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For ease of exposition, we use ρ, η, ξ to represent positive numerical constants with possibly varying values at
different places or cases even in the same line.

Part A: Getting Started

We start from defining a unified update as

Xt+1 = R(Xt, αt+1∇̃f(Xt) + αt+1Wt),

where Wt represents the stochastic zero-mean term. Specifically,

Wt =


0, Solver 1
(I−XtX

>
t )(At+1 −A)Xt, Solver 2

(I−XtX
>
t )(At+1 −A)(Xt − X̃Bt)+

(I−XtX
>
t )X̃X̃>(At+1 −A)X̃Bt−

Xtskew(X>t (I− X̃X̃>)(At+1 −A)X̃Bt), Solver 3

.

Without loss of generality, assume that l ≥ k. We then can write

det(X>t VlV
>
l Xt) =

det(a1(Xt) + b1(Wt))

det(a2(Xt) + b2(Wt))
,

where

Yt = Xt + αt+1∇̃f(Xt),

a1(Xt) = Y>t VlV
>
l Yt,

b1(Wt) = 2αt+1sym(Y>t VlV
>
l Wt) + α2

t+1W
>
t VlV

>
l Wt,

a2(Xt) = Y>t Yt + α2
t+1W

>
t Wt,

b2(Wt) = 2αt+1sym(Y>t Wt),

and

E[b1(Wt)|Xt] � 0, E[b2(Wt)|Xt] = 0.

Due to W>
t Wt � βtI, we have

det(X>VlV
>
l X) ≥ det(a1(Xt) + b1(Wt))

det(a2(Xt) + b2(Wt))
,

where now
a2(Xt) = Y>t Yt + α2

t+1βtI

with a bit abuse of notation, and conditioned on Xt for i = 1, 2, ai(Xt) are deterministic functions of Xt while
bi(Wt) are stochastic functions of Wt.
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Part B. Auxiliary Lemmas

Lemma B.1. For any X ∈ St(n, k) and Y ∈ St(n, l),

Ψ(X,Y) ≤ Θ(X,Y) = min{k, l} − ‖X>Y‖2F ≤ min{k, l}Ψ(X,Y).

Proof. Let p = min{k, l}. Note that

Ψ(X,Y) = 1−
p∏
i=1

cos2 θi and Θ(X,Y) = p−
p∑
i=1

cos2 θi.

We prove the left inequality by induction. When p = 1,

Ψ(X,Y) = 1− cos2 θ1 = Θ(X,Y).

Given Ψ(X,Y) ≤ Θ(X,Y) for p, then for p+ 1,

Θ(X,Y) = p+ 1−
p+1∑
i=1

cos2 θi

= p−
p∑
i=1

cos2 θi + 1− cos2 θp+1

≥ 1−
p∏
i=1

cos2 θi + 1− cos2 θp+1 −

(
1−

p+1∏
i=1

cos2 θi

)
+ 1−

p+1∏
i=1

cos2 θi

=
(
1− cos2 θp+1

)(
1−

p∏
i=1

cos2 θi

)
+ 1−

p+1∏
i=1

cos2 θi

≥ 1−
p+1∏
i=1

cos2 θi = Ψ(X,Y).

For the right inequality, by the generalized mean inequality, we have

p∑
i=1

cos2 θi = p

(∑p
i=1 cos2 θi

p

) 1
2 ·2

≥ p

(
p∏
i=1

cos θi

) 2
p

≥ p

(
p∏
i=1

cos θi

)2

.

Thus, we get

Θ(X,Y) ≤ p− p

(
p∏
i=1

cos θi

)2

= p

(
1−

p∏
i=1

cos2 θi

)
= pΨ(X,Y).

Lemma B.2. For any X,Y,Z ∈ Grass(n, k),

Ψ
1
2 (X,Y) ≤ Ψ

1
2 (X,Z) + Ψ

1
2 (Z,Y).

Proof. Let x ∈ R(n
k) be a column vector of all the k × k minors1 of X in certain order. Similarly, let y and z

be the counterparts for Y and Z, respectively, with minors placed in the same order as x. According to the
Binet-Cauchy formula, we have det(X>Y) = x>y. Then for any X,Y,Z ∈ Grass(n, k), we have∥∥xx> − yy>

∥∥
F
≤
∥∥xx> − zz>

∥∥
F

+
∥∥zz> − yy>

∥∥
F
,

1A k × k minor of a matrix A is the determinant of a k × k sub-matrix in A.
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where ∥∥xx> − yy>
∥∥2
F

= tr(xx>xx>)− 2tr(xx>yy>) + tr(yy>yy>)

= det2(X>X)− 2det2(X>Y) + det2(Y>Y)

= 2
(
1− det2(X>Y)

)
.

Thus, we get (
1− det2(X>Y)

)1/2 ≤ (1− det2(X>Z)
)1/2

+
(
1− det2(Z>Y)

)1/2
.

Remark The lemma holds on Stiefel manifolds as well.

Lemmma B.3. Let β = maxi ‖Ãi −A‖2F . Then

‖Wt‖2F ≤ βt =


0, Solver 1

β, Solver 2

24kβ
(

Ψ(Xt,Y) + Ψ(X̃s−1,Y)
)
, Solver 3

for any Y ∈ St(n, k).

Proof. For brevity, we omit subscript t here. Note that

‖AB‖F ≤ ‖A‖2 ‖B‖F and ‖X‖2 = ‖X⊥‖2 = 1,

where X⊥ represents the orthogonal complement of X in Rn×n, i.e.,

[X X⊥] [X X⊥]
>

= [X X⊥]
>

[X X⊥] = I.

For Solver 1, βt = 0 by definition. For Solver 2, we have

‖W‖2F =
∥∥(I−XX>

)
(At+1 −A) X

∥∥2
F

=
∥∥X⊥X>⊥ (At+1 −A) X

∥∥2
F

≤ ‖X⊥‖42 ‖At+1 −A‖2F ‖X‖
2
2

= ‖At+1 −A‖2F
≤ max

i
‖Ãi −A‖2F , βt.

