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1. Convergence Analysis

In this section, we follow the analysis of (Liu and Wright, 2015) and prove the convergence
rate of AsyDSPG+ (Theorems 5 and 6). Specifically, AsyDSPG+ achieves a linear con-
vergence rate when the function f is with the optimal strong convexity property, and a
sublinear rate when f is with the general convexity (Theorems 5). In addition, AsyDSPG+
alsos achieves a sublinear rate when f is with the non-convexity (Theorems 6).

Before providing the theoretical analysis, we give the definitions of x̂st,t′+1, xst+1, ∇̃F (xst )
and the explanation of xst used in the analysis as follows.

1. x̂st,t′: Assume the indices in K(t) are sorted in the increasing order, we use K(t)t′ to
denote the t′-th index in K(t). For t′ = 0, 1, · · · , |K(t)|, we define

x̂st,t′ = x̂st +
t′∑

t′′=1

(
Bs
K(t)t′′

∆s
K(t)t′′

)
= x̂st +

t′∑
t′′=1

(
xK(t)t′′+1 − xK(t)t′′

)
)

(20)

Thus, we have that

x̂st = x̂st,0 (21)

xst = x̂st,|K(t)| (22)

xst − x̂st =

|K(t)|−1∑
t′′=0

(
Bs+1
K(t)t′′

∆s+1
K(t)t′′

)
=

|K(t)|−1∑
t′=0

(
x̂st,t′+1 − x̂st,t′

)
(23)

∇f(xst )−∇f(x̂st ) =

|K(t)|−1∑
t′=0

(
∇f(x̂st,t′+1)−∇f(x̂t,t′)

)
(24)

2. xst+1: x
s
t+1 is defined as:

xst+1
def
= P γ

Lmax
g

(
xst −

γ

Lmax
v̂st

)
(25)
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Based on (25), it is easy to verify that (xst+1)Gj(t) = (xs+1
t+1 )Gj(t) . Thus, we have

Ej(t)(xst+1 − xst ) = 1
k

(
xst+1 − xst

)
. It means that xst+1 − xst captures the expectation of

xst+1 − xst .

3. ∇̃F (xst ): If the function f is a non-convex function, AsyDSPG+ may not converge to
the global optimum point. Thus, the closeness to the optimal solution (i.e., F (x) −
F ∗ and ‖x − PS(x)‖) cannot be used for the convergence analysis. To analyze the
convergence rate of AsyDSPG+ in the non-convex setting, same with (Razaviyayn
et al., 2014; Yu and Tao, 2016), we use E∇̃F (xst ) as defined in (26).

E∇̃F (xst )
def
=

Lmax

γ
E
(
xst − xst+1

)
(26)

It is easy to verify that E∇̃F (xst ) will equal to 0 when AsyDSPG+ approaches to a
stationary point. Note that when g(x) = 0, we have that E∇̃F (xst ) = ∇f(x̂st ).

4. xst : As mentioned previously, AsyDSPG+ does not use any locks in the reading and
writing. Thus, in the line 10 of Algorithm 1, xst (left side of ‘←’) updated in the
shared memory may be inconsistent with the ideal one (right side of ‘←’) computed
by the proximal operator. In the analysis, we use xst to denote the ideal one computed
by the proximal operator. Same as mentioned in (Mania et al., 2015), there might not
be an actual time the ideal ones exist in the shared memory, except the first and last
iterates for each outer loop. It is noted that, xs0 and xsm are exactly what is stored in
shared memory. Thus, we only consider the ideal xst in the analysis.

Then, we give two inequalities in Lemma 1 and 2 respectively. Based on Lemma 1 and
2, we prove that E‖xst−1 − xst‖2 ≤ ρE‖xst − xst+1‖2 (Lemma 3), where ρ > 1 is a user
defined parameter. Then, we prove the monotonicity of the expectation of the objectives
EF (xst+1) ≤ EF (xst ) (Lemma 4). Note that the analyses only consider the case |B| = 1
without loss of generality. The case of |B| > 1 can be proved similarly.

Lemma 1 For ‖∇f(xst )−∇f(x̂st )‖ in each iteration of AsyDSPG+, we have its upper
bound as

‖∇f(xst )−∇f(x̂st )‖ ≤ Lres
∑

t′∈K(t)

‖∆s
t′‖ (27)

Proof Based on (24), we have that

‖∇f(xst )−∇f(x̂st )‖ =

∥∥∥∥∥∥
|K(t)|−1∑
t′=0

∇f(x̂st,t′+1)−∇f(x̂st,t′)

∥∥∥∥∥∥ (28)

≤
|K(t)|−1∑
t′=0

∥∥∇f(x̂st,t′+1)−∇f(x̂st,t′)
∥∥ ≤ Lres |K(t)|−1∑

t′=0

∥∥x̂st,t′+1 − x̂st,t′
∥∥

= Lres

|K(t)|−1∑
t′=0

∥∥∥Bs
K(t)t′

∆s
K(t)t′

∥∥∥ ≤ Lres |K(t)|−1∑
t′=0

∥∥∥Bs
K(t)t′

∥∥∥∥∥∥∆s
K(t)t′

∥∥∥ ≤ Lres ∑
t′∈K(t)

‖∆s
t′‖
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This completes the proof.

