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J�i2v L2vFQp
*�`M2;B2 J2HHQM lMBp2`bBiv

.2T�`iK2Mi Q7 ai�iBbiB+b � .�i� a+B2M+2

�#bi`�+i

h?2 7Q+mb Q7 i?Bb T�T2` Bb i?2 HBM2�` KQ/2H
rBi? :�mbbB�M /2bB;M mM/2` +QMp2t +QM@
bi`�BMibX aT2+B}+�HHv- r2 bim/v i?2 T2`7Q`@
K�M+2 Q7 i?2 +QMbi`�BM2/ H2�bi b[m�`2b 2biB@
K�i2X q2 /2`Bp2 irQ ;2M2`�H `2bmHib +?�`@
�+i2`BxBM; Bib T2`7Q`K�M+2 Ĝ QM2 `2[mB`BM; �
i�M;2Mi +QM2 bi`m+im`2- �M/ QM2 r?B+? ?QH/b
BM � ;2M2`�H b2iiBM;X q2 mb2 Qm` ;2M2`�H `2@
bmHib iQ �M�Hvx2 i?`22 7mM+iBQM�H b?�T2 +QM@
bi`�BM2/ T`Q#H2Kb r?2`2 i?2 bB;M�H Bb ;2M@
2`�i2/ 7`QK �M mM/2`HvBM; GBTb+?Bix- KQMQ@
iQM2 Q` +QMp2t 7mM+iBQMX AM 2�+? Q7 i?2 2t@
�KTH2b r2 b?Qr bT2+B}+ +H�bb2b Q7 7mM+iBQMb
r?B+? �+?B2p2 7�bi �/�TiBp2 2biBK�iBQM `�i2b-
�M/ r2 �HbQ T`QpB/2 MQM@�/�TiBp2 2biBK�iBQM
`�i2b r?B+? ?QH/ 7Q` �Mv 7mM+iBQMX Pm` `2bmHib
/2KQMbi`�i2 i?�i i?2 GBTb+?Bix- KQMQiQM2
�M/ +QMp2t +QMbi`�BMib �HHQr QM2 iQ �M�Hvx2
`2;`2bbBQM T`Q#H2Kb 2p2M BM ?B;?@/BK2MbBQM�H
b2iiBM;b r?2`2 i?2 /BK2MbBQM K�v b+�H2 �b i?2
b[m�`2 Q` 7Qm`i? /2;`22 Q7 i?2 b�KTH2 bBx2 `2@
bT2+iBp2HvX

R ALh_P.l*hAPL

_2+2MiHv i?2`2 ?�b #22M � ~m``v Q7 rQ`F QM i?2 b?�T2
+QMbi`�BM2/ :�mbbB�M b2[m2M+2 KQ/2H (b22- 2X;X- *?�i@
i2`D22 2i �HX- kyR9- "2HH2+ 2i �HX- kyR3- *?�ii2`D22 2i �HX-
kyR8- :mMim#QvBM� �M/ a2M- kyR8- w?�M; 2i �HX- kyyk-
�KQM; Qi?2`b)X h?2b2 rQ`Fb bim/v i?2 KQ/2H

Yi = θ∗i + εi,

7Q` i ∈ [n] = {1, . . . , n} r?2`2 i?2 p2+iQ` θ∗ ∈ Rn Bb
FMQrM iQ #2HQM; iQ � +QMp2t b2i KX AM i?2 T`2b2Mi

S`Q+22/BM;b Q7 i?2 kkM/ AMi2`M�iBQM�H *QM72`2M+2 QM �`@
iB}+B�H AMi2HHB;2M+2 �M/ ai�iBbiB+b U�Aah�haV kyRN- L�?�-
PFBM�r�- C�T�MX SJG_, oQHmK2 3NX *QTv`B;?i kyRN #v
i?2 �mi?Q`UbVX

T�T2` r2 �`2 BMi2`2bi2/ BM i?2 `2H�i2/- #mi /Bz2`2Mi
T`Q#H2K Q7 HBM2�` `2;`2bbBQM

Yi = X⊤
i β∗ + εi,

7Q` i ∈ [n] r?2`2 i?2 p2+iQ` β∗ ∈ Rp Bb FMQrM iQ
#2HQM; iQ � +QMp2t b2i KX q2 bim/v i?2 +QMbi`�BM2/
H2�bi b[m�`2b 2biBK�i2 ;Bp2M #v

β̂ := argmin
β

1

n

∑

i∈[n]

(Yi −X⊤
i β)2, ;Bp2M i?�i β ∈ K.

URXRV

h?Bb KQ/2H Bb �HbQ `2H�i2/ iQ i?2 rQ`Fb Q7 h?`�K@
TQmHB/Bb 2i �HX- SH�M �M/ o2`b?vMBM (kyRe)- SH�M 2i �HX
(kyRd) r?2`2 i?2 �mi?Q`b +QMbB/2` � bBM;H2 BM/2t KQ/2H
UaAJV 7Q`KmH�iBQM Q7 i?2 T`Q#H2K- BX2X-

Yi = F (X⊤
i β∗, εi)

�M/ H2i K #2 � bi�`@b?�T2/ b2iRX AM i?2 H�ii2` KQ/2H
QM2 HQb2b i?2 b+�HBM; Q7 i?2 p2+iQ` β∗ 7Q` B/2MiB}�#BHBiv
UBX2X- ∥β∗∥2 +�M #2 �#bQ`#2/ BM F V- �M/ i?2 MB+2 T`QT2`@
iB2b Q7 +QMp2tBiv 7Q` i?2 H�`;2` ;2M2`�HBiv Q7 bi�`@b?�T2/
b2ibX

RXR *QMp2t a2ib Q7 AMi2`2bi

�Hi?Qm;? BM a2+iBQM k r2 /2`Bp2 ;2M2`�H `2bmHib mM/2`
i?2 �bbmKTiBQMb Q7 :�mbbB�M /2bB;M Xi- r2 �`2 bT2+B}@
+�HHv BMi2`2bi2/ BM i?`22 ivT2b Q7 +QMp2t b2ib KX �HH Q7
Qm` 2t�KTH2b +�M #2 KQiBp�i2/ #v �bbmKBM; i?�i i?2
p2+iQ` β∗ b�iBb}2b i?2 7QHHQrBM; +QM/BiBQM β∗

i = f( i
p )

7Q` i ∈ [p] = {1, . . . , p}- r?2`2 f : [0, 1] $→ R Bb � 7mM+@
iBQM- r?B+? Bb +QMbi`�BM2/ iQ #2 GBTb+?Bix- KQMQiQM2
Q` +QMp2tX AM i?Bb 7`�K2rQ`F- QM2 K�v i?BMF �#Qmi
i?2 p2+iQ`b Xi �b +QKT`2bbBM; i?2 /Bb+`2iBx2/ 7mM+@
iBQM�H p�Hm2b iQ � TQi2MiB�HHv HQr2` /BK2MbBQM�H bT�+2
Un < pV- �M/ i?2 εi �b MQBb2 Q++m``BM; /m`BM; i`�Mb@
KBbbBQM Q7 i?2 +QKT`2bb2/ p�Hm2bX h?2 ;Q�H i?2M Bb iQ
`2+Qp2` i?2 Q`B;BM�H 7mM+iBQM�H p�Hm2b �b +HQb2Hv �b TQb@
bB#H2 ?�pBM; i?2 BM7Q`K�iBQM (Yi,Xi)i∈[n]X q2 rBHH b22

RAX2X- � b2i S bm+? i?�i λS ⊂ S 7Q` �HH λ ∈ [0, 1]X 1p2`v
+QMp2t b2i +QMi�BMBM; 0 Bb bi�`@b?�T2/X

