develop a hypergraph version of the unnormalized

(5)

Before we directly apply the spectral method, highdegree nodes in the hypergraph is first trimmed to
ensure the performance of the clustering algorithm.
Specifically, we use Aτ to denote the modification
of A where all coordinates pertinent to the set
{u ∈ [n] | du ≥ τ } are replaced with all-zero vectors.
Let Hτ and Dτ be the corresponding incidence matrix and degree matrix of Aτ . The spectrum we are
looking for is the trimmed version of L, denoted as
Tτ (L(A)) , Hτ HT
τ − Dτ where the operator Tτ (·) is
the trimming process with a degree threshold τ . Let


b = uT · · · uT T ∈ Rn×K
SVDK (Tτ (L(A))) , U
1
n
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denote the K leading singular vectors generated from
the singular value decomposition of the trimmed matrix Tτ (L(A)). Also, Let λK be the K-th largest singular value of it. Note that in a conventional spetral clustering method, each node is represented by
a reduced K-dimensional row vector. The hypergraph spectral clustering algorithm is described in Algorithm 2.
Algorithm 2: Spectral Initialization

Condition 5.1: There exists constants C0 , δ > 0 and
a positive sequence γ = γn such that
inf

min Pσ {`(b
σu , σ) ≤ γn } ≥ 1 − C0 n−(1+δ) .

(B,σ)∈Θ0d u∈[n]

5.1

Refinement Step

We have the following upper bound for the risk obtained by the refinement scheme, which serves as the
achievability part to the minimax risk.



T T
Input: Vectors SVDK (Tτ (L(A))) = uT
,
1 · · · un
number of communities
K,
q

Theorem 5.1: As n → ∞, if
X
mri rj Ipi pj → ∞

Set S = [n].
for k = 1 to K do

Let tk = arg maxi∈S j ∈ S : kuj − ui k2 < r

bk = j ∈ S : kuj − ut k < r .
Set C
k 2
bk .
Label σ
b(i) = k ∀i ∈ C
bk .
Update S ← S \ C
end
If S 6= ∅, then for any i ∈P
S, set
σ
b(i) = arg mink∈[K] Cb1
ku − ui k2 .
| k | j∈Cbk j
Output: Community assignment σ
b.

and Condition 5.1 is satisfied for

critical radius r = µ

4.3

K
n

with some µ > 0.

Algorithm 2 has a time complexity of O(n3 ), the
bottleneck of which being the SVDK step. Still, the
computation of SVD could be done approximately in
O(n2 log n) time with high probability (Yun and Proutiere, 2015) if we are only interested in the first k
spectrums. As for the refinement scheme, the sparsity of the underlying hypergraph can be utilized to
reduce the complextiy since the whole network structure could be stored in the incidence matrix H equivalently as in the d-dimensional adjacency tensor A. As
a result, the parameter estimation stage only requires
O(dm) where m = |E| is the total number of hyperedges realized. Similary, the time complexity would
be O(Kdm) and O(Kn2 ) for the calculation of likelihood function and the consensus step, respectively.
Hence, the overall complexity for Algorithm 1 and Algorithm 2 combined are O(n3 log n + nKm + Kn2 ) for
a constant order d. It further reduces to O(n3 log n)
in the sparse regime p = O(log n/nd−1 ) where m =
O(n log n) with high probability.
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γ = o(1).

.

Time Complexity

THEORETICAL GUARANTEES

We first consider the theoretical guarantee for Algorithm 1, which requires that the first-step algorithm
satisfy the following condition.

(6)

i<j:(ri ,rj )∈Nd

(7)

Then, with Algorithm 1, there exists a positive sequence ζn → 0 as n → ∞ such that


X
R∗d ≤ exp − (1 − ζn )
mri rj Ipi pj .
i<j:(ri ,rj )∈Nd

To prove Theorem 5.1, we need a couple of technical
lemmas. First, the accuracy of the parameter estimation step can be ensured with a qualified initialization.
Lemma 5.1: Suppose as n → ∞, mri rj Ipi pj → ∞
for each (ri , rj ) ∈ Nd , and Condition 5.1 holds with
γ satisfying (7) for some δ > 0. Then there exists a
sequence ζn0 → 0 as n → ∞ and a constant C > 0 such
that
n
b us − Bs
inf 0 min Pσ min max B
π
π∈SK s∈[K]d
(B,σ)∈Θd u∈[n]
o
≤ ζn0 max (pi − pj ) ≥ 1 − Cn−(1+δ) .
(ri ,rj )∈Nd

