
Supplementary Material for Zeroth-Order Online Alternating
Direction Method of Multipliers: Convergence Analysis and

Applications

Sijia Liu Jie Chen Pin-Yu Chen Alfred O. Hero
University of Michigan

IBM Research, Cambridge
Northwestern Polytechnical

University, China
IBM Research,

Yorktown Heights
University of Michigan

1 Assumptions and Key Notations

Recall that we consider the regularized loss minimization problem over a time horizon of length T ,

minimize
x∈X ,y∈Y

1

T

T∑
t=1

ft(x;wt) + φ(y)

subject to Ax + By = c.

(1)

ZOO-ADMM is given by

xt+1 = arg min
x∈X

{
ĝTt x− λTt (Ax + Byt − c) +

ρ

2
‖Ax + Byt − c‖22 +

1

2ηt
‖x− xt‖2Gt

}
, (2)

yt+1 = arg min
y∈Y

{
φ(y)− λTt (Axt+1 + By − c) +

ρ

2
‖Axt+1 + By − c‖22

}
, (3)

λt+1 = λt − ρ(Axt+1 + Byt+1 − c), (4)

where Gt = αI− ρηtATA.

We first elaborate on our assumptions.

• Assumption A implies that ‖x− x′‖2 ≤ R and ‖y − y′‖2 ≤ R for all x,x′ ∈ X and for all y,y′ ∈ Y.

• Based on Jensen’s inequality, Assumptions B implies that ‖E[∇xf(x;wt)]‖2 ≤ L1.

• Assumption C implies a Lipschitz condition over the gradient ∇xf(x;wt) with constant Lg(wt) (Bubeck
et al., 2015; Hazan, 2016). Also based on Jensen’s inequality, we have |E[Lg(wt)]| ≤ Lg.

We next introduce key notations used in our analysis. Given the primal-dual variables x, y and λ of problem
(1), we define v := [xT ,yT ,λT ], and a primal-dual mapping H

H(v) := Cv −

0
0
c

 , C :=

 0 0 −AT

0 0 −BT

A B 0

 , (5)

where C is skew symmetric, namely, CT = −C. An important property of the affine mapping H is that
〈v1 − v2, H(v1)−H(v2)〉 = 0 for every v1 and v2. Supposing the sequence {vt} is generated by an algorithm,
we introduce the auxiliary sequence

ṽt := [xTt ,y
T
t , λ̃

T
t ]T , (6)

where λ̃t := λt − ρ(Axt+1 + Byt − c).
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2 Proof of Theorem 1

Since the sequences {xt}, {yt} and {λt} produced from (2)-(4) have the same structure as the ADMM/O-ADMM
steps, the property of ADMM given by Theorem 4 of (Suzuki, 2013) is directly applicable to our case, yielding

T∑
t=1

(ft(xt) + φ(yt))−
T∑
t=1

(ft(x) + φ(y)) +

T∑
t=1

(ṽt − v)TH(ṽt)

≤
‖x1 − x‖2G1

2η1
+

T∑
t=2

(
‖xt − x‖2Gt

2ηt
−
‖xt − x‖2Gt−1

2ηt−1

)
+ 〈λ,A(xT+1 − x1)〉

+
ρ

2
‖y1 − y‖BTB +

‖λ1 − λ‖22
2ρ

− ‖λT+1 − λ‖22
2ρ

+ 〈B(y − yT+1),λT+1 − λ〉

− 〈B(y − y1),λ1 − λ〉 −
T∑
t=1

‖λt − λt+1‖22
2ρ

−
T∑
t=1

σ

2
‖xt − x‖22 +

T∑
t=1

ηt
2
‖ĝt‖2G−1

t
. (7)

Here for notational simplicity we have used, and henceforth will continue to use, ft(xt) instead of f(xt;wt).

In (7), based on Gt = αI− ρηtATA, we have

‖xt − x‖2Gt

2ηt
−
‖xt − x‖2Gt−1

2ηt−1
=

(
α

2ηt
− α

2ηt−1

)
‖xt − x‖22,

which yields

T∑
t=2

(
‖xt − x‖2Gt

2ηt
−
‖xt − x‖2Gt−1

2ηt−1

)
−

T∑
t=1

σ

2
‖xt − x‖22 ≤

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2. (8)

We also note that the terms 1
2η1
‖x1 − x‖2G1

, 〈λ,A(xT+1 − x1)〉, ρ2‖y1 − y‖BTB, 1
2ρ (‖λ1 − λ‖22 − ‖λT+1 − λ‖22),

〈B(y − yT+1),λT+1 − λ〉, and 〈B(y − y1),λ1 − λ〉 are independent of time t. In particular, we have