Lemma 2 In each iteration of AsyDSPG+, ∀x, we have the following inequality.〈
(v̂st )Gj(t) +

Lmax

γ
∆s
t , (x

s
t+1 − x)Gj(t)

〉
+ gGj(t)

(
(xst+1)Gj(t)

)
− gGj(t)

(
(x)Gj(t)

)
≤ 0 (29)

Proof The problem solved in lines 8 of Algorithm 1 is as follows

xst+1 = arg min
x

〈
(v̂st )Gj(t) , (x− x

s
t )Gj(t)

〉
+
Lmax

2γ

∥∥∥(x− xst )Gj(t)
∥∥∥2

(30)

+gGj(t)

(
(x)Gj(t)

)
s.t. x\Gj(t) = (xst )\Gj(t)

If xst+1 is the solution of (30), the solution of optimization problem (31) is also xst+1 accord-
ing to the subdifferential version of Karush-Kuhn-Tucker (KKT) conditions (Ruszczyński.,
2006).

P (x) = min
x

〈
(v̂st )Gj(t) +

Lmax

γ

(
xst+1 − xst

)
Gj(t)

, (x− xst )Gj(t)

〉
+ gGj(t)

(
(x)Gj(t)

)
(31)

s.t. x\Gj(t) = (xst )\Gj(t)

Thus, we have that P (x) ≥ P (xst+1), ∀x, which leads to (29). This completes the proof.

Lemma 3 Let ρ be a constant that satisfies ρ > 1, and define the quantities θ1 = ρ
1
2−ρ

τ+1
2

1−ρ
1
2

and θ2 = ρ
1
2−ρ

m
2

1−ρ
1
2

. Suppose the nonnegative steplength parameter γ > 0 satisfies γ ≤

min
{

k1/2(1−ρ−1)−4
4(Λres(1+θ1)+Λnor(1+θ2)) ,

k1/2
1
2
k1/2+2Λnorθ2+Λresθ1

}
, under Assumptions 1, 2, 3 and 4, we

have

E‖xst−1 − xst‖2 ≤ ρE‖xst − xst+1‖2 (32)

Proof According to (A.8) in (Liu and Wright, 2015), we have

‖xst−1 − xst‖2 − ‖xst − xst+1‖2 ≤ 2‖xst−1 − xst‖‖xst − xst+1 − xst−1 + xst‖ (33)

The second part in the right half side of (33) is bound as follows if B = {it} and J(t) = {j(t)}.

‖xst − xst+1 − xst−1 + xst‖ (34)

=

∥∥∥∥xst − P γ
Lmax

g

(
xst −

γ

Lmax
v̂st

)
− xst−1 + P γ

Lmax
g

(
xst−1 −

γ

Lmax
v̂st−1

)∥∥∥∥
≤ ‖xst − xst−1‖+

∥∥∥∥P γ
Lmax

g

(
xst −

γ

Lmax
v̂st

)
− P γ

Lmax
g

(
xst−1 −

γ

Lmax
v̂st−1

)∥∥∥∥
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≤ 2‖xst − xst−1‖+
γ

Lmax

∥∥v̂st − v̂st−1

∥∥
= 2‖xst − xst−1‖+

γ

Lmax

∥∥∇fit(x̂st )−∇fit(x̃s−1) +∇f(x̃s−1)−∇fit−1(x̂st−1) +∇fit−1(x̃s−1)−∇f(x̃s−1)
∥∥

= 2‖xst − xst−1‖+
γ

Lmax

∥∥∇fit(x̂st )−∇fit(x̃s−1)−∇fit−1(x̂st−1) +∇fit−1(x̃s−1)
∥∥

≤ 2‖xst − xst−1‖+
γ

Lmax

∥∥∇fit(x̂st )−∇fit(xst ) +∇fit(xst )−∇fit(x̃s−1)
∥∥

+
γ

Lmax

∥∥∇fit−1(x̂st−1)−∇fit−1(xst−1) +∇fit−1(xst−1)−∇fit−1(x̃s−1)
∥∥

≤ 2‖xst − xst−1‖+
γ

Lmax
‖∇fit(x̂st )−∇fit(xst )‖+

γ

Lmax

∥∥∇fit(xst )−∇fit(x̃s−1)
∥∥

+
γ

Lmax

∥∥∇fit−1(x̂st−1)−∇fit−1(xst−1)
∥∥+

γ

Lmax

∥∥∇fit−1(xst−1)−∇fit−1(x̃s−1)
∥∥

≤ 2‖xst − xst−1‖+ γΛres

 ∑
t′∈K(t−1)

‖∆s
t′‖+

∑
t′∈K(t)

‖∆s
t′‖


+γΛnor

(
‖xst − x̃s‖+ ‖xst−1 − x̃s‖

)
≤ 2‖xst − xst−1‖+ 2γ

(
Λres

t−1∑
t′=t−1−τ

‖∆s
t′‖+ Λnor

t−1∑
t′=0

‖∆s
t′‖

)

where the first inequality use the nonexpansive property of P γ
Lmax

g, the fifth inequality use

A.7 of (Liu and Wright, 2015), the sixth inequality comes from ‖xst − x̃s‖ = ‖
∑t−1

t′=0 ∆s
t′‖ ≤∑t−1

t′=0 ‖∆s
t′‖.