Matey Neykov




:�mbbB�M _2;`2bbBQM rBi? *QMp2t *QMbi`�BMib

i?�i 7Q` i?2 2t�KTH2b Q7 +QMp2t b2ib K i?�i r2 +QM@
bB/2`- Bi Bb BM/22/ TQbbB#H2 iQ +QKT`2bb iQ � HQr2` /B@
K2MbBQM�H bT�+2 �M/ i?2M �++m`�i2Hv `2+Qp2` i?2 7mM+@
iBQM�H p�Hm2bX am+? 2t�KTH2b ?�p2 MQi #22M T`2pBQmbHv
�M�Hvx2/ BM � `2;`2bbBQM b2iiBM;- �M/ bQK2 Q7 i?2K �`2
KQ`2 +QKKQMHv �bbQ+B�i2/ rBi? i?2 :�mbbB�M b2[m2M+2
KQ/2HX
h?2 }`bi 2t�KTH2 Q7 bm+? b2i Bb r?2M f Bb �M L@
GBTb+?Bix 7mM+iBQMX AM i?Bb +�b2 Bi Bb bBKTH2 iQ b22 i?�i

K := {β ∈ Rp : |βi − βi−1| ≤ L
p , i ∈ {2, . . . , p}},

r?2`2 i?2 GBTb+?Bix +QMbi�Mi L Bb � imMBM; T�`�K2i2`X
>2`2 i?2 b2i K Bb +QMp2t- #mi Bi Bb MQi � +QM2 mMHBF2 i?2
7QHHQrBM; irQ 2t�KTH2bX Ai Bb MQi2rQ`i?v iQ K2MiBQM
i?�i i?2 +QMbi`�BMib QM β∗ /Q i�F2 �/p�Mi�;2 Q7 β∗

i =
f( i

p )- BX2X- i?�i i?2 TQBMib Qp2` r?B+? f Bb 2p�Hm�i2/ �i
�`2 2[mBbT�+2/ QM [0, 1]X
h?2 b2+QM/ 2t�KTH2 i�F2b f �b � KQMQiQM2 7mM+iBQMX
h?2 +QMp2t b2i K Bb

K := {β ∈ Rp : βi−1 ≤ βi, i ∈ {2, . . . , p}},

BX2X- β∗ 7Q`Kb � KQMQiQM2 b2[m2M+2 BM i?2 ;Bp2M Q`/2`X
AKTQ`i�MiHv- mMHBF2 BM i?2 GBTb+?Bix +�b2- i?Bb 2t�K@
TH2 Bb BM/2T2M/2Mi Q7 i?2 mM/2`HvBM; /2bB;M r?2`2 i?2
7mM+iBQM f Bb 2p�Hm�i2/- �Hi?Qm;? QM2 +�M biBHH i?BMF Q7
β∗
i = f( i

p )X
h?2 }M�H 2t�KTH2 i�F2b f �b � +QMp2t 7mM+iBQMX h?2
b2i K Bb

K := {β ∈ Rp : βi−βi−1 ≤ βi+1−βi, i ∈ {2, . . . , p−1}}.

Cmbi �b BM i?2 GBTb+?Bix f 2t�KTH2- i?2 +QM/BiBQMb QM K
�#Qp2 �bbmK2 i?�i i?2 /2bB;M QM r?B+? f Bb 2p�Hm�i2/
Bb 2[mBbT�+2/ QM [0, 1]X
q2 rBHH `2p2�H i?�i BM �HH i?`22 2t�KTH2b �#Qp2- 2b@
iBK�i2 URXRV rQ`Fb BM irQ p�biHv /Bz2`2Mi `2;BK2b-
/22K2/ i?2 �/�TiBp2 �M/ MQM@�/�TiBp2 `2;BK2b- /2@
T2M/BM; QM i?2 mM/2`HvBM; p2+iQ` β∗X AM �HH i?`22 2t@
�KTH2b i?2`2 2tBbi p2+iQ`b β∗ rBi? bT2+B�H bi`m+im`2
r?B+? �/KBi 7�bi UQ` �/�TiBp2V- M2�`Hv T�`�K2i`B+ `�i2b
Q7 +QMp2`;2M+2- r?B+? �/�Ti iQ i?2 bT2+B�H bi`m+im`2
Q7 β∗X h?2b2 �/�TiBp2 `�i2b �`2 ivTB+�HHv Km+? 7�bi2`
i?�M i?2 ;2M2`�H MQM@�/�TiBp2 `�i2b r?B+? ?QH/ 7Q` �Mv
�`#Bi`�`v β∗ ∈ KX 6m`i?2`KQ`2- #Qi? i?2 �/�TiBp2
�M/ MQM@�/�TiBp2 `�i2b �HHQr QM2 iQ rQ`F BM � ?B;?
/BK2MbBQM�H b2iiBM; r?2`2 p > nX aT2+B}+�HHv- 7Q` i?2
GBTb+?Bix �M/ KQMQiQM2 2t�KTH2b p +�M #2 M2�`Hv Q7
Q`/2` n2- r?BH2 7Q` i?2 +QMp2t 7mM+iBQMb 2t�KTH2 p +�M
#2 Q7 Q`/2` n4X h?2 H�ii2` b?Qrb i?�i Bi Bb TQbbB#H2 iQ
2z2+iBp2Hv +QKT`2bb GBT+?Bix- KQMQiQM2 �M/ +QMp2t
7mM+iBQM�H p�Hm2b �M/ i?2M `2+Qp2` i?2K +QMbBbi2MiHvX

RXk AMMQp�iBQM �M/ _2H�i2/ qQ`F

�b BM/B+�i2/ 2�`HB2`- Qm` rQ`F Bb `2H�i2/ iQ irQ b2T@
�`�i2 #`�M+?2b Q7 bi�iBbiB+b �M/ bB;M�H T`Q+2bbBM; Ĝ
i?2 :�mbbB�M b2[m2M+2 KQ/2H �M/ +QKT`2bbBp2 b2MbBM;X
PM i?2 +QKT`2bbBp2 b2MbBM; bB/2 `2H�i2/ rQ`Fb BM+Hm/2
(h?`�KTQmHB/Bb 2i �HX- PvK�F 2i �HX- kyRj- SH�M �M/
o2`b?vMBM- kyRe- SH�M 2i �HX- kyRd- *�B 2i �HX- kyRe)X
Pmi Q7 i?Qb2 rQ`Fb i?2 KQbi +HQb2Hv `2H�i2/ rQ`F Bb
SH�M �M/ o2`b?vMBM (kyRe)X AM +QMi`�bi iQ SH�M �M/
o2`b?vMBM (kyRe) ?Qr2p2`- r2 /Q MQi `2bi`B+i i?2 MQ`K
Q7 i?2 p2+iQ` β∗- �M/ +QMbB/2` � +QMp2t b2i K- r?B+?
?2HTb mb iQ +�``v i?`Qm;? � KQ`2 `2}M2/ �M�HvbBb +QK@
T�`2/ iQ � bi�`@b?�T2/ b2iX
qQ`Fb QM i?2 :�mbbB�M b2[m2M+2 KQ/2H r?B+? �`2 `2H@
2p�Mi �`2 (*?�ii2`D22 2i �HX- kyR9- "2HH2+ 2i �HX- kyR3-
*?�ii2`D22 2i �HX- kyR8- :mMim#QvBM� �M/ a2M- kyR8-
"2HH2+ �M/ hbv#�FQp- kyR8)X aT2+B}+�HHv- i?2v +QM@
bB/2` � b2[m2M+2 KQ/2H mM/2` +QMp2t +QMbi`�BMib- �M/
2t�KTH2b r?B+? �`2 bBKBH�` iQ i?2 ivT2 Q7 2t�KTH2b
i?�i r2 +QMbB/2`X AM T�`iB+mH�`- i?2v ?�p2 7Q+mb2/ QM
i?2 KQMQiQM2 �M/ +QMp2t 7mM+iBQM +QM2bX
h?2 MQp2Hiv Q7 i?Bb T�T2` Bb irQ@7QH/X 6B`bi r2 /2`Bp2
irQ ;2M2`�H `2bmHib `2;�`/BM; i?2 T2`7Q`K�M+2 Q7 i?2
+QMp2t +QMbi`�BM2/ `2;`2bbBQM BM � :�mbbB�M /2bB;M b2i@
iBM;X Pm` `2bmHib ?�p2 �/p�Mi�;2b Qp2` 2tBbiBM; rQ`Fb
BM i?�i i?2v �HHQr 7Q` b2H2+iBM; � i�`;2i p2+iQ` /Bz2`@
2Mi 7`QK i?2 mM/2`HvBM; i`m2 p2+iQ`- �M/ /Q MQi `2bi`B+i
i?2 MQ`K Q7 i?2 T�`�K2i2`X L2ti r2 T`QTQb2 �M/ �M@
�Hvx2 i?2 2t�KTH2 Q7 GBTb+?Bix `2;`2bbBQM r?B+? iQ i?2
#2bi Q7 Qm` FMQrH2/;2 ?�b MQi �TT2�`2/ 2Bi?2` BM i?2
:�mbbB�M b2[m2M+2 KQ/2H Q` BM i?2 +QKT`2bbBp2 b2Mb@
BM; HBi2`�im`2X 6m`i?2`KQ`2- iQ i?2 #2bi Q7 Qm` FMQrH@
2/;2- i?2 �/�TiBp2 �M/ MQM@�/�TiBp2 `�i2b /2`Bp2/ 7Q`
i?2 i?`22 2t�KTH2b Q7 GBTb+?Bix- KQMQiQM2 �M/ +QM@
p2t 7mM+iBQMb ?�p2 MQi #22M �M�Hvx2/ BM � `2;`2bbBQM
b2iiBM; T`2pBQmbHv �M/ �`2 MQp2HX

