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Abstract

The problem of automatic feature selec-
tion/weighting in kernel methods is exam-
ined. We work on a formulation that opti-
mizes both the weights of features and the pa-
rameters of the kernel model simultaneously,
using L1 regularization for feature selection.
Under quite general choices of kernels, we
prove that there exists a unique regulariza-
tion path for this problem, that runs from 0
to a stationary point of the non-regularized
problem. We propose an ODE-based homo-
topy method to follow this trajectory. By
following the path, our algorithm is able to
automatically discard irrelevant features and
to automatically go back and forth to avoid
local optima. Experiments on synthetic and
real datasets show that the method achieves
low prediction error and is efficient in sepa-
rating relevant from irrelevant features.

1 Introduction

Kernel methods are powerful universal function ap-
proximators that are guaranteed to find the best so-
lution for a regularized learning problem, among all
the functions in a possibly infinite-dimensional Hilbert
space (Hofmann et al., 2008). The success of kernel
methods depends heavily on a proper choice of the
kernel, a positive semi-definite function that is used as
a similarity measure in the input space. In practice,
the quality of the similarity function can be radically
affected by irrelevant features.

Several approaches have been proposed to select rele-
vant features for kernel methods. Guyon et al. (2002)
proposed SVM-RFE to eliminate features from the full
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set sequentially. Bi et al. (2003) performed feature se-
lection on a linear SVM and used the results to build a
kernel for a nonlinear SVM. Lin and Zhang (2006) pro-
posed COSSO, to select features in smoothing spline
regression by breaking up the regularization term into
components on individual dimensions. A related topic
is multiple kernel learning, e.g. (Lanckriet et al., 2004;
Bach, 2008), which solves for the optimal linear com-
bination of a set of basic kernels.

However, feature selection is inherently a combinato-
rial problem, and in order to find the optimal solu-
tion, all possible feature combinations must be ex-
plored. This is usually intractable, hence most feature
selection methods use heuristics which make it unclear
how good the solution is. Recently, Bach (2009) has
proposed a powerful algorithm (HKL) to explore all
feature combinations in polynomial time. This works
by choosing kernels corresponding to feature combina-
tions mapped to a directed acyclic graph.

Another approach to feature selection is to para-
metrize kernels with a weight on each feature. An ex-
ample is k(x, z) = exp(−

∑d

i=1 βi‖xi−zi‖
2), the ARD-

Gaussian kernel first used in Gaussian processes (Ras-
mussen & Williams, 2006) and with SVMs (Grandvalet
& Canu, 2003; Chapelle et al., 2002; Mangasarian &
Wild, 2007). Keerthi et al. (2007) give an efficient al-
gorithm that alternates between learning an SVM and
optimizing β, the feature weights. Varma and Babu
(2009) propose a projected gradient method with L1

regularization and report encouraging results.

However, the feature weighting problem is non-convex
due to the β term inside the kernel. It is hard to even
find a convex relaxation. Gradient-based methods find
a single local optimum, and the starting point needs to
be chosen heuristically for good results. But it remains
unclear how good the solution is w.r.t. the global op-
timum. In this work, we attack this problem from the
different perspective of regularization paths.

In machine learning, a regularization path is the con-
tinuous trace of optima created by solving a learn-
ing problem with different levels of regularization. In
most convex regularized machine learning problems,
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all global optima reside on this path. The study of
regularization paths began with the homotopy method
of Osborne et al. (2000) and Efron et al. (2004). For
L1 regularized linear regression (LASSO), they have
found the natural least angle direction that solutions
must follow. This direction is used to compute the
entire regularization path with the same cost of com-
puting a single least squares fit. In later work, the
computation of regularization paths has been explored
for non-linear problems (Rosset, 2005), multiple ker-
nel learning (Bach et al., 2004), solution paths gener-
ated by varying a single kernel parameter (Wang et al.,
2007) and boosting (Zhao & Yu, 2007).

All algorithms work on convex problems. Would there
be a regularization path in a non-convex problem, such
as ours? One may suspect that because of local op-
tima, a continuous regularization path may not exist:
it might be broken midway, cycle, or bifurcate. There
might also be multiple paths or isolated optima.