If t = 1, we have that K(0) = ∅ and K(1) ⊆ {0}. Thus, according to (34), we have

‖xs1 − xs2 − xs0 + xs1‖ ≤ 2‖xs1 − xs0‖+ 2γ (Λres + Λnor) ‖∆s
0‖ (35)

Substituting (35) into (33), and takeing expectations, we have

E‖xs0 − xs1‖2 − E‖xs1 − xs2‖2 ≤ 2E (‖xs0 − xs1‖‖xs1 − xs2 − xs0 + xs1‖) (36)

≤ 4E (‖xs0 − xs1‖‖xs1 − xs0‖) + 4γ (Λres + Λnor)E (‖xs0 − xs1‖‖∆s
0‖)

≤ 4k−
1
2E
(
‖xs0 − xs1‖2

)
+ 4γ (Λres + Λnor)E (‖xs0 − xs1‖‖∆s

0‖)

where the last inequality uses A.13 in (Liu and Wright, 2015). Further, we have the upper
bound of E

(
‖xst − xst+1‖‖∆s

t‖
)

as

E
(
‖xst − xst+1‖‖∆s

t‖
)
≤ 1

2
E
(
k−

1
2 ‖xst − xst+1‖2 + k

1
2 ‖∆s

t‖2
)

(37)

=
1

2
E
(
k−

1
2 ‖xst − xst+1‖2 + k

1
2Ej(t)‖∆s

t‖2
)

=
1

2
E
(
k−

1
2 ‖xst − xst+1‖2 + k−

1
2E‖xst − xst+1‖2

)
= k−

1
2E‖xst − xst+1‖2

Substituting (37) into (36), we have

E‖xs0 − xs1‖2 − E‖xs1 − xs2‖2 ≤ k−
1
2 (4 + 4γ (Λres + Λnor))E

(
‖xs0 − xs1‖2

)
(38)
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which implies that

E‖xs0 − xs1‖2 ≤
(

1− 4 + 4γ (Λres + Λnor)√
k

)−1

E‖xs1 − xs2‖2 ≤ ρE‖xs1 − xs2‖2 (39)

where the last inequality follows from . Thus, we have (32) for t = 1.

ρ−1 ≤ 1− 4 + 4γ (Λres + Λnor)√
k

⇔ γ ≤ k1/2(1− ρ−1)− 4

4 (Λres + Λnor)
(40)

Next, we consider the cases for t > 1. For t− 1− τ ≤ t′ ≤ t− 1 and any β > 0, we have

E
(
‖xst − xst+1‖‖∆s

t′‖
)
≤ 1

2
E
(
k−

1
2β−1‖xst − xst+1‖2 + k

1
2β‖∆s

t′‖2
)

(41)

=
1

2
E
(
k−

1
2β−1‖xst − xst+1‖2 + k

1
2βEj(t)‖∆s

t′‖2
)

=
1

2
E
(
k−

1
2β−1‖xst − xst+1‖2 + k−

1
2βE‖xst′ − xst′+1‖2

)
≤ 1

2
E
(
k−

1
2β−1‖xst − xst+1‖2 + k−

1
2 ρt−t

′
βE‖xst − xst+1‖2

)
β=ρ

t′−t
2

≤ k−
1
2 ρ

t−t′
2 E‖xst − xst+1‖2

We assume that (32) holds ∀t′ < t. By substituting (34) into (33) and taking expectation
on both sides of (33), we can have

E
(
‖xst−1 − xst‖2 − ‖xst − xst+1‖2

)
(42)

≤ 2E
(
‖xst−1 − xst‖‖xst − xt+1 − xst−1 + xst‖

)
≤ 2E

(
‖xst−1 − xst‖

(
2‖xst − xst−1‖+ 2γ

(
Λres

t−1∑
t′=t−1−τ

‖∆s
t′‖+ Λnor

t−1∑
t′=0

‖∆s
t′‖

)))
= 4E

(
‖xst−1 − xst‖‖xst−1 − xst‖

)
+

4γE

(
Λres

t−1∑
t′=t−1−τ

‖xst−1 − xst‖‖∆s
t′‖+ Λnor

t−1∑
t′=0

‖xst−1 − xst‖‖∆s
t′‖

)
≤ 4k−1/2E

(
‖xst−1 − xst‖2

)
+

4γk−1/2E
(
‖xst−1 − xst‖2

)
·

(
Λres

t−1∑
t′=t−1−τ

ρ
t−1−t′

2 + Λnor

t−1∑
t′=0

ρ
t−1−t′

2

)
= (4 + 4γ (Λres + Λnor))k

−1/2E
(
‖xst−1 − xst‖2

)
+

4γk
−1
2 E

(
‖xst−1 − xst‖2

)(
Λres

τ∑
t′=1

ρ
t′
2 + Λnor

t−1∑
t′=1

ρ
t′
2

)

= k−1/2E
(
‖xst−1 − xst‖2

)(
4 + 4γΛres

(
1 +

ρ
1
2 − ρ

τ+1
2

1− ρ
1
2

)
+ 4γΛnor

(
1 +

ρ
1
2 − ρ

m
2

1− ρ
1
2

))
= k−1/2E

(
‖xst−1 − xst‖2

)
· (4 + 4γ (Λres (1 + θ1) + Λnor (1 + θ2)))
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where the third inequality uses (41). Based on (42), we have that

E
(
‖xst−1 − xst‖2

)
(43)

≤
(

1− k−1/2 (4 + 4γ (Λres (1 + θ1) + Λnor (1 + θ2)))
)−1
· E
(
‖xst − xst+1‖2

)
≤ ρE

(
‖xst − xst+1‖2

)
where the last inequality follows from

ρ−1 ≤ 1− k−1/2 (4 + 4γ (Λres (1 + θ1) + Λnor (1 + θ2))) (44)

⇔ γ ≤ k1/2(1− ρ−1)− 4

4 (Λres (1 + θ1) + Λnor (1 + θ2))

This completes the proof.

