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Abstract
While most popular collaborative filtering methods use low-rank matrix factorization and parametric density assumptions,
this article proposes an approach based on
distribution-free concentration inequalities.
Using agnostic hierarchical sampling assumptions, functions of observed ratings are provably close to their expectations over query
ratings, on average. A joint probability
distribution over queries of interest is estimated using maximum entropy regularization. The distribution resides in a convex hull
of allowable candidate distributions which
satisfy concentration inequalities that stem
from the sampling assumptions. The method
accurately estimates rating distributions on
synthetic and real data and is competitive
with low rank and parametric methods which
make more aggressive assumptions about the
problem.

1

INTRODUCTION

This article proposes a novel approach to the collaborative filtering problem by exploiting the concentration of user and item statistics. By making a relatively
agnostic assumption that users and items are drawn
independently and identically-distributed (iid ), it can
be shown that the statistics of training ratings must
concentrate close to the expectations of corresponding query ratings. Such assumptions are weaker than
those used in previous approaches which often assume
a parametric form on the generative model or assume
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that the rating matrix is low-rank. Nevertheless, an
otherwise indifferent probability estimate that obeys
such bounds (for instance the maximum entropy estimate) provides state-of-the-art performance.
The method described herein is largely complementary with current approaches since these leverage different intuitions, such as specific parametric forms for
the distributions involved and low-rank constraints on
the rating matrix. For instance, the assumption that
the ratings matrix is low rank underlies many singular value decomposition (SVD) techniques. Therein,
users and items are assumed to be iid, and ratings are
assumed to be randomly revealed such that there is
no bias between training and testing statistics. These
assumptions already have been shown to be unrealistic (Marlin et al., 2007), however empirical performance remains promising. The SVD approach further assumes that the ratings are sampled from distributions parametrized by the inner products of lowdimensional descriptor vectors for each user and each
item. In other words, the full rating matrix is assumed
to be the product of a user population matrix and an
item population matrix, possibly with additional independent noise. Often, such matrices are estimated
with some form of regularization, either by truncating their rank, by penalizing their Frobenius norm or
by placing Gaussian priors (a parametric assumption)
on their descriptor vectors (Breese et al., 1998; Lim &
Teh, 2007; Montanari et al., 2009; Rennie & Srebro,
2005; Salakhutdinov & Mnih, 2008b; Salakhutdinov &
Mnih, 2008a; Srebro et al., 2005; Weimer et al., 2007).
Conversely, the approach in this article only makes
minimal hierarchical sampling assumptions. It assumes that users and items are sampled iid and that
each rating is subsequently sampled independently
from a conditional probability distribution that depends on the respective user-item pair in an arbitrary
manner. It is also assumed that the ratings are revealed randomly. The resulting learning algorithm
makes no further assumptions about the distributions
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or the interaction between items and users (such as
the inner product assumption most low-rank matrixfactorization methods make). Subsequently, we prove
that, as long as each rating distribution depends only
on the user and item involved, statistics from a user’s
(or item’s) training data concentrate around the expected averages of the query probabilities. The result
is a concentration inequality which holds regardless of
modeling assumptions. The combination of these concentration inequalities defines a convex hull of allowable distributions. With high probability, the desired
solution lives within this set but is otherwise underdetermined. A reasonable way to select a particular
member of this set is to identify the one that achieves
maximum entropy (or minimum relative entropy to a
prior). The maximum entropy criterion is merely used
as an agnostic regularizer to handle the underdetermined estimation problem and ensure the uniqueness
of the recovered estimate within the convex hull.
Since the dependencies in the rating process exhibit a
hierarchical structure, the method proposed is reminiscent of the hierarchical maximum entropy framework
(Dudı́k et al., 2007). In fact, the proposed algorithm
can be viewed as a specific application of hierarchical maximum entropy where we estimate distributions
linked by common parents (from which we have no
samples) using statistics gathered from separate distributions with one sample each. Thus, the collaborative
filtering setting is an extreme case of the hierarchical
maximum entropy setup since, without the hierarchy,
there would be no information about certain components of the probability model. Moreover, previous
work (Dudı́k et al., 2007) proposed tree-structured hierarchies while this article explores a grid-structured
(non-tree) hierarchy due to the matrix setup of users
and items in the collaborative filtering problem.
We emphasize that the proposed intuitions and concentration inequalities herein complement previous
parametric approaches and provide additional structure to the collaborative filtering problem. They may
be used in conjunction with other assumptions such
as low-rank matrix constraints. Similarly, the concentration bounds hold whether the data is generated by
a distribution with known parametric form or by any
arbitrary distribution.