Our work reveals some of the structure in this non-
convex problem. Building upon differential topology,
we show that for a wide class of kernel functions, a
unique regularization path exists from the fully regu-
larized case (i.e. the learning machine that outputs 0
for every input) to the case of no regularization. In
experiments, we visualize the path and show that not
only does it find at least one solution for each level of
regularization, but also automatically goes back and
forth (in terms of the regularization parameter) some-
times, finding multiple stationary points for the same
optimization problem. This gives a better chance to
find the global optimum and provides insights into the
behavior of stationary points.

The non-convex regularization paths are highly fragile
and one must avoid jumping out of the path to points
that do not lead to a local optimum. Therefore, we
propose an ODE-based algorithm in order to closely
follow the piecewise-smooth solution path. We show
that the prediction accuracy of the algorithm compares
favorably to HKL (Bach, 2009), a state-of-the-art algo-
rithm which performs optimal nonlinear feature/kernel
selection over an exponential number of kernels.

The paper is organized as follows: In sec. 2 we describe
the optimization problem and prove the existence and
uniqueness of the regularization path. Sec. 3 describes
our homotopy-based ODE algorithm to trace the solu-
tion path. Experiments with synthetic and real data
are shown in Sec. 4 and we conclude in Sec. 5.

2 The Regularization Path

Let n be the number of training examples, d the num-
ber of input dimensions, I the identity matrix, and

1 the vector of all ones. Denote H = I − 1
n
11T the

centering matrix. Let {x1, . . . , xn} be the training set
and y the vector of training responses. We assume the
data is normalized with

∑d

i=1 xij = 0,
∑d

i=1 x2
ij = 1,

and
∑n

i=1 yi = 0.

2.1 Feature Weighting in Kernel Ridge

Regression

For simplicity, we work with kernel ridge regression
(KRR). However the proofs in this section hold for
any second-order smooth loss function. We work with
the following formulation:

min
α,β,α0

‖y − K(β)α − α01‖
2

s.t. αT K(β)α ≤ C, ‖β‖1 ≤ D, (1)

where K(β) represents the kernel matrix of the train-
ing set, parametrized by β. With the KRR loss func-
tion, α is uniquely determined if β, C, D are fixed,
making the analysis simpler.

The pioneering work of Efron et al. (2004) suggested
that for L1 regularization, additional structures on the
minimizer can be used to construct efficient homotopy
algorithms that trace the solution path. Rosset (2005)
stated the following results from the KKT conditions
of an L1 regularized problem, given here as a theorem:

Theorem 1 (Rosset, 2005) For any loss function
L(y, f(X, β)) that is differentiable on β, any station-
ary point β∗ of the optimization problem:

min
β

L(y, f(X, β)), s.t. ‖β‖1 ≤ D

has the property that: (a) βi 6= 0 ⇒ | ∂L
∂βi

| =

maxj |
∂L
∂βj

|; (b) sign(βi) = −sign( ∂L
∂βi

).

We analyze the derivatives of the objective function
in order to examine the points that satisfy Theorem
1. First, the problem (1) is transformed to a less con-
strained form using Lagrange multipliers. Note that
λ > 0 is a variable here.

L(α, β, α0) = ‖y − K(β)α − α01‖
2 + λ(αT

K(β)α − C)

s.t. ‖β‖1 ≤ D (2)

Setting the derivatives to 0 in (2) and assuming K(β)
is full-rank, we obtain:

λα = y − K(β)α − α01 (3)

(HK(β) + λI)α = y; ∂L
∂βk

= −λαT ∂K
∂βk

α

Denote η = maxi

∣

∣

∣

∂L
∂βi

∣

∣

∣
, and suppose the current active

set is {k1, k2}. Theorem 1 implies that η =
∣

∣

∣

∂L
∂βk1

∣

∣

∣
=

∣

∣

∣

∂L
∂βk2

∣

∣

∣
≥

∣

∣

∣

∂L
∂βi

∣

∣

∣
. We then have:

∣

∣

∣

∣

αT ∂K

∂βk1

α

∣

∣

∣

∣

−

∣

∣

∣

∣

αT ∂K

∂βk2

α

∣

∣

∣

∣

= 0 (4)
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Collecting (3) and (4), note that we must have
αT K(β)α = C when λ > 0, we have one more
variables than equations. From the implicit function
theorem, this gives a smooth trajectory of solutions
(α, β, λ) when the sign of βk1

and βk2
does not change.