For Solver 3, we get

‖W‖2F =
∥∥∥ (I−XX>

)
(At+1 −A)

(
X− X̃Q

)
+
(
I−XX>

)
X̃X̃> (At+1 −A) X̃Q

−Xskew
(
X>

(
I− X̃X̃>

)
(At+1 −A) X̃Q

)∥∥∥2
F

≤ β
(∥∥∥X− X̃Q

∥∥∥
F

+
∥∥∥X>⊥X̃

∥∥∥
F

+
∥∥∥X>X̃⊥

∥∥∥
F

)2
≤ 3β

(∥∥∥X− X̃Q
∥∥∥2
F

+
∥∥∥X>⊥X̃

∥∥∥2
F

+
∥∥∥X>X̃⊥

∥∥∥2
F

)
.

For the first term above, we have∥∥∥X− X̃B
∥∥∥2
F

= 2
(
k − tr(X>X̃B)

)
= 2

(
k − tr(P̂ΛP̌>P̌P̂>)

)
≤ 2

(
k − tr

(
Λ2
))

= 2

(
k −

∥∥∥X>X̃
∥∥∥2
F

)
= 2Θ(X,Y) ≤ 2kΨ(X,Y)

≤ 4k
(

Ψ(X,Y) + Ψ(Y, X̃)
)
. (Lemmas A.1-A.2)
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For the second term, it could be derived as follows,∥∥∥X>⊥X̃
∥∥∥2
F

=
∥∥∥X>⊥ (YY> + Y⊥Y>⊥

)
X̃
∥∥∥2
F

≤
(∥∥X>⊥Y

∥∥
F
‖Y‖2

∥∥∥X̃∥∥∥
2

+ ‖X⊥‖2 ‖Y⊥‖2
∥∥∥Y>⊥X̃

∥∥∥
F

)2
=

((
k −

∥∥X>Y
∥∥2
F

)1/2
+

(
k −

∥∥∥Y>X̃
∥∥∥2
F

)1/2
)2

≤ 2

(
k −

∥∥X>Y
∥∥2
F

+ k −
∥∥∥X̃>Y

∥∥∥2
F

)
≤ 2k

(
Ψ(X,Y) + Ψ(X̃,Y)

)
. (Lemmas A.1)

Similarly, we have
∥∥∥X>X̃⊥

∥∥∥2
F
≤ 2k

(
Ψ(X,Y) + Ψ(X̃,Y)

)
for the last term. Therefore, we can write

‖W‖2F ≤ 24kβ
(

Ψ(X,Y) + Ψ(X̃s−1,Y)
)
.

Remark We have 0 ≤ βt ≤ 48kβ as Ψ(X,Y),Ψ(X̃s−1,Y) ∈ [0, 1].

Lemma B.4. Let a = ‖A‖2 and l ≥ k. If det(X>t VlV
>
l Xt) > γ and 2αt+1δt + 2αt+1β

1/2
t (1 + αt+1δt) < γ,

0 < γ < 1, then

E[det(X>t+1VlV
>
l Xt+1)|Xt] ≥

det(a1(Xt))

det(a2(Xt))
− α2

t+1ξtβt,

where δ2t = 4ka2Ψ(Xt,Vk) and

ξt =
2k + 1

2
(

(1 + αt+1δt + αt+1β
1/2
t )2

1− 2αt+1β
1/2
t (1 + αt+1δt)

)k

((
2 + 2αt+1δt + αt+1β

1/2
t

γ − 2αt+1δt − 2αt+1β
1/2
t (1 + αt+1δt)

)2 + 4(
1 + αt+1δt

1− 2αt+1β
1/2
t (1 + αt+1δt)

)2).

Proof. Note that

det(X>t+1VlV
>
l Xt+1) =

det (a1(Xt) + b1(Wt))

det (a2(Xt) + b2(Wt))
,

X>t ∇̃f(Xt) = X>t (I−XtX
>
t )AXt = 0,

A = VkΣkV
>
k + V⊥k Σ⊥k

(
V⊥k
)>
.

Then ∥∥∥∇̃f(Xt)
∥∥∥2
F

=
∥∥∥X⊥t (X⊥t )>AXt

∥∥∥2
F

=
∥∥∥X⊥t (X⊥t )>VkΣkV

>
k Xt + X⊥t

(
X⊥t
)>

V⊥k Σ⊥k
(
V⊥k
)>

Xt

∥∥∥2
F

≤ 2‖A‖22
(∥∥∥(X⊥t )>Vk

∥∥∥2
F

+
∥∥∥(V⊥k )>Xt

∥∥∥2
F

)
≤ 4k‖A‖22Ψ(Xt,Vk)

, δ2t .
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Next, we have

a2(Xt) =
(
Xt + αt+1∇̃f(Xt)

)> (
Xt + αt+1∇̃f(Xt)

)
+ α2

t+1βtI

= (1 + α2
t+1βt)I + αt+1

(
X>t ∇̃f(Xt) +

(
X>t ∇̃f(Xt)

)>)
+ α2

t+1∇̃f(Xt)
>∇̃f(Xt)

= (1 + α2
t+1βt)I + α2

t+1

(
X>t AX⊥t

) (
X>t AX⊥t

)>
< (1 + α2

t+1βt)I

� 0.

On the other hand, b2(Wt) is symmetric and

‖b2(Wt)‖2 =

∥∥∥∥αt+1

(
Xt + αt+1∇̃f(Xt)

)>
Wt + αt+1W

>
t

(
Xt + αt+1∇̃f(Xt)

)∥∥∥∥
2

≤ 2αt+1

∥∥∥Xt + αt+1∇̃f(Xt)
∥∥∥
2
‖Wt‖2

≤ 2αt+1

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
‖Wt‖2 .