2

ALGORITHM DESCRIPTION

Consider the collaborative filtering problem where the
input is a partially observed rating matrix X ∈ ZM×N .
Each matrix element xij ∈ {1, . . . , K} is a random
variable representing the rating provided by the i’th
user for the j’th item where i ∈ {1, . . . , M } and
j ∈ {1, . . . , N }. The users {u1 , . . . , uM } and the

Du

Dv

u1

u2

...

un

v1

x11

x21

...

xn1

v2

x12

x22

..
.

..
.

vm

x1m

x2m

...
. ..
..
...

xn2

..
.

..
.
xnm

Figure 1: Graphical Model of Sampling Assumptions.
We solve for the probabilities of the query ratings without explicitly estimating the user and item descriptors.
items {v1 , . . . , vN } are variables drawn iid from arbitrary sample spaces ui ∈ Ωu and vj ∈ Ωv , respectively. The observed ratings (where a sample of the
random variable is provided) will be treated as a training set for the collaborative filtering problem and used
to estimate unobserved ratings (where no sample of
the random variable is available). The desired output is a set of predicted probability distributions on
certain query ratings whose indices are specified a priori. Let T be the set of observed training (i, j) indices and let Q be the set of query indices. Given
{xij |(i, j) ∈ T } and Q, we wish to estimate the probabilities {p(xij |ui , vj )|(i, j) ∈ Q}.
2.1

Assumptions

A major challenge in the sampling setting of collaborative filtering is that only a single sample
rating1 is observed from the training distributions
{p(xij |ui , vj )|(i, j) ∈ T } and zero samples are observed
from the query distributions {p(xij |ui , vj )|(i, j) ∈ Q}.
To transfer information from training samples to the
query distributions, it will be helpful to make a hierarchical sampling assumption. Figure 1 depicts a
graphical model representation of the proposed structure that will be used. First, users are drawn iid from
an unknown distribution p(u) and items are drawn
iid from another unknown distribution p(v). Subsequently, for some pairs of users and items, a rating is
drawn independently with dependence on the corresponding item and user samples (the rating’s parents
in the graphical model).
It is natural to require that the ratings are samples
from multinomial distributions over a range of rat1
Recommendation data sets may include multiple ratings per user-item pair, though these are rare in practice.

335

Bert Huang, Tony Jebara

ing values. In most collaborative filtering data sets
(e.g., the Movielens data sets), ratings are discrete integer values (e.g., 1 to 5), so the multinomial is nonrestrictive. We further assume that the multinomial
distributions are conditioned on a latent user descriptor variable ui ∈ Ωu and a latent item descriptor variable vj ∈ Ωv for each query xij ∈ {1, . . . , K}. In
other words, we assume rating samples are drawn from
p(xij |ui , vj ) = g(xij , ui , vj ), where g provides an arbitrary mapping of the user and item descriptor variables to a valid multinomial distribution in the probability simplex. This is in contrast to standard (SVD)
assumptions, which require that the function is constrained to be g(xij , u⊤
i vj ), where the function g may
be constrained parametrically and must depend solely
on the inner product of low-dimensional vector descriptors in a Euclidean space.

training ratings for user i and let nj be the number of
training ratings for item j. These averages are then

Ratings xij for different users and items in this formulation are not identically distributed, not even for any
particular user or item. The distribution p(xij |ui , vj )
for user i for an item j can be dramatically different
from p(xik |ui , vk ), user i’s rating distribution for another item k 6= j. However, the sampling structure
in Figure 1 allows the transfer of information across
many distributions since users (and items) are sampled
iid from a common distribution p(u) (and p(v)). The
joint probability
distribution implied by the figure facQ
torizes as ij p(xij |ui , vj )p(ui )p(v
Q j ) and, in particular,
we are interested in recovering (i,j)∈Q p(xij |ui , vj ).

The following theorem bounds the differences between
the quantities in Equation (1) and Equation (2).