In the spirit of homotopy algorithms, we start at D = 0
and follow the trajectory (Fig. 1). It can be seen that
the trajectory is smooth until one of the two possible
events occurs: E1: Another variable k3 joins the ac-

tive set as
∣

∣

∣

∂L
∂βk3

∣

∣

∣
= η; E2: Any of the βki

becomes 0.

We call the points where an event occur event points.

Figure 1: Illustration of events. 1) β2 enters the path.
Its sign is determined by Theorem 1 (b); 2) β1 leaves
the path. The direction of the path is determined by
probing both directions to check which one satisfies
Theorem 1 (a).

If a new variable joins the active set, another equa-
tion needs to be added to the system. If a particular

βki
becomes 0, the condition η =

∣

∣

∣

∂L
∂βki

∣

∣

∣
is no longer

needed, thus the equation corresponding to that βki

can be dropped from the system.

To conclude, the trajectory can be followed from D =
0. At special points where any of the events E1 and E2

occur, we stop and update the system, then continue
to follow the trajectory until we reach a solution of a
problem without L1 regularization (D → ∞) where
∂L

∂βki

= 0. At this point, a piecewise smooth solution

path on α and β, corresponding to the original problem
(1), has been obtained.

The KKT conditions with active set {k1, . . . , kp} are:

(HK(β) + λI)α = y

αT

(

∂K

∂βki

−
∂K

∂βki+1

)

α = 0, i = 1, . . . , p − 1

αT K(β)α = C (5)

2.2 Proof for existence and uniqueness

Although we have described a procedure to follow the
solution path, an important prerequisite is to prove
that the solution path exists and extends as D → ∞.

The proof is inspired by ideas in probability-one homo-
topy methods (Chow et al., 1978). The gist is shown
in Figure 2, (1) - (3). We make use of the 1-D manifold
classification theorem in differential topology (Milnor,
1978), which states that a 1-dimensional smooth man-
ifold must be homeomorphic either to a line segment
or to a circle. Therefore we need to show two things:
first, the path is (close to) a 1-D manifold (it does not
self-intersect); second, this manifold cannot be a circle.
The first is a local property, and the implicit function
theorem is used to prove it. To prove that the mani-

Figure 2: Illustration of various aspects of the regulariza-
tion path. 1) At D = ‖β‖1 = 0, the path has one fixed
direction; 2) The path sometimes travels backwards in D;
3) When the path is not intersecting itself and we have
fixed the region, it must reach the endpoint where it con-
verges to an unconstrained solution; 4) There might be
other paths but they must be circles, since line segments
have to start at 0, one of the only two endpoints; 5) The
circular path can also be initiated from the endpoint.

fold of solutions cannot be a circle, we make sure that
the path starts at 0, in a single direction. When this
holds, it cannot be a circle, since a circle will imply
two directions to choose from at each point. Interest-
ingly, with our L1 constraint, it is easy to show that
the point at D = 0 would have this property, subject
to very weak assumptions.

Lemma 1 Assume the kernel function is C3 smooth
and the kernel matrix is always full-rank. For any C

there exists a unique Lagrange multiplier λ0 for the
optimization problem (1). Set α0 = (HK0 + λ0I)−1y,

if there exists a unique i with
∣

∣

∣
αT

0

[

∂K
∂βi

|β=0

]

α0

∣

∣

∣
=

maxj

∣

∣

∣
αT

0

[

∂K
∂βj

|β=0

]

α0

∣

∣

∣
, the path starts at 0 with only

βi turning non-zero with a fixed sign.

Proof: At β = 0, problem (1) becomes convex and
a positive Lagrange multiplier always exists. From
the condition in the Lemma 1, we have that | ∂L

∂βi
| =

|λ0α
T

[

∂K
∂βi

|β=0

]

α| is maximal, which means βi should

be the first item in the active set, by Theorem 1. �

Clearly, Lemma 1 almost always holds. Even if it does
not, we can still slightly perturb the data to make it
hold. Next we prove that the trajectory does not stop
when a feature is eliminated from the active set. This
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relies on the non-degeneracy of the Jacobian.

