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Appendix

A Proofs

A.1 Proof of Theorem 1

Theorem (Regret Bound for COCO (Restated)). For any δ ∈ (0, 1], let the following hold w.p. ≥ 1 − δ (over S ∼
Dm): for each iteration t ∈ [T ], the Frank-Wolfe algorithm satisfies L(Ĉt, λt) ≤ minC∈CD L(C, λt) + θ(δ,m), and
‖CD[ĥt] − Ĉt‖∞ ≤ ξ(δ,m), where θ, ξ : (0, 1]×N→R+. Let parameter B be s.t. B ≥ 2 maxk∈[K] λ

∗
k. Let h̄ : X→∆n

be the classifier obtained after T = τm iterations, for some τ ∈ N. Then w.p. ≥ 1− δ (over S ∼ Dm):

L(h̄) ≤ L(h∗) +
KB2 + 2KR2

2
√
τm

+ θ(δ,m) +Gξ(δ,m)

and ∀k ∈ [K],

gk(h̄) ≤ εk +
2

B

(
KB2 + 2KR2

2
√
τm

+ θ(δ,m)

)
+ Gξ(δ,m).

For ease of presentation, we will work with constraints of the form φk(C) ≤ 0, with the constant εk absorbed into φk. We
will find it useful to prove the following lemma:

Lemma 5. For any δ ∈ (0, 1], w.p. ≥ 1− δ,

max
λ∈[0,B]K

L(C̄, λ) − min
C∈CD

L(C, λ̄) ≤ KB2 + 2KR2

2
√
T

+ θ(δ,m)

Proof. Following standard online gradient ascent analysis to the sequence of functions L(C1, λ), . . . ,L(Ĉt, λ) linear in
λ, we get after T iterations:

max
λ∈[0,B]K

1

T

T∑
t=1

L(Ĉt, λ) − 1

T

T∑
t=1

L(Ĉt, λt) ≤ KB2 + 2KR2

2
√
T

(3)

where we use the fact that ‖λ‖22 ≤ KB2 and L is Lipschtiz in λ w.r.t. `2 norm with parameter
√
KR. We then have

max
λ∈[0,B]K

L(C̄, λ) − min
C∈CD

L(C, λ̄) = max
λ∈[0,B]K

L(C̄, λ) − min
C∈CD

L(C, λ̄)

≤ max
λ∈[0,B]K

1

T

T∑
t=1

L(Ĉt, λ) − min
C∈CD

1

T

T∑
t=1

L(C, λt)

≤ max
λ∈[0,B]K

1

T

T∑
t=1

L(Ĉt, λ) − 1

T

T∑
t=1

min
C∈CD

L(C, λt)

≤ max
λ∈[0,B]K

1

T

T∑
t=1

L(Ĉt, λ) − 1

T

T∑
t=1

L(Ĉt, λt) + θ(δ,m)

≤ KB2 + 2KR2

2
√
T

+ θ(δ,m),

where the last two statement holds w.p. ≥ 1− δ. Here the first step follows from L being linear in λ and being convex in
C. The fourth step follows from the Frank-Wolfe guarantee. The last step follows from (3).
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We are now ready to prove Theorem 1.

Proof of Theorem 1. Let (C∗, λ∗) denote an optimal solution to (OP3). Recall thatC∗ satisfies the constraints of the primal
problem, i.e. g(C∗) ≤ 0, and by our assumption about B, λ∗ ∈ [0, B]K . We get immediately from Lemma 5 w.p. ≥ 1− δ,

L(C∗, λ∗) = max
λ∈[0,B]K

min
C∈CD

L(C, λ) ≥ min
C∈CD

L(C, λ̄)

≥ max
λ∈[0,B]K

L(C̄, λ) − KB2 + 2KR2

2
√
T

− θ(δ,m)

≥ L(C̄, λ′) − KB2 + 2KR2

2
√
T

− θ(δ,m), (4)

where the inequality in the last line holds for any value of λ′ ∈ [0, B]K .