The aforementioned sampling assumptions will establish that the empirical average of any function of the
ratings generated by a single user (or item) is close
to its expectation with high probability. More specifically, empirical averages over training samples are
close to corresponding averages over the expected values of the query distributions.
2.2

Concentration Bound

In this section, we present a theorem proving the concentration of training statistics to expected query averages. Specifically, we consider bounded scalar functions fk (x) 7→ [0, 1] that take ratings as input and
output a value inclusively between 0 and 1. Examples
of such functions include the normalized rating itself
(e.g., (x− 1)/(K − 1), for ratings from 1 to K), or indicator functions for each possible value (e.g., I(x = 1)).
We will consider bounding the difference of two quantities. The first quantity is the empirical average of
function fk (x) over the training ratings. Since this
quantity is fixed throughout learning, we simplify notation by using µik to denote this average of function
fk (x) for user i’s ratings, and using νjk to denote the
average for item j’s ratings. Let mi be the number of

µik =

1
mi

X

fk (xij ), νjk =

j|(i,j)∈T

1
nj

X

fk (xij ). (1)

i|(i,j)∈T

The second quantity of interest is the expected average of fk (x) evaluated on the query ratings. Let m̂i
be the number of query ratings for user i and n̂j be
the number of query ratings for item j. The expected
averages are then expressed as
X
1
Ep(xij |ui ,vj ) [fk (xij )],
m̂i
j|(i,j)∈Q

1
n̂j

X

Ep(xij |ui ,vj ) [fk (xij )].

(2)

i|(i,j)∈Q

Theorem 1. For the ratings of user i, the difference
ǫik

=

1
mi
−

X

fk (xij )

j|(i,j)∈T

1
m̂i

X

Ep(xij |ui ,vj ) [fk (xij )]

(3)

j|(i,j)∈Q

between the average of fk (x) 7→ [0, 1] over the observed
ratings and the average of the expected value of fk (x)
over the query ratings is bounded above by
s
s
ln 2δ
(mi + m̂i ) ln 2δ
ǫik ≤
+
(4)
2mi
2mi m̂i
with probability 1 − δ.
The proof is deferred to Appendix A. The same difference is also bounded by the following corollary.
Corollary 2. The difference ǫik defined in Equation
(3) is bounded below by
s
s
ln δ2
(mi + m̂i ) ln δ2
−
(5)
ǫik ≥ −
2mi
2mi m̂i
with probability 1 − δ.
Since Theorem 1 holds for any bounded function, applying the result for function 1−fk (x) proves the corollary. Moreover, the same bounds hold for item ratings
as summarized by the following corollary.
Corollary 3. For the ratings of item j, the difference
between the average of fk (x) 7→ [0, 1] over the observed
ratings and the average of the expected value of fk (x)
over the query ratings is bounded above and below with
high probability.
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The proof follows by replacing all references to users
with references to items and vice versa. This produces concentration bounds that are similar to those
in Equations (4) and (5).
Not only does Theorem 1 provide assurance that
we should predict distributions with similar averages
across training and query entries of X, the dependence
of the bounds on the number of training and query
samples adaptively determine how much deviation can
be allowed between these averages. Due to the linearity of the expectation operator, each bound above
produces a linear inequality or half-space constraint on
p(xij |ui , vj ). The conjunction of all such half-spaces
forms a convex
Q hull ∆ of allowable choices for the
distribution (i,j)∈Q p(xij |ui , vj ). These bounds hold
without parametric assumptions about the conditional
probabilities p(xij |ui , vj ) generating the ratings. They
also make no parametric assumptions about the distributions p(u) and p(v) generating the users and the
items. The δ confidence value adjusts all the deviation
inequalities and can be used as a regularization parameter. A small value of δ effectively relaxes the convex
hull of inequalities while a large value of δ permits less
deviation and shrinks the hull. Thus, δ controls all
deviation inequalities which also individually depend
on the cardinality of their training and query ratings.