Lemma 2 Assume the conditions in Lemma 1. For
(α, β) that satisfies the KKT system (5), suppose the
active set is P ∪{k}, but k is just eliminated from the
active set. So for i ∈ P , βi 6= 0 and for i∈̄P , βi = 0.
Let η = | ∂L

∂βi
|, i ∈ P. If the Jacobian matrix:

J =







HK(β) + λI H ∂K
∂β

α{P , k} α

αT ∂K
∂β

{P , k} ∂2K{P , k} 0

2αT K αT ∂K
∂β

α{P , k} 0






(6)

is full rank, then (α, β) cannot be the end point of
a KKT path. Here ∂K

∂β
α{P , k} extracts only the en-

tries [ ∂K
∂βi

]α with index i ∈ P ∪ {k}, ∂2K{P , k} =

[αT ∂2K
∂βi∂βj

α], with index i, j ∈ P ∪ {k}.

Proof: Adding
∣

∣

∣
αT ∂K

∂βj
α
∣

∣

∣
= φ to (5), we obtain:

(HK(β) + λI)α = y; αT Kα = C (7)
∣

∣

∣

∣

αT ∂K(β)

∂βi

α

∣

∣

∣

∣

= η, i ∈ P ;

∣

∣

∣

∣

αT ∂K

∂βj

α

∣

∣

∣

∣

= φ

At an event point, we start with φ = η 6= 0, hence we
can drop the absolute sign in a small neighborhood of
η and φ without loss of generality. The last equation
can be eliminated by subtracting it from all previous

ones that contain |αT ∂K(β)
∂βi

α|, to obtain

(HK(β) + λI)α = y; αT Kα = C (8)

αT

(

∂K

∂βi

−
∂K

∂βj

)

α = η − φ, i = 1, . . . , p

Taking η−φ as variable, this becomes a nonlinear sys-
tem of (α, β, λ, η−φ). Suppose (a, b, c, d) span the null
space. If the matrix J is non-degenerate, the Jacobian
on (α, β, λ) for (8) is also non-degenerate since it is
a linear transform of J . Then (a, b, c, 0) cannot be in
the null space, so d 6= 0. Of the two possible directions
(a, b, c, d) and (−a,−b,−c,−d), there must be one and
only one with d > 0. Taking a small step along it will
make η > φ so that, the path continues in that direc-
tion. Therefore (α, β) cannot be the endpoint in this
case. �

Finally, we show that for a controlled set of kernels,
the trajectory converges eventually.

Theorem 2 Suppose that the condition for Lemma 1
and 2 holds, further assume the Jacobian (6) is full-
rank everywhere. If there exists a positive number M ,
such that for every β, K(β) � MI and for i = 1, . . . , d,
∂K
∂βi

� MI, lim‖β‖1→∞
∂K
∂βi

= 0, then the regularization

path continues until maxi |
∂L
∂βi

| = 0.

Proof: First we give the KKT system of (1) with
slack variables ξ that come from the L1 constraint
added to the system:

(HK(β) + λI)α = y;−λαT ∂K

∂βi

α + ξi = η

βiξi = 0, i = 1, . . . , p; αT K(β)α = C

This is a piecewise smooth system, with the only singu-
lar points at events βi = ξi = 0. Note that aside from
events, either βi or ξi 6= 0. It is easy to infer that the
Jacobian of the augmented system is full-rank, from
the non-degeneracy of the original Jacobian (6).

From Lemma 2, we know that the path does not stop
at event E2. And it is trivial that the path does not
stop at event E1. Therefore, the behavior near the
singular point is fixed: in the case of E1, the trajec-
tory goes from βi = 0, ξi = ǫ to βi = ǫ, ξi = 0 (without
loss of generality since the sign of βi is decided from
Theorem 1), and vice versa in the case of E2. Stan-
dard approximation theorems in differential topology
(Hirsch, 1994) indicate that, there exists a C3 smooth
surrogate function to βiξi = 0 around βi = ξi = 0.
Using that to replace βiξi = 0, we remove the singular
points and obtain a smooth nonlinear system.

Then, from non-degeneracy of the augmented Jaco-
bian, an application of the implicit function theorem
and the 1-D manifold classification theorem (Milnor,
1978) (p.16, Lemma 1 and Appendix, Theorem 1)
shows that the smoothed trajectory is a curve that
does not self-intersect. Furthermore, the curve is not
homeomorphic to a circle since there is only one route
to go at β = 0, from Lemma 1. Therefore, the trajec-
tory must be homeomorphic to a line segment.