Setting λ′ = 0 in (4), we have w.p. ≥ 1− δ

ψ(C̄) ≤ ψ(C∗) +

K∑
k=1

λ∗kφk(C∗) +
KB2 + 2KR2

2
√
T

+ θ(δ,m)

≤ ψ(C∗) +
KB2 + 2KR2

2
√
T

+ θ(δ,m), (5)

where the last inequality uses the fact that φk(C∗) ≤ 0.

Since CD[h̄] = 1
T

∑T
t=1 C

D[ht], we have:

‖CD[h̄] − C̄‖1 ≤
1

T
‖CD[ht] − Ĉt‖1 ≤ ξ(δ,m) (6)

where the last inequality holds w.p. at least 1− δ for all t ∈ [T ].

It follows from (5) and (6),

L(h̄) = ψ(CD[h̄]) ≤ ψ(C̄) + Gξ(δ,m)

≤ ψ(C∗) +
KB2 + 2KR2

2
√
T

+ θ(δ,m) + Gξ(δ,m)

= L(h∗) +
KB2 + 2KR2

2
√
T

+ θ(δ,m) + Gξ(δ,m)

For a given k ∈ [K], setting λ′k = λ∗k +B/2 and λ′j = λ∗j for each j 6= k in (4) (note λ′ ∈ [0, B]K), we have w.p. ≥ 1− δ

L(C∗, λ∗) ≥ ψ(C̄) +

K∑
k=1

λ∗kφk(C̄) +
B

2
φk(C̄) − KB2 + 2KR2

2
√
T

− θ(δ,m)

≥ min
C∈CD

{
ψ(C) +

K∑
k=1

λ∗kφk(C)

}
+
B

2
φk(C̄) − KB2 + 2KR2

2
√
T

− θ(δ,m)

= L(C∗, λ∗) +
B

2
φk(C̄) − KB2 + 2KR2

2
√
T

− θ(δ,m).

This gives us that for each k ∈ [K]

φk(C̄) ≤ 2

B

(
KB2 + 2KR2

2
√
T

+ θ(δ,m)

)
. (7)

It follows from (7) and (6), ∀k ∈ [K] :

gk(h̄) ≤ φk(CD[h̄]) ≤ φk(C̄) + Gξ(δ,m)

≤ 2

B

(
KB2 + 2KR2

2
√
T

+ θ(δ,m)

)
+ Gξ(δ,m).

Setting T = τm completes the proof.
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A.2 Proof of Theorem 3

Theorem (Regret Bound for FRACO (Restated)). Let f ′(C) ≥ b, ∀C ∈ CD for b > 0. For any δ ∈ (0, 1], w.p. ≥ 1− δ, in
each iteration t ∈ [T ], the COCO step satisfies: f(Ĉt) − γtf ′(Ĉt) ≤ minC∈CD f(C) − γtf ′(C) + θ(δ,m), with each
φk(Ĉt) ≤ εk + θ′(δ,m), and ‖CD[ht]− Ĉt‖∞ ≤ ξ(δ,m). Let h̄ be the classifier returned after T = τm iterations. Then
for any δ ∈ (0, 1], w.p. ≥ 1− δ (over S ∼ Dm),

L(h̄) ≤ L(h∗) + 2 θ(δ,m)/b + 2Gξ(δ,m)/b + 2−τmR and gk(h̄) ≤ εk + θ′(δ,m), ∀k ∈ [K].

We will find the following lemma useful.

Lemma 6. At each iteration t ∈ [T ] of the FRACO, w.p. ≥ 1− δ:

L(h∗) ≥ αt − 1

b
θ(δ,m) and L(ht) ≤ βt +

1

b
θ(δ,m) +

2G

b
ξ(δ,m)

Proof. We will use mathematical induction on the iteration number t. For t = 0, the invariant holds trivially: L(h∗) ≥
α0 = 0 and L(h0) ≤ β0 = R. Let us assume that the invariant holds at iteration t − 1. We shall show that the invariant
holds at iteration t.

For ease of presentation, henceforth, we will not explicitly qualify statements as holding with high probability. We consider
two cases in line 6 of FRACO: (a) ψ(Ĉt) ≤ γt and (b) ψ(Ĉt) > γt.

