An Optimal Algorithm for Stochastic Three-Composite Optimization

Renbo Zhao
ORC, MIT

1

William B. Haskell
ISEM, NUS

Vincent Y. F. Tan
ECE & Mathematics, NUS

Abstract

assume that Slater’s condition holds for Problem (1),
i.e., ri (dom P ) 6= ∅.

We develop an optimal primal-dual firstorder algorithm for a class of stochastic
three-composite convex minimization problems. The convergence rate of our method not
only improves upon the existing methods, but
also matches a lower bound derived for all firstorder methods that solve this problem. We
extend our proposed algorithm to solve a composite stochastic program with any finite number of nonsmooth functions. In addition, we
generalize an optimal stochastic alternating
direction method of multipliers (SADMM) algorithm proposed for the two-composite case
to solve this problem, and establish its connection to our optimal primal-dual algorithm.
We perform extensive numerical experiments
on a variety of machine learning applications
to demonstrate the superiority of our method
via-à-vis the state-of-the-art.

We focus on the stochastic setting in which f (x) ,
Eξ∼ν [F (x, ξ)], where ξ is a random variable with distribution ν. We assume that there exists a stochastic
first-order oracle SFO(f, σ) that upon a query at x ∈ Rd ,
returns an unbiased estimate of ∇f (x) with variance
σ 2 , conditioned on past history. (See Assumption 1 for
precise statements.)

INTRODUCTION

Consider the three-composite convex minimization
problem (TCMP)
h
i
min P (x) , f (x) + g(x) + h(Ax) ,
(1)
x∈Rd

where f, g : Rd → R , R ∪ {+∞} and h : Rm → R are
convex, closed, and proper (CCP) functions, and the
linear operator A : Rd → Rm has operator norm B > 0.
(Throughout this work, both Rd and Rm are Euclidean
spaces.) In addition, f is continuously differentiable
with L-Lipschitz gradient (L > 0) on Rd , and g and h
have “simple” proximal operators, e.g., those that can
be evaluated in closed forms. We denote the solution set
of Problem (1) by X ∗ and assume that X ∗ 6= ∅. We also
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In statistical learning, Problem (1) represents a doubly
regularized expected risk minimization problem that
includes many important instances, such as (graphguided) fused lasso [1, 2], matrix completion [3], portfolio optimization [4] and graph-guided sparse logistic
regression [5]. Note that if we set the distribution ν
to be the empirical distribution defined on the training data, we indeed recover the empirical risk minimization problem. In this case, the oracle SFO(f, σ)
simply returns the stochastic gradient obtained by random mini-batch sampling. Beyond statistical learning,
Problem (1) also arises in many other important areas, such as two-stage stochastic programming [6] and
constrained TV-denoising [7]. Such wide applications
are due to the flexibility of the (possibly nonsmooth)
functions g and h, i.e., they can either be regularizers or encode constraints (e.g., linear (in-)equalities or
ellipsoidal constraints).
Due to its wide applicability, Problem (1) has recently
received considerable attention. When ξ is deterministic, many algorithms have been developed to solve (1).
These methods include [8–17]. However, the studies
of the stochastic setting are relatively limited. In particular, it is unclear whether there are any existing
stochastic methods for solving Problem (1) that are
(minimax) optimal. In this work, we show that the
answer to this question is indeed negative. We do so
by developing an optimal algorithm with a superior
convergence rate compared to the existing methods.
1.1

Saddle-Point Form

Let h∗ : Rm → R denote the Fenchel conjugate of h.
To use the proximal operator of h (or h∗ ), we need

An Optimal Algorithm for Stochastic Three-Composite Optimization

to decouple the function h and the linear operator A.
To achieve this, we introduce the saddle-point form of
Problem (1), i.e.,
min max [S(x, y) , f (x) + g(x)

x∈Rd y∈Rm

+ hAx, yi − h∗ (y)].

(2)

By [18, Theorem 36.6], under Slater’s condition, x∗
is an optimal solution of Problem (1) if and only if
there exists y∗ ∈ Rm such that (x∗ , y∗ ) is a saddle
point of Problem (2). Thus, to find an optimal solution
of Problem (1), it suffices to find a saddle point of
Problem (2).
1.2

