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A Proofs

Proof of Lemma 2.1. Recall the property of the activation function �pzq “ �
1pzqz. Let us prove for any 0 § t §

s § L, and any l P rks`1s
ÿ

iPrkts,jPrkt`1s

BOs`1
l

BW t

ij

W
t

ij
“ O

s`1
l

pxq. (A.1)

We prove this statement via induction on the non-negative gap s ´ t. Starting with s ´ t “ 0, we have
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ÿ
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This solves the base case when s ´ t “ 0.

Let us assume for general s ´ t § h the induction hypothesis (h • 0), and let us prove it for s ´ t “ h ` 1. Due
to chain-rule in the back-propagation updates
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Using the induction on BOs
k

BW t
ij

as ps ´ 1q ´ t “ h

ÿ
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and, therefore,

ÿ
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This completes the induction argument. In other words, we have proved for any t, s that t § s, and l is any
hidden unit in layer s

ÿ

i,jPdimpW tq

BOs`1
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W
t

ij
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pxq. (A.5)

Remark that in the case when there are hard-coded zero weights, the proof still goes through exactly. The reason
is, for the base case s “ t,
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and for the induction step,

ÿ

iPrkts,jPrkt`1s

BOs`1
l

BW t

ij

W
t

ij
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pxqq
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Proof of Corollary 2.1. Observe that B`pf, Y q{Bf “ ´y if yf † 1, and B`pf, Y q{Bf “ 0 if yf • 1. When the
output layer has only one unit, we find

xr✓
pLp✓q, ✓y “ pL ` 1qpE

„B`pf✓pXq, Y q
Bf✓pXq f✓pXq

⇢
“ pL ` 1qpE

“
´Y f✓pXq1Y f✓pXq†1

‰
.

For a stationary point ✓, we have r✓
pLp✓q “ 0, which implies the LHS of the above equation is 0. Now recall

that the second condition that ✓ separates the data implies implies ´Y f✓pXq † 0 for any point in the data set.
In this case, the RHS equals zero if and only if Y f✓pXq • 1.

Proof of Corollary 2.2. The proof follows from applying Lemma 2.1

0 “ ✓
T
r✓

pLp✓q “ pL ` 1qpE
«

pY ´ X
T

Lπ

t“0

W
tqXT

Lπ

t“0

W
t

�
,

which means xwp✓q,XTXwp✓q ´ XTYy “ 0.

Proof of Theorem 3.2 (spectral norm). The proof follows from a peeling argument from the right hand side.
Recall that Ot P R1ˆkt , WL P RkLˆ1 and |OL

W
L| § }WL}�}OL}2 so one has
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“
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Proof of Theorem 3.2 (group norm). The proof still follows a peeling argument from the right. We have
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In the proof of the first inequality we used Holder’s inequality

xw, vy § }w}p}v}p˚ (A.6)

where 1
p

` 1
p˚ “ 1. Let’s prove for v P Rn, M P Rnˆm, we have

}vTM}q § }v}p˚ }M}p,q. (A.7)

Denote each column of M as M¨j , for 1 § j § m,

}vTM}q “
˜

mÿ

j“1

|vTM¨j |q
¸1{q

§
˜

mÿ

j“1

}v}q
p˚ }M¨j}q

p

¸1{q

“ }v}p˚ }M}p,q. (A.8)

Proof of Theorem 3.2 (path norm). The proof is due to Holder’s inequality. For any x P Rp

ˇ̌
ˇ̌
ˇ
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Therefore we have

1
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ˇ̌
ˇ

ÿ

i0,i1,...,iL

Xi0W
0
i0i1

D
1
i1

pXqW 1
i1i2

¨ ¨ ¨WL

iL
D

L`1
iL

pXq
ˇ̌
ˇ̌
ˇ

2

§
˜

ÿ

i0,i1,...,iL

|W 0
i0i1

W
1
i1i2

W
2
i2i3

¨ ¨ ¨WL

iL
|q

¸2{q

¨ E
˜

ÿ

i0,i1,...,iL

|Xi0D
1
i1

pXq ¨ ¨ ¨DL

iL
pXqDL`1pXq|q˚

¸2{q˚

,

which gives
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Proof of Theorem 3.2 (matrix-induced norm). The proof follows from the recursive use of the inequality,

}M}pÑq}v}p • }vTM}q.