Thus, for ς ∈ [0, 1], we get

a2(Xt) + ςb2(Wt) < (1 + α2
t+1βt)I− ‖b2(Wt)‖2 I

=
(

1 + α2
t+1βt − 2αt+1

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
‖Wt‖2

)
I

� 0,

and now can define the function

f(ς) =
det (a1(Xt) + ςb1(Wt))

det (a2(Xt) + ςb2(Wt))
, ς ∈ [0, 1].

In a similar vein, we have

a1(Xt) + ςb1(Wt)

= X>t VlV
>
l Xt + αt+1

(
X>t VlV

>
l ∇̃f(Xt) +

(
X>t VlV

>
l ∇̃f(Xt)

)>)
+

ςαt+1

((
Xt + αt+1∇̃f(Xt)

)>
VlV

>
l Wt + W>

t VlV
>
l

(
Xt + αt+1∇̃f(Xt)

))
+

α2
t+1

(
∇̃f(Xt)

)>
VlV

>
l ∇̃f(Xt) + ςα2

t+1W
>
t VlV

>
l Wt

4 I + αt+1

∥∥∥∥X>t VlV
>
l ∇̃f(Xt) +

(
X>t VlV

>
l ∇̃f(Xt)

)>∥∥∥∥
2

I +

αt+1

∥∥∥∥(Xt + αt+1∇̃f(Xt)
)>

VlV
>
l Wt + W>

t VlV
>
l

(
Xt + αt+1∇̃f(Xt)

)∥∥∥∥
2

I +

α2
t+1

∥∥∥∥(∇̃f(Xt)
)>

VlV
>
l ∇̃f(Xt)

∥∥∥∥
2

+ α2
t+1

∥∥W>
t VlV

>
l Wt

∥∥
2

4

(
1 + 2αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

+ 2αt+1(1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2
) ‖Wt‖2 + α2

t+1

∥∥∥∇̃f(Xt)
∥∥∥2
2

+ α2
t+1 ‖Wt‖22

)
I

=
(

1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

+ αt+1 ‖Wt‖2
)2

I.

Moreover, since

det(X>t VlV
>
l Xt) =

k∏
i=1

cos2 θi ≤ min cos2 θi,
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we have

X>t VlV
>
l Xt < γI.

Then

a1(Xt) + ςb1(Wt)

< X>t VlV
>
l Xt + αt+1

(
X>t VlV

>
l ∇̃f(Xt) +

(
X>t VlV

>
l ∇̃f(Xt)

)>)
+

ςαt+1

((
Xt + αt+1∇̃f(Xt)

)>
VlV

>
l Wt + W>

t VlV
>
l

(
Xt + αt+1∇̃f(Xt)

))
< γI− αt+1

∥∥∥∥X>t VlV
>
l ∇̃f(Xt) +

(
X>t VlV

>
l ∇̃f(Xt)

)>∥∥∥∥
2

I−

αt+1

∥∥∥∥(Xt + αt+1∇̃f(Xt)
)>

VlV
>
l Wt + W>

t VlV
>
l

(
Xt + αt+1∇̃f(Xt)

)∥∥∥∥
2

I

<
(
γ − 2αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2
− 2αt+1

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
‖Wt‖2

)
I

� 0,

which shows that

a1(Xt) <
(
γ − 2αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
I � 0

and both a1(Xt) and a1(Xt) + ςb1(Wt) are invertible as well. For brevity, let

Hi = ai(Xt) + ςbi(Wt), i = 1, 2.

Then the first-order and second order derivatives of f(ς) = det(H1)
det(H2)

can be derived as follows,

f ′(ς) =

(
d

dς
det (H1)

)
det−1 (H2)− det (H1) det−2 (H2)

(
d

dς
det (H2)

)
,

and

f ′′(ς) =

(
d2

dς2
det (H1)

)
det−1 (H2)− 2

(
d

dς
det (H1)

)
det−2 (H2)

(
d

dς
det (H2)

)
+2 det (H1) det−3 (H2)

(
d

dς
det (H2)

)2

− det (H1) det−2 (H2)

(
d2

dς2
det (H2)

)
.

Note that for an invertible matrix function F(x) of scalar variable x,

d

dx
det(F(x)) = det(F(x))tr

(
F−1(x)

d

dx
F(x)

)
and

d

dx
F−1(x) = −F−1(x)

(
d

dx
F(x)

)
F−1(x).

Hence, we can write

d

dς
det (Hi) = det (Hi) tr

(
H−1i bi(Wt)

)
,

d2

dς2
det (Hi) = det (Hi) tr2

(
H−1i bi(Wt)

)
− det (Hi) tr

((
H−1i bi(Wt)

)2)
,

and then

f ′(ς) = det (H1) det−1 (H2)
(
tr
(
H−11 b1(Wt)

)
− tr

(
H−12 b2(Wt)

))
,
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and

f ′′(ς)

= det (H1) det−1 (H2)

(
tr2
(
H−11 b1(Wt)

)
− tr

((
H−11 b1(Wt)

)2)−
2tr
(
H−11 b1(Wt)

)
tr
(
H−12 b2(Wt)

)
+ tr2

(
H−12 b2(Wt)

)
+ tr

((
H−12 b2(Wt)

)2))

=
det (H1)

det (H2)

((
tr
(
H−11 b1(Wt)

)
− tr

(
H−12 b2(Wt)

))2 − tr
((

H−11 b1(Wt)
)2)

+ tr
((

H−12 b2(Wt)
)2))

.