Case (a): Here, ψ(Ĉt) ≤ γt, leading to αt = αt−1, βt = γt and ht = ĥ. From our assumption that the invariant holds in
iteration t− 1, we have

L(h∗) ≥ αt−1 − 1

b
θ(δ,m) = αt − 1

b
θ(δ,m).

We also have:

f(Ct) − γtf ′(Ct) ≤ f(Ĉt) − γtf ′(Ĉt) + 2Gξ(δ,m)

≤ min
C∈CD

{
f(C) − γtf ′(C)

}
+ θ(δ,m) + 2Gξ(δ,m)

≤ f(Ĉt) − γtf ′(Ĉt) + θ(δ,m) + 2Gξ(δ,m)

= f ′(Ĉt)(ψ(Ĉt) − γt) + θ(δ,m) + 2Gξ(δ,m)

≤ 0 + θ(δ,m) + 2Gξ(δ,m),

where the first two steps uses the guarantee on COCO.

The above inequality then gives us:

f(Ct)

f ′(Ct)
≤ γt +

θ(δ,m)

f ′(Ct)
+

2G

f ′(Ct)
ξ(δ,m)

≤ γt +
1

b
θ(δ,m) +

2G

b
ξ(δ,m),

which follows from f ′(Ct) ≥ b. Thus ψ(CD[ht]) ≤ γt +
1

b
θ(δ,m) +

2G

b
ξ(δ,m) = βt +

1

b
θ(δ,m) +

2G

b
ξ(δ,m).

Case (b): Here ψ(Ĉt) > γt, leading to αt = γt, βt = βt−1 and ht = ht−1. We then have from the guarantee on COCO:

min
C∈CD

f(C) − γtf ′(C) > f(Ĉt) − γtf ′(Ĉt) − θ(δ,m)

≥ f ′(Ĉt)(ψ(Ĉt) − γt) − θ(δ,m)

≥ 0 − θ(δ,m).

The above inequality then gives us for all C ∈ CD,

f(C)

f ′(C)
≥ γt − θ(δ,m)

f ′(C)
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≥ γt − 1

b
θ(δ,m).

Thus min
C∈CD

ψ(C) > γt − 1

b
θ(δ,m) = αt − 1

b
θ(δ,m).

Further, by our assumption that the invariant holds at iteration t− 1, we have

L(ht) ≤ βt−1 +
1

b
θ(δ,m) +

2G

b
ξ(δ,m) = βt +

1

b
θ(δ,m) +

2G

b
ξ(δ,m).

We are now ready to prove the theorem.

Proof of Theorem 3. It is easy to show that at each iteration t:

βt − αt =
1

2
(βt−1 − αt−1) (8)

Then from Lemma 6 we have,

L(h̄) − L(h∗) = L(hT ) − L(h∗)

≤ βT − αT +
2

b
θ(δ,m) +

2G

b
ξ(δ,m)

≤ 2−T (β0 − α0) +
2

b
θ(δ,m) +

2G

b
ξ(δ,m)

= 2−TR +
2

b
θ(δ,m) +

2G

b
ξ(δ,m).

From the guarantee for the COCO method, we have that gk(h̄) ≤ θ′(δ,m), ∀k ∈ [K].

A.3 Regret Bound for Frank-Wolfe Algorithm under Fairness Constraints

We outline the variant of the COCO and FrankWolfe algorithm for a setting with fairness constraints in Algorithm 4
and 5. Here for any u ∈ [M ], we use confu(h, S) ∈ [0, 1]n×n to denote the empirical confusion matrix for a classifier h
conditioned on A = u, from sample S:

[confu(h, S)]ij =

∑m
k=1 1(yk = i, h(xk) = j, ak = u)∑m

k=1 1(ak = u)
.

The following regret bound holds for the fair variant of the Frank-Wolfe algorithm.