From (3), we have αT K(β)α = yT (HK +
λI)−1K(HK + λI)−1y = C. Since K ≻ 0 and
K � MI, it can be shown that for C > 0, there
exists a λ0 with every λ ≤ λ0. Together with the
condition ∂K

∂βi
� MI, we know that the trajectory is

bounded. The only stopping condition we have is that
maxi |

∂L
∂βi

| = 0, therefore the trajectory either stops

at some finite ‖β‖1, or extends to ‖β‖1 → ∞. Since
lim‖β‖1→∞

∂K
∂βi

= 0 and λ ≤ λ0, the trajectory must
converge.

Finally, it is simple to see for each fixed (α, β, λ, η), ξ

is unique. Thus the projection from (α, β, λ, η, ξ) to
(α, β, λ, η) is homeomorphic, which means the smooth
trajectory in (α, β, λ, η, ξ) is projected to a smooth tra-
jectory in (α, β, λ, η). �

The main condition for the kernel is lim‖β‖1→∞
∂K
∂βi

=
0. This means that the kernel function varies less
with β as ‖β‖ increases. The ARD-Gaussian kernel
described in the introduction satisfies this condition.
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Another example is the normalized ARD-polynomial

kernel k(x, z) = (
P

βixizi
P

βi+1 + 1)d. Jacobian conditions

are hard to verify, but in our experiments we observed
no degenerate Jacobians.

Suppose the regularization path stops with ‖β‖1 = D0.
Since the path is continuous, it passes through at
least one local optimum of the problem (1) for every
D < D0. A natural question is, when will this path
find the global optimum? In the experiments we im-
plemented an LBFGS-B method on the same problem
and never found any better local optimum than the
ones on the path. But theoretically, we are still not
able to guarantee it. Since in Lemma 1 we have made
sure that at 0 the path only extend in one direction,
the only possible cases that some global optima fall
outside the path are marked as (4) and (5) in Fig. 2.
A preliminary result is that if these do not occur, we
recover all the optima.

Corollary 1 Suppose the condition for Theorem 2
holds. For a null direction v = (vT

α , vT
β , vT

λ )T with

Jv = 0, if vT
β sign(β) 6= 0 everywhere, the regular-

ization path starting from 0 captures all the optima of
(1).

Proof: The condition means that the path is strictly
monotone in D. Using the arguments in the proof of
Theorem 2, from every local optimum at D = D0, we
are able to find a path that is strictly monotonically
decreasing in D. Then since it does not stop anywhere
according to Lemma 2, it will reach 0 in the end, co-
inciding with our solution path starting from 0. �

The strict monotonicity condition is rather restrictive,
basically meaning that the path cannot turn back in
D. This may not hold for many complicated problems.
Even in the synthetic experiments shown in Fig. 3 the
path does turn back. But this still provides a condition
to get the global optimum without assuming convex-
ity. Improving on this result should be possible and
interesting.

3 Tracing Nonlinear Systems

Bach et al. (2004) and Rosset (2005) used a prediction-
correction algorithm to traverse nonlinear solution
paths. However their algorithm relies on fixed ǫ-step
sizes. Since ǫ must be very small to guarantee conver-
gence, the algorithm is not as efficient for non-convex
problems. In this paper, we propose a new ODE
method, L1KR, to obtain the regularization path.

To follow the solution path produced by (5), we con-
sider α, β and λ as functions of time (t). Note that
the t mainly characterizes the arc length of the solu-
tion path. It is different from the D we used in the

last section to characterize the amount of regulariza-
tion. For every t, D could always be computed by
taking the L1 norm of β(t). Representing the system
(5) as F (α(t), β(t), λ(t)) = 0 and taking derivatives
w.r.t. t, we obtain (Nocedal & Wright, 2006):

∂F (α, β, λ)

∂α

dα

dt
+

∂F (α, β, λ)

∂β

dβ

dt
+

∂F (α, β, λ)

∂λ

dλ

dt
= 0,

which means that the direction (dα
dt

, dβ
dt

, dλ
dt

) lies
in the null space of the system Jacobian J =
[

∂F (α,β,λ)
∂α

∂F (α,β,λ)
∂β

∂F (α,β,λ)
∂λ

]

.

There is one more variable than equations here, so if
the Jacobian (6) has full rank, the null space always
has dimension 1 and the direction is fixed up to a sign
flip. The null direction vt is obtained by QR decom-
position of the matrix JT , taking the last row of the
orthogonal matrix Q and normalizing it to unit norm.
The sign is chosen to have positive inner product with
the previous one. When E2 happens, we probe on
both directions and choose the one that satisfies The-
orem 1. In the probe we have some heuristic rules to
cope with round-off errors. In most cases, these rules
are guaranteed to find the right direction.