2.3

Maximum Entropy

To choose from the candidate distributions p ∈ ∆ that
fit the constraints derived in the previous section (and
reside inside the prescribed convex hull), we apply the
maximum entropy method. The Q
solution distribution
p recovered will be of the form (i,j)∈Q p(xij |ui , vj ).
We choose the distribution that contains the least information subject to the deviation constraints from
the training data. Alternatively, we can minimize relative entropy to a prior p0 subject to the constraints
defined by the deviation bounds. This is a strictly
more general approach since, when p0 is uniform, minimum relative entropy coincides with standard maximum entropy. We suggest using a single identical maximum likelihood multinomial distribution over all ratings
Q independent of user and item for the prior, namely
(i,j)∈Q p0 (xij ). Hence, we use the terms maximum
entropy and minimum relative entropy interchangeably.
Assume we are given a set of functions F where fk ∈ F
and k ∈ {1, . . . , |F |}. Let αi be the maximum deviation allowed for each function’s average expected value
for i. Let βj be the maximum deviation allowed for
each function’s average expected value for item j. The
α and β ranges are set according to Theorem 1 and its

corollaries. For some δ, the allowed deviations are
s
s
ln 2δ
(mi + m̂i ) ln 2δ
+
αi =
2mi
2mi m̂i
s
s
ln δ2
(nj + n̂j ) ln 2δ
βj =
+
.
2nj
2nj n̂j
These scalars summarize the convex hull ∆ of distributions that are structured according to the prescribed
sampling hierarchy.
The primal maximum entropy problem is
X
X
max
H(pij (xij )) +
pij (xij ) ln p0 (xij )
p

ij∈Q

s.t.

ij∈Q,xij

1 X X
pij (xij )fk (xij ) − µik ≤ αi , ∀i, k
m̂i
x
j|ij∈Q

ij

1 X X
pij (xij )fk (xij ) − νjk ≤ βj , ∀j, k.
n̂j
x
i|ij∈Q

ij

In the above, pij (xij ) is used as shorthand for the conditional probabilities p(xij |ui , vj ) for space reasons. In
practice, the dual form of the problem is solved. This
is advantageous because the number of queries is typically O(M N ), for M users and N items, whereas the
number of constraints is O(M + N ). Moreover, only a
sparse set of the constraints is typically active. Since
the primal problem is more intuitive, the details of the
dual formulation are deferred to Appendix B. Given a
choice of the feature functions F , a setting of δ and a
set of observations, it is now straightforward to solve
the above maximumQentropy problem and obtain a solution distribution (i,j)∈Q p(xij |ui , vj ).
2.3.1

Feature Functions

This subsection specifies some possible choices for the
set of feature functions F . These are provided only
for illustrative purposes since many other choices are
possible as long as the functions have [0, 1] range. For
discrete ratings {1, . . . , K}, a plausible choice of F is
the set of all possible conjunctions over the K settings. For example, the set of all singleton indicator
functions and the set of pairwise conjunctions encodes
a reasonable set of features when K is small:
fi (x)
fi,j (x)

=
=

I(x = i),
I(x = i ∨ x = j),

i ∈ {1, . . . , K},
(i, j) ∈ {1, . . . , K}2 .

These are used to populate the set F as well as the
linear and quadratic transformation functions f (x) =
(x − 1)/(K − 1) and f (x) = (x − 1)2 /(K − 1)2 . Each
of these functions is bounded by [0, 1]. It is thus possible to directly apply Theorem 1 and produce the constraints for the maximum entropy problem.
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EXPERIMENTS

This section compares the maximum entropy (Maxent) method against other approaches for both synthetic and real data sets. A popular contender method
is Fast Max-Margin Matrix Factorization (fMMMF)
(Srebro et al., 2005) which factorizes the rating matrix subject to a low trace-norm prior. One variant
of MMMF uses logistic loss to penalize training rating errors, which provides a smooth approximation of
hinge-loss. The cost function for Fast MMMF with
all-threshold logistic loss is as follows (Rennie, 2007):

X 
⊤
ln 1 + esgn(xij −r)(θir −ui vj ) .
||U ||2F + ||V ||2F + C
r,(i,j)∈T

The sgn function outputs +1 when the input is positive and −1 otherwise. Consider a probabilistic interpretation of fMMMF where the above cost function is
viewed as a log-loss associated with the likelihood
Y
Y
Y
p(vj ).
p(ui )
p(xij |ui , vj , θ)
p(X, U, V |θ) =
(i,j)∈T

i

j

The priors p(ui ) and p(vj ) on the user and item descriptors are zero-mean, spherical Gaussians scaled by
1
C and the conditional rating probability is defined by
p(xij |ui , vj , θ) ∝

Y
r

1
.
sgn(xij −r)(θir −u⊤
(
i vj ))
1+e

(6)