Thus, we get

f ′(0) =
det (a1(Xt))

det (a2(Xt))

(
tr
(
a−11 (Xt)b1(Wt)

)
− tr

(
a−12 (Xt)b2(Wt)

))
,

and

|f ′′(ς)|

≤ det (H1)

det (H2)

(
2tr2

(
H−11 b1(Wt)

)
+ 2tr2

(
H−12 b2(Wt)

)
+ tr

((
H−11 b1(Wt)

)2)
+ tr

((
H−12 b2(Wt)

)2))
≤ (2k + 1)

det (H1)

det (H2)

(
tr
((

H−11 b1(Wt)
)2)

+ tr
((

H−12 b2(Wt)
)2))

,

by the Cauchy-Schwartz inequality. In particular, since a1(Xt) � 0 and E [b1(Wt)|Xt] < 0, we have

E
[
tr
(
a−11 (Xt)b1(Wt)

)
|Xt

]
= tr

(
a−11 (Xt)E [b1(Wt)|Xt]

)
≥ 0,

and thus

E [f ′(0)|Xt] =
det (a1(Xt))

det (a2(Xt))

(
tr
(
a−11 (Xt)E [b1(Wt)|Xt]

)
− tr

(
a−12 (Xt)E [b2(Wt)|Xt]

))
≥ 0.

In addition, note that

det (H1)

det (H2)
≤


(

1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

+ αt+1 ‖Wt‖2
)2

1 + α2
t+1βt − 2αt+1

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
‖Wt‖2


k

≤


(

1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

+ αt+1β
1/2
t

)2
1 + α2

t+1βt − 2αt+1β
1/2
t

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)

k

,

and

tr
((

H−1i bi(Wt)
)2)

≤
∥∥H−1i bi(Wt)

∥∥2
F
≤
∥∥H−1i ∥∥22 ‖bi(Wt)‖2F =

‖bi(Wt)‖2F
λ2min(Hi)

≤

 2αt+1

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
‖Wt‖F + 1−(−1)i

2 α2
t+1 ‖Wt‖2F

1−(−1)i
2

(
γ − 2αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
+ 1+(−1)i

2 (1 + α2
t+1βt)− 2αt+1

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
‖Wt‖2

2

≤

 2αt+1β
1/2
t

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
+ 1−(−1)i

2 α2
t+1βt

1−(−1)i
2

(
γ − 2αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
+ 1+(−1)i

2 (1 + α2
t+1βt)− 2αt+1β

1/2
t

(
1 + αt+1

∥∥∥∇̃f(Xt)
∥∥∥
2

)
2

.
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Thus |f ′′(ς)| can be bounded as follows:

|f ′′(ς)|

≤ (2k + 1)α2
t+1βt


(

1 + αt+1δt + αt+1β
1/2
t

)2
1− 2αt+1β

1/2
t (1 + αt+1δt)


k


(

2 + 2αt+1δt + αt+1β
1/2
t

γ − 2αt+1δt − 2αt+1β
1/2
t (1 + αt+1δt)

)2

+ 4

(
1 + αt+1δt

1− 2αt+1β
1/2
t (1 + αt+1δt)

)2


, 2α2

t+1βtξt,

where we have used that
∥∥∥∇̃f(Xt)

∥∥∥
2
≤
∥∥∥∇̃f(Xt)

∥∥∥
F
≤ δt. It is easy to see that ξt is a monotonically increasing

function with respect to each input variable in their given ranges.

Finally, we could write

E
[

det (a1(Xt) + b1(Wt))

det (a2(Xt) + b2(Wt))

∣∣∣Xt

]
= E [f(1)|Xt] = f(0) + E [f ′(0)|Xt] +

1

2
E
[
f ′′(ς)

∣∣∣Xt

]
, ς ∈ [0, 1]

≥ f(0) + E [f ′(0)|Xt]−
1

2
E
[

max
ς∈[0,1]

|f ′′(ς)|
∣∣∣Xt

]
≥ f(0)− α2

t+1βtξt =
det (a1(Xt))

det (a2(Xt))
− α2

t+1βtξt.

Lemma B.5. If det(X>t VlV
>
l Xt) > γ and 2αt+1δt < γ, 0 < γ < 1, then

det(a1(Xt)) ≥ det(X>t VlV
>
l Xt) + 2αt+1det(X>t VlV

>
l Xt)E(Xt)− ηtα2

t+1δ
2
t , %t

and
det(a2(Xt)) ≤ 1 + ζtα

2
t+1(k1/2βt + δ2t ),

where

ηt = 2(k + 1)(1 + αt+1δt)
2k(

1 + αt+1δt
γ − 2αt+1δt

)2,

ζt = k(1 + α2
t+1βt + α2

t+1δ
2
t )k,

E(Xt) = tr(Q>l,tΣlQl,t)− tr(X>t AXt),

with Σl = diag(λ1, · · · , λl) and Ql,t from the thin SVD:

X>t Vl = Pl,tΛl,tQ
>
l,t,

i.e., Ql,t ∈ St(l, k).

Proof. Define functions

h1(ς) = det (a1(Xt; ς)) , det

((
Xt + ςαt+1∇̃f(Xt)

)>
VlV

>
l

(
Xt + ςαt+1∇̃f(Xt)

))
,

h2(ς) = det (a2(Xt; ς)) , det

((
Xt + ς1/2αt+1∇̃f(Xt)

)> (
Xt + ς1/2αt+1∇̃f(Xt)

)
+ ςα2

t+1βtI

)
= det

(
I + ςα2

t+1

(
βtI + ∇̃f(Xt)

>∇̃f(Xt)
))

,
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where ς ∈ [0, 1]. From the proof of the preceding lemma, we have that for i = 1, 2,

h′i(ς) = det (ai(Xt; ς)) tr

(
a−1i (Xt; ς)

d ai(Xt; ς)

dς

)
h′′i (ς) = det (ai(Xt; ς))

(
tr2
(
a−1i (Xt; ς)

d ai(Xt; ς)

dς

)
− tr

((
a−1i (Xt; ς)

d ai(Xt; ς)

dς

)2
))

+ det (ai(Xt; ς)) tr

(
a−1i (Xt; ς)

d2 ai(Xt; ς)

dς2

)
and

|h′′i (ς)| ≤ (k + 1) det (ai(Xt; ς)) tr

((
a−1i (Xt; ς)

d ai(Xt; ς)

dς

)2
)

≤ (k + 1) det (ai(Xt; ς))


∥∥∥d ai(Xt;ς)

dς

∥∥∥2
F

+
∥∥∥d2 ai(Xt;ς)

dς2

∥∥∥
F
λmin (ai(Xt; ς))

λ2min (ai(Xt; ς))

 .