RXj LQi�iBQM

q2 MQr #`B2~v QmiHBM2 bQK2 +QKKQMHv mb2/ MQi�iBQMX
Pi?2` MQi�iBQM rBHH #2 /2}M2/ �b M22/2/ i?`Qm;?Qmi
i?2 T�T2`X 6Q` � p2+iQ` v = (v1, . . . , vp)⊤ H2i ∥v∥q
/2MQi2 i?2 ℓq MQ`KX 6Q` � b2i K �M/ � ;Bp2M p2+iQ` v-
i?2 /Bz2`2M+2 K−v := {u−v : u ∈ K}X q2 Q7i2M mb2
Ip iQ /2MQi2 � p × p B/2MiBiv K�i`BtX 6Q` �Mv BMi2;2`
k ∈ N r2 mb2 i?2 b?Q`i?�M/ MQi�iBQM [k] = {1, . . . , k}X
q2 �HbQ mb2 bi�M/�`/ �bvKTiQiB+ MQi�iBQMbX :Bp2M irQ
b2[m2M+2b {an}, {bn} r2 r`Bi2 an ! bn B7 i?2`2 2tBbib
�M �#bQHmi2 +QMbi�Mi C < ∞ bm+? i?�i an ≤ CbnX h?2
BM2[m�HBiv " Bb bBKBH�`Hv /2}M2/X



J�i2v L2vFQp

RX9 P`;�MBx�iBQM

6Q` +QMp2MB2M+2 Q7 i?2 `2�/2` ?2`2 r2 QmiHBM2 i?2 bi`m+@
im`2 Q7 i?2 T�T2`X AM a2+iBQM k r2 ;Bp2 Qm` ;2M2`�H
`2bmHib 7Q` i?2 +�b2 r?2M Xi ?�p2 � :�mbbB�M /Bbi`B@
#miBQMX AM a2+iBQM j r2 +QMbB/2` BM /2i�BH i?2 i?`22
2t�KTH2b r?B+? r2 QmiHBM2/ �#Qp2X a2+iBQM 9 Bb /2/@
B+�i2/ iQ MmK2`B+�H 2tT2`BK2Mib �M/ i?2 /Bb+mbbBQM Bb
H27i iQ i?2 }M�H a2+iBQM 8X

k JP.1G "�*E:_PlL. �L.
:1L1_�G _1alGha

amTTQb2 r2 ?�p2 n BM/2T2M/2Mi �M/ B/2MiB+�HHv /Bb@
i`B#mi2/ UBXBX/XV Q#b2`p�iBQMb 7`QK i?2 KQ/2H

Yi = X⊤
i β∗ + εi

r?2`2 β∗ ∈ Rp Bb FMQrM iQ #2HQM; iQ � +QMp2t b2i
K- i?2 MQBb2 εi Bb BM/2T2M/2Mi Q7 Xi rBi? Eεi = 0-
p�`B�M+2 Var εi = σ2 > 0 �M/ r2 �bbmK2 Eε4i < ∞X
G2i X #2 i?2 K�i`Bt bi�+FBM; X⊤

i BMiQ Bib `Qrb- �M/
Y #2 i?2 p2+iQ` rBi? 2Mi`B2b 2[m�H iQ YiX AM pB2r Q7
i?Bb MQi�iBQM i?2 +QMbi`�BM2/ H2�bi b[m�`2b 2biBK�iQ`
URXRV +�M #2 `2r`Bii2M +QKT�+iHv �b,

β̂ = argmin
β

∥Y −Xβ∥22, ;Bp2M i?�i β ∈ K.k UkXRV

h?2`2 �`2 KmHiBTH2 2t�KTH2b Q7 +QMp2t b2ib K r?2`2
i?2 �#Qp2 7Q`KmH�iBQM Bb p2`v K2�MBM;7mHX AM i?2 bBK@
TH2bi Q7 2t�KTH2b- K +�M #2 i�F2M � bm#bT�+2 Q7 RpX
�MQi?2` 2t�KTH2 Bb iQ i�F2 K = {β ∈ Rp : ∥β∥1 ≤ L}-
r?B+? T`Q/m+2b i?2 p�MBHH� G�aaP T`Q+2/m`2 �b /2@
}M2/ #v hB#b?B`�MB (RNNe)X JQiBp�i2/ #v � b+2M�`BQ
r?2`2 β∗ i�F2b /Bb+`2iBx2/ 7mM+iBQM�H p�Hm2b- BM a2+@
iBQM j r2 +QMbB/2` i?`22 2t�KTH2b Q7 b2ib K `2bi`B+iBM;
i?2 b?�T2 Q7 i?2 7mM+iBQM ;2M2`�iBM; β∗ �b r2 /2i�BH2/
BM a2+iBQM RXRX
"27Q`2 r2 T`Q+22/ rBi? Qm` ;2M2`�H `2bmHib- r2 `2[mB`2
b2p2`�H /2}MBiBQMbX q2 rBHH }`bi BMi`Q/m+2 i?2 +QM+2Ti
Q7 � i�M;2Mi +QM2X

.2}MBiBQM kXR Uh�M;2Mi *QM2VX 6Q` � +QMp2t b2i K
�M/ � p2+iQ` v ∈ K- /2}M2 i?2 i�M;2Mi +QM2 Q7 K �i
v, TK,v �b i?2 +HQbm`2 Q7 i?2 b2i

TK,v := +H{tu : t ≥ 0,u ∈ K − v}.

h?2 i�M;2Mi +QM2 +QHH2+ib �HH TQbbB#H2 /B`2+iBQMb �i �`@
#Bi`�`v b+�H2b- �HQM; r?B+? +2Mi2`2/ �i i?2 p2+iQ` v QM2
`2K�BMb BM i?2 b2i KX L2ti r2 T`2b2Mi i?2 +QM+2Ti Q7
HQ+�H :�mbbB�M K2�M rB/i?- r?B+? Bb � UHQ+�HBx2/V K2�@
bm`2 Q7 bBx2 7Q` �`#Bi`�`v b2ib BM RpX

kA7 i?2`2 2tBbi KmHiBTH2 bQHmiBQMb- TB+F �Mv Q7 i?2KX

v

6B;m`2 R, � /2TB+iBQM Q7 � i�M;2Mi +QM2X h?2 b2i K Bb
/2TB+i2/ BM ;`22MX h?2 i�M;2Mi +QM2 TK,v +QMbBbib Q7
�HH p2+iQ`b #2ir22M i?2 irQ `�vb UBi Bb �HbQ K�`F2/ #v
� /Qii2/ HBM2VX

.2}MBiBQM kXk UGQ+�H :�mbbB�M J2�M qB/i?VX 6Q` �
b2i S ⊂ Rp �M/ � `2�H MmK#2` x > 0 /2}M2 Bib HQ+�H
:�mbbB�M K2�M rB/i? �b

wx(S) := E sup
v∈S,∥v∥2≤x

v⊤ξ,

r?2`2 ξ ∼ N (0, I) Bb � bi�M/�`/ :�mbbB�M p2+iQ`X

q2 ?�p2 i?2 7QHHQrBM; `2bmHi

h?2Q`2K kXj Uh�M;2Mi *QM2 "QmM/VX G2i Xi ∼
N (0, I)X amTTQb2 i?�i β∗ ∈ K �M/ }t �Mv v ∈ KX G2i
n " w2