Related Works

We first review the methods that solve Problem (1). If
we disregard the specific structure of Problem (1), then
it can be solved by methods involving the stochastic
subgradient. Concretely, we can apply the stochastic
subgradient method [19–22] to P , by treating it as a
general nonsmooth function. As for more sophisticated
approaches, we can view fb , f + h◦A as a nonsmooth
function, and apply stochastic proximal subgradient [23,
24] or regularized dual averaging [25] to P = fb + g.
However, to use these methods, we need to assume that
the (stochastic) subgradients of P or fb are uniformly
bounded. This may fail to hold in general. In addition,
subgradient-based methods converge slowly in practice.
When A = I, i.e., the identity operator, two specialized methods have been recently proposed. Specifically, [26] proposed an accelerated stochastic gradient
method with proximal average [27], and [28] developed
a stochastic gradient method based on three-operator
splitting [29]. However, these two methods fail to handle the general linear operator A. Additionally, the
method in [28] can only handle strongly convex f .
Next, we turn our attention to the methods that solve
Problem (2). Similar to the discussions above, for a general nonsmooth convex-concave function, we can apply
the stochastic primal-dual subgradient method [20, 30]
to find its saddle point. These methods suffer from the
same problems as the subgradient-based methods mentioned above. When g ≡ 0 (or the indicator function
of a linear subspace), many algorithms [31–33] based
on the primal-dual hybrid gradient (PDHG) framework [34, 35] have been proposed to solve Problem (2).
However, these methods cannot handle a general nonsmooth function g. This limitation has been recently
overcome by [36], wherein a three-composite stochastic
PDHG algorithm was proposed.
Finally, we note that by introducing a slack variable
y = Ax, Problem (1) can be rewritten as a linearly
constrained composite stochastic program. This pro-

gram can be solved via SADMM algorithms [37–39],
by regarding fe , f + g as a nonsmooth function and
leveraging its stochastic subgradient. To exploit the
composite structure of fe, [40] develop a new SADMM
algorithm that makes use of the proximal operator of
g, rather than its subgradient.
1.3

Lower Bound and Optimality

We measure the convergence rate of any stochastic
method that solves Problem (2) by the expected primaldual gap (see (18) for its definition). Let K be the
total number of iterations. When g ≡ 0, a lower bound
on the convergence rates of all the methods that solve
Problem (2) under SFO(f, σ) has been derived in [31],
i.e.,

√ 
Ω L/K 2 + B/K + σ/ K .
(3)
This bound clearly holds for Problem (2) when g is a
general nonsmooth function.1 Since we focus on the
methods whose number of iterations is proportional to
the number of oracle queries, the convergence rate reflects the oracle complexity. All of the existing methods
(including the ones in this work) have this property.
However, to the best of our knowledge, none of
the existing (stochastic) methods achieves (3). The
state-of-the-art method
√ in [36] has convergence rate
O(L/K + B/K + σ/ K), when K is known a priori and used in setting the parameters in the algorithm. However, in many scenarios, the algorithm
is terminated by other criteria other than the total
number of iterations, so the knowledge of K may be
unavailable. If K is unknown, √
the rate degrades to
O(L/K + B log K/K + σ log K/ K).
We remark that while many previous works only focus
on achieving the optimal dependence on σ (which dominates asymptotically), obtaining optimal dependence
on L (and B) is important as well. This is because
in many practical applications, due to ill-conditioned
data, the value of L can be significantly larger than B
and σ. Hence the term involving L dominates for moderate K, which often appears due to time constraints or
low-accuracy requirements. The benefits of achieving
optimal dependence on L yielded by our method will
be illustrated through the extensive numerical experiments in Section 5.
1.4

Main Contributions

Our main contributions are threefold.
1
Due to the equivalence of Problems (1) and (2), the
lower bound (3) also applies to all the methods for solving
Problem (1). In this case, the convergence is measured by
the expected primal sub-optimality gap.
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First, we develop an optimal primal-dual algorithm for
solving Problem (2) whose convergence rate in expectation matches the lower bound (3), even when K is
unknown a priori. (See Remark 2 for the innovations
and technical difficulties to achieve this.) This also implies that the lower bound derived for g ≡ 0 is indeed
tight for the more general Problem (2). Additionally,
we also derive large-deviation-type convergence results
for the primal-dual gap. Such results complement the
convergence in-expectation results and have practical
significance. See Remark 8 for details.

Algorithm 1 Optimal Stochastic Primal-Dual Algorithm for TCMP
Input: Interpolation sequence {βk }k∈Z+ ,
dual stepsizes {αk }k∈Z+ , primal stepsizes
{τk }k∈Z+ , extrapolation sequence {θk }k∈Z+
Initialize: x0 ∈ dom g, y0 ∈ dom h∗ ,
x0 = x0 , y0 = y0 , z0 = x0 , k = 0
Repeat (until a convergence criterion is met)
ek := βk−1 xk + (1 − βk−1 )xk
x

(4)

Sample ξ k ∼ ν and vk , ∇x F (x, ξ k )|x=exk

Second, we extend our proposed algorithm to handle
the sum of any finite number of nonsmooth functions,
each coupled with a linear operator. This formulation
subsumes many important applications, e.g., (sparse)
overlapping group lasso [41, 42]. We also provide convergence analysis for this extension.

yk+1 := proxαk h∗ (yk + αk Azk )

Third, we generalize the optimal SADMM algorithm
in [39] to solve Problem (1), and establish the connection of this generalized algorithm to our primal-dual
method for solving Problem (2).