Note that

d a1(Xt; ς)

dς
= αt+1

(
∇̃f(Xt)

)>
VlV

>
l

(
Xt + ςαt+1∇̃f(Xt)

)
+

αt+1

(
Xt + ςαt+1∇̃f(Xt)

)>
VlV

>
l ∇̃f(Xt),

d2 a1(Xt; ς)

dς2
= 2αt+1

(
∇̃f(Xt)

)>
VlV

>
l

(
∇̃f(Xt)

)
,

d a2(Xt; ς)

dς
= α2

t+1

(
βtI + ∇̃f(Xt)

>∇̃f(Xt)
)
,

and

0 ≺ (γ − 2αt+1δt) I 4 a1(Xt; ς) 4 (1 + αt+1δt)
2
I,

0 ≺ I 4 a2(Xt; ς) 4
(
1 + α2

t+1βt + α2
t+1δ

2
t

)
I.

Thus, we get

h′1(0) = 2αt+1det
(
X>t VlV

>
l Xt

)
tr
((

X>t VlV
>
l Xt

)−1
X>t VlV

>
l ∇̃f(Xt)

)
= 2αt+1det

(
X>t VlV

>
l Xt

) (
tr
((

X>t VlV
>
l Xt

)−1
X>t VlV

>
l AXt

)
− tr

(
X>t AXt

))
= 2αt+1det

(
X>t VlV

>
l Xt

) (
tr
(
ΣlV

>
l Xt

(
X>t VlV

>
l Xt

)−1
X>t Vl

)
− tr

(
X>t AXt

))
.

Let X>t Vl = Pl,tΛl,tQ
>
l,t ∈ Rk×l be its thin SVD. Then

V>l Xt

(
X>t VlV

>
l Xt

)−1
X>t Vl = Ql,tQ

>
l,t.

Thus,
h′1(0) = 2αt+1det

(
X>t VlV

>
l Xt

) (
tr
(
Q>l,tΣlQl,t

)
− tr

(
X>t AXt

))
.

In addition, we have

0 ≤ h′2(ς) = det (a2(Xt; ς)) tr

(
a−12 (Xt; ς)

d a2(Xt; ς)

dς

)

≤ k det (a2(Xt; ς))

∥∥∥d a2(Xt;ς)
dς

∥∥∥
F

λmin (a2(Xt; ς))

≤ kα2
t+1

(
1 + α2

t+1βt + α2
t+1δ

2
t

)k (
k1/2βt + δ2t

)
.
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and

|h′′1(ς)| ≤ 8(k + 1)α2
t+1δ

2
t (1 + αt+1δt)

2k

(
1 + αt+1δt
γ − 2αt+1δt

)2

.

We now can arrive at

det (a1(Xt)) = h1(1)

= h1(0) + h′1(0) +
1

2
h′′1(ς), ς ∈ [0, 1]

≥ h1(0) + h′1(0)− 1

2
max
ς∈[0,1]

|h′′1(ς)|

≥ det
(
X>t VlV

>
l Xt

)
+ 2αt+1det

(
X>t VlV

>
l Xt

)
E(Xt)

−4(k + 1)α2
t+1δ

2
t (1 + αt+1δt)

2k

(
1 + αt+1δt
γ − 2αt+1δt

)2

,

and

det (a2(Xt)) = h2(1)

≤ h1(0) + max
ς∈[0,1]

|h′1(ς)|

≤ 1 + kα2
t+1

(
1 + α2

t+1βt + α2
t+1δ

2
t

)k (
k1/2βt + δ2t

)
.

Let

ηt = 4(k + 1) (1 + αt+1δt)
2k

(
1 + αt+1δt
γ − 2αt+1δt

)2

,

ζt = k
(
1 + α2

t+1βt + α2
t+1δ

2
t

)k
.

Then we can write

det (a1(Xt)) ≥ det
(
X>t VlV

>
l Xt

)
+ 2αt+1det

(
X>t VlV

>
l Xt

)
E(Xt)− ηtα2

t+1δ
2
t

, %t,

det (a2(Xt)) ≤ 1 + ζtα
2
t+1

(
k1/2βt + δ2t

)
.

Lemma B.6. Bounded difference of potential functions:

|Ψ(Xt+1,Vl)−Ψ(Xt,Vl)| ≤ ωtαt+1,

where

ωt =
2kβ

1/2
t (1 + αt+1δt) + αt+1βt

γ − 2αt+1δt
+ 2kβ

1/2
t (1 + αt+1δt) + αt+1βtξt.

Proof. From the proof of Lemma 3.8, we have that

Ψ(Xt+1,Vl) = f(0) + f ′(0) +
1

2
f ′′(ς), ς ∈ [0, 1]

where

f(0) = Ψ(Xt,Vl),

f ′(0) = Ψ(Xt,Vl)
(
tr
(
a−11 (Xt)b1(Wt)

)
− tr

(
a−12 (Xt)b2(Wt)

))
.
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and |f ′′(ς)| ≤ 2α2
t+1βtξt. To bound the difference, we need the following

0 ≺ (γ − 2αt+1δt) I 4 a1(Xt) 4 (1 + αt+1δt)
2
I,

0 ≺ I 4 a2(Xt) = Y>t Yt + α2
t+1W

>
t Wt 4

(
1 + α2

t+1βt + α2
t+1δ

2
t

)
I,

and

‖b1(Wt)‖F ≤ 2αt+1‖sym(Y>t VlV
>
l Wt)‖F + α2

t+1‖W>
t VlV

>
l Wt‖F

≤ 2αt+1β
1/2
t (1 + αt+1δt) + α2

t+1βt,

‖b2(Wt)‖F ≤ 2αt+1‖sym(Y>t Wt)‖F
≤ 2αt+1β

1/2
t (1 + αt+1δt).