1(TK,v)X h?2M i?2 2biBK�i2 Q7 T`Q;`�K UkXRV
b�iBb}2b

∥β∗ − β̂∥2

≤
(

4(
√
n+ w1(TK,v) + t)

(
√
n− 1− w1(TK,v)− t)

+ 1

)
∥β∗ − v∥2

+

√
2(w1(TK,v) +

√
2t)σ

√
n
(√

n−1
n − w1(TK,v)+t√

n

)2 ,

rBi? T`Q#�#BHBiv �i H2�bi 1− e−t − 3e−t2/2 − Var ε2

nσ4 X

AM i?2 �#Qp2- r2 MQi2 i?�i i?2 T�`�K2i2` t Bb � ǳ7`22Ǵ
T�`�K2i2` �M/ +�M #2 b2i iQ �`#Bi`�`v p�Hm2b- r?2`2
?B;?2` p�Hm2b Q7 t +Q``2bTQM/ iQ ?B;?2` T`Q#�#BHBiB2bX
h?2 �bbmKTiBQM Xi ∼ N (0, I) Bb `2[mB`2/ 7Q` i2+?MB+�H
`2�bQMb r?B+? ?2HT mb `2H�i2 #QmM/b QM i?2 +Q2{+B2Mib
iQ ;2QK2i`B+ +?�`�+i2`BbiB+b Q7 i?2 mM/2`HvBM; +QMp2t
b2i KX q2 b?Qr ?Qr i?Bb +QM/BiBQM +�M #2 `2H�t2/ iQ
i?2 KQ`2 ;2M2`�H +QM/BiBQM Xi ∼ N (0,Σ) #2HQrX q2
`2K�`F i?�i h?2Q`2K kXj Bb `2H�i2/ iQ h?2Q`2K R Q7
PvK�F 2i �HX (kyRj)X >Qr2p2`- mMHBF2 i?2 H�ii2` `2bmHi-
Qm` #QmM/ �HHQrb QM2 iQ TB+F � /Bz2`2Mi p2+iQ` v BM
TH�+2 Q7 β∗ bm+? i?�i v Bb +HQb2 iQ β∗ #mi �HbQ ?�b �
bBKTH2 i�M;2Mi +QM2 bi`m+im`2X h?Bb Bb 2bT2+B�HHv mb27mH
BM +�b2b r?2`2 i?2 Q`B;BM�H bB;M�H β∗ KB;?i MQi ?�p2



:�mbbB�M _2;`2bbBQM rBi? *QMp2t *QMbi`�BMib

� bK�HH i�M;2Mi +QM2- �M/ i?2 :�mbbB�M rB/i? Q7 Bib
+QM2 KB;?i �TT`Q�+? Bib K�tBKmK p�Hm2 Q7 Q`/2` √

pX
q2 rQmH/ �HbQ HBF2 iQ bi`2bb i?�i i?Bb `2bmHi miBHBx2b i?2
7�+i i?�i K Bb +QMp2t- �M/ r2 /Q MQi 2tT2+i Bi iQ ?QH/
7Q` bi�`@b?�T2/ b2ib �b BM SH�M �M/ o2`b?vMBM (kyRe)-
SH�M 2i �HX (kyRd)X "2HQr r2 ;Bp2 � /B`2+i *Q`QHH�`v iQ
h?2Q`2K kXj r?B+? B;MQ`2b i?2 T`2+Bb2 +QMbi�Mi i2`Kb
7Q` i?2 b�F2 Q7 `2�/�#BHBivX

*Q`QHH�`v kX9 Uh�M;2Mi *QM2 "QmM/VX G2i Xi ∼
N (0, I) �M/ }t �Mv v ∈ KX amTTQb2 i?�i n "
w2

1(TK,v)- �M/ �bbmK2 i?�i β∗ ∈ KX h?2M +QM/BiBQM@
�HHv QM i?2 2``Q` i2`K rBi? T`Q#�#BHBiv �i H2�bi .99 r2
?�p2

∥β∗ − β̂∥2 ! ∥β∗ − v∥2 +
w1(TK,v)√

n
σ +

σ√
n
.

q2 rBHH �TTHv *Q`QHH�`v kX9 iQ /2`Bp2 #Qi? i?2 �/�T@
iBp2 �M/ MQM@�/�TiBp2 `�i2b 7Q` GBTb+?Bix `2;`2bbBQM-
�M/ i?2 �/�TiBp2 `�i2b 7Q` KQMQiQM2 �M/ +QMp2t `2@
;`2bbBQMbX q2 +�M �HbQ ;Bp2 � #QmM/ rBi?Qmi `2[mB`BM;
� i�M;2Mi +QM2 bi`m+im`2 �M/ rBi?Qmi 2p2M `2[mB`BM;
i?�i β∗ ∈ KX

h?2Q`2K kX8 UJBbbT2+B}2/ 1biBK�iBQM "QmM/ rBi?@
Qmi h�M;2Mi *QM2 ai`m+im`2VX G2i Xi ∼ N (0, I)X 6Bt
v ∈ K bm+? i?�i 7Q` bQK2 x > 0 r2 ?�p2 n "
w2

x(K − v)/x2X h?2M- i?2 2biBK�i2 Q7 T`Q;`�K UkXRV
b�iBb}2b

∥v − β̂∥2

! ∥X(β∗ − v)∥2√
n

+
wx(K − v) + x

√
t√

nx
σ + x

!
(
1 +

√
p

n
+

√
t

n

)
∥β∗ − v∥2

+
wx(K − v) + x

√
t√

nx
σ + x,

rBi? T`Q#�#BHBiv �i H2�bi 1− exp(−n/8)− 2 exp(−t)−
Var ε2

nσ4 X

q2 �TTHv h?2Q`2K kX8 UrBi? v = β∗V iQ /2`Bp2 i?2
MQM@�/�TiBp2 `�i2b Q7 KQMQiQM2 �M/ +QMp2t `2;`2bbBQMb
miBHBxBM; +�H+mH�iBQMb Q7 i?2 HQ+�H K2�M rB/i? r?B+?
?�p2 �TT2�`2/ BM i?2 HBi2`�im`2X

kXR q?�i B7 i?2`2 Bb � *Qp�`B�M+2\

q2 ?�p2 bQ 7�` bmTTQb2/ i?�i Xi ∼ N (0, I)X q2 MQr
/2`Bp2 irQ +Q`QHH�`B2b r?B+? �`2 mb27mH BM i?2 KQ`2 ;2M@
2`�H +�b2 r?2M Xi ∼ N (0,Σ)X q2 ?�p2

*Q`QHH�`v kXe Uh�M;2Mi *QM2 "QmM/ :2M2`�H *Qp�`B@
�M+2VX G2i Xi ∼ N (0,Σ) �M/ }t �Mv v ∈ KX G2i

n " w2
1(Σ

1/2TK,v) �M/ bmTTQb2 β∗ ∈ KX h?2M +QM/B@
iBQM�HHv QM i?2 2``Q` i2`K rBi? T`Q#�#BHBiv �i H2�bi .99
r2 ?�p2

∥Σ1/2(β∗ − β̂)∥2 ! ∥Σ1/2(β∗ − v)∥2

+
w1(Σ1/2TK,v)√

n
σ +

σ√
n
.