Lemma 4 Let ρ be a constant that satisfies ρ > 1, and define the quantities θ1 = ρ
1
2−ρ

τ+1
2

1−ρ
1
2

and θ2 = ρ
1
2−ρ

m
2

1−ρ
1
2

. Suppose the nonnegative steplength parameter γ > 0 satisfies γ ≤

min
{

k1/2(1−ρ−1)−4
4(Λres(1+θ1)+Λnor(1+θ2)) ,

k1/2
1
2
k1/2+2Λnorθ2+Λresθ1

}
. Under Assumptions 1, 2, 3 and 4, the

expectation of the objective function EF (xst ) is monotonically decreasing, i.e., EF (xst+1) ≤
EF (xst ).

Proof Take expectation F (xst+1) on j(t), we have that

Ej(t)F (xst+1) = Ej(t)
(
f(xst + ∆s

t ) + g(xst+1)
)

(45)

≤ Ej(t)
(
f(xst ) +

〈
∇Gj(t)f(xst ), (∆

s
t )Gj(t)

〉
+
Lmax

2

∥∥∥(∆s
t )Gj(t)

∥∥∥2

+gGj(t)

(
(xst+1)Gj(t)

)
+
∑
j′ 6=j(t)

gGj′

(
(xst+1)Gj′

)
= f(xst ) +

k − 1

k
g(xst ) + Ej(t)

(〈
∇Gj(t)f(xst ), (∆

s
t )Gj(t)

〉
+
Lmax

2

∥∥∥(∆s
t )Gj(t)

∥∥∥2

+gGj(t)

(
(xst+1)Gj(t)

))
= F (xst ) + Ej(t)

(〈
(v̂st )Gj(t) , (∆

s
t )Gj(t)

〉
+
Lmax

2

∥∥∥(∆s
t )Gj(t)

∥∥∥2
+ gGj(t)

(
(xst+1)Gj(t)

)
−gGj(t)

(
(xst )Gj(t)

)
+
〈
∇Gj(t)f(xst )− (v̂st )Gj(t) , (∆

s
t )Gj(t)

〉)
≤ F (xst ) + Ej(t)

(
−Lmax

γ

∥∥∥(∆s
t )Gj(t)

∥∥∥2
+
Lmax

2

∥∥∥(∆s
t )Gj(t)

∥∥∥2
+

+
〈
∇Gj(t)f(xst )− (v̂st )Gj(t) , (∆

s
t )Gj(t)

〉)
= F (xst ) + Ej(t)

((
Lmax

2
− Lmax

γ

)∥∥∥(∆s
t )Gj(t)

∥∥∥2
)

+ Ej(t)
〈
∇Gj(t)f(xst )− (v̂st )Gj(t) , (∆

s
t )Gj(t)

〉
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= F (xst ) +
Lmax

k

(
1

2
− 1

γ

)
‖xst+1 − xst‖2 + Ej(t)

〈
∇Gj(t)f(xst )− (v̂st )Gj(t) , (∆

s
t )Gj(t)

〉
where the first inequality uses (6), and the second inequality uses (29) in Lemma 2. Consider
the expectation of the last term on the right-hand side of (45), we have

E
〈
∇Gj(t)f(xst )− (v̂st )Gj(t) , (∆

s
t )Gj(t)

〉
(46)

= E
〈
∇Gj(t)f(xst )− (∇fit(x̂st )−∇fit(x̃s) +∇f(x̃s))Gj(t) , (∆

s
t )Gj(t)

〉
= E

〈
∇Gj(t)f(xst )− (∇fit(x̂st )−∇fit(xst ) +∇fit(xst )−∇fit(x̃s) +∇f(x̃s))Gj(t) , (∆

s
t )Gj(t)

〉
= E

〈
∇Gj(t)f(xst )−∇Gj(t)f(x̃s), (∆s

t )Gj(t)

〉
+ E

〈
∇Gj(t)fit(x

s
t )−∇Gj(t)fit(x̂

s
t ), (∆

s
t )Gj(t)

〉
+E

〈
∇Gj(t)fit(x̃

s)−∇Gj(t)fit(x
s
t ), (∆

s
t )Gj(t)

〉
≤ E

(∥∥∥∇Gj(t)f(xst )−∇Gj(t)f(x̃s)
∥∥∥ ‖∆s

t‖
)

+ E
(∥∥∥∇Gj(t)fit(xst )−∇Gj(t)fit(x̂st )∥∥∥ ‖∆s

t‖
)

+E
(∥∥∥∇Gj(t)fit(x̃s)−∇Gj(t)fit(xst )∥∥∥ ‖∆s

t‖
)

=
1

k
E
(
‖∇f(xst )−∇f(x̃s)‖

∥∥xst+1 − xst
∥∥)+

1

k
E
(
‖∇fit(xst )−∇fit(x̂st )‖

∥∥xst+1 − xst
∥∥)

+
1

k
E
(
‖∇fit(x̃s)−∇fit(xst )‖

∥∥xst+1 − xst
∥∥)

≤ 1

k
E

2Lnor‖xst − x̃s‖‖xst+1 − xst‖+ Lres
∑

t′∈K(t)