We have
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‰
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where third to last line is because D
L`1pXq P R1, |DL`1pXq| “ }DL`1pXq}qÑp.
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Proof of Theorem 3.2 (chain of induced norm). The proof follows from a di↵erent strategy of peeling the terms
from the right hand side, as follows,

}✓}2fr “ E
“
|OL

W
L
D

L`1|2
‰

§ E
”
}WL}2

pLÑpL`1
¨ }OL}2

pL
¨ |DL`1pXq|2

ı

§ E
”
|DL`1pXq|2 ¨ }WL}2

pLÑpL`1
¨ }OL´1

W
L´1

D
L}2

pL

ı

§ E
”
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pLÑpL`1
¨ }OL´1

W
L´1}pL}DL}2

pLÑpL

ı

§ E
”
}DL}2

pLÑpL
|DL`1pXq|2 ¨ }WL}2

pLÑpL`1
}WL´1}2

pL´1ÑpL
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ı

§ E
˜
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“ ~✓~2
P
.

Proof of Lemma 4.1.

d

dr
}r✓}2fr “ E r2x✓,r✓fr✓pXqyfr✓pXqs

“ E
„
2pL ` 1q

r
fr✓pXqfr✓pXq

⇢
use Lemma 2.1

“ 2pL ` 1q
r

}r✓}2fr

The last claim can be proved through solving the simple ODE.

Proof of Lemma 4.2. Let us first construct ✓
1 P ⇥L`1 that realizes �f✓1 ` p1 ´ �qf✓2 . The idea is very simple:

we put ✓1 and ✓2 networks side-by-side, then construct an additional output layer with weights �, 1 ´ � on the
output of f✓1 and f✓2 , and the final output layer is passed through �pxq “ x. One can easily see that our key
Lemma 2.1 still holds for this network: the interaction weights between f✓1 and f✓2 are always hard-coded as 0.
Therefore we have constructed a ✓

1 P ⇥L`1 that realizes �f✓1 ` p1 ´ �qf✓2 .
Now recall that

1

L ` 2
}✓1}fr “

`
E f

2
✓1

˘1{2

“
`
Ep�f✓1 ` p1 ´ �qf✓2q2

˘1{2

§ �
`
E f

2
✓1

˘1{2 ` p1 ´ �q
`
E f

2
✓2

˘1{2 § 1

because Erf✓1f✓2s §
`
E f

2
✓1

˘1{2 `
E f

2
✓2

˘1{2
.

Proof of Theorem 4.1. Due to Eqn. (3.2), one has

1

pL ` 1q2 }✓}2fr “ E
“
vp✓, XqTXX

T
vp✓, Xq

‰

“ vp✓qTE
“
XX

T
‰
vp✓q

because in the linear case vp✓, Xq “ W
0
D

1pxqW 1
D

2pxq ¨ ¨ ¨DLpxqWL
D

L`1pxq “ ±
L

t“0 W
t “: vp✓q P Rp. There-
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fore

RN pBfrp�qq “ E
✏

sup
✓PBfrp�q

1

N

Nÿ

i“1

✏if✓pXiq

“ E
✏

sup
✓PBfrp�q

1

N

Nÿ

i“1

✏iX
T

i
vp✓q

“ E
✏

sup
✓PBfrp�q

1

N

C
Nÿ

i“1

✏iXi, vp✓q
G

§ � E
✏

1

N

›››››

Nÿ

i“1

✏iXi

›››››
rEpXXT qs´1

§ �
1?
N

gfffe 1

N
E
✏

›››››

Nÿ

i“1

✏iXi

›››››

2

rEpXXT qs´1

“ �
1?
N

gffe
C

1

N

Nÿ

i“1

XiX
T

i
, rEpXXT qs´1

G
.