Ai Bb MQi ?�`/ iQ +?2+F Ub22 _2K�`F RXd (SH�M �M/ o2`@
b?vMBM- kyRe)V i?�i

w1(Σ
1/2TK,v) ≤ ∥Σ−1/2∥2∥Σ1/2∥2w1(TK,v),

�M/ i?2`27Q`2 B7 Σ1/2 Bb r2HH +QM/BiBQM2/ i?2 K2�M
rB/i? rQmH/ #2 Q7 i?2 b�K2 Q`/2` �b i?2 QM2 rBi?Qmi
mbBM; ΣX PM i?2 Qi?2` ?�M/ i?2`2 +QmH/ 2tBbi K�i`B+2b
i?�i �`2 MQi r2HH +QM/BiBQM2/ #mi /Q MQi +?�M;2 i?2
i�M;2Mi +QM2 iQQ Km+? BM bQK2 2t�KTH2bc bm+? K�i`B@
+2b rBHH `2bmHi BM bBKBH�` K2�M rB/i?b �b BM i?2 QM2 Q7
BM/2T2M/2Mi :�mbbB�MbX

SHm;;BM; BM v = β∗ BM h?2Q`2K kX8 r2 bi�i2 �M �M�H@
Q;Qmb +Q`QHH�`v #2HQrX
*Q`QHH�`v kXd U1biBK�iBQM "QmM/ rBi?Qmi h�M@
;2Mi *QM2 ai`m+im`2 :2M2`�H *Qp�`B�M+2VX G2i Xi ∼
N (0,Σ)X amTTQb2 i?�i β∗ ∈ K �M/ i?�i 7Q` bQK2
x > 0 r2 ?�p2 n " w2

x(Σ
1/2(K − β∗))/x2X h?2M i?2

2biBK�i2 Q7 T`Q;`�K UkXRV- b�iBb}2b

∥Σ1/2(β∗ − β̂)∥2 ! wx(Σ1/2(K − β∗)) + x
√
t√

nx
σ + x,

rBi? T`Q#�#BHBiv �i H2�bi 1 − exp(−n/8) − exp(−t) −
Var ε2

nσ4 X

j 1s�JSG1a

PM2 Q7 i?2 KQbi r2HH bim/B2/ 2t�KTH2b Q7 i?2 b2i K Bb
i?2 G�aaP- BX2X- K = {β ∈ Rp : ∥β∥1 ≤ L}X q2 rBHH
MQi 7Q+mb QM i?Bb +H�bbB+�H 2t�KTH2 bBM+2 Bi ?�b `2+2Bp2/
TH2Miv Q7 �ii2MiBQM �M/ `2bmHib +�M #2 7QmM/ BM PvK�F
2i �HX (kyRj) �KQM; Qi?2`bX AMbi2�/ #2HQr r2 +QMbB/2`
i?`22 2t�KTH2b r?2`2 i?2 T�`�K2i2` β +�M #2 i?Qm;?i
Q7 2p�Hm�iBM; � 7mM+iBQM f : [0, 1] $→ R �i 2[mBbT�+2/
T�`iBiBQM Q7 [0, 1]- BX2X- β∗

i = f( i
p ) 7Q` i ∈ [p]X q2 rBHH

7Q+mb QM i?2 BM/2T2M/2Mi :�mbbB�M /2bB;M b2iiBM; 7Q`
i?2 b�F2 Q7 � +H2�` T`2b2Mi�iBQMX

jXR GBTb+?Bix _2;`2bbBQM

amTTQb2 i?�i β∗ b�iBb}2b |β∗
i −β∗

i−1| ≤ L
p 7Q` bQK2 }t2/

+QMbi�Mi LX h?Bb Bb 2[mBp�H2Mi iQ i?2 b2iiBM; r?2`2
β∗
i = f( i

p ) 7Q` f : [0, 1] $→ R #2BM; �M L@GBTb+?Bix
7mM+iBQMX h?2 +QMp2t b2i K i?2`27Q`2 +QMbBbib Q7 i?2
7QHHQrBM; +QHH2+iBQM Q7 p2+iQ`b,

K := {β ∈ Rp : |βi − βi−1| ≤ L
p , i ∈ {2, . . . , p}},



J�i2v L2vFQp

r?2`2 L > 0 Bb � imMBM; T�`�K2i2`X h?2 +QMbi`�BMib
BM K �M/ i?2 H2�bi b[m�`2b Q#D2+iBp2 UkXRV T`Q/m+2
� [m�/`�iB+ T`Q;`�K r?B+? +�M #2 BKTH2K2Mi2/ 27@
}+B2MiHv pB� BMi2`BQ` TQBMi K2i?Q/bX
Pm` ;Q�H 7Q` i?Bb b2+iBQM Bb iQ �TTHv *Q`QHH�`v kX9 iQ
/2`Bp2 #Qi? �/�TiBp2 �M/ MQM@�/�TiBp2 #QmM/bX AM Q`@
/2` iQ /2`Bp2 i?2 MQM@�/�TiBp2 #QmM/- r2 rQmH/ HBF2
iQ }M/ � p2+iQ` v r?B+? Bb +HQb2 iQ �Mv ;Bp2M p2+iQ`
β ∈ K #mi ?�b � bK�HH i�M;2Mi +QM2 bi`m+im`2X >2M+2
r2 bi�`i #v }`bi b?QrBM; � H2KK� `2;�`/BM; �TT`QtB@
K�iBQMb Q7 �`#Bi`�`v β ∈ KX
G2KK� jXRX �Mv p2+iQ` β ∈ K +�M #2 �TT`QtBK�i2/
#v � p2+iQ` v ∈ K rBi? �i KQbi ℓ+1 �{M2 TB2+2b �M/
bHQT2b 2[m�H iQ ±L

p �M/ b�iBb7vBM; |vi − vi−1| = L
p 7Q`

�HH i- bQ i?�i
∥β − v∥2 ≤

2L
√
p

ℓ
.

L2ti r2 rBHH mTT2` #QmM/ i?2 K2�M rB/i? Q7 � i�M;2Mi
+QM2 Q7 � p2+iQ` v rBi? ℓ+1 �{M2 TB2+2b �M/ b�iBb7vBM;
|vi − vi+1| = L

p 7Q` �HH iX "27Q`2 bi�iBM; i?2 `2bmHi r2
/2}M2 i?2 KQMQiQM2 b2[m2M+2 +QM2 S↑

k := {v ∈ Rk :
v1 ≤ v2 ≤ . . . ≤ vk}X q2 ?�p2 i?2 7QHHQrBM; `2bmHi
G2KK� jXkX G2i v #2 � p2+iQ` �b /2b+`B#2/ �#Qp2-
�M/ H2i T1, . . . , Tℓ+1 #2 � /BbDQBMi T�`iBiBQM Q7 [p] bm+?
i?�i v Bb �{M2 QM 2�+? Ti rBi? bB;M Q7 i?2 bHQT2
QM Ti 2[m�H iQ siX h?2M TK,v ⊂ (−s1S↑

|T1|) × . . . ×
(−sℓ+1S↑

|Tℓ+1|)X

q2 rBHH MQr mb2 G2KK� jXk iQ /2`Bp2 �M mTT2` #QmM/
Q7 i?2 K2�M rB/i? w1(TK,v)X "27Q`2 r2 /Q bQ H2i mb
}`bi BMi`Q/m+2 � +HQb2Hv `2H�i2/ +QM+2Ti iQ i?2 K2�M
rB/i? Q7 � +QM2 Ĝ i?2 bi�iBbiB+�H /BK2MbBQMX
.2}MBiBQM jXj Uai�iBbiB+�H .BK2MbBQMVX 6Q` � ;Bp2M
+QM2 C /2}M2 i?2 bi�iBbiB+�H /BK2MbBQM �b,

δ(C) := E
[
( sup
v∈C,∥v∥2≤1

v⊤ξ)2
]
,

r?2`2 ξ ∼ N (0, I) Bb � bi�M/�`/ :�mbbB�M p2+iQ`X

aBKTH2 T`QT2`iB2b Q7 i?2 bi�iBbiB+�H /BK2MbBQM BM+Hm/2
δ(C1) ≤ δ(C2) 7Q` C1 ⊆ C2- �M/ δ(C1 × C2) = δ(C1) +
δ(C2)X 6Q` T`QQ7b Q7 i?2b2 bi�i2K2Mib r2 `272` i?2
`2�/2` iQ �K2HmMt2M 2i �HX (kyR9)X h�F2 � p2+iQ` v
r?B+? +QMbBbib Q7 ℓ+1 �{M2 7mM+iBQMb rBi? bHQT2b ±L

p
�b BM G2KK� jXkX Ai 7QHHQrb i?�i i?2 bi�iBbiB+�H /BK2M@
bBQM

δ(TK,v) ≤
ℓ+1∑

i=1

δ(−siS↑
|Ti|)

=
ℓ+1∑

i=1

δ(S↑
|Ti|) ≤

ℓ+1∑

i=1

log(e|Ti|)