‖x1 − x‖2G1
≤ αR2, 〈λ,A(xT+1 − x1)〉 ≤ R‖λ‖2‖A‖F ,

(‖λ1 − λ‖22 − ‖λT+1 − λ‖22) ≤ ‖λ‖22, 〈B(y − y1),λ− λ1〉 ≤ R‖B‖F ‖λ‖2, (9)

where ‖ · ‖F denotes the Frobenius norm of a matrix, and we have used the facts that Gt � αI and λ1 = 0.

Based on the optimality condition of yt+1 in (3), we have

〈∂φ(yt+1)−BTλt + ρBT (Axt+1 + Byt+1 − c),y − yt+1〉 ≥ 0 ,∀y ∈ Y,

which is equivalent to 〈∂φ(yt+1)−BTλt+1,y − yt+1〉 ≥ 0. And thus, we obtain

〈λt+1,B(y − yt+1)〉 − 〈λ,B(y − yt+1)〉 ≤ 〈∂φ(yt+1),y − yt+1〉 − 〈λ,B(y − yt+1)〉,

which yields

〈B(y − yt+1),λt+1 − λ〉 ≤ 〈y − yt+1, ∂φ(yt+1)−BTλ〉 ≤ R(L2 + ‖BTλ‖2), (10)

where we have used the fact that ‖∂φ(yt+1)‖2 ≤ L2.

Substituting (8)-(10) into (7), we then obtain

1

T

T∑
t=1

(ft(xt) + φ(yt))−
1

T

T∑
t=1

(ft(x) + φ(y)) +
1

T

T∑
t=1

(ṽt − v)TH(ṽt)

+
1

T

T∑
t=1

‖λt+1 − λt‖22
2ρ

≤ 1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 +

1

T

T∑
t=1

ηt
2
‖ĝt‖2 +

K

T
, (11)
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where K is a constant term related to α, R, η1, A, B, λ, ρ and L2, K = αR2

2η1
+ R‖λ‖2‖A‖F + 1

2ρ‖λ‖
2
2 +

R‖B‖F ‖λ‖2 +R(L2 + ‖BTλ‖2), and we have used the fact that ‖ĝt‖2G−1
t

≤ ‖ĝt‖22 (due to G−1t � I).

Based on (11) we continue to prove Theorem 1. When B is invertible and y′t = B−1(c−Axt), we obtain

B(y′t − yt) =
1

ρ
(λt − λt−1). (12)

Based on the convexity of f and φ, we obtain

ft(xt) + φ(y′t) ≤ ft(xt) + φ(yt) + 〈∂φ(y′t),y
′
t − yt〉

= ft(xt) + φ(yt) +
1

ρ
〈(B−1)T∂φ(y′t),λt − λt−1〉, (13)

where the last equality holds due to (12).

Let (x∗,y∗) be the optimal solution (implying Ax∗ + By∗ − c = 0). For any dual variable λ∗ and ṽt =
[xTt ,y

T
t , λ̃

T
t ]T , we have

(ṽt − v∗)TH(ṽt) = H(v∗)T (ṽt − v∗) =

 −ATλ∗

−BTλ∗

Ax∗ + By∗ − c

T xt − x∗

yt − y∗

λ̃t − λ∗


=〈λ∗, c−Axt −Byt〉 =

1

ρ
〈λ∗,λt − λt−1〉 (14)

where v∗ := [(x∗)T , (y∗)T , (λ∗)T ]T , and the affine mapping H(·) is given by (5).

Setting λ∗ = (B−1)T∂φ(y′t), based on (13) and (14) we have

ft(xt) + φ(y′t)− (ft(x
∗) + φ(y∗))

≤ft(xt) + φ(yt) + (ṽt − v∗)TH(ṽt)− (ft(x
∗) + φ(y∗)). (15)

Combining (11) and (15) yields

1

T

T∑
t=1

(ft(xt) + φ(y′t))−
1

T

T∑
t=1

(ft(x
∗) + φ(y∗)) +

1

T

T∑
t=1

‖λt+1 − λt‖22
2ρ

≤ 1

T

T∑
t=1

(ft(xt) + φ(yt))−
1

T

T∑
t=1

(ft(x
∗) + φ(y∗)) +

1

T

T∑
t=1

(ṽt − v∗)TH(ṽt) +
1

T

T∑
t=1

‖λt+1 − λt‖22
2ρ

≤ 1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 +

1

T

T∑
t=1

ηt
2
‖ĝt‖22 +

K

T
. (16)