Thus, we get

|Ψ(Xt+1,Vl)−Ψ(Xt,Vl)|

≤ |f ′(0)|+ 1

2
|f ′′(ς)|

≤ k‖b1(Wt)‖F
λmin(a1(Xt))

+
k‖b2(Wt)‖F
λmin(a2(Xt))

+ α2
t+1βtξt

≤
2kαt+1β

1/2
t (1 + αt+1δt) + α2

t+1βt

γ − 2αt+1δt
+ 2kαt+1β

1/2
t (1 + αt+1δt) + α2

t+1βtξt

= αt+1

(
2kβ

1/2
t (1 + αt+1δt) + αt+1βt

γ − 2αt+1δt
+ 2kβ

1/2
t (1 + αt+1δt) + αt+1βtξt

)
.

Lemma B.7. If det(X>t VlV
>
l Xt) > γ, 0 < γ < 1 and

0 < αt+1 ≤ min{ γ

8k1/2
(
‖A‖2 + (4 + γ)β1/2

) , γ1/2

2k1/2η1/2‖A‖2
},

then

2αt+1δt + 2αt+1β
1/2
t (1 + αt+1δt) < γ/2, 0 < ηt ≤ η , 2(k + 1)(1 + γ/4)2(k+1)(γ/2)−2,

0 < ζt ≤ ζ , k(1 + (γ/4)2)k, 0 < ξt ≤ ξ , (2k + 1)(2 + γ/2)2(k+1)(γ/2)−2,

0 ≤ %t ≤ % , 1 + γ3/2, 0 < ωt ≤ ω , 7k3/2β1/2(1 +
γ

4
)(ξ + (

γ

4
)−1).

Proof. First let αt+1 ≤ γ
8k1/2‖A‖2

. Then

2αt+1δt = 4αt+1k
1/2‖A‖2Ψ(Xt,Vk)

≤ 4αt+1k
1/2‖A‖2

≤ γ

2
,

and

2αt+1δt + 2αt+1β
1/2
t (1 + αt+1δt)

≤ 4αt+1k
1/2‖A‖2 + 2αt+1

√
48kβ(1 +

γ

4
)

≤ 4k1/2
(
‖A‖2 + (4 + γ)β1/2

)
αt+1 ≤

γ

2
.
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Thus, it is easy to see that

ηt = 2(k + 1) (1 + αt+1δt)
2k

(
1 + αt+1δt
γ − 2αt+1δt

)2

≤ 2(k + 1)
(

1 +
γ

4

)2(k+1) (γ
2

)−2
.

Since αt+1δt + αt+1β
1/2
t ≤ γ

4 , we have

α2
t+1βt + α2

t+1δ
2
t ≤

(
αt+1δt + αt+1β

1/2
t

)2
≤
(γ

4

)2
.

Hence, we can write

ζt = k
(
1 + α2

t+1βt + α2
t+1δ

2
t

)k ≤ k(1 +
(γ

4

)2)k
.

For ξt we have

ξt =
2k + 1

2


(

1 + αt+1δt + αt+1β
1/2
t

)2
1− 2αt+1β

1/2
t (1 + αt+1δt)


k


(

2 + 2αt+1δt + αt+1β
1/2
t

γ − 2αt+1δt − 2αt+1β
1/2
t (1 + αt+1δt)

)2

+ 4

(
1 + αt+1δt

1− 2αt+1β
1/2
t (1 + αt+1δt)

)2


≤ 2k + 1

2

((
1 + γ

4

)2
1− γ

2

)k((
2 + γ

2

γ − γ
2

)2

+ 4

(
1 + γ

4

1− γ
2

)2
)

≤ 2k + 1

2

((
1 + γ

4

)2
1− 1

2

)k((
2 + γ

2

γ − γ
2

)2

+ 4

(
1 + γ

4

γ − γ
2

)2
)

=
2k + 1

2

(
2 +

γ

2

)2(k+1) (γ
2

)−2
.

For %t, on one hand,

%t = det
(
X>t VlV

>
l Xt

)
+ 2αt+1det

(
X>t VlV

>
l Xt

)
E(Xt)− ηtα2

t+1δ
2
t

≥ γ − 4kηα2
t+1‖A‖22

≥ γ − 4kη‖A‖22
(

γ1/2

2k1/2η1/2‖A‖2

)2

= 0.

On the other hand, since α2
t+1‖A‖22 ≤

γ
4kη ,

%t ≤ det
(
X>t VlV

>
l Xt

)
+ 2αt+1det

(
X>t VlV

>
l Xt

)
E(Xt)

≤ 1 + 4kαt+1‖A‖2Ψ(Xt,Vl) ≤ 1 + 4kαt+1‖A‖2

≤ 1 + 4k

√
γ

4kη

= 1 + 4k
γ
2√

2(k + 1)
(
1 + γ

4

)k+1

√
γ

4k

≤ 1 + γ3/2.
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Last, since 1 + αt+1δt + αt+1β
1/2
t ≤ 1 + γ

4 ,

0 < ωt ≤
2kβ

1/2
t (1 + αt+1δt) + αt+1βt

γ − 2αt+1δt
+ 2kβ

1/2
t (1 + αt+1δt) + αt+1βtξt

≤ k
2β

1/2
t (1 + αt+1δt + αt+1β

1/2
t )

γ − 2αt+1δt
+ kβ

1/2
t ξt(1 + αt+1δt + αt+1β

1/2
t )

≤ 7k3/2β1/2(1 +
γ

4
)(ξ + (

γ

4
)−1).

Lemma B.8. For any ι ∈ (0, 1), we have det(X>t VlV
>
l Xt) > γ all t = 1, 2, · · · , t0 with probability at least

1− ι, provided that αt+1 ∈ (0, ρ) and ρ, t0 satisfy

det(X>t VlV
>
l Xt) > γ + t0ρ

2 + ρ2
√

2t0 log(1/ι).