Therefore

ERN pBfrp�qq § �
1?
N

gffeE
C

1

N

Nÿ

i“1

XiX
T

i
, rEpXXT qs´1

G
“ �

c
p

N
.

Proof of Proposition 4.1. If G Ñ F then one has the lower bound RN pGq § RN pFq on the empirical Rademacher
complexity of F . One can also obtain an upper bound by examining how the sub-space of functions G approxi-
mates F . For each f P F consider the closest point gf P G to f ,

gf :“ argmin
gPF�

}f ´ g}8 .

Then the empirical Rademacher complexity RN pFq is upper-bounded in terms of RN pGq by

RN pFq “ E
✏
sup
fPF

1

N

Nÿ

i“1

✏ifpXiq ,

§ E
✏
sup
fPF

1

N

Nÿ

i“1

✏irfpXiq ´ gf pXiqs ` RN pGq ,

§ sup
fPF

inf
gPG

}f ´ g}8 ` RN pGq .

Therefore, taking expectation values over the data gives,

ERN pFq § sup
fPF

inf
gPG

}f ´ g}8 ` ERN pGq .

Setting F “ Ffrp1q without loss of generality, we obtain the required result by appropriate choice of G Ñ Ffrp1q.
Setting G “ F�prq with r “ 1{rpE}X}2s1{2 gives (Remark 4.1, Theorem 1.1 in [3]),

ERN pFfrp1qq § sup
fPFfrp1q

inf
gPF�prq

}f ´ g}8 ` Polylog?
N

.

Setting G “ Fp,qprq with r “ 1{pkr1{p˚´1{qs` qL maxi }Xi}p˚ gives (Remark 4.2, Theorem 1 in [15])

ERN pFfrp1qq § sup
fPFfrp1q

inf
gPFp,qprq

}f ´ g}8 ` 2LPolylog?
N

.
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Setting G “ F⇡,1prq with r “ 1{maxi }Xi}8 gives (Remark 4.3, Corollary in [15])

ERN pFfrp1qq § sup
fPFfrp1q

inf
gPF⇡,1prq

}f ´ g}8 ` 2LPolylog?
N

.

In all cases data-dependent pre-factors exactly cancel out and moreover the first term is in function space, not
in parameter space.

A.1 Invariance of natural gradient

Consider the continuous-time analog of natural gradient flow,

d✓t “ ´Ip✓tq´1
r✓Lp✓tqdt, (A.9)

where ✓ P Rp. Consider a di↵erentiable transformation from one parametrization to another ✓ fiÑ ⇠ P Rq denoted
by ⇠p✓q : Rp Ñ Rq. Denote the Jacobian J⇠p✓q “ Bp⇠1,⇠2,...,⇠qq

Bp✓1,✓2,...,✓pq P Rqˆp. Define the loss function L̃ : ⇠ Ñ R that
satisfies

Lp✓q “ L̃p⇠p✓qq “ L̃ ˝ ⇠p✓q,
and denote Ĩp⇠q as the Fisher Information on ⇠ associated with L̃. Consider also the natural gradient flow on
the ⇠ parametrization,

d⇠t “ ´Ĩp⇠tq´1
r⇠L̃p⇠tqdt. (A.10)

Intuitively, one can show that the natural gradient flow is “invariant” to the specific parametrization of the
problem.

Lemma A.1 (Parametrization invariance). Denote ✓ P Rp
, and the di↵erentiable transformation from one

parametrization to another ✓ fiÑ ⇠ P Rq
as ⇠p✓q : Rp Ñ Rq

. Assume Ip✓q, Ĩp⇠q are invertible, and consider two

natural gradient flows t✓t, t ° 0u and t⇠t, t ° 0u defined in Eqn. (A.9) and (A.10) on ✓ and ⇠ respectively.

(1) Re-parametrization: if q “ p, and assume J⇠p✓q is invertible, then natural gradient flow on the two parame-

terizations satisfies,

⇠p✓tq “ ⇠t, @t,
if the initial locations ✓0, ⇠0 are equivalent in the sense ⇠p✓0q “ ⇠0.