≤ (ℓ+ 1) log(ep/(ℓ+ 1)).

h?2 b2+QM/ #QmM/ +QK2b 7`QK � FMQrM `2bmHi QM
i?2 bi�iBbiB+�H /BK2MbBQM Q7 i?2 KQMQiQM2 +QM2 (b22
�K2HmMt2M 2i �HX- kyR9- 2X;X)- r?BH2 i?2 H�bi #QmM/ Bb
/m2 iQ C2Mb2MǶb BM2[m�HBivX aBM+2 #v *�m+?v@a+?r�`ix
δ(TK,v) ≥ w2

1(TK,v)- r2 +QM+Hm/2 �M BM2[m�HBiv QM i?2
HQ+�H K2�M rB/i?,

w1(TK,v) ≤
√

(ℓ+ 1) log(ep/(ℓ+ 1)). UjXRV

lbBM; G2KK�b jXR �M/ i?2 #QmM/ BM i?2 T`2+2/BM; /Bb@
TH�v- r2 �``Bp2 �i i?2 7QHHQrBM; *Q`QHH�`v Q7 *Q`QHH�`v
kX9X

*Q`QHH�`v jX9 UGBTb+?Bix _2;`2bbBQM �/�TiBp2 �M/
LQM@�/�TiBp2 _�i2bVX amTTQb2 i?�i β∗ b�iBb}2b |β∗

i −
β∗
i−1| ≤ L

p 7Q` � }t2/ +QMbi�Mi LX G2i n " Lp1/2 log pX
h?2M +QM/BiBQM�HHv QM i?2 2``Q` i2`K rBi? T`Q#�#BHBiv
�i H2�bi XNN r2 ?�p2

∥β∗ − β̂∥2 ! [log(ep)L]1/3p1/6

n1/3
(1 + σ) +

σ√
n
. UjXkV

6m`i?2`KQ`2 B7 β∗ +QMbBbib Q7 ℓ �{M2 7mM+iBQMb rBi?
bHQT2b ±L

p �b BM G2KK� jXk- r2 ?�p2 i?2 7QHHQrBM;
�/�TiBp2 `�i2

∥β∗ − β̂∥2 !
√

ℓ log ep/ℓ

n
σ +

σ√
n
,

rBi? T`Q#�#BHBiv �i H2�bi .99 ;Bp2M i?�i n " ℓ log ep/ℓX

*Q`QHH�`v jX9 K�F2b Bi �TT�`2Mi i?�i GBTb+?Bix `2;`2b@
bBQM rQ`Fb BM irQ K�DQ` `2;BK2b BM i?2 ?B;? /BK2M@
bBQM�H b2iiBM; r?2M p ≥ nX AM i?2 }`bi `2;BK2- B7 QM2
?�b � 7mM+iBQM r?B+? +QMbBbib Q7 ℓ �{M2 TB2+2b Q7 bHQT2b
T`2+Bb2Hv 2[m�H iQ ±L

p i?2 `�i2 Bb M2�`Hv T�`�K2i`B+c
r?BH2 BM i?2 b2+QM/ `2;BK2 GBTb+?Bix `2;`2bbBQM rQ`Fb
�b HQM; �b n ≫ Lp1/2 log pX AKTQ`i�MiHv- i?2 #QmM/
UjXkV +�MMQi #2 /2`Bp2/ mbBM; `2bmHib 7`QK T`2pBQmb
rQ`Fb bm+? �b (PvK�F 2i �HX- kyRj)- bBM+2 Bi `2[mB`2b
2p�Hm�iBQM Q7 � i�M;2Mi +QM2 r?B+? Bb MQi +2Mi2`2/ �i
i?2 i`m2 p�Hm2 β∗X 6BM�HHv r2 `2K�`F i?�i Bi K�v #2
TQbbB#H2 iQ `2KQp2 i?2 log p 7�+iQ` 7`QK UjXkV pB� �M �T@
THB+�iBQM Q7 h?2Q`2K kX8X aBM+2 i?Bb `2[mB`2b � /2HB+�i2
+�H+mH�iBQM Q7 i?2 K2�M rB/i? r2 /272` i?Bb BKT`Qp2@
K2Mi 7Q` 7mim`2 rQ`FX

jXk JQMQiQM2 _2;`2bbBQM

JQMQiQM2 `2;`2bbBQM mb2b i?2 b2i Q7 p2+iQ`b K := S↑
p ,

r?2`2 i?2 b2i Q7 KQMQiQM2 b2[m2M+2b S↑
p r�b /2}M2/ BM

i?2 T`2pBQmb b2+iBQMX h?2 KQMQiQM2 +QMbi`�BMi +QK@
#BM2/ rBi? i?2 H2�bi b[m�`2b HQbb 7mM+iBQM T`Q/m+2 �
[m�/`�iB+ T`Q;`�K r?B+? +�M #2 BKTH2K2Mi2/ pB� BM@
i2`BQ` TQBMi K2i?Q/bX �//BiBQM�HHv- KQMQiQM2 `2;`2b@
bBQM +�M #2 BKTH2K2Mi2/ 2{+B2MiHv #v mbBM; T`QD2+i2/
;`�/B2Mi /2b+2MiX h?Bb Bb bQ bBM+2 �i 2�+? bi2T i?2



:�mbbB�M _2;`2bbBQM rBi? *QMp2t *QMbi`�BMib

T`QD2+iBQM #QBHb /QrM iQ `mMMBM; BbQiQMB+ `2;`2bbBQM-
r?B+? +�M #2 /QM2 #v i?2 7�bi TQQH �/D�+2Mi pBQH�iQ`b
�H;Q`Bi?K US�o�V (J�B` 2i �HX- kyyN)X
"2HQr r2 ;Bp2 � *Q`QHH�`v Q7 *Q`QHH�`v kX9X

*Q`QHH�`v jX8 U*QMbi�Mi SB2+2b �/�TiBp2 _�i2VX
amTTQb2 i?�i i?2 p2+iQ` β∗ ∈ K +QMbBbib Q7 ℓ KQMQiQM2
+QMbi�Mi TB2+2bX h?2M r2 ?�p2 i?2 7QHHQrBM; #QmM/

∥β∗ − β̂∥2 !
√

ℓ log ep/ℓ

n
σ +

σ√
n
.

h?Bb Bb i?2 b�K2 `�i2 �b i?2 M2�`Hv T�`�K2i`B+ `�i2 BM
GBTb+?Bix b2[m2M+2b 7`QK i?2 T`2pBQmb b2+iBQM- ?Qr2p2`
Bi Bb �+?B2p2/ �i /Bz2`2Mi ivT2 Q7 p2+iQ`b β∗X aBKBH�`
�/�TiBp2 iQ i?2 MmK#2` Q7 +QMbi�Mi TB2+2b Q7 β∗ T?2@
MQK2MQM ?�b #22M Q#b2`p2/ BM i?2 :�mbbB�M b2[m2M+2
b2iiBM; r?2`2 i?2 #2?�pBQ` Q7 BbQiQMB+ `2;`2bbBQM ?�b
#22M r2HH bim/B2/ ("2HH2+ 2i �HX- kyR3- *?�ii2`D22 2i �HX-
kyR8)X L2ti- iQ Q#i�BM � b?�`T #QmM/ BM i?2 b2iiBM;
r?2`2 β∗ M22/ MQi +QMbBbi Q7 +QMbi�Mi TB2+2b- r2 rBHH
/2`Bp2 � *Q`QHH�`v Q7 h?2Q`2K kX8X

*Q`QHH�`v jXe U:2M2`�H LQM@�/�TiBp2 _�i2VX amT@
TQb2 i?�i n " (βn − β1)p1/2 rBi? β∗ ∈ KX h?2M rBi?
T`Q#�#BHBiv �i H2�bi .99 r2 ?�p2

∥β∗ − β̂∥2 ! (βn − β1)1/3p1/6

n1/3
σ2/3 +

σ√
n
.

h?2 #QmM/ BM i?2 T`2+2/BM; /BbTH�v `2b2K#H2b +HQb2Hv
i?2 QM2 r2 Q#i�BM2/ BM UjXkVX 1p2M r?2M p ≥ n i?2
KQMQiQM2 +QMbi`�BMi ?2HTb �M/ QM2 +�M Q#i�BM T`2+Bb2
2biBK�i2 T`QpB/2/ i?�i n " (βn − β1)p1/2X

jXj *QMp2t _2;`2bbBQM

amTTQb2 i?2 T�`�K2i2` β∗ b�iBb}2b β∗
i = f( i

p ) 7Q` i ∈
[p]- r?2`2 f Bb � +QMp2t 7mM+iBQMX 1[mBp�H2MiHv QM2 +�M
2tT`2bb i?Bb +QMbi`�BMi �b β∗

i −β∗
i−1 ≤ β∗

i+1−β∗
i 7Q` �HH

i ∈ {2, . . . , p− 1}X G2i i?2 b2i K #2

K := {β ∈ Rp : βi−βi−1 ≤ βi+1−βi, i ∈ {2, . . . , p−1}}.