Theorem 7 (Regret Bound for FairFrankWolfe). Let ψ, φ1, . . . , φK([0, 1]n×n)M→R+ be G-Lipschitz and β-smooth
in (C1, . . . , CM ) w.r.t. the `1. Let η̂ : X × [M ]→∆n be the conditional class probability model used to construct the plug-
in classifier for the cost-sensitive learner in line 6 of the FairFrankWolfe. Given λ ∈ [0, B]K , let (Ĉ1, . . . , ĈM , ĥ)

be returned by the algorithm after κm iterations for some Q = κ ∈ N. Let Ca = CDa [ĥ]. Then for any δ ∈ (0, 1], w.p.
≥ 1− δ (over S ∼ Dm)

L(Ĉ1, . . . , ĈM , λ) − min
(C1,...,CM )∈CD

L(C1, . . . , CM , λ)

≤ 4G(1 +KB)

πmin
EX,A

[∥∥η̂(X,A)− η(X,A)
∥∥

1

]
+ 4
√

2β(1 +KB)n2
M∑
a=1

‖Ca − Ĉ‖∞ +
8β(1 +KB)

κm+ 2
,

and ∀a ∈ [M ],

‖Ca − Ĉa‖∞ ≤ ν

√
n2 log(n) log(m) + log(n2M/δ)

m
,

where πmin = mina∈[M ] πa and ν > 0 is a distribution-independent constant.
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Algorithm 4 COCO-fair: Algorithm for Convex Losses with Convex Fairness Constraints
1: Input: ψ, φ1, . . . , φK : ([0, 1]n×n)M→R+

S = ((x1, y1, a1), . . . , (xm, ym, am))
2: Initialize: λ0 = 0K , η0 > 0
3: For t = 1 to T = τm do
4: (Ĉ1,t, . . . , ĈM,t, ĥt)← FairFrankWolfe(ψ, φ1, . . . , φK , λ

t−1, S)

5: λtk = Π[0,B]

(
λt−1
k + η0√

t

(
φk(Ĉ1,t, . . . , ĈM,t)− εk

))
, ∀k

6: End For
7: Output: Classifier h̄ : X × [M ]→∆n that for any x ∈ X and a ∈ [M ] outputs ĥt(x, a) with probability 1

T

Algorithm 5 FairFrankWolfe: Algorithm for convex objective for the setting with fairness constraints
1: Input: ψ, φ1, . . . , φK : ([0, 1]n×n)M→R+, λ ∈ Rn+

S = ((x1, y1, a1), . . . , (xm, ym, am))
2: Split S into S1 and S2 with sizes

⌈
m
2

⌉
and

⌊
m
2

⌋
3: Γa,0 = confa(H0, S1),∀a ∈ [M ] for some H0 : X→∆n

4: For r = 1 to Q do
5: W a = ∇Caψ(Γ1,r−1, . . . ,ΓM,r−1) +

∑K
k=1 λk∇Caφk(Γ1,r−1, . . . ,ΓM,r−1), ∀a ∈ [M ]

6: Hr = cost-sensitive(W 1, . . . ,WM , S2)
7: Γa,r =

(
1− 2

r+1

)
Γa,r−1 + 2

r+1 confa(Hr, S1), ∀a ∈ [M ]
8: End For
9: Output: Ĉ1 = Γ1,R, . . . , ĈM = ΓM,R, Classifier ĥ : X × [M ]→∆n that for x ∈ X and a ∈ [M ] outputs Hr(x, a)

with probability 2
r+1

∏R
s=r+1

(
1− 2

s+1

)

It is clear from the above theorem that whens sample size m→∞, FairFrankWolfe method converges to the optimal
objective value, provided EX [‖η̂(X)− η(X)‖1]→0 as m→∞. The proof of the theorem follows the same progression as
Theorem 16 in [26], except for the following lemmas.
Lemma 8 (Uniform convergence of confusion matrices). Let η : X × [M ]→∆n and let Hη be the set of (deterministic)
classifiers h : X × [M ]→[n] that satisfy h(x, a) = argminj∈[n]

∑n
i=1 ηi(x, a)Laij for some L1, . . . ,LM ∈ [0, 1]n×n. For

any δ ∈ (0, 1], w.p. ≤ 1− δ (over draw of S ∼ Dm), ∀a ∈ [M ],

sup
h∈Hη

‖CDa [h] − confa(h, S)‖∞ ≤ ν

√
n2 log(n) log(m) + log(n2M/δ)

m
,

where ν > 0 is a distribution-independent constant.