Proof. Consider the stochastic process {Ψ(X0,Vl),Ψ(X1,Vl), . . . ,Ψ(Xt0 ,Vl)} and the filtration F = {Ft}
induced by random variables yt. By Lemmas 4.6 and B.4, we have

E[Ψ(Xt+1,Vl)|Xt] ≤ Ψ(Xt,Vl)− 2αt+1det(X>t VlV
>
l Xt)E(Xt) +

(ηt + %tζt)α
2
t+1δ

2
t + (k1/2%tζt + ξt)α

2
t+1βt

≤ Ψ(Xt,Vl) + ρ2.

Then we can define
Φt = Ψ(Xt,Vl)− ρ2t

for t = 0, 1, 2, . . . , t0, which clearly has a natural continuation such that

|Φt| ≤ Ψ(Xt,Vl) + ρ2t0 ≤ 1 + ρ2t0,

for any t including t > t0. And

E[Φt+1|Xt] = E[Ψ(Xt+1,Vl)|Xt]− ρ2(t+ 1)

≤ Ψ(Xt,Vl) + ρ2 − ρ2(t+ 1)

= Ψ(Xt,Vl)− ρ2t = Φt,

for t = 0, 1, . . . , t0, while it is clear that E[Φt+1|Xt] = Φt for t > t0. Thus, {Φt} constitutes a super-martingale.
On the other hand, by Lemma B.3., we have

|Φt+1 − Φt| ≤ |Ψ(Xt+1,Vl)−Ψ(Xt,Vl)|+ ρ2

≤ ωρ+ ρ2

= ρ(ω + ρ).

Thus, we are now able to apply the Azuma-Hoeffding inequality to the super-martingale {Φt} with bounded
difference at ρ(ω + ρ), and then have that for any t > 0 and r > 0,

P (Φt − Φ0 ≥ r) ≤ exp{− r2

2
∑t
i=1 ρ

2(ω + ρ)2
}

≤ exp{− r2

2t0ρ2(ω + ρ)2
}

= ι.

Hence, r = ρ(ω+ ρ)
√

2t0 log(1/ι) for any ι ∈ (0, 1). That is, with probability at least 1− ι, we have Φt−Φ0 < r
and then

Ψ(Xt,Vl) < r + ρ2t+ Φ0

≤ ρ(ω + ρ)
√

2t0 log(1/ι) + ρ2t0 + Φ0,
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for all t = 1, . . . , t0. Therefore, for any ι ∈ (0, 1) and all t = 1, . . . , t0, if ρ and t0 are chosen such that

ρ2
√

2t0 log(1/ι) + ρ2t0 + Φ0 < 1− γ,

then we have Ψ(Xt,Vl) < 1− γ, namely det(X>t VlV
>
l Xt) > γ, with probability at least 1− ι.

Remark When Ψ(X0,Vl) < 1− γ, there exists ρ such that ρ2
√

2t0 log(1/ι) + ρ2t0 + Φ0 < 1− γ holds.

Part C. Proofs of Main Lemmas

Lemma 4.5. If Ψ(Xt,Vl) < 1− γ, 0 < αt+1 < ρ, and 0 < γ < 1, we have

E[Ψ(Xt+1,Vl)|Xt] ≤ Ψ(Xt,Vl)− 2αt+1(1−Ψ(Xt,Vl))E(Xt) + α2
t+1ηΨ(Xt,Vk) + α2

t+1ξβt,

where

E(Xt) =

{
tr(Q>l,tΣlQl,t)− tr(X>t AXt), l ≥ k
tr(Σl)− tr(Q>l,tX

>
t AXtQl,t), l < k

,

X>t Vl =

{
Pl,tΛl,tQ

>
l,t, l ≥ k

Ql,tΛl,tP
>
l,t, l < k

represents the thin SVD of X>t Vl, and

βt =


0, Solver 1

1, Solver 2

Ψ(Xt,Vk) + Ψ(X̃s−1,Vk), Solver 3

.

Proof. We only consider the case that l ≥ k, as the case of l < k is similar. When %t ≥ 0, by Lemma B.5 we
have

det (a1(Xt))

det (a2(Xt))

≥ %t

1 + ζtα2
t+1

(
k1/2βt + δ2t

)
=

(
1− ζtα2

t+1

(
k1/2βt + δ2t

))
%t

1−
(
ζtα2

t+1

(
k1/2βt + δ2t

))2
≥

(
1− ζtα2

t+1

(
k1/2βt + δ2t

))
%t

= %t − ζtα2
t+1

(
k1/2βt + δ2t

)
%t

≥ det(X>t VlV
>
l Xt) + 2αt+1det(X>t VlV

>
l Xt)E(Xt)− ηtα2

t+1δ
2
t − ζtα2

t+1

(
k1/2βt + δ2t

)
%t

= det(X>t VlV
>
l Xt) + 2αt+1det(X>t VlV

>
l Xt)E(Xt)− (ηt + ζt%t)α

2
t+1δ

2
t − k1/2ζt%tα2

t+1βt.

We then can get

E
[
Ψ(Xt+1,Vl)

∣∣∣Xt

]
≤ Ψ(Xt,Vl)− 2αt+1det(X>t VlV

>
l Xt)E(Xt) +

(ηt + ζt%t)α
2
t+1δ

2
t +

(
k1/2ζt%t + ξt

)
α2
t+1βt

≤ Ψ(Xt,Vl)− 2αt+1(1−Ψ(Xt,Vl))E(Xt) +

α2
t+1ηΨ(Xt,Vk) + α2

t+1ξβt,

where some missing constants are absorbed into the constants η and ξ.
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Lemma 4.6.