k := k + 1

Notations. Denote the set of nonnegative integers
by Z+ and define N , Z+ \{0}. We denote the Euclidean inner product by h·, ·i and k · k the norm induced by h·, ·i. We use bold lowercase letters and bold
uppercase letters to denote vectors and matrices, respectively. For a (bounded) linear operator A, we
use AT to denote its adjoint and |||A||| its operator
norm. For any n ∈ N, define [n] , {1, . . . , n}. For
any CCP function h : Rm → R, define dom h , {y ∈
Rm | h(y) < +∞} and for any t > 0 and x ∈ Rm ,
2
proxth (x) , arg minz∈dom h h(z) + kx − zk /(2t). Finally, all the sections and lemmas with indices beginning with ‘S’ will appear in the supplemental material.

x
z

k+1

k+1

k

T

:= proxτk g (x − τk (A y
k+1

:= x

x

k+1

:=

y

k+1

:=

k

(5)
k

+ v ))

k

−x )

(7)
(8)
(9)
(10)

k

Output: (x , y )

γk = k + 1, τk−1 =

√
4L
+ 2ρ0 B + ρσ k + 2
k+2

(12)

for any k ∈ Z+ , where ρ, ρ0 > 0 are constants (independent of k). Note that the convergence rate of
Algorithm 1 matches the lower bound (3) for any values
of ρ and ρ0 . See Section 3 for details.
Remark 1. We can easily extend Algorithm 1 to the
case where x in Problems (1) or (2) is minimized over
a closed convex set X . Indeed, we only need to replace
step (6) with
xk+1 := arg minx∈X kx − xk k2 /(2τk )
+ hx, AT yk+1 + vk i + g(x).

2

(6)

+ (1 − βk−1 )xk
+ (1 − βk−1 )yk

+ θk+1 (x

βk−1 xk+1
βk−1 yk+1

k+1

k+1

(13)

ALGORITHMS

The pseudo-code of our algorithm is shown in Algorithm 1. Algorithm 1 includes six sequences of iterates,
namely {xk }k∈Z+ , {e
xk }k∈Z+ , {xk }k∈Z+ , {yk }k∈Z+ ,
k
k
{y }k∈Z+ and {z }k∈Z+ . Among them, {xk }k∈Z+ and
{yk }k∈Z+ are the primal and dual iterates respectively,
and {xk }k∈Z+ and {yk }k∈Z+ are their weighted averages (see (8) and (9)). At each iteration k ∈ Z+ , we
ek between xk and
first construct an interpolated point x
k
ek
x , and then obtain a stochastic gradient of f at x
k
from SFO(f, σ), denoted by v . After that, we perform
dual ascent, primal descent and extrapolation steps
in (5), (6) and (7) respectively. Finally, we obtain the
weighted averages xk+1 and yk+1 .
We then choose the input sequences {βk }k∈Z+ ,
{αk }k∈Z+ , {τk }k∈Z+ and {θk }k∈Z+ as
θk =

k+1
(k + 1)(k + 4)
, βk =
, αk = ρ0 /B
k+2
2(k + 2)

(11)

The minimization problem in (13) admits closed-form
solutions in many scenarios [43].
Remark 2 (Innovations and Technical Difficulties). Although steps (5), (6) and (7) also appear
in [36, Algorithm 1], in this work, we add in three
important steps, i.e., the interpolation step (4) and the
primal and dual averaging steps (8) and (9). Although
these steps seem natural and simple, they require highly
nontrivial choices of the input sequences, including
{βk }k∈Z+ , {αk }k∈Z+ , {τk }k∈Z+ and {θk }k∈Z+ , in (11)
and (12). Indeed, it is these judicious choices of sequences that allow the convergence rate of Algorithm 1
to match the lower bound in (3). In fact, one can
observe significant differences between these choices
and those in [36, Section 2.3]. In addition, the sequences in (11) and (12) require no prior knowledge of
the total number of iterations K—this is again in stark
contrast to those in [36, Section 2.3] and being much
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Algorithm 2 Optimal Stochastic Primal-Dual
Algorithm for MCMP

in Algorithm 2 directly follow (11) and (12), except that
b = (Pp B 2 )1/2 .
in this case, we replace B with |||A|||
i=1 i
Remark 3. We can obtain proxαk h∗ in (5) from
proxh/αk via Moreau’s identity, i.e.,

Input: Interpolation sequence {βk }k∈Z+ ,
dual stepsizes {αk }k∈Z+ , primal stepsizes
{τk }k∈Z+ , extrapolation sequence {θk }k∈Z+
Initialize: x0 Q
∈ dom g, x0 = x0 , z0 = x0 ,
p
0
0
(y1 , . . . , yp ) ∈ i=1 dom h∗i ,
0
0
(y1 , . . . , yp ) = (y10 , . . . , yp0 ), k = 0
Repeat (until a convergence criterion is met)

proxth∗ (x) = x − tproxh/t (x/t), ∀ t > 0.