(2) Over-parametrization: If q ° p and ⇠t “ ⇠p✓tq at some fixed time t, then the infinitesimal change satisfies

⇠p✓t`dtq ´ ⇠p✓tq “ Mtp⇠t`dt ´ ⇠tq, Mt has eigenvalues either 0 or 1

where Mt “ Ip⇠tq´1{2pIq ´ UKUT

K qIp⇠tq1{2
, and UK denotes the null space of Ip⇠q1{2J⇠p✓q.

Proof of Lemma A.1. From basic calculus, one has

r✓Lp✓q “ J⇠p✓qTr⇠L̃p⇠q
Ip✓q “ J⇠p✓qT Ĩp⇠qJ⇠p✓q

Therefore, plugging in the above expression into the natural gradient flow in ✓

d✓t “ ´Ip✓tq´1
r✓Lp✓tqdt

“ ´rJ⇠p✓tqT Ĩp⇠p✓tqqJ⇠p✓tqs´1J⇠p✓tqTr⇠L̃p⇠p✓tqqdt.

In the re-parametrization case, J⇠p✓q is invertible, and assuming ⇠t “ ⇠p✓tq,
d✓t “ ´rJ⇠p✓tqT Ĩp⇠p✓tqqJ⇠p✓tqs´1J⇠p✓tqTr⇠L̃p⇠p✓tqqdt

“ ´J⇠p✓tq´1Ĩp⇠p✓tqq´1
r⇠L̃p⇠p✓tqqdt

J⇠p✓tqd✓t “ ´Ĩp⇠p✓tqq´1
r⇠L̃p⇠p✓tqqdt

d⇠p✓tq “ ´Ĩp⇠p✓tqq´1
r⇠L̃p⇠p✓tqqdt “ ´Ĩp⇠tq´1

r⇠L̃p⇠tqdt.
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What we have shown is that under ⇠t “ ⇠p✓tq, ⇠p✓t`dtq “ ⇠t`dt. Therefore, if ⇠0 “ ⇠p✓0q, we have that ⇠t “ ⇠p✓tq.
In the over-parametrization case, J⇠p✓q P Rqˆp is a non-square matrix. For simplicity of derivation, abbreviate
B :“ J⇠p✓q P Rqˆp. We have

d✓t “ ✓t`dt ´ ✓t “ ´Ip✓tq´1
r✓Lp✓tqdt

“ ´rBT Ĩp⇠qBs´1
B

T
r⇠L̃p⇠p✓tqqdt

Bp✓t`dt ´ ✓tq “ ´B

”
B

T Ĩp⇠qB
ı´1

B
T
L̃p⇠p✓tqqdt.

Via the Sherman-Morrison-Woodbury formula
„
Iq ` 1

✏
Ĩp⇠q1{2

BB
T Ĩp⇠q1{2

⇢´1

“ Iq ´ Ĩp⇠q1{2
Bp✏Ip ` B

T Ĩp⇠qBq´1
B

T Ĩp⇠q1{2

Denoting Ĩp⇠q1{2
BB

T Ĩp⇠q1{2 “ U⇤UT , we have that rankp⇤q § p † q. Therefore, the LHS as
„
Iq ` 1

✏
Ĩp⇠q1{2

BB
T Ĩp⇠q1{2

⇢´1

“ U

„
Iq ` 1

✏
⇤

⇢´1

U
T

lim
✏Ñ0

„
Iq ` 1

✏
Ĩp⇠q1{2

BB
T Ĩp⇠q1{2

⇢´1

“ UKUT

K

where UK corresponding to the space associated with zero eigenvalue of Ĩp⇠q1{2
BB