Ai Bb bBKTH2 iQ +?2+F i?�i K Bb BM/22/ � +QMp2t b2i- �M/
?2M+2 UkXRV ?�b 2{+B2Mi BKTH2K2Mi�iBQMX q2 }`bi ;Bp2
� *Q`QHH�`v Q7 *Q`QHH�`v kX9X

*Q`QHH�`v jXd U�{M2 SB2+2b �/�TiBp2 _�i2VX amT@
TQb2 i?�i i?2 p2+iQ` β∗ ∈ K +QMbBbib Q7 ℓ �{M2 TB2+2bX
h?2M r2 ?�p2 i?2 7QHHQrBM; #QmM/

∥β∗ − β̂∥2 !
√

ℓ log ep/ℓ

n
σ +

σ√
n
.

6BM�HHv r2 T`QpB/2 � *Q`QHH�`v iQ h?2Q`2K kX8 r?B+?
/Bb+mbb2b ;2M2`�H +QMp2t 7mM+iBQMbX

*Q`QHH�`v jX3 U:2M2`�H LQM@�/�TiBp2 _�i2VX G2i
n " ((maxβi −minβi) + 1)1/2p1/4X h?2M rBi? T`Q#�@
#BHBiv �i H2�bi .99 r2 ?�p2

∥β∗ − β̂∥2 ! σ4/5((maxβi −minβi) + 1)1/5p1/10

n2/5

+ σ

√
log p

n
.

Ai 7QHHQrb i?�i +QMp2t `2;`2bbBQM rBi? 2[mBbT�+2/ /2@
bB;M +�M #2 +QMbBbi2Mi 2p2M r?2M p Bb Q7 i?2 Q`/2` Q7
n4X h?Bb +QMi`�bib i?2 irQ T`2pBQmb 2t�KTH2b- r?2`2
p +QmH/ #2 Q7 i?2 Q`/2` Q7 n2X

9 LlJ1_A*�G 1sS1_AJ1Lha

AM i?Bb b2+iBQM r2 T`2b2Mi MmK2`B+�H 2pB/2M+2 BM bmT@
TQ`i Q7 Qm` i?2Q`2iB+�H }M/BM;bX q2 +QMbB/2` bBt /B7@
72`2Mi b+2M�`BQb Q7 β∗ irQ T2` 2�+? 2t�KTH2 Ĝ QM2
�/�TiBp2 �M/ QM2 ;2M2`�H β∗X aT2+B}+�HHv- BM i?2
GBTb+?Bix 2t�KTH2 r2 i�F2 β∗ �b β∗

i = f�/�Ti(
i
p ) Q`

β∗
i = fMQM�/�Ti(

i
p ) r?2`2

f�/�Ti(x) = x (0 ≤ x < 1
3 )

+ (
2

3
− x)

[
(
1

3
≤ x <

2

3
)− (

2

3
≤ x ≤ 1)

]
,

fMQM�/�Ti(x) =
sin(10x)

10
.

aBKBH�`Hv 7Q` KQMQiQM2 `2;`2bbBQM r2 i�F2-

f�/�Ti(x) =
1
2 ( 13 ≤ x < 2

3 ) + ( 23 ≤ x ≤ 1),

fMQM�/�Ti(x) = x,

�M/ 7Q` +QMp2t `2;`2bbBQM r2 i�F2

f�/�Ti(x) = x, fMQM�/�Ti(x) = x2.

h?2 MQBb2 Bb εi ∼ N (0, 1)X q2 THQi i?2 2t�KTH2b Q7 i?2
T�`�K2i2`b β∗ �HQM; rBi? ivTB+�H 2biBK�i2b BM 6B;b k
�M/ jX �//BiBQM�H MmK2`B+�H bBKmH�iBQMb r?B+? p2`B7v
Qm` `2bmHib +�M #2 7QmM/ BM i?2 bmTTH2K2Mi�`v K�i2@
`B�HX

8 .Aa*laaAPL

AM i?Bb K�Mmb+`BTi r2 +QMbB/2`2/ :�mbbB�M HBM2�` `2@
;`2bbBQM mM/2` +QMp2t +QMbi`�BMibX q2 ;�p2 irQ ivT2b
Q7 ;2M2`�H `2bmHib Ĝ QM2 mM/2` i?2 T`2b2M+2 Q7 i�M@
;2Mi +QM2 bi`m+im`2 �M/ QM2 rBi?Qmi i?2 M22/ Q7 bm+?
bi`m+im`2X q2 �M�Hvx2/ i?`22 2t�KTH2b r?2`2 i?2 p2+@
iQ` β∗ Bb ;2M2`�i2/ #v �M mM/2`HvBM; 7mM+iBQM r?Qb2
b?�T2 Bb +QMbi`�BM2/ #v i?2 b2i KX h?2 2t�KTH2b r2
+QMbB/2`2/- b?Qr2/ i?�i GBTb+?Bix- KQMQiQM2 �M/ +QM@
p2t 7mM+iBQMb K�v #2 +QKT`2bb2/ iQ � HQr /BK2MbBQM�H
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6B;m`2 k, h?`22 ivTB+�H 2t�KTH2b Q7 bB;M�Hb β∗ UBM #Hm2
bQHB/ HBM2V r?B+? ?�p2 ǳbK�HHǴ i�M;2Mi +QM2 bi`m+im`2
rBi? i?2B` +Q``2bTQM/BM; 2biBK�i2b β̂ UBM `2/ /�b?2/
HBM2VX h?2 /BK2MbBQM p = 900- i?2 b�KTH2b n = 100-
�M/ r2 ?�p2 HBM2�`Hv BMi2`TQH�i2/ i?2 β∗ �M/ β̂ p�H@
m2bX 6Q` GBTb+?Bix `2;`2bbBQM- r2 ?�p2 +?Qb2M � TB2+2@
rBb2 �{M2 7mM+iBQM rBi? � }t2/ �M/ FMQrM bHQT2X 6Q`
KQMQiQM2 �M/ +QMp2t `2;`2bbBQM r2 mb2/ � TB2+2rBb2
+QMbi�Mi �M/ � HBM2�` 7mM+iBQM `2bT2+iBp2HvX
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U+V *QMp2t _2;`2bbBQM

6B;m`2 j, h?`22 2t�KTH2b Q7 bB;M�Hb β∗ r?B+? /Q MQi
?�p2 � ǳbK�HHǴ i�M;2Mi +QM2 rBi? i?2B` +Q``2bTQM/BM;
2biBK�i2b β̂X h?2 /BK2MbBQM p = 900- i?2 b�KTH2b
n = 100- �M/ r2 ?�p2 HBM2�`Hv BMi2`TQH�i2/ i?2 β∗

�M/ β̂ p�Hm2bX q2 b22 i?�i BM +QKT�`BbQM iQ 6B; k i?2
2biBK�i2b β̂ �`2 MQi �b +HQb2 iQ β∗ �M/ �TT2�` KQ`2
D�;;2/X *QMp2t `2;`2bbBQM b22Kb iQ ;Bp2 � +HQb2` }i
�b +QKT�`2/ iQ i?2 GBTb+?Bix �M/ KQMQiQM2 `2;`2b@
bBQMbX h?Bb +Q``Q#Q`�i2b Qm` }M/BM; i?�i +QMp2t `2@
;`2bbBQM rBi? 2[mBbT�+2/ /2bB;M ?�b � 7�bi2` `�i2 Q7
+QMp2`;2M+2X