zk+1 := xk+1 + θk+1 (xk+1 − xk )

Remark 4. Based on the techniques in Section 2.1,
one may intend to rewrite the nonsmooth function g as
g(x) = supy0 ∈Rd hy0 , xi−g ∗ (y0 ) and apply Algorithm 2
to the new problem. However, this will introduce an
additional variable y0 (with the same dimension as x)
and hence increase the memory requirement of Algorithm 2. When x is high-dimensional, e.g., a positive
semi-definite matrix, this memory increase is significant.
Thus, when g is not coupled with a linear operator, we
prefer to perform the proximal step on the primal side
(see e.g., [13, 14]).

xk+1 := βk−1 xk+1 + (1 − βk−1 )xk , k := k+1

3

yik+1 := proxαk h∗i (yik + αk Ai zk ), ∀ i ∈ [p]
yk+1
:= βk−1 yik+1 + (1 − βk−1 )yki , ∀ i ∈ [p]
i
ek := βk−1 xk + (1 − βk−1 )xk
x
Sample ξ k ∼ ν and vk , ∇x F (x, ξ k )|x=exk
Pp
xk+1 := proxτk g (xk − τk ( i=1 ATi yik+1 + vk ))

Output: (xk , yk1 , . . . , ykp )

more practical. Consequently, these algorithmic innovations require much more novel and technical analysis
techniques (detailed in Section 3).
2.1

(17)

Extension to Multiple Nonsmooth Terms

Algorithm 1 can be extended to handle the multicomposite convex minimization problem (MCMP)
Pp
minx∈Rd f (x) + g(x) + i=1 hi (Ai x),
(14)
where p ∈ N and for each i ∈ [p], the linear operator Ai : Rd → Rmi has operator norm Bi > 0 and
hi : Rmi → R is CCP with a “simple” proximal operator.
Our approach is to use the product-space technique
Qp (see
e.g., [9, Section 5]). Specifically, define Rm , i=1 Rmi ,
P
b : x 7→ (A1 x, . . . , Ap x) and H : y
b 7→ pi=1 hi (yi ),
A
b , (y1 , . . . , yp ) ∈ Rm . Then (14) can be rewritwhere y
ten in the three-composite form as
b
minx∈Rd f (x) + g(x) + H(Ax).
(15)
Pp
By noting that H ∗ (b
y) = i=1 h∗i (yi ), the saddle-point
form of (15) can be written as
min
max
[S(x, y1 , . . . , yp ) , f (x) +
x∈Rd (y1 ,...,yp )∈Rm
Pp
Pp
+ i=1 hAi x, yi i − i=1 h∗i (yi )].
b

g(x)
(16)

Pp
T
bTy
b =
Based on (16) and that A
i=1 Ai yi and
proxαH (b
y) = (proxαh1 (y1 ), . . . , proxαhp (yp )) for any
α > 0, we can derive a parallelizable algorithm for (14)
based on Algorithm 1. The pseudo-code is shown in Algorithm 2. Note that the choices of the input sequences

CONVERGENCE ANALYSIS

Preliminaries. Let the sequence of random vectors
{ξ k }k∈Z+ be given in Algorithm 1 and denote the
probability space on which it is defined by (Ω, G, Pr).
For any k ∈ N, define Ξk , {ξ i }k−1
i=0 . Accordingly,
define a filtration {Fk }k∈Z+ such that F0 , {∅, Ω}
and Fk is the σ-field generated by Ξk . Define Dg ,
supx,x0 ∈dom g kx − x0 k and Dh∗ in a similar way. Based
on {θk }k∈Z+ , we define an auxiliary sequence {γk }k∈Z+
Qk
such that γk = i=0 θi−1 for any k ∈ Z+ . Finally,
define the primal-dual gap
G(x, y) , supy0 ∈dom h∗ S(x, y0 )
− inf x0 ∈dom g S(x0 , y). (18)
Assumption 1. For any k ∈ Z+ and ς ∈ R, the
stochastic noise εk , vk − ∇f (e
xk ) satisfies
 k

(A1) Eξk ε | Fk = 0 almost surely (a.s.)


(A2) Eξk kεk k2 Fk ≤ σ 2 a.s.