Based on Lemma 5.1, the next lemma shows that the
local MLE method is able to achieve a risk that decays
exponentially fast.
Lemma 5.2: Suppose as n → ∞, mri rj Ipi pj → ∞ for
each (ri , rj ) ∈ Nd . If there are two sequences γ = o(1)
and ζn0 = o(1), constants C, δ > 0 and permutations
n
{πu }u=1 ⊂ SK such that
n
b us − Bs
inf 0 min Pσ `0 ((b
σu )πu , σ) ≤ γ, B
π
(B,σ)∈Θd u∈[n]
o
≤ ζn0 max (pi − pj ) ≥ 1 − Cn−(1+δ) .
(ri ,rj )∈Nd

Then for the local estimator σ
bu (u) (3), there exists a
00
sequence ζn = o(1) such that
n
o
σu (u))πu 6= σ(u) ≤ (K − 1)·
sup max Pσ (b
(B,σ)∈Θ0d u∈[n]


exp

00

− (1 − ζn )

X
i<j:(ri ,rj )∈Nd


mri rj Ipi pj

+ Cn−(1+δ) .
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Finally, we justify the usage of (4) as a consensus majority voting.
Lemma 5.3 (Lemma 4 in (Gao et al., 2017)): For any
community assignments σ and σ 0 : [n] → [K], such that
for some constant C ≥ 1

5.2

Spectral Clustering

Next, we show that our proposed spectral clustering
algorithm achieves Condition 5.1. We have the following performance guarantee for Algorithm 2.
Theorem 5.2: If

n
min {u|σ(u) = k} , min {u|σ (u) = k} ≥
CK
k∈[K]
k∈[K]
0

and
min

π∈SK

`0 (σπ0 )

1
<
.
CK

Define map ξ : [K] → [K] as
ξ(i) = arg max {u | σ(u) = k} ∩ {u | σ 0 (u) = k}
k∈[K]

Ka1
≤ C1
λ2K

(8)

for some sufficiently small C1 ∈ (0, 1) where p1 =
a1
. Apply Algorithm 2 with a sufficiently small connd−1
stant µ > 0 and τ = C2 d¯ for some sufficiently large
constant C2 . For any constant C 0 > 0, there exists
some C > 0 depending only on C 0 , C2 and µ so that
a1
`(b
σ , σ) ≤ C 2
λK
0

for each i ∈ [K]. Then ξ ∈ SK and
to minπ∈SK `0 (σπ0 , σ)

`0 (σξ0 , σ)

is equal

We are now ready to sketch the proof of Theorem 5.1.
Sketch Proof of Theorem 5.1. First, we use the union
bound to upper bound the risk as follows.
1 X
Pσ {(b
σu (u))πu 6= σ(u)}
n
u∈[n]

+ Pσ π CSS 6= πu

Eσ `0 (b
σ , σ) ≤

where π CSS is the consensus permutation (4) in Algorithm 1. The first part is the risk with correct label permutation, and the second part is the probability that the consensus step fails. The former could
be further controled by Lemma 5.2, while the latter
could be further upper-bounded by an exponentially
decaying term using Lemma 5.3 together with Condition 5.1. Finally, we discuss two cases, depending on
whether the exponential term is larger or smaller than
n−(1+δ) . In either case, the claimed upper bound is
achieved.

Theorem 5.1 implies that as long as there is a good
initialization achieving Condition 5.1, the refinement
scheme could be applied to further reduce the risk.
This is because once Condition 5.1 is satisfied, we
could estimate the parameters accurately and find the
correct permutation by the consensus step. Compared
to analysis in graph SBM (Gao et al., 2017), we are dealing with more kinds of community relations and thus
more kinds of random variables. Such perplexity makes the generalization from a homogeneous SBM with
only two possible community relations more difficult
to analyze.

with probability at least 1 − n−C .
Our technical contribution here is to generalize the
analysis on adjacency matrix for a graph to the hypergraph Laplacian (5) associated with a hypergraph.
This is not a trivial work because now the entries in a
hypergraph Laplacian are not independent any more.
Still, we successfully arrive at a similar expression as
the lower bound under the d-hSBM model.
Combining Algorithm 1 and Algorithm 2, we have the
following achievability part to Theorem 3.1. The key
step is to further lower bound λK in Theorem 5.2 and
demonstrate that it would satisfy Condition 5.1.
P
Theorem 5.3: Suppose i<j:(ri ,rj )∈Nd mri rj Ipi pj →
∞ as n → ∞ Then there exists a positive sequence
ζn0 → 0 such that