T Ĩp⇠q1{2. Therefore taking
✏ Ñ 0, we have

lim
✏Ñ0

„
Iq ` 1

✏
Ĩp⇠q1{2

BB
T Ĩp⇠q1{2

⇢´1

“ lim
✏Ñ0

Iq ´ Ĩp⇠q1{2
Bp✏Ip ` B

T Ĩp⇠qBq´1
B

T Ĩp⇠q1{2

Ĩp⇠q´1{2
UKUT

K Ĩp⇠q´1{2 “ Ĩp⇠q´1 ´ BpBT Ĩp⇠qBq´1
B

T

where only the last step uses the fact Ĩp⇠q is invertible. Therefore

⇠p✓t`dtq ´ ⇠p✓tq “ Bp✓t`dt ´ ✓tq
“ ´B

“
B

T Inp⇠qB
‰´1

B
T
r⇠L̃p⇠qdt

“ ´⌘Ip⇠q´1{2pId ´ UKUT

K qIp⇠q´1{2
r⇠L̃p⇠qdt

“ Ip⇠q´1{2pId ´ UKUT

K qIp⇠q1{2
!
Ip⇠q´1

r⇠L̃p⇠qdt
)

“ Mtp⇠t`dt ´ ⇠tq.
The above claim asserts that in the over-parametrized setting, running natural gradient in the over-parametrized
space is nearly “invariant” in the following sense: if ⇠p✓tq “ ⇠t, then

⇠p✓t`dtq ´ ⇠p✓tq “ Mt p⇠t`dt ´ ⇠tq
Mt “ Ip⇠tq´1{2pIq ´ UKUT

K qIp⇠tq1{2

and we know Mt has eigenvalue either 1 or 0. In the case when p “ q and J⇠p✓q has full rank, it holds that
Mt “ I is the identity matrix, reducing the problem to the re-parametrized case.

B Experimental details

In the realistic K-class classification context there is no activation function on the K-dimensional output layer
of the network (�L`1pxq “ x) and we focus on ReLU activation �pxq “ maxt0, xu for the intermediate layers.
The loss function is taken to be the cross entropy `py1

, yq “ ´xey, log gpy1qy, where ey P RK denotes the one-hot-
encoded class label and gpzq is the softmax function defined by,

gpzq “
˜

exppz1q
∞

K

k“1 exppzkq
, . . . ,

exppzKq
∞

K

k“1 exppzkq

¸T

.
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It can be shown that the gradient of the loss function with respect to the output of the neural network is
r`pf, yq “ ´rxey, log gpfqy “ gpfq ´ ey, so plugging into the general expression for the Fisher-Rao norm we
obtain,

}✓}2fr “ pL ` 1q2Ertxgpf✓pXqq, f✓pXqy ´ f✓pXqY u2s. (B.1)

In practice, since we do not have access to the population density ppxq of the covariates, we estimate the Fisher-
Rao norm by sampling from a test set of size m, leading to our final formulas

}✓}2fr “ pL ` 1q2 1

m

mÿ

i“1

Kÿ

y“1

gpf✓pxiqqyrxgpf✓pxiqq, f✓pxiqy ´ f✓pxiqys2 , (B.2)

}✓}2fr,emp “ pL ` 1q2 1

m

mÿ

i“1

rxgpf✓pxiqq, f✓pxiqy ´ f✓pxiqyis2 . (B.3)
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B.1 Additional experiments and figures

Figure 3: Dependence of di↵erent norms on depth L (k “ 500) after optimzing with vanilla gradient descent
(red) and natural gradient descent (blue). The Fisher-Rao norms are normalized by L ` 1.
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Figure 4: Dependence of capacity measures on label randomization after optimizing with natural gradient descent.
The colors show the e↵ect of varying network width from k “ 200 (red) to k “ 1000 (blue) in increments of 100.
The natural gradient optimization clearly distinguishes the network architectures according to their Fisher-Rao
norm.
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Figure 5: Distribution of margins found by natural gradient (top) and vanilla gradient (bottom) before rescaling
(left) and after rescaling by spectral norm (center) and empirical Fisher-Rao norm (right).
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Figure 6: The levelsets of Fisher-Rao norm (solid) and path-2 norm (dotted). The color denotes the value of the
norm.

Figure 7: Reproduction of conditioning experiment from [16] after 104 iterations of Adam (dashed) and K-FAC
(red).