(A3) Eξk exp ςkεk k2 /σ 2 Fk ≤ exp{ς 2 + ς} a.s.
Remark 5. Two remarks are in order. First, by Jensen’s
inequality, (A3) implies (A2). These two assumptions
will be used in proving different convergence results below. Specifically, for convergence in expectation, (A2)
is sufficient. To show large-deviation-type convergence
results, we need (A3) instead, which indicates that
the random variable (kεk k2 /σ 2 − 1) is sub-Gaussian
conditioned on Fk . Second, by setting ς = 1 in (A3),
we (essentially) recover the classical assumption in the
literature, e.g., [22, Assumption A2].
p We impose this
stronger assumption to obtain O( log(1/δ)) dependence on the probability of failure δ (see Remark 7).
Main Results. We establish convergence results for
both Algorithms 1 and 2 when the domains of all the
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nonsmooth component functions are bounded. This
follows the convention of most works in the literature
on primal-dual methods. However, note that in the
unbounded case, Algorithms 1 and 2 still perform well
numerically (see Section 5). The proofs of all the results
in this section are deferred to Sections S-2 and S-3 in
the supplemental material.
To start with, we first establish convergence results for
all the input sequences (including {βk }k∈Z+ , {αk }k∈Z+ ,
{τk }k∈Z+ and {θk }k∈Z+ ) that satisfy certain conditions.
Proposition 1. Let dom g be compact and dom h∗
be bounded. In Algorithm 1, let β0 = 1,
βk−1 θk + 1 = βk , ∀ k ∈ Z+ ,
0 < θk ≤ min{τk−1 /τk , αk−1 /αk }, ∀ k ∈ N,

(19)
(20)

Next, we verify that the choices of the input sequences
in (11) and (12) indeed satisfy the conditions (19)
to (21) in Proposition 1. Moreover, these choices lead
to √
the optimal convergence rate of O(L/K 2 + B/K +
σ/ K).
Theorem 1. Let dom g be compact and dom h∗ be
bounded. In Algorithm 1, choose {βk }k∈Z+ , {αk }k∈Z+ ,
{τk }k∈Z+ and {θk }k∈Z+ as in (11) and (12). As a result, they satisfy conditions (19) to (21). Consequently,
if (A1) and (A2) hold, then for any K ∈ N,


8L
EΞK G(xK , yK ) ≤
D2
K(K + 3) g




4σ
4B
D2 ∗
2
+
ρ0 Dg2 + h0 + √
ρDg2 +
. (24)
K
4ρ
ρ
K +3

2

B αk−1 + L/βk−1 ≤ (1 − ζ)/τk−1 , ∀ k ∈ N,
(21)
PK−1
for some ζ ∈ (0, 1). Define ΓK , k=0 γk τk and
PK−1
Γ0K , ( k=0 γk2 )1/2 . If (A1) and (A2) hold, then
Dg2
Dh2 ∗
+
βK−1 τK−1
2βK−1 αK−1
(1 + ζ)ΓK 2
+
σ , ∀ K ∈ N. (22)
2ζβK−1 γK−1



EΞK G(xK , yK ) ≤

Also, if (A1) and (A3) hold, then for any δ ∈ (0, 1),
 p
Dg2
4 log(2/δ)Dg 0
1
G(xK , yK ) ≤
ΓK σ+
βK−1
γK−1
τK−1
p

2
1 + 2 log(2/δ)
Dh∗
+
+
ΓK σ 2
(23)
2αK−1 2ζγK−1 (1 + ζ)−1
with probability (w.p.) at least 1 − δ.
Remark 6. Note that the large-deviation-type result
in (23) cannot be obtained by a straightforward application of Markov’s inequality to (22), otherwise
the dependence of (23) onpδ will be O(1/δ), instead
of the much improved O( log(1/δ)). Rather, it requires a finer analysis involving Azuma-type martingale concentration results [44] and Assumption (A3).
To be specific, in our analysis (see Section S-4), the
martingale difference sequence that we work with is
{γk hεk , xk\ − xk i}k∈Z+ , where {xk\ }k∈Z+ is an auxiliary
sequence defined recursively as x0\ , x0 and for any
k ∈ Z+ , xk+1
, Πdom g [xk\ + τk εk ]. (Note that Πdom g
\
denotes the Euclidean projection onto dom g.) The
purpose of defining {xk\ }k∈Z+ in this manner is explained in Lemma S-1.
Remark 7. Note that all the previous large-deviationtype results for the stochastic subgradient methods,
e.g., [22, Corollary 1], have O(log(1/δ)) dependence
on δ. In contrast, our result
p in (23) has an improved
dependence on δ, i.e., O( log(1/δ)). This is partially
due to the slightly strengthened Assumption (A3). See
Remark 5 for details.

Also, if (A1) and (A3) hold, then for any δ ∈ (0, 1),


8L
4B
Dh2 ∗
2
0 2
D +
ρ Dg +
G(x , y ) ≤
K(K + 3) g
K
4ρ0


p
16σ
2
log(2/δ)
(25)
+√
Dg +
ρ
K +3
K

K

w.p. at least 1 − δ.
Remark 8. The large-deviation-type convergence result
in (25) complements the in-expectation result in (24),
in the sense that it indicates the behavior of a single realization of the random iterates {(xk , yk )}k∈N ,
rather than the ensemble average. Specifically, (25)
shows that the convergence rate of any realization is
rather
p insensitive to the error probability δ (indeed,
O( log(1/δ)) dependence). This result is important
when Algorithm 1 is only run for few times, which often
happens in practice.
Remark 9. If Dg and Dh∗ are known or can be estimated reasonably well, then we can optimize the righthand sides of (24) and (25) by choosing ρ0 = Dh∗ /(2Dg )
and ρ = 2/Dg . As a result,
8L
D2
K(K + 3) g
4B
12σ
+
Dg Dh∗ + √
Dg
K
K +3