Since λt+1 − λt = ρ(Axt+1 + Byt+1 − c), from (16) we have

1

T

T∑
t=1

(ft(xt) + φ(y′t))−
1

T

T∑
t=1

(ft(x
∗) + φ(y∗)) +

ρ

2T

T∑
t=1

‖Axt+1 + Byt+1 − c‖22

≤ 1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 +

1

T

T∑
t=1

ηt
2
‖ĝt‖22 +

K

T
. (17)

Taking expectations for both sides of (17) with respect to its randomness, we have

E

[
1

T

T∑
t=1

(ft(xt) + φ(y′t))−
1

T

T∑
t=1

(ft(x
∗) + φ(y∗))

]
+ E

[
ρ

2T

T∑
t=1

‖Axt+1 + Byt+1 − c‖22

]

≤ 1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 +

1

T

T∑
t=1

ηt
2
E[‖ĝt‖22] +

K

T
. (18)
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Based on (Duchi et al., 2015, Lemma 1), the second-order statistics of the gradient estimate ĝt is given by

Ezt [ĝt] = gt + βtLg(wt)ν(xt, βt), (19)

Ezt
[‖ĝt‖22] ≤ 2s(m)‖gt‖22 +

1

2
β2
tLg(wt)

2M(µ)2, (20)

where gt = ∇xf(x;wt)|x=xt
, ‖ν(xt, βt)‖2 ≤ 1

2Ez[‖z‖32], Lg(wt) is defined in Assumption C, and s(m) and M(µ)
are introduced in Assumption E. According to (20), we have

E[‖ĝt‖22] = E
[
Ez[‖ĝt‖22]

]
≤E

[
2s(m)‖gt‖22 +

1

2
β2
tL

2
g,tM(µ)2

]
≤2s(m)L2

1 +
1

2
β2
tL

2
gM(µ)2, (21)

where for ease of notation, we have replaced Lg(wt) with Lg,t, and the last inequality holds due to Assumptions
B and C.

Substituting (21) into (18), the expected average regret can be bounded as

RegretT (xt,y
′
t,x
∗,y∗) ≤ 1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 +

s(m)L2
1

T

T∑
t=1

ηt +
M(µ)2L2

g

4T

T∑
t=1

ηtβ
2
t +

K

T
. (22)

On the other hand, when A is invertible and x′t = A−1(c−Byt), we obtain

A(x′t − xt) =
1

ρ
(λt − λt−1).

Based on the convexity of f and φ, we obtain

ft(x
′
t) + φ(yt) ≤ ft(xt) + φ(yt) + 〈∇ft(x′t),x′t − xt〉

= ft(xt) + φ(yt) +
1

ρ
〈(A−1)T∇ft(x′t),λt − λt−1〉. (23)

Setting λ∗ = (A−1)T∇ft(x′t), based on (23) and (14) we have

ft(x
′
t) + φ(yt)− (ft(x

∗) + φ(y∗))

≤ft(xt) + φ(yt) + (ṽt − v∗)TH(ṽt)− (ft(x
∗) + φ(y∗)). (24)

Since the right hand side (RHS) of (24) and RHS of (15) are same, we can then mimic the aforementioned
procedure to prove that the regret RegretT (x′t,yt,x

∗,y∗) obeys the same bounds as (22).

3 Simplification of Regret Bound

Consider terms in right hand side (RHS) of (22) together with ηt = C1√
s(m)

√
t

and βt = C2

M(µ)t , we have

1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 ≤ 1

T

T∑
t=2

(
α

2ηt
− α

2ηt−1
)R2 ≤ 1√

T

αR2
√
s(m)

2C1
,

s(m)L2
1

T

T∑
t=1

ηt ≤
2C1

√
s(m)L2

1√
T

,

M(µ)2L2
g

4T

T∑
t=1

ηtβ
2
t =

C1C
2
2L

2
g

4
√
s(m)T

T∑
t=1

1

t5/2
≤

5C1C
2
2L

2
g

12T
, (25)

where we have used the facts that
∑T
t=1

1√
t
≤ 2
√
T ,

T∑
t=1

(1/ta) = 1 +

T∑
t=2

(1/ta) ≤ 1 +

∫ ∞
1

(1/ta) = a/(a− 1), ∀a > 1, (26)
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and we recall that s(m) = m ≥ 1. Substituting (25) into RHS of (22), we conclude that the expected average
regret RegretT (xt,y