X
R∗d ≤ exp − (1 − ζn0 )
mri rj Ipi pj
i<j:(ri ,rj )∈Nd

5.3

Discussion

Parallel to our work, (Ghoshdastidar and Dukkipati,
2017) also proposed a similar d-hSBM model and analyze the performance of the normalized hypergraph
Laplacian. The parameter space they consider is more
general. They prove that their risk could be o(1) with
probability at least 1 − O((log n)−1/4 ) if the minimum
expected degree satisfying a certain condition. This
is different from ours since we guarantee that our risk
will be o(1) with probability at least 1 − O(n−(1+δ) )
for some δ > 0 with Algorithm 2. It turns out that
we allow the observed hypergraph to be sparser (a lower connecting probability) yet acquire higher mismatch ratio. However, if we raise the probability p to
the same order as considered in (Ghoshdastidar and
Dukkipati, 2017), Algorithm 1 is guaranteed to have a
(n0 )2 -times lower risk. In either case, we always have
a success probability converging faster to 1.
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EXPERIMENTAL RESULTS

k=3
SnHP
Algo 2
Algo 1

0.06

0.05

6.1

Mismatch Ratio

The advantage of clustering with a hypergraph representation over traditional graph-based approaches
has been reported in the literature (Agarwal et al.,
2005; Zhou et al., 2006). Here, we present a comparative study of our two-step algorithm with existing clustering methods on hypergraphs, especially the
spectral non-uniform hypergraph partitioning algorithm (SnHP) in (Ghoshdastidar and Dukkipati, 2017)
using the hypergraph Laplacian proposed in (Zhou et
al., 2006) and the generalized tensor spectral method
(GTS) in (Ghoshdastidar and Dukkipati, 2015). In
order to have a fair comparison, we run different algorithms on the same hypergraphs generated and calculate the corresponding mismatch ratio as the performance measure. We will not elaborate on how to
choose a best way or define a proper way of embedding,
as the topic itself would require a whole line of research
and is beyond the scope of this paper. In what follows, Algo 2 refers to our first-step spectral clustering
algorithm and Algo 1 refers to the combined two-step
workflow (i.e. Algorithm 1 on top of Algorithm 2).

Except for the first few scenarios where the total number of nodes n are quite small, we can see that Algo 2
performs roughly as well as the SnHP algorithm. This
somewhat indicates that the weak consistency condition Condition 5.1 can also be satisfied with the hypergraph Laplacian proposed by (Zhou et al., 2006) as the
first step. Furthermore, the refinement scheme indeed
has a better performance over the spectral clustering
methods. Observe that the improvement due to the
second step becomes larger as K (and hence n) incre-
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(b) K = 6

Synthetic Data

We implement different algorithms on generative 3hSBM data. The parameter spaces considered are homogeneous and exactly equal-sized, which means that
each community has the same number of members.
This nodes-per-community parameter n0 scales from
20, 30, · · · to 100, while the number of communities
K varies from 2, 3, · · · to 10. We set the connecting
probability parameter p to be (60, 30, 10) · log n/n2 for
each possible value of n = K · n0 . Note that the order
of p is as prescribed for the sparse regime in Section 5.
The choice of this particular triplet is to ensure that
the generated hypergraphs are not too sparse. Empirically, the total number of realized hyperedges is
roughly 4n log n to 5n log n. The performance under
each scenario, i.e. each pair of (K, n0 ), is averaged over
25 realizations of the random hypergraph model, which
is large enough for the mismatch ratio to converge for
all algorithms implemented. Figure 1 summarizes our
simulation results.

0.04

Figure 1: Simulation Results on 3-hSBM.
ases. The performance gain should be more evident
for a larger network.
6.2

Real-World Data

The data analyzed in this work are obtained from the
UCI repository (Lichman, 2013), which is widely used
as a benchmark database that admits ground-truth
community labels. To perform clustering on a hypergraph, we first embed the entities with various attributes into a hypergraph. One caveat is that the embedded hypergraphs are no longer homogeneous nor approximately equal-sized as assumed when deriving the
theoretical guarantees. Nevertheless, the experimental
results show that our two-step algorithm does have a
performance that is comparable to or even better than
existing methods on either graph or hypergraph models. More thorough experimental results are given in
the supplementary matrial.
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