EΞK G(xK , yK ) ≤

(26)

and for any δ ∈ (0, 1), w.p. at least 1 − δ,
G(xK , yK ) ≤

8L
4B
D2 +
Dg Dh∗
K(K + 3) g
K
32σ p
log(2/δ)Dg .
+√
K +3

(27)

Remark 10. Using similar arguments, we can also prove
the convergence results of Algorithm 2. We refer readers to Section S-5 for details.
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Algorithm 3 Optimal SADMM for TCMP
Input: Interpolation sequence {rk }k∈Z+ , stepsizes
{ηk }k∈Z+ and penalty parameter % > 0
Initialize: u0 ∈ dom g, ω 0 ∈ dom h, λ0 ∈ Rm ,
0
u0 = u0 , ω 0 = ω 0 , λ = λ0 , k = 0
Repeat (until some convergence criterion is met)
e k := rk uk + (1 − rk )uk
u
(29)
e k , ∇u F (u, ξ̃ k )|u=euk
Sample ξ̃ k ∼ ν and define v
ω k+1 := arg min L%k (uk , ω, λk )

(30)

uk+1 := arg min L%k (u, ω k+1 , λk )

(31)

λk+1 := λk − %(Auk+1 − ω k+1 )

(32)

ω∈dom h

u∈dom g

ω

k+1

:= rk ω

k+1

+ (1 − rk )ω

k

(33)

uk+1 := rk uk+1 + (1 − rk )uk
λ

k+1

:= rk λ

k+1

+ (1 − rk )λ

(34)

k

(35)

k := k + 1
Output: (uk , ω k , λk )

4

(36)

CONNECTION TO SADMM

Note that (1) can be equivalently written as a linearly
constrained problem
min

u∈Rd ,ω∈Rm

f (u) + g(u) + h(ω)

s. t. Au = ω. (28)

This equivalence naturally motivates us to use SADMMtype algorithms (e.g., [37, 38]) to solve Problem (1).
Since most of the existing algorithms are only developed for the case where g ≡ 0, we first propose a new
SADMM algorithm for solving (28). This method recovers a pre-conditioned variant of the optimal SADMM
algorithm in [39] when g ≡ 0, thus being a useful
generalization. Next, we establish the connection of
this new algorithm to Algorithm 1. We conclude that
this algorithm is a variant of Algorithm 1 with unit
extrapolation parameter, i.e., θk = 1, for any k ∈ Z+ .
4.1

A New SADMM Algorithm

The pseudo-code of our new SADMM algorithm is
shown in Algorithm 3. Similar to Algorithm 1, at
iteration k, we first construct an interpolated point
e k at which we obtain the stochastic gradient v
e k of
u
k
k
f . Then, we update the primal iterates (ω , u ) in a
Gauss-Seidel manner in steps (30) and (31), where the
augmented Lagrangian function
L%k (u, ω, λ)

k

k

In (37), Wk , aI−(ηk /rk )%AT A. To ensure Wk  0,
we choose a ≥ supk∈N (ηk /rk )%B 2 . Then we update the
dual iterate λk and finally, obtain the weighted average
(ω k+1 , uk+1 , λk+1 ).
For the choices of input parameters, we can choose any
% > 0. For any k ∈ Z+ , we choose rk = 1/(k + 1) and
ηk−1 = L + 2σ(k + 1)3/2 + c%B 2 (k + 1),

(38)

where c > 0 is a (tunable) constant. As a result, we can
choose a = ρB 2 /(3L1/3 σ 2/3 + c%B 2 ).
Remark 11. In the definition of L%k in (37), we use
pre-conditioning, i.e., replacing ku − uk k2 with the
quadratic form hu − uk , Wk (u − uk )i, to ensure that
the steps (30) and (31) in Algorithm 3 have closed-form
solutions. See [34] for more details.
Remark 12. The update order of the primal iterates
(ω k , uk ) in Algorithm 3 is slightly different from that
in most of the (stochastic) ADMM algorithms, wherein
uk is updated before ω k [45]. However, this difference
of update order does not affect the convergence of
Algorithm 3. For details, see [46].
Remark 13. Note that Algorithm 3 can be extended
to handle the MCMP in (14) in a similar fashion as in
Section 2.1.
4.2

Connection

To see the connection between Algorithm 3 and Algorithm 1, for any k ∈ Z+ , define ηek , ηk /(ark ),
zk+1
, 2uk+1 − uk ,
♦

(39)

k+1
y♦
, prox%h∗ (%Auk − λk ).

(40)

First, from (30), we have
k+1
ω k+1 = Auk − (λk + y♦
)/%.