′
t,x
∗,y∗) is upper bounded by

1√
T

αR2
√
s(m)

2C1
+

2C1

√
s(m)L2

1√
T

+
5C1C

2
2L

2
g

12T
+
K

T
. (27)

4 Proof of Corollary 1

Given i.i.d. samples {wt} drawn from the probability distribution P , from Theorem 1 we have

E

[
1

T

T∑
t=1

(f(xt;wt) + φ(y′t))−
1

T

T∑
t=1

(f(x∗;wt) + φ(y∗))

]

≤ 1√
T

αR2
√
s(m)

2C1
+

2C1

√
s(m)L2

1√
T

+
5C1C

2
2L

2
g

12

1

T
+
K

T
. (28)

Based on F (x,y) = Ew[f(x;w)] + φ(y), from (28) we have

E [F (x̄t, ȳt)− F (x∗,y∗)] ≤ E

[
1

T

T∑
t=1

F (xt,yt)− F (x∗,y∗)

]

=Ez1:T

[
Ew1:T

[
1

T

T∑
t=1

(f(xt;wt) + φ(y′t))−
1

T

T∑
t=1

(f(x∗;wt) + φ(y∗))

]]

≤ 1√
T

αR2
√
s(m)

2C1
+

2C1

√
s(m)L2

1√
T

+
5C1C

2
2L

2
g

12

1

T
+
K

T
, (29)

where the first inequality holds due to the convexity of F , and the second equality holds since xt and yt are
implicit functions of i.i.d. random variables {wk}t−1k=1 and {zk}t−1k=1, and {wt} and {zt} are independent of each
other.

5 Proof of Corollary 2

Substituting ηt = α
σt and βt = C2

M(µ)t into RHS of (22), we have

1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 = 0,

s(m)L2
1

T

T∑
t=1

ηt ≤
αs(m)L2

1 log T

σT
,

M(µ)2L2
g

4T

T∑
t=1

ηtβ
2
t =

αC2
2L

2
g

4σT

T∑
t=1

1

t3
≤

3αC2
2L

2
g

8σT
, (30)

where we have used the facts that
∑T
t=1

1
t ≤ 1 + log T and (26). Based on (30) and (27), we complete the proof.

6 Proof of Corollary 3

We consider the hybrid minibatch strategy

ĝt =
1

q1q2

q1∑
j=1

q2∑
i=1

f(xt + βtzt,j ;wt,i)− f(xt;wt,i)

βt
zt,j (31)

with ĝt,ij :=
f(xt+βtzt,j ;wt,i)−f(xt;wt,i)

βt
zt,j . Based on (19) and i.i.d. samples {wt,i} and {zt,j}, we have

ḡt := E[ĝt,ij ] = E[gt] + βtE[Lg,tν(xt, βt)], ∀i, j. (32)
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where for ease of notation we have replaced Lg(wt) with Lg,t, ‖ν(xt, βt)‖2 ≤ 1
2E[‖z‖32] ≤M(µ) due to Assumption

E. From (31), we obtain

E[‖ĝt‖22] =E


∥∥∥∥∥∥ 1

q1q2

q1∑
i=1

q2∑
j=1

(ĝt,ij − ḡt) + ḡt

∥∥∥∥∥∥
2

2

 = ‖ḡt‖22 + E


∥∥∥∥∥∥ 1

q1q2

q1∑
i=1

q2∑
j=1

(ĝt,ij − ḡt)

∥∥∥∥∥∥
2

2


=‖ḡt‖22 +

1

q1q2
E[‖ĝt,11 − ḡt‖22] = ‖ḡt‖2 +

1

q1q2
E[‖ĝt,11‖2]− 1

q1q2
‖ḡt‖2, (33)

where we have used the fact that E[ĝt,ij ] = E[ĝt,11] for any i and j.