‖∆s
t′‖ ‖xst+1 − xst‖


≤ 1

k
E

(
2Lnor

t−1∑
t′=0

‖∆s
t′‖‖xst+1 − xst‖+ Lres

t−1∑
t′=t−τ

‖∆s
t′‖‖xst+1 − xst‖

)

≤ 2Lnor

t−1∑
t′=0

ρ
t−t′
2

k3/2
E‖xst+1 − xst‖2 + Lres

t−1∑
t′=t−τ

ρ
t−t′
2

k3/2
E‖xst+1 − xst‖2

= k−3/2

(
2Lnor

ρ
1
2 − ρ

m
2

1− ρ
1
2

+ Lres
ρ

1
2 − ρ

τ+1
2

1− ρ
1
2

)
· E‖xst+1 − xst‖2

= k−3/2 (2Lnorθ2 + Lresθ1)E‖xst+1 − xst‖2

where the first inequality uses the Cauchy-Schwarz inequality (Callebaut, 1965), the third
inequality uses (3) and (4), the sixth inequality uses (41).

By taking expectations on both sides of (45) and substituting (46), we have

EF (xst+1) (47)

≤ EF (xst ) +
Lmax

k

(
1

2
− 1

γ

)
E‖xst+1 − xst‖2 + E

〈
∇Gj(t)f(xst )− (v̂st )Gj(t) , (∆

s
t )Gj(t)

〉
≤ EF (xst )−

1

k
·
(
Lmax

(
1

γ
− 1

2

)
− 2Lnorθ2 + Lresθ1

k1/2

)
E‖xst+1 − xst‖2

where Lmax

(
1
γ −

1
2

)
− 2Lnorθ2+Lresθ1

k1/2
≥ 0 because that γ−1 ≥ 1

2 + 2Λnorθ2+Λresθ1
k1/2

. This com-

pletes the proof.
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Theorem 5 Let ρ be a constant that satisfies ρ > 1, and define the quantity θ′ = ρτ+1−ρ
ρ−1 .

Suppose the nonnegative steplength parameter γ > 0 satisfies 1−Λnorγ−γτθ′

n −
2(Λresθ1+Λnorθ2)γ

n1/2 ≥
0. If the optimal strong convexity holds for f with l > 0, we have

EF (xs)− F ∗ ≤ Lmax

2γ

(
1

1 + mγl
k(lγ+Lmax)

)s
·
(
‖x0 − PS(x0)‖2 +

2γ

Lmax

(
EF (x0)− F ∗

))
(48)

If f is a general smooth convex function, we have

EF (xs)− F ∗ ≤
kLmax‖x0 − PS(x0)‖2 + 2γk

(
F (x0)− F ∗

)
2γk + 2mγs

(49)

Proof We have that

‖xst+1 − PS(xst+1)‖2 ≤ ‖xst+1 − PS(xst )‖2 = ‖xst + ∆s
t − PS(xst )‖2 (50)

= ‖xst − PS(xst )‖2 − ‖∆s
t‖2 − 2〈(PS(xst )− xst −∆s

t )Gj(t) , (∆
s
t )Gj(t)〉

= ‖xst − PS(xst )‖2 − ‖∆s
t‖2 − 2〈

(
PS(xst )− xst+1

)
Gj(t)

, (∆s
t )Gj(t)〉

≤ ‖xst − PS(xst )‖2 − ‖∆s
t‖2 +

2γ

Lmax

(
〈
(
PS(xst )− xst+1

)
Gj(t)

, (v̂st )Gj(t)〉
)

+

2γ

Lmax

(
gGj(t)(PS(xst )Gj(t))− gj(t)(x

s
t+1)Gj(t))

)
= ‖xst − PS(xst )‖2 − ‖∆s

t‖2 +
2γ

Lmax

(
〈(PS(xst )− xst )Gj(t) , (v̂

s
t )Gj(t)〉

)
︸ ︷︷ ︸

T1

+

2γ

Lmax

(
〈(∆s

t )Gj(t) , (v̂
s
t )Gj(t)〉

)
︸ ︷︷ ︸

T2

+
2γ

Lmax

(
gj(t)(PS(xst )Gj(t))− gGj(t)(x

s
t+1)Gj(t))

)

where the first inequality comes from the definition of function PS(x) = arg miny∈S ‖y−x‖2,
and the second inequality uses (29) in Lemma 2. For the expectation of T1, we have

E(T1) = E
(
〈(PS(xst )− xst )Gj(t) , (v̂

s
t )Gj(t)〉

)
(51)

=
1

k
E〈PS(xst )− xst , v̂st 〉

=
1

k
E〈PS(xst )− xst ,∇fit(x̂st )−∇fit(x̃s) +∇f(x̃s)〉

=
1

k
E〈PS(xst )− xst ,∇fit(x̂st )〉+

1

k
〈E(PS(xst )− xst ),E(−∇fit(x̃s) +∇f(x̃s))〉

=
1

k
E〈PS(xst )− x̂st ,∇fit(x̂st )〉+

1

k
E〈x̂st − xst ,∇fit(x̂st )〉

=
1

k
E〈PS(xst )− x̂st ,∇fit(x̂st )〉+

1

k
E
|K(t)|−1∑
t′=0

〈x̂st,t′ − x̂st,t′+1,∇fit(x̂st )〉
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=
1

k
E〈PS(xst )− x̂st ,∇fit(x̂st )〉+

1

k
E
|K(t)|−1∑
t′=0

〈x̂st,t′ − x̂st,t′+1,∇fit(x̂st,t′)〉

+
1

k
E
|K(t)|−1∑
t′=0

〈x̂st,t′ − x̂st,t′+1,∇fit(x̂st )−∇fit(x̂st,t′)〉

≤ 1

k
E (fit(PS(xst ))− fit(x̂st )) +

1

k
E
|K(t)|−1∑
t′=0

〈x̂st,t′ − x̂st,t′+1,∇fit(x̂st )−∇fit(x̂st,t′)〉

+
1

k
E
|K(t)|−1∑
t′=0

(
fit(x̂

s
t,t′)− fit(x̂st,t′+1) +

Lmax

2
‖x̂st,t′ − x̂st,t′+1‖2

)