(41)

Next, from (31), we have
k+1
uk+1 = proxηek g (uk − ηek (vk + AT y♦
)).

(42)

(The detailed derivation steps for both (41) and (42)
are deferred to Section S-6.) In addition, by substituting (41) into (32), we have
k
λk = −%A(uk − uk−1 ) − y♦
.

(43)

We then substitute (43) into (40) to obtain
k+1
k
y♦
= prox%h∗ (y♦
+ %Azk♦ ).

(44)

k

, f (u ) + hv , u − u i + g(u) + h(ω)
rk
+
hu − uk , Wk (u − uk )i
2ηk
− hλ, Au − ωi + (%/2)kAu − ωk2 . (37)

k
By letting xk = uk , yk = y♦
and zk = zk♦ , we observe that steps (44), (42) and (39) above recover
steps (5), (6) and (7) in Algorithm 1 respectively. In
this case, {e
ηk }k∈Z+ act as primal stepsizes and % as the

Renbo Zhao, William B. Haskell, Vincent Y. F. Tan

Benchmarks Ours

Table 1: Algorithms under Comparison

Abbrev.
OTPDHG
OSADMM
ESADMM
SADMM
ASG-PA
TPDHG
FOBOS

Algorithms
Algorithm 1 & Multi-Comp. Ext.
Algorithm 3 & Multi-Comp. Ext.
[40, Algorithm 1]
[38, Algorithm 2]
[26, Algorithm 1]
[36, Algorithm 1]
[23, Section 2]

dual stepsize. Additionally, the extrapolation parameek = u
e k , xk = uk and
ter equals one. Also, by letting x
k
k+1
k
k+1
y
= %(Au − ω
) − λ , steps (4), (8) and (9) in
Algorithm 1 can be recovered. The sequence {rk }k∈Z+
now corresponds to {βk−1 }k∈Z+ in Algorithm 1.
Finally, we compare the new primal stepsizes {e
ηk }k∈Z+
with the original ones in Algorithm 1, i.e., {τk }k∈Z+ .
Indeed, if we choose % = ρ0 /B, then these two
√ sequences
have the same scaling, i.e., Θ((L/k + B + σ k)−1 ). We
note that the interpolation sequences {rk }k∈Z+ and
{βk−1 }k∈Z+ have the same scaling as well, i.e., Θ(1/k).
This indicates that Algorithm 3 is a variant of Algorithm 1 with unit extrapolation parameter.

5

NUMERICAL EXPERIMENTS

Applications and Datasets. We compared the numerical performance of our algorithms (i.e., Algorithms 1 and 3 and their multi-composite extensions)
with five benchmark algorithms on three machine learning applications. These applications include graphguided sparse logistic regression (GLR) [5], graphguided fused lasso (GFL) [1] and sparse overlapped
group lasso (OGL) [42]. For all the applications, the
datasets we used were extracted from the LIBSVM [47]
repository (and normalized). All the datasets share
a common form {(ai , bi )}ni=1 , where {ai }ni=1 ⊆ Rd are
feature vectors and {bi }ni=1 ⊆ R are response variables.
For convenience, we term one pass over n data samples
as one epoch.
Algorithms. Our algorithms and the benchmark algorithms are listed in the Table 1, together with their
abbreviations. (All the benchmark methods are described in Section 1.2.) Note that we did not compare
our methods to the deterministic and variance-reduced
randomized algorithms since these methods cannot
solve Problem (1) in general, i.e., when the distribution
ν in has infinite support.
Parameter Settings. For all the benchmark algorithms, we used the parameter settings suggested in
the original works. For Algorithm 1 (OTPDHG), we set
ρ = 1×10−3 and ρ0 = 1×10−5 in (11) and (12) throughout all the experiments. For Algorithm 2 (OSADMM),
we set the penalty parameter % = ρ0 /B (as in Section 4)
and c = 6×10−2 in (38).
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Figure 1: Plot of the obj. error PGLR (x
versus (a)
number of epochs and (b) time (in seconds) on a9a.
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Figure 2: Plot of the obj. error PGLR (x
versus (a)
number of epochs and (b) time (in seconds) on covtype.

Comparison Criterion. Denote {xk }k∈Z+ as the sequence generated by each algorithm and P ∗ as the
optimal value of Problem (1). We estimated P ∗ via
Algorithm 1 in [14], which is a deterministic algorithm
for solving Problem (1). As a fair comparison of the
(empirical) convergence rates of all the algorithms, we
used the primal sub-optimality gap P (xk )−P ∗ as the
criterion. We ran each (stochastic) algorithm ten times.
Then we plotted the average realization of P (xk )−P ∗
versus the number of epochs, which reflects the number
of queries to the oracle SFO(f, σ). We also plotted
the average realization of P (xk )−P ∗ versus the actual
running time. (All the algorithms were implemented
in Matlab R R2016b on a machine with a 3.9 GHz
processor and 8 GB RAM.)
5.1

Graph-Guided Sparse Logistic Regression

To formulate the GLR problem, for any i ∈ [n], we first
d
define the logistic loss function `LR
i : R → R as
T
d
`LR
i (x) , log(1 + exp(−bi ai x)), ∀ x ∈ R .