The above allows direct comparison of log-likelihood
performance of distributions estimated via Equation
(6) versus the proposed maximum entropy method.
The logistic-loss Fast MMMF method is evaluated using the author’s publicly available code (Rennie, 2007).
Two additional comparison methods were considered:
the Probabilistic Matrix Factorization (PMF) technique (Salakhutdinov & Mnih, 2008b) and its Bayesian
extension (Salakhutdinov & Mnih, 2008a). Both methods learn the parameters of the graphical model structure in Figure 1. However, each makes parametric assumptions: Gaussian observation noise and Gaussian
priors on the user and item descriptors. PMF performs maximum a posteriori (MAP) estimation on the
model and Bayesian PMF uses Gibbs sampling to simulate integration over the Gaussian priors. Since PMF
only estimates Gaussian means, the noise parameters
can be set subsequently by choosing the value that
produces the highest likelihood.
Finally, for experiments with real data, we also compare against the likelihoods using simple estimators
such as a uniform distribution over all ratings or an
identical maximum likelihood estimate p0 (xij ) for all
query ratings.

Table 1: Average Likelihood and Divergence Results
for Synthetic Data. Values are averages over 10 folds
and statistically significant improvements (according
to a two-sample t-test) are displayed in bold. Higher
log-likelihood and lower KL-divergence are better.
Log-Likelihood
KL-divergence

3.1

fMMMF
−39690 ± 214
11254 ± 315

Maxent
−35732 ± 216
4954 ± 154

Synthetic experiments

One drawback of real data experiments is that ground
truth rating distributions are not given, only samples
from these are available. Therefore, consider a synthetic scenario where the exact rating distributions are
specified and used to generate samples to populate the
rating matrix.
First, 500 users and 500 items were sampled from a
uniform probability density such that ui , vj ∈ [0, 1]5 .
The rating distribution is then a multinomial with
entries proportional to the element-wise product of
the corresponding user-item pair: p(xij = r|ui , vj ) ∝
ui (r)vj (r). Subsequently, a random subset T of training ratings was formed by drawing one sample from
20% of the entries of the rating matrix. These observed rating samples were provided to both fMMMF
and Maxent. For both algorithms, 10% of the training set was used for cross-validation. The appropriate
scalar regularization parameter (C or δ) was chosen by
maximizing likelihood on this validation set.
A random subset Q of testing ratings was then formed
by drawing one sample from 20% of the entries of
the rating matrix (these entries were disjoint from the
training entries). The out-of-sample test likelihood
was then computed over Q. This setting is similar to a
typical testing procedure with real data. Higher likelihood scores indicate a better estimate of the rating
distribution however each rating distribution is only
sampled once. Therefore, we also report the Kullback5
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Figure 2: Average Log Likelihoods for each Algorithm
on Movielens Data. The log-likelihoods are plotted
against the regularization or confidence parameter δ
in the maximum entropy method.
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Leibler (KL) divergence between the true query multinomials and the estimated distributions p(xij |ui , vj ).
The above experiment is repeated ten times and average results are reported across the trials. The maximum entropy method obtains higher likelihood scores
as well as lower divergence from the true distribution
than the fMMMF method. The advantages are statistically significant under both performance metrics.
Table 1 summarizes the synthetic experiments.
3.2

Movie Ratings

This section compares several algorithms on the the
popular Movielens data set. This data set is a collection of over one million ratings from over six thousand
users for over three thousand movies. The ratings are
integers ranging from 1 to 5. We randomly split the
ratings in half to define the training and query useritem pairs. To choose regularization parameters, 20%
of the training ratings were held out as a validation
set. Finally, we test the resulting likelihoods on the
query ratings.
On three random splits of training/validation/testing
sets, the log-likelihood of the testing ratings was obtained for several methods. The maximum entropy
method obtains the highest test likelihood, which improves over 20% more than the improvement obtained
by the leading contender method relative to the naive
p0 (x) prior. Figure 2 illustrates the average likelihood
for various regularization parameter settings compared
to the competing methods. Our likelihood improvement is statistically significant according to a twosample t-test with the rejection threshold below 1e−5.
Log-likelihoods of each method are listed in Table 2.
We also compare ℓ2 error on the ratings. This is done
by recovering point-estimates for the ratings by taking
the expected value of the rating distributions. Comparing against other maximum-likelihood methods like
fMMMF and PMF, Maxent obtains slightly higher accuracy. All three methods are surpassed by the performance of Bayesian PMF, however. Interestingly,
simply averaging the predictions of fMMMF and Maxent or the predictions of PMF and Maxent produces
more accurate predictions than either algorithm alone.
This suggests that the methods are complementary
and address different aspects of the collaborative filtering problem. The ℓ2 errors are listed in Table 3.