The definition of ḡt in (32) yields

‖ḡt‖2 ≤2‖E[gt]‖22 + 2‖βtE[Lg,tν(xt, βt)]‖22

≤2E[‖gt‖22] + 2β2
tE[L2

g,t]E[‖ν(xt, βt)‖22] ≤ 2E[‖gt‖22] +
1

2
β2
tL

2
gM(µ)2, (34)

where the first inequality holds due to Cauchy-Schwarz inequality, and the second inequality holds due to Jensen’s
inequality. From (20), we obtain

E[‖ĝt,11‖2] ≤ 2s(m)E[‖gt‖22] +
1

2
β2
tL

2
gM(µ)2. (35)

Substituting (34) and (35) into (33), we obtain

E[‖ĝt‖22] ≤ ‖ḡt‖22 +
1

q1q2
E[‖ĝt,11‖22] ≤ 2(1 +

s(m)

q1q2
)E[‖gt‖22] +

q1q2 + 1

2q1q2
β2
tL

2
gM(µ)2. (36)

Similar to proof of Theorem 1, substituting (36) into (18), we obtain

RegretT (xt,y
′
t,x
∗,y∗) ≤ 1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 +

1

T

T∑
t=1

ηt
2
E[‖ĝt‖22] +

K

T

≤ 1

T

T∑
t=2

max{ α
2ηt
− α

2ηt−1
− σ

2
, 0}R2 +

(q1q2 + s(m))L2
1

q1q2T

T∑
t=1

ηt

+
(q1q2 + 1)L2

gM(µ)2

4q1q2T

T∑
t=1

ηtβ
2
t +

K

T
. (37)

Substituting ηt = C1√
1+

s(m)
q1q2

√
t

and βt = C2

M(µ)t into (37), we obtain

RegretT (xt,y
′
t,x
∗,y∗)

≤αR
2

2C1

√
1 + s(m)

q1q2√
T

+ 2C1L
2
1

√
1 + s(m)

q1q2√
T

+
5C1C

2
2L

2
g

12T

q1q2 + 1

q1q2

√
1 + s(m)

q1q2

+
K

T

≤αR
2

2C1

√
1 + s(m)

q1q2√
T

+ 2C1L
2
1

√
1 + s(m)

q1q2√
T

+
5C1C

2
2L

2
g

6

1

T
+
K

T
, (38)

which then completes the proof.

7 ZOO-ADMM for Sensor Selection

We recall that the sensor selection problem can be cast as

minimize
x,y

1

T

T∑
t=1

f(x;wt) + I1(x) + I2(y)

subject to x− y = 0,

(39)
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where y ∈ Rm is an auxiliary variable, f(x;wt) = −logdet(
∑m
i=1 xiai,ta

T
i,t) with wt = {ai,t}mi=1, and {Ii} are

indicator functions

I1(x) =

{
0 0 ≤ x ≤ 1
∞ otherwise,

I2(y) =

{
0 1Ty = m0

∞ otherwise.

Based on (39), two key steps of ZOO-ADMM (2)-(3) are given by

xt+1 = arg min
0≤x≤1

{
‖x− dt‖22

}
, (40)

yt+1 = arg min
1Ty=m0

{
‖y − (xt+1 − (1/ρ)λt)‖22

}
, (41)

where ĝt is the gradient estimate, and dt := ηt
α (−ĝt + λt − ρxt + ρyt) + xt. Sub-problems (40) and (41) yield

closed-form solutions as below (Parikh and Boyd, 2014)

[xt+1]i =

 0 [dt]i < 0
[dt]i [dt]i ∈ [0, 1]
1 [dt]i > 1,

and (42)

yt+1 = xt+1 −
1

ρ
λt +

m0 − 1T (xt+1 − λt/ρ)

m
1m, (43)

where [x]i denote the ith entry of x.

8 ZOO-ADMM for Sparse Cox Regression

This sparse regression problem can formulated as

minimize
x,y

1

n

n∑
i=1

f(x;wi) + γ‖y‖1

subject to x− y = 0,

(44)

where f(x;wi) = δi

{
−aTi x + log (

∑
j∈Ri

ea
T
j x)
}

with wi = ai. By using the ZOO-ADMM algorithm, we

can avoid the gradient calculation for the involved objective function in Cox regression. The two key steps of
ZOO-ADMM (2)-(3) at iteration i become

xi+1 =
ηt
α

(−ĝi + λi − ρxi + ρyi) + xi, (45)

yi+1 = arg min
y

{
‖y‖1 +

ρ

2γ
‖y − di‖22

}
, (46)

where ĝi is the gradient estimate, di = (xi+1 − (1/ρ)λi), and the solution of sub-problem (46) is given by the
soft-thresholding operator at the point di with parameter ρ/γ (Parikh and Boyd, 2014, Sec. 6)

[yi+1]k =

{
(1− γ

ρ|[di]k| )[di]k [di]k >
γ
ρ

0 [di]k ≤ γ
ρ ,

k = 1, 2, . . . ,m.
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