=
1

k
E (fit(PS(xst ))− fit(xst )) +

1

k
E
|K(t)|−1∑
t′=0

〈x̂st,t′ − x̂st,t′+1,∇fit(x̂st )−∇fit(x̂st,t′)〉

+
Lmax

2k
E
|K(t)|−1∑
t′=0

(
‖x̂st,t′ − x̂st,t′+1‖2

)
=

1

k
E (fit(PS(xst ))− fit(xst )) +

Lmax

2k
E
|K(t)|−1∑
t′=0

(
‖x̂st,t′ − x̂st,t′+1‖2

)
+

1

k
E
|K(t)|−1∑
t′=0

〈x̂st,t′ − x̂st,t′+1,
t′−1∑
t′′=0

∇fit(x̂st′′)−∇fit(x̂st,t′′+1)〉

≤ 1

k
E (fit(PS(xst ))− fit(xst )) +

Lmax

2k
E
|K(t)|−1∑
t′=0

(
‖x̂st,t′ − x̂st,t′+1‖2

)
+
Lmax

k
E
|K(t)|−1∑
t′=0

(∥∥x̂st,t′ − x̂st,t′+1

∥∥ t′−1∑
t′′=0

∥∥x̂st′′ − x̂st,t′′+1

∥∥)

=
1

k
E (fit(PS(xst ))− fit(xst )) +

Lmax

2k
E
|K(t)|−1∑
t′=0

(
‖x̂st,t′ − x̂st,t′+1‖2

)

+
Lmax

2k
E

|K(t)|−1∑
t′=0

∥∥x̂st,t′ − x̂st,t′+1

∥∥2

−
|K(t)|−1∑
t′=0

(
‖x̂st,t′ − x̂st,t′+1‖2

)
=

1

k
E (fit(PS(xst ))− fit(xst )) +

Lmax

2k
E

|K(t)|−1∑
t′=0

∥∥x̂st,t′ − x̂st,t′+1

∥∥2

≤ 1

k
E (fit(PS(xst ))− fit(xst )) +

Lmaxτ

2k
E
|K(t)|−1∑
t′=0

∥∥x̂st,t′ − x̂st,t′+1

∥∥2

=
1

k
E (fit(PS(xst ))− fit(xst )) +

Lmaxτ

2k

|K(t)|−1∑
t′=0

E ‖Bs
t′∆

s
t′‖

2
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≤ 1

k
E (fit(PS(xst ))− fit(xst )) +

Lmaxτ

2k2

|K(t)|−1∑
t′=0

E
∥∥xst′+1 − xst′

∥∥2

≤ 1

k
E (fit(PS(xst ))− fit(xst )) +

Lmaxτ

2k2

τ∑
t′=1

ρt
′
E
∥∥xst+1 − xst

∥∥2

≤ 1

k
E (f(PS(xst ))− f(xst )) +

Lmaxτθ
′

2k2
E(‖xst − xst+1‖2)

where the fifth equality comes from that xst is independent to it, the sixth equality uses
Lemma 1, the first inequality uses the convexity of fi and (6), the second inequality uses
(5). For the expectation of T2, we have

E(T2) = E〈(∆s
t )Gj(t) , (v̂

s
t )Gj(t)〉 (52)

= E〈(∆t)Gj(t) , (∇fit(x̂
s
t )−∇fit(x̃s) +∇f(x̃s))Gj(t)〉

= E〈(∆t)Gj(t) , (∇fit(x̂
s
t )−∇fit(xst ) +∇fit(xst )−∇fit(x̃s) +∇f(x̃s))Gj(t)〉

= E〈(∆t)Gj(t) , (∇fit(x̂
s
t )−∇fit(xst ))Gj(t)〉+

E〈(∆t)Gj(t) , (∇fit(x
s
t )−∇fit(x̃s))Gj(t)〉+ E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

≤ 1

k
E
(
‖xst+1 − xst‖ ‖∇fit(x̂st )−∇fit(xst )‖

)
+

1

k
E
(
‖xst+1 − xst‖ ‖∇fit(xst )−∇fit(x̃s)‖

)
+ E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

≤ Lres
k

 ∑
t′∈K(t)

‖xst+1 − xst‖‖∆s
t′‖


Lnor
k

E
(
‖xst+1 − xst‖‖xst − xs‖

)
+ E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

≤ Lres
k

 ∑
t′∈K(t)

‖xst+1 − xst‖‖∆s
t′‖


Lnor
k

E

(
t−1∑
t′=0

‖xst+1 − xst‖‖∆s
t′‖

)
+ E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

≤ Lres

k3/2

t−1∑
t′=t−τ

ρ(t−t′)/2E(‖xst − xst+1‖2)