4

DISCUSSION

A method for collaborative filtering was provided that
exploits concentration guarantees for functions of ratings. The method makes minimal assumptions about
the sampling structure while otherwise remaining ag-

nostic about the parametric form of the generative
model. By assuming that users and items are sampled
iid, general concentration inequalities on feature functions of the ratings were obtained. A solution probability distribution constrained by these concentration
inequalities was obtained via the maximum entropy
criterion. This method produced state-of-the-art performance by exploiting different intuitions and simpler assumptions than leading contenders. Furthermore, the proposed method is complementary with
the assumptions in other approaches. Simply exploiting concentration constraints produces strong collaborative filtering results and more sophisticated models
may also benefit from such bounds.
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A

Concentration Proof

Proof of Theorem 1. The main intuition is that the
total deviation between the expected query average
and training average is composed of (1) the deviation between the training average and the expected
training average and (2) the deviation between the expected training average and the expected query average. Since each component involves independent
(though not necessarily iid) variables, McDiarmid’s inequality (McDiarmid, 1989) can be invoked.

BPMF
0.8717
0.8710
0.8723
0.8717

Maxent+fMMMF
0.9079
0.9052
0.9065
0.9065

Since the range of function fk is bounded by [0, 1], the
deviation function ǫik is Lipschitz continuous with constants 1/mi for the training ratings and 1/m̂i for the
query item variables. Furthermore, ǫik is a function of
two sets of independent variables allowing the application of McDiarmid’s inequality (twice). After simplifying, the probability of ǫik exceeding its expected
value by a constant t1 is bounded by


2mi m̂i t21
.
(7)
p (ǫik − Ex,v [ǫik ] ≥ t1 ) ≤ exp −
mi + m̂i
Here, we write Ex,v to denote the expectation over
the training ratings {xij | (i, j) ∈ T } and all item
descriptors, {vj |(i, j) ∈ T ∪Q}. The expectation E[ǫik ]
is not exactly zero but can be shown to be close to
zero with high probability. First, simplify the quantity
using the linearity of expectation to obtain
Ex,v [ǫik ] =

ǫik

=

1
mi
−

1
m̂i

X

fk (xij )p(xij |ui , vj ).

j|(i,j)∈Q xij

X

Ex [fk (xij )] −

X

Ev

j|(i,j)∈T

"
X

#

fk (xij )p(x|ui , vj ) .

x

j|(i,j)∈Q

fk (xij )

j|(i,j)∈T

X

1
mi
1
m̂i

Recall the deviation of interest,
X

Maxent+PMF
0.8963
0.8965
0.8973
0.8967

Rewrite the training expectation
directly in terms
P
of the training probabilities xij fk (xij )p(xij |ui , vj ).
Similarly, since all the v variables are sampled iid,
rewrite their expectation explicitly as follows

Clearly, ǫik is a function of the independent ratings
xij for all j such that (i, j) ∈ T and a function of
the independent item descriptors vj for all j such that
(i, j) ∈ Q. The Lipschitz constants of this function of
two sets of independent variables will be examined.

Ex,v [ǫik ] =
1
m̂i
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1
mi

X

X

fk (xij )p(xij |ui , vj ) −

j|(i,j)∈T xij

X

j|(i,j)∈Q

Z X
v xij

fk (xij )p(xij |ui , v)p(v)dv.