The proof of the above lemma follows by applying the uniform convergence result in [26] (see Lemma 15) for each
a ∈ [M ], and taking a union bound over the M events. The next lemma bounds the regret of a plug-in classifier.
Lemma 9 (Regret of plug-in classifier). For fixed L1, . . . ,LM ∈ [0, 1]n×n define loss function L[h] =∑M
a=1〈La, CDa [ĥ]〉. Then the following classifier is optimal for L:

h∗(x, a) = argmin∗j∈[n]

n∑
i=1

ηi(x, a)Laij .

Moreover, given a class probability estimation model η̂ : X × [M ]→∆n, define a classifier:

ĥ(x, a) = argminj∈[n]

n∑
i=1

η̂i(x, a)Laij .

Then the following is a bound on the regret of ĥ:

L(ĥ) − L(h∗) ≤ 1

πmin
EX,A

[
‖η̂(X,A)− η(X,A)‖1

]
,

where πmin = mina∈[M ] πa.
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Proof. Let `aj =
[
La1,j , . . . , L

a
n,j

]
. We first show that h∗ optimizes L:

〈La, CDa [h]〉 =

n∑
j=1

P
[
Y = i, h(X, a) = j

∣∣A = a
]
Laij

= E

[ n∑
j=1

ηi(X, a)Lai,h(X,a)

∣∣∣∣A = a

]

= E

[
η(X, a)>`ah(X,a)

∣∣∣∣A = a

]
.

We then have

L(h∗) =

M∑
a=1

E

[
η(X, a)>`ah∗(X,a)

∣∣∣∣A = a

]

=

M∑
a=1

E

[
min
j∈[n]

η(X, a)>`aj

∣∣∣∣A = a

]

≤
M∑
a=1

E

[
η(X, a)>`ah(X,a)

∣∣∣∣A = a

]
= L(h),

where the last statement holds for any classifier h : X × [M ]→∆n. Thus h∗ ∈ argminh:X→∆n
L(h).

We next prove the regret bound for ĥ:

L(ĥ) − L(h∗) =

M∑
a=1

E
[
η(X, a)>`a

ĥ(X,a)

∣∣A = a
]
−

M∑
a=1

E
[
η(X, a)>`ah∗(X,a)

∣∣A = a
]

=

M∑
a=1

E
[
η̂(X, a)>`a

ĥ(X,a)
+ (η(X, a)− η̂(X, a)>`a

ĥ(X,a)
+ η(X, a)>`ah∗(X,a)

∣∣A = a
]

≤
M∑
a=1

E
[
η̂(X, a)>`ah∗(X,a) + (η(X, a)− η̂(X, a))>`a

ĥ(X,a)
− η(X, a)>`ah∗(X,a)

∣∣A = a
]

=

M∑
a=1

E
[
(η(X, a)− η̂(X, a))>(`a

ĥ(X,a)
− `ah∗(X,a))

∣∣A = a
]

≤
M∑
a=1

E
[∥∥η(X, a)− η̂(X, a)

∥∥
1
·
∥∥`a
ĥ(X,a)

− `ah∗(X,a)

∥∥
∞

∣∣A = a
]

≤
M∑
a=1

E
[∥∥η(X, a)− η̂(X, a)

∥∥
1

∣∣A = a
]

=

M∑
a=1

πa
πa

E
[∥∥η(X, a)− η̂(X, a)

∥∥
1

∣∣A = a
]

≤ 1

πmin
EX,A

[
‖η(X,A)− η̂(X,A)‖1

]
,

where the third step follows from the definition of ĥ and the sixth step uses the fact that Laij ∈ [0, 1].

The proof of Theorem 7 then follows from Lemma 9, Lemma 8, and standard convergence result for the Frank-Wolfe
optimization solver for optimizing a convex objective [13]. The proof uses the fact that L(C1, . . . , CM , λ) is Lipschitz
w.r.t. the `1 norm with parameter G(1 +KB) and smooth w.r.t. the `1 norm with parameter β(1 +KB).
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