+
Lnor

k3/2

t−1∑
t′=0

ρ(t−t′)/2E(‖xst − xst+1‖2) + E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

=
1

k3/2
(Lresθ1 + Lnorθ2)E(‖xst − xst+1‖2) + E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

≤ Lresθ1 + Lnorθ2

k3/2
E(‖xst − xst+1‖2) + E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉
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where the second inequality uses Lemma 1, the fourth inequality uses (41). By substituting
the upper bounds from (51) and (52) into (50), we have

E‖xst+1 − PS(xst+1)‖2 (53)

≤ E‖xst − PS(xst )‖2 −
1

k
E(‖xst − xst+1‖2) +

2γ

Lmaxk
E (f(PS(xst ))− f(xst )) +

γτθ′

k2
E(‖xst − xst+1‖2)

+
2γ

Lmax

(
Lresθ1 + Lnorθ2

k3/2
θE(‖xst − xst+1‖2) + E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

1

k
Eg(PS(xst ))− Eg(xst+1) +

k − 1

k
Eg(xst )

)
= E‖xst − PS(xst )‖2 +

2γ

Lmaxk
E (f(PS(xst ))− f(xst ))−

1

k

(
1− γτθ′

k
− 2(Lresθ1 + Lnorθ2)γ

k1/2Lmax

)
E(‖xst − xst+1‖2) +

2γ

Lmax

(
E〈(∆t)Gj(t) ,∇Gj(t)f(x̃s)〉

1

k
Eg(PS(xst ))− Eg(xst+1) +

k − 1

k
Eg(xst )

)
We consider a fixed stage s+ 1 such that xs+1

0 = xsm. By summing the the inequality (53)
over t = 0, · · · ,m− 1, we obtain

E‖xs+1 − PS(xs+1)‖2 (54)

≤ E‖xs − PS(xs)‖2 +
m−1∑
t′=0

2γ

Lmaxk
E
(
f(PS(xs+1

t′ ))− f(xs+1
t′ )

)
−

m−1∑
t′=0

1

k

(
1− γτθ′

k
− 2(Lresθ1 + Lnorθ2)γ

k1/2Lmax

)
· E(‖xs+1

t′ − x
s+1
t′+1‖

2)

+
2γ

Lmax

m−1∑
t′=0

E
〈

(∆t′)Gj(t′)
,∇Gj(t′)f(x̃s)

〉
+

2γ

Lmax

m−1∑
t′=0

(
1

k
Eg(PS(xs+1

t′ ))− Eg(xs+1
t′+1) +

n− 1

k
Eg(xs+1

t′ )

)

= E‖xs − PS(xs)‖2 +
m−1∑
t′=0

2γ

Lmaxk
E
(
f(PS(xs+1

t′ ))− f(xs+1
t′ )

)
−

m−1∑
t′=0

1

k

(
1− γτθ′

k
− 2(Lresθ1 + Lnorθ2)γ

k1/2Lmax

)
· E(‖xs+1

t′ − x
s+1
t′+1‖

2)

+
2γ

Lmax
E
〈
xs+1 − xs,∇f(x̃s)

〉
+

2γ

Lmax

m−1∑
t′=0

(
1

k
Eg(PS(xs+1

t′ ))− Eg(xs+1
t′+1) +

k − 1

k
Eg(xs+1

t′ )

)
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≤ E‖xs − PS(xs)‖2 +
m−1∑
t′=0

2γ

Lmaxk
E
(
f(PS(xs+1

t′ ))− f(xs+1
t′ )

)
−

m−1∑
t′=0

1

k

(
1− γτθ′

k
− 2(Lresθ1 + Lnorθ2)γ

k1/2Lmax

)
· E(‖xs+1

t′ − x
s+1
t′+1‖

2)

+
2γ

Lmax
E
(
f(xs)− f(xs+1) +

Lnor
2
‖xs+1 − xs‖2

)
+

2γ

Lmax

m−1∑
t′=0

(
1

k
Eg(PS(xs+1

t′ ))− Eg(xs+1
t′+1) +

k − 1

k
Eg(xs+1

t′ )

)

= E‖xs − PS(xs)‖2 +
m−1∑
t′=0

2γ

Lmaxk
E
(
f(PS(xs+1

t′ ))− f(xs+1
t′ )

)
−

m−1∑
t′=0

1

k

(
1− γτθ′

k
− 2(Lresθ1 + Lnorθ2)γ

k1/2Lmax

)
· E(‖xs+1

t′ − x
s+1
t′+1‖

2)

+
2γ

Lmax

m−1∑
t′=0

E
(
f(xs+1

t′ )− f(xs+1
t+1 )

)
+
Lnorγ

Lmax
E

∥∥∥∥∥
m−1∑
t′=0

(
xs+1
t′ − x

s+1
t′+1

)∥∥∥∥∥
2

+
2γ

Lmax

m−1∑
t′=0

(
1

k
Eg(PS(xs+1

t′ ))− Eg(xs+1
t′+1) +

k − 1

k
Eg(xs+1

t′ )

)

≤ E‖xs − PS(xs)‖2 +
2γ

Lmaxk

m−1∑
t′=0

(
F ∗ − EF (xs+1

t′ )
)

+
2γ

Lmax

m−1∑
t′=0

(
EF (xs+1

t′ )− EF (xs+1
t′+1)

)
−
m−1∑
t′=0

1

k

(
1− Λnorγ −

γτθ′

n
− 2(Λresθ1 + Λnorθ2)γ

k1/2

)
· E(‖xs+1

t′ − x
s+1
t′+1‖

2)