Collaborative Filtering via Rating Concentration

Since the query summation no longer depends on the
j index, omit the average over the j query indices,
X X
1
Ex,v [ǫik ] =
fk (xij )p(xij |ui , vj ) −
mi
j|(i,j)∈T xij
Z X
fk (x)p(x|ui , v)p(v)dv.
(8)
v

x

After the simplifications illustrated above, the training
sum (the first term in Equation (8)) is a function of the
training item descriptors vj for all j where (i, j) ∈ T .
This function has Lipschitz constant 1/mi . Also, the
second term in Equation (8) is the expectation of the
function. Therefore, McDiarmid’s inequality directly
applies to this difference. The probability of E[ǫik ]
exceeding a constant t2 is bounded by

p (E[ǫik ] ≥ t2 ) ≤ exp −2mi t22 .
(9)

A union bound will be used to combine both deviations. Define the right-hand side of Equation (7) as


2mi m̂i t21
δ
.
= exp −
2
mi + m̂i
Rewriting the above such that the corresponding deviation t1 is a function of δ yields
s
(mi + m̂i ) ln δ2
t1 =
.
2mi m̂i

Similarly, let the right-hand side of the deviation
bound in Equation (9) be δ/2. The corresponding deviation as a function of δ is then
s
ln 2δ
t2 =
.
2mi

P
Above, we define Exij [fk (xij )] = xij pij (xij )fk (xij )
and use pij (xij ) as shorthand for the conditional prob±
ability p(xij |ui , vj ). The Lagrange multipliers γik
and
±
λjk correspond to the positive and negative absolute
value constraints for the user and item averages. The
ζij multipliers correspond to equality constraints that
force distributions to normalize.
The probabilities and the normalization multipliers
can be solved for analytically resulting in the much
simpler dual minimization program minγ,λ≥0 D where
the dual cost function is given by
X
+
−
+
−
D =
(γik
+ γik
)αi − (γik
− γik
)µik +
ik

X

Maximum Entropy Dual

Since the number of queries can be much larger than
the number of users and items, convert the maximum
entropy problem into dual form via the Lagrangian
X
H(pij (xij ))+
min
max
+
γ,λ∈R ,ζ∈R

X

p

ij∈Q

pij (xij ) ln p0 (xij ) −

ij∈Q
xij

X

ij∈Q

X
pij (xij ) − 1)
ζij (
xi


X
X
1
+
− 
Exij [fk (xij )] − µik 
+
(γik
− γik
)
m̂i
k,i
j|(i,j)∈Q


X
X
1
− 
Exij [fk (xij )] − νjk 
+
(λ+
jk − λjk )
n̂j


k,j

+
+(γik

i|(i,j)∈Q

+

−
γik
)αi

+

(λ+
jk

+ λ−
jk )βj .

X

ln Zij .

ij∈Q

kj

Here, Zij is the normalizing partition function for the
estimated distribution for rating xij , and is defined as
!
!
X
+
−
+
−
λ
−λ
P
γ −γ
jk
ik
ik + jk
p0 (xij ) exp
Zij =
f
(x
)
.
ij
k
k
m̂i
n̂j
xij

Once the Lagrange multipliers are found, the estimated probabilities are normalized Gibbs distributions
of the form
pij (xij ) ∝ p0 (xij ) exp

P

k

+
−
γ −γ
ik
ik
m̂i

+

λ

+
−
−λ
jk
jk
n̂j

!

fk (xij )

!

.

Optimizing the cost function D requires taking partial
derivatives which can be written in terms of normalized probabilities as follows
X X
∂D
1
pij (xij )fk (xij )
=
α
∓
µ
±
i
ik
±
m̂i
∂γik
x
j|(i,j)∈Q

∂D
∂λ±
jk

Defining the total deviation as ǫik = t1 + t2 and applying a union bound completes the proof.

B

−
+
−
(λ+
jk + λjk )βj − (λjk − λjk )νjk +

=

1
βj ∓ νjk ±
n̂j

X

ij

X

pij (xij )fk (xij ).

i|(i,j)∈Q xij

While previous ℓ1 -regularized Maxent methods have
combined the positive and negative absolute value Lagrange multipliers (Dudı́k et al., 2007), we found that
on our data, this led to numerical issues during optimization. Instead, we optimize both the positive and
negative multipliers even though only one will be active at the solution. To reduce computation time, we
use a simple cutting plane procedure. We initialize
the problem at the prior distribution where all Lagrange multipliers are set to zero and find the worst
violated constraints. We solve the dual, fixing all Lagrange multipliers at zero except the most violated
constraints, and continue increasing the constraint set
until all primal constraints are satisfied. In the worst
case, this method eventually must solve a problem
with half of the Lagrange multipliers active. Typically,
we only need to optimize a much smaller subset. We
solve the optimizations using the LBFGS-b optimizer
(Zhu et al., 1997).
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