(45)

Then we define the average loss function
Pn
d
`LR (x) , (1/n) i=1 `LR
i (x), ∀ x ∈ R .

(46)

In this case, each entry of the decision vector x corresponds to a feature. The relations among these features
can be represented using a matrix F. (See [37] for details.) Based on F, we then formulate GLR as
h
i
min PGLR (x) , `LR (x) + λ1 kxk1 + λ2 kFxk1 , (47)

x∈Rd

where λ1 , λ2 > 0 are regularization parameters.
√
We set λ1 = λ2 = 1/ n and generated the set of
weighted edges E in a similar fashion as in [37, Sec-
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tion 5.2]. At each iteration k, to obtain the stochastic gradient vk , we first uniformly randomly sampled
a subset Bk ⊆ [n] (without replacement) such that
|Bk | = bn/100c. Then we let
P
k
vk = (1/|Bk |) i∈Bk ∇`LR
(48)
i (x ).

10 0

10 -2

10 -4

2

Note that in this case, the noise variance σ in (A2)
can be easily estimated from [48, Lemma T-3]. We will
also obtain vk in the same way in Sections 5.2 and 5.3.
We tested all the algorithms on the a9a and covtype
datasets. The results are shown in Figures 1 and 2
respectively. From both figures, we observe that OTPDHG and OSADMM consistently and significantly outperform the benchmark algorithms, in terms of both
the number of epochs and running time. In particular, from Figure 2, we clearly observe that OTPDHG
exhibits an O(1/K 2 ) convergence rate. This indeed
corroborates our theoretical results in Theorem 1. Although OSADMM is closely related to OTPDHG (see
Section 4.2), the exact parameter settings therein are
different from those in OTPDHG. This explains the
differences between the numerical performances of OSADMM and OTPDHG.
5.2

Graph-Guided Fused Lasso

10 0

OTPDHG
OSADMM
ESADMM
SADMM
TPDHG
ASG-PA
FOBOS

10 0

As a result, we have
h
i
min PGFL (x) , `LS (x) + λ1 kxk1 + λ2 kFxk1 , (49)
x∈Rd

We tested all the algorithms on both cadata and YPM
(YearPredictionMSD) datasets. The results are shown
in Figures 3 and 4 respectively. Our observations from
these two figures are indeed consistent with those in
Section 5.1. Specifically, our algorithms (OTPDHG and
OSADMM) outperform the benchmark methods. Also,
the performance of OSADMM is slightly inferior to that
of OTPDHG. See Section 5.1 for explanations.
5.3

Sparse Overlapping Group Lasso

We finally consider a multi-composite stochastic optimization problem in the form of (14), where ν has
finite support. Given a set of index groups {Gi }pi=1
where each Gi ⊆ [d] and positive parameters {λi }pi=0 ,
the OGL problem is
h
i
Pp
min POGL (x) , `LS (x) + λ0 kxk1 + i=1 λi kxGi k ,
x∈Rd
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Figure 3: Plot of the obj. error PGFL (x
versus (a)
number of epochs and (b) time (in seconds) on cadata.
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Figure 4: Plot of the obj. error PGFL (xk )−PGFL
versus (a)
number of epochs and (b) time (in seconds) on YPM.
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Figure 5: Plot of the obj. error POGL (xk )−POGL
versus (a)
number of epochs and (b) time (in seconds) on cpusmall.
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where the regularization parameters λ1 and λ2 , and
the matrix F are all the same as in Section 5.1.
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k

10

The GFL problem can be formulated similarly as GLR
in Section 5.1. In this case we replace the logistic loss
function `LR in (47) by the least-square loss function
Pn
`LS (x) , (1/n) i=1 (aTi x − bi )2 /2, ∀ x ∈ Rd .
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Figure 6: Plot of the obj. error POGL (xk )−POGL
versus (a)
number of epochs and (b) time (in seconds) on abalone.

where xGi denotes the subvector of x indexed by Gi .
Since this problem is an instance of Problem (14), we
can use the multi-composite extensions of OTPDHG and
OSADMM to solve it (see Section 2.1 and Remark 13).
We generated the index groups {Gi }pi=1 and the regularization parameters {λi }pi=0 in the same way as
in [36, Section 5.4]. We tested all the algorithms on
both cpusmall and abalone datasets. The results are
shown in Figures 5 and 6 respectively. From both figures, we obtain the same conclusions as in Sections 5.1
and 5.2. Specifically, apart from the superior performance of OTPDHG and OSADMM, the O(1/K 2 ) convergence rates of OTPDHG (for moderate K) are also
evident.
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