≤ E‖xs − PS(xs)‖2 +
2γ

Lmaxk

m−1∑
t′=0

(
F ∗ − EF (xs+1

t′ )
)

+
2γ

Lmax

(
EF (xs)− EF (xs+1)

)
where the second inequality uses (3), the final inequality comes from 1 − Λnorγ − γτθ′

n −
2(Λresθ1+Λnorθ2)γ

n1/2 ≥ 0. Define S(xs) = E‖xt−PS(xs)‖2 + 2γ
Lmax

E (F (xs)− F ∗). According to
(54), we have

S(xs+1) ≤ S(xs)− 2γ

Lmaxk

m−1∑
t′=0

E
(
F (xs+1

t′ )− F ∗
)
≤ S(xs)− 2mγ

Lmaxk
E
(
F (xs+1)− F ∗

)
(55)

where the second inequality comes from the monotonicity of EF (xst ). According to (55), we
have

S(xs) ≤ S(x0)− 2mγs

Lmaxk
E (F (xs)− F ∗) (56)

Thus, the sublinear convergence rate (49) for general smooth convex function f can be
obtained from (56).
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If the optimal strong convexity for the smooth convex function f holds with l > 0, we
have (57) as proved in (A.28) of Liu and Wright (2015).

E (F (xs)− F ∗) ≥ Lmaxl

2(lγ + Lmax)
S(xs) (57)

Thus, substituting (58) into (55), we have

S(xs+1) ≤ S(xs)− 2mγl

2k(lγ + Lmax)
S(xs+1) (58)

Based on (58), we have (59) by induction.

S(xs) ≤

(
1

1 + 2mγl
2k(lγ+Lmax)

)s
S(x0) (59)

Thus, the linear convergence rate (48) for the optimal strong convexity on f can be obtained
from (59). This completes the proof.

Theorem 6 Let ρ be a constant that satisfies ρ > 1, and define the quantities θ1 = ρ
1
2−ρ

τ+1
2

1−ρ
1
2

and θ2 = ρ
1
2−ρ

m
2

1−ρ
1
2

. Suppose the nonnegative steplength parameter γ > 0 satisfies γ ≤

min
{

k1/2(1−ρ−1)−4
4(Λres(1+θ1)+Λnor(1+θ2)) ,

k1/2
1
2
k1/2+2Λnorθ2+Λresθ1

}
. Let T denote the number of total it-

erations of AsyDSPG+. If f is a smooth non-convex function, we have

1

T

S−1∑
s=0

m−1∑
t=0

E
∥∥∥∇̃F (xst )

∥∥∥2
≤
(
γ

k

(
1

γ
− 1

2
− 2Lnorθ2 + Lresθ1

k1/2Lmax

))−1 F (x0)− F ∗

T
(60)

Proof According to (47), we have that

γ

k
·
(

1

γ
− 1

2
− 2Lnorθ2 + Lresθ1

k1/2Lmax

)
E‖∇̃F (xst )‖2 ≤ EF (xst )− EF (xst+1) (61)

Because γ ≤ min
{

k1/2(1−ρ−1)−4
4(Λres(1+θ1)+Λnor(1+θ2)) ,

k1/2
1
2
k1/2+2Λnorθ2+Λresθ1

}
, we have that

E‖∇̃F (xst )‖2 ≤
(
γ

k
·
(

1

γ
− 1

2
− 2Lnorθ2 + Lresθ1

k1/2Lmax

))−1 (
EF (xst )− EF (xst+1)

)
(62)

Combining the inequalities (63) for all iterations in AsyDSPG+, we have

S−1∑
s=0

m−1∑
t=0

E
∥∥∥∇̃F (xst )

∥∥∥2
≤
(
γ

k
·
(

1

γ
− 1

2
− 2Lnorθ2 + Lresθ1

k1/2Lmax

))−1 (
F (x0)− EF (xS)

)
(63)

Based on (63), we have that

1

T

S−1∑
s=0

m−1∑
t=0

E
∥∥∥∇̃F (xst )

∥∥∥2
≤
(
γ

k

(
1

γ
− 1

2
− 2Lnorθ2 + Lresθ1

k1/2Lmax

))−1 F (x0)− F ∗

T
(64)
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This completes the proof.

Remark 7 If we constraint |Gj | = 1 for all j in (1), our AsyDSPG+ degenerates to
the asynchronous stochastic proximal coordinate descent algorithm with variance reduction.
Based on Theorem 4, we have the linear convergence rate (65) if the optimal strong convexity
holds for f with l > 0.

EF (xs)− F ∗ ≤ Lmax

2γ

(
1

1 + mγl
n(lγ+Lmax)

)s
·
(
‖x0 − PS(x0)‖2 +

2γ

Lmax

(
EF (x0)− F ∗

))
(65)

If f is a general smooth convex function, we have

EF (xs)− F ∗ ≤
nLmax‖x0 − PS(x0)‖2 + 2γn

(
F (x0)− F ∗

)
2γn+ 2mγs

(66)

If f is a general smooth non-convex function, we have

1

T

S−1∑
s=0

m−1∑
t=0

E
∥∥∥∇̃F (xst )

∥∥∥2
≤
(
γ

n

(
1

γ
− 1

2
− 2Lnorθ2 + Lresθ1

n1/2Lmax

))−1 F (x0)− F ∗

T
(67)
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