:�mbbB�M _2;`2bbBQM rBi? *QMp2t *QMbi`�BMib

bT�+2 rBi? � :�mbbB�M K�i`Bt �M/ i?2M +QMbBbi2MiHv `2@
+Qp2`2/X
q?BH2 Qm` `2bmHib �`2 /2`Bp2/ BM � MQBbv b2iiBM;- Bi Bb MQi
?�`/ iQ b22 i?�i BM i?2 MQBb2H2bb b2iiBM; 2t�+i `2+Qp2`v
Bb TQbbB#H2 7Q` p2+iQ`b β∗ rBi? i�M;2Mi +QM2 bi`m+im`2
�b HQM; �b n " w2

1(TK,β∗)X q2 H2�p2 7Q` 7mim`2 rQ`F
i?2 [m2biBQM Q7 r?2i?2` 2t�+i `2+Qp2`v Bb TQbbB#H2 7Q`
p2+iQ`b H�+FBM; i�M;2Mi +QM2 bi`m+im`2X h?2 +QMD2+im`2
Bb i?�i 2t�+i `2+Qp2`v Bb BKTQbbB#H2- #mi i?2 b�K2 `�i2b
�b r2 /2`Bp2/ BM i?2 MQBbv b2iiBM; +QMiBMm2 iQ ?QH/X

�*ELPqG1.:1J1Lha

h?2 �mi?Q` Bb ;`�i27mH iQ 7Qm` �MQMvKQmb `2pB2r2`b
�M/ i?2 �`2� +?�B` 7Q` i?2B` +QKK2Mib �M/ bm;;2biBQMb
r?B+? ?2HT2/ iQ BKT`Qp2 i?Bb K�Mmb+`BTiX

_272`2M+2b

.X �K2HmMt2M- JX GQix- JX "X J+*Qv- �M/ CX �X
h`QTTX GBpBM; QM i?2 2/;2, S?�b2 i`�MbBiBQMb BM +QM@
p2t T`Q;`�Kb rBi? `�M/QK /�i�X AM7Q`K�iBQM �M/
AM72`2M+2, � CQm`M�H Q7 i?2 AJ�- jUjV,kk9ĜkN9- kyR9X

SX *X "2HH2+ �M/ �X "X hbv#�FQpX a?�`T Q`�+H2 #QmM/b
7Q` KQMQiQM2 �M/ +QMp2t `2;`2bbBQM i?`Qm;? �;;`2@
;�iBQMX CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?- Re,
R3dNĜR3Nk- kyR8X

SX *X "2HH2+ 2i �HX a?�`T Q`�+H2 BM2[m�HBiB2b 7Q` H2�bi
b[m�`2b 2biBK�iQ`b BM b?�T2 `2bi`B+i2/ `2;`2bbBQMX h?2
�MM�Hb Q7 ai�iBbiB+b- 9eUkV,d98Ĝd3y- kyR3X

aX "Qm+?2`QM- :X Gm;QbB- �M/ SX J�bb�`iX *QM+2M@
i`�iBQM BM2[m�HBiB2b, � MQM�bvKTiQiB+ i?2Q`v Q7 BM/2@
T2M/2M+2X PlS Pt7Q`/- kyRjX

hX hX *�B- hX GB�M;- �X _�F?HBM- 2i �HX :2QK2i`B+
BM72`2M+2 7Q` ;2M2`�H ?B;?@/BK2MbBQM�H HBM2�` BMp2`b2
T`Q#H2KbX h?2 �MM�Hb Q7 ai�iBbiB+b- 99U9V,R8jeĜR8ej-
kyReX

aX *?�ii2`D22- �X :mMim#QvBM�- "X a2M- 2i �HX PM
`BbF #QmM/b BM BbQiQMB+ �M/ Qi?2` b?�T2 `2bi`B+i2/ `2@
;`2bbBQM T`Q#H2KbX h?2 �MM�Hb Q7 ai�iBbiB+b- 9jU9V,
Rdd9ĜR3yy- kyR8X

aX *?�ii2`D22 2i �HX � M2r T2`bT2+iBp2 QM H2�bi b[m�`2b
mM/2` +QMp2t +QMbi`�BMiX h?2 �MM�Hb Q7 ai�iBbiB+b- 9k
UeV,kj9yĜkj3R- kyR9X

aX *?�ii2`D22 2i �HX �M BKT`Qp2/ ;HQ#�H `BbF #QmM/ BM
+QM+�p2 `2;`2bbBQMX 1H2+i`QMB+ CQm`M�H Q7 ai�iBbiB+b-
RyURV,Rey3ĜRekN- kyReX

uX :Q`/QMX PM KBHK�MǶb BM2[m�HBiv �M/ `�M/QK bm#@
bT�+2b r?B+? 2b+�T2 i?`Qm;? � K2b? BM RnX AM :2Q@
K2i`B+ �bT2+ib Q7 6mM+iBQM�H �M�HvbBb- T�;2b 39ĜRyeX
aT`BM;2`- RN33X

�X :mMim#QvBM� �M/ "X a2MX :HQ#�H `BbF #QmM/b �M/
�/�Ti�iBQM BM mMBp�`B�i2 +QMp2t `2;`2bbBQMX S`Q#�@
#BHBiv h?2Q`v �M/ _2H�i2/ 6B2H/b- RejUR@kV,jdNĜ9RR-
kyR8X

SX J�B`- EX >Q`MBF- �M/ CX /2 G22mrX AbQiQM2 QT@
iBKBx�iBQM BM `, TQQH@�/D�+2Mi@pBQH�iQ`b �H;Q`Bi?K
UT�p�V �M/ �+iBp2 b2i K2i?Q/bX CQm`M�H Q7 bi�iBbiB@
+�H bQ7ir�`2- jkU8V,RĜk9- kyyNX

aX PvK�F- *X h?`�KTQmHB/Bb- �M/ "X >�bbB#BX aBK@
TH2 #QmM/b 7Q` MQBbv HBM2�` BMp2`b2 T`Q#H2Kb rBi? 2t@
�+i bB/2 BM7Q`K�iBQMX �`sBp T`2T`BMi �`sBp,RjRkXye9R-
kyRjX

uX SH�M �M/ _X o2`b?vMBMX h?2 ;2M2`�HBx2/ H�bbQ rBi?
MQM@HBM2�` Q#b2`p�iBQMbX A111 h`�Mb�+iBQMb QM BM7Q`@
K�iBQM i?2Q`v- ekUjV,R8k3ĜR8jd- kyReX

uX SH�M- _X o2`b?vMBM- �M/ 1X um/QpBM�X >B;?@
/BK2MbBQM�H 2biBK�iBQM rBi? ;2QK2i`B+ +QMbi`�BMibX
AM7Q`K�iBQM �M/ AM72`2M+2, � CQm`M�H Q7 i?2 AJ�-
eURV,RĜ9y- kyRdX

*X h?`�KTQmHB/Bb- 1X �##�bB- �M/ "X >�bbB#BX h?2
H�bbQ rBi? MQM@HBM2�` K2�bm`2K2Mib Bb 2[mBp�H2Mi iQ
QM2 rBi? HBM2�` K2�bm`2K2MibX kyR8X

_X hB#b?B`�MBX _2;`2bbBQM b?`BMF�;2 �M/ b2H2+iBQM pB�
i?2 H�bbQX CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H aQ+B2ivX
a2`B2b " UJ2i?Q/QHQ;B+�HV- T�;2b kedĜk33- RNNeX

_X o2`b?vMBMX AMi`Q/m+iBQM iQ i?2 MQM@�bvKTiQiB+
�M�HvbBb Q7 `�M/QK K�i`B+2bX AM uX *X 1H/�` �M/
:X EmivMBQF- 2/BiQ`b- *QKT`2bb2/ a2MbBM;, h?2Q`v
�M/ �TTHB+�iBQMbX *�K#`B/;2 lMBp2`bBiv S`2bb- kyRkX

*X@>X w?�M; 2i �HX _BbF #QmM/b BM BbQiQMB+ `2;`2bbBQMX
h?2 �MM�Hb Q7 ai�iBbiB+b- jyUkV,8k3Ĝ888- kyykX