1) E(X) ≤ (λ1 − λn)Θ(X,Vl) ≤ k(λ1 − λn)Ψ(X,Vl),

2) E(X) ≥ ∆lΘ(X,Vl) ≥ ∆lΨ(X,Vl),

Proof. We consider l ≥ k and omit subscript t here. Note that A = VlΣlV
>
l + V⊥l Σ⊥l

(
V⊥l
)>

. Then

E(X) = tr(Q>l,tΣlQl,t)− tr(X>AX)

= tr(Q>l,tΣlQl,t)− tr(X>VlΣlV
>
l X)− tr(X>V⊥l Σ⊥l

(
V⊥l
)>

X)

= tr(ΣlQl,tQ
>
l,t)− tr(ΣlQl,tΛ

2
l,tQ

>
l,t)− tr(X>V⊥l Σ⊥l

(
V⊥l
)>

X)

= tr(ΣlQl,t(I−Λ2
l,t)Q

>
l,t)− tr(X>V⊥l Σ⊥l

(
V⊥l
)>

X)

≤ λ1tr(Ql,t(I−Λ2
l,t)Q

>
l,t)− λntr(X>V⊥l

(
V⊥l
)>

X)

= λ1tr(I−Λ2
l,t)− λntr(X>(I−VlV

>
l )X)

= (λ1 − λn)(k − ‖X>Vl‖2F ) = (λ1 − λn)Θ(X,Vl)

≤ k(λ1 − λn)Ψ(X,Vl),

and

E(X) = tr(ΣlQl,t(I−Λ2
l,t)Q

>
l,t)− tr(X>V⊥l Σ⊥l

(
V⊥l
)>

X)

≥ λltr(Ql,t(I−Λ2
l,t)Q

>
l,t)− λl+1tr(X>V⊥l

(
V⊥l
)>

X)

= ∆lΘ(X,Vl) ≥ ∆lΨ(X,Vl).

Lemma 4.7. For a uniformly sampled point Y ∈ Grass(n, l) with l < n+1
2 and 0 < γ < 1, we have that

det2(Y>Vl) > γ

with probability at least

1− pl(γ) =
Γ( l+1

2 )Γ(n−l+1
2 )

Γ( 1
2 )Γ(n+1

2 )
(sin(cos−1(γ

1
2l )))l(n−l)2F1(

n− l
2

,
1

2
,
n+ 1

2
; Il×l sin

2(cos−1(γ
1
2l ))),

where 2F1 is the Gaussian hypergeometric function of matrix argument.

Proof. Let θmax = maxi θi(Y,Vl). First, we have

P
(
det2(Y>Vl) > γ

)
= P

(
l∏
i=1

cos2 θi ≥ γ

)

≥ P

((
min
i

cos θi

)2l
≥ γ

)
= P

(
cos2l θmax ≥ γ

)
= P

(
θmax ≤ cos−1 γ

1
2l

)
.

According to Absil et al. (2006),

P
(
θmax ≤ cos−1 γ

1
2l

)
=

Γ( l+1
2 )Γ(n−l+1

2 )

Γ( 1
2 )Γ(n+1

2 )

(
sin
(

cos−1
(
γ

1
2l

)))l(n−l)
2F1

(
n− l

2
,

1

2
,
n+ 1

2
; Il×l sin

2
(

cos−1
(
γ

1
2l

)))
, 1− pl(γ).
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Remark 1 There is no doubt that pl(γ) → 0 as γ → 0, because det2(Y>Vl) ∈ [0, 1]. In fact, pl(γ) is the
integral of the probability density function of the largest principal angle maxi θi between two random points in
Grass(n, l), on the interval [cos−1(γ

1
2l ), π2 ] ⊂ [0, π2 ]. It says that although in the high yet finite dimensional regime

two random points in Grass(n, l) are nearly orthogonal to each other with high probability , the probability of
attaining the orthogonality of high precision is quite small, especially that the probability P (maxi θi(Y,Vl) = π

2 )
is zero because {X ∈ Grass(n, l) : maxi θi(Y,Vl) = π

2 } is a zero-measure set. See Absil et al. (2006) for more
details as well as a pictorial view of the density function in a low-dimensional setting.

Remark 2 What we need from this lemma is to get an initial X0 ∈ Grass(n, k) such that Ψ(X0,Vl) < 1− γ
with high probability. There is no problem when l = k as it can be directly given by the lemma. However, if
l ≤ k, i.e., l = kmin or l = kmax in our case, this would be different. Theoretically, there are four cases:

1. When ∆k > 0, it is a direct application of the lemma by letting l = k in the lemma.

2. When ∆k = 0 and kmax = n, we only need to show that Ψ(Xt,Vkmin
) < ε. Thus, we need Ψ(X0,Vkmin

) <
1−γ with high probability. Fortunately, we can make it as in the above case. The reason is that Ψ(X0,Vk) <
1− γ implies that Ψ(X0,Vkmin) < 1− γ, and thus the latter’s probability will be no less than the former’s.

3. When ∆k = 0 and kmin = 0, we only need to show that Ψ(Xt,Vkmax) < ε. We now need Ψ(X0,Vkmax) <
1 − γ with high probability. To this end, we set X0 = Y1 with Y = (Y1,Y2) sampled uniformly from
Grass(n, kmax). This is only the theoretical soundness of the convergence proof. In practice, we may need to
choose a l large enough to cover kmax, i.e., kmax < l, then sample Y = (Y1,Y2) uniformly from Grass(n, l),
and set X0 = Y1.

4. When ∆k = 0, 0 < kmin and kmax < n, we need to show that both Ψ(Xt,Vkmin) < ε and Ψ(Xt,Vkmax) < ε.
For two values of l, i.e., kmin and kmax, we only need to sample one Y = (Y1,Y2) sampled uniformly
from Grass(n, kmax) and then set X0 = Y1, as Ψ(Y,Vkmax

) < 1 − γ ensures Ψ(X0,Vkmin
) < 1 − γ and

Ψ(X0,Vkmax
) < 1− γ simultaneously.
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