Since for every (α, β, λ), we can obtain (dα
dt

, dβ
dt

, dλ
dt

)
using the above procedure, identifying the regulariza-
tion path becomes an initial value problem in standard

form:
(

dα
dt

, dβ
dt

, dλ
dt

)

= vt, and a classic ODE solver can

provide results for many trajectory points (Nocedal
& Wright, 2006). We use a classic Adams-Moulton
predictor-corrector method to solve the ODE, which
uses high-order function approximations in both the
prediction and correction steps. This is different from
Bach et al. (2004) and Rosset (2005), where prediction
steps are based on linear function approximations.

In our algorithm, the solution path is traced by ODE
until one of the events E1 or E2 occur. We do line
search to find the configuration where an event occurs,
then update the system by adding an equation for a
new feature, or removing an equation for an eliminated
feature that is eliminated from the active set. The line
search is described in the next subsection.

Usually, we run the ODE solver with relatively low
precision in order to increase speed. We need however,
to make it precise at event points, otherwise the error
will accumulate in the sequence of ODEs and may lead
to convergence problems. At event points, we have
one more equation to satisfy: e.g. when we include a
feature kp+1, we know that the additional equation:

αT

(

∂K

∂βkp

−
∂K

∂βkp+1

)

α = 0 (9)

needs to hold. We now have n + p + 1 variables and
n + p + 1 equations, which gives an exact solution,



         450

The Feature Selection Path in Kernel Methods

provided the Jacobian is non-degenerate. For this we
solve the linear system:

[

∂F

∂α

∂F

∂β

∂F

∂λ

]





∆α

∆β

∆λ



 = −F (α, β, λ), (10)

where F represents the system at the current (α, β, λ),
with n+p+1 equations including (9). The next iterate
is given by (α + ∆α, β + ∆β, λ + ∆λ) and the process
continues until the desired precision is reached. Note
that this correction procedure is not needed if the ODE
solver is run at high resolution, and it is only called on
events. Therefore the number of calls is much smaller
than the number of calls to Jacobians (< 100 for the
entire path in our experiments).

3.1 Line Search

To find the point where the next event occurs, we use a
line search that combines binary splits and interpola-
tion. Starting at an event point, we run a small step ǫ

to probe for the function variation. Denote d(ǫ) =

−αT ∂K
∂β

α
∣

∣

∣

ǫ
the derivative vector, η(0) = max d(0),

and η(ǫ) = max d(ǫ). We use linear interpolation to
estimate the event point for each feature:

qi =
[η(0) − d(0)i]ǫ

[d(ǫ)i − d(0)i] − [η(ǫ) − η(0)]

We take the step size q = mini qi in order to advance
to the nearest event. When the interpolation fails, we
either resort on bisection between the known maximal
point (after an event occurrence) and minimal point
(where no event have occurred), or use a step size
three times the last one if we do not know any maxi-
mal point. Higher-order interpolation may be used to
improve accuracy, but one must also factor in the in-
creased computational costs. In the line search, if any
probed point has already been computed, we directly
use the cached solution. Each line search takes less
than 20 ODE calls in our experiments.

3.2 The L1KR Algorithm

The complete L1KR algorithm is outlined in the plate
referred as Algorithm 1. In the algorithm, a variable
order ODE solver selects the step size automatically.
More Jacobian calls would be allocated to critical re-
gions and less to regions of slow variation (Fig. 3(c)).
This makes the method both faster and more reliable.

Denoting with p the size of the active set, the main
computational effort comes from O(n2p2) to compute
the Jacobian (6), O((n + p)3) to solve for the null di-
rection and the correction system (10), and O(n2d) for
linear interpolation. The overall computational com-
plexity is O(n3 + p3 + n2p2 + n2d). It has only linear

dependence on the dimension d of the training set.
Thus it is preferable to be used to select a few features
from a dataset with lots of putative features. Its time
complexity is lower than HKL (Bach, 2009), a method
designed for optimal feature selection. HKL has time
complexity of O(pn3 + n2p2), and since in HKL, com-
binations of features are used as base kernels, the size
of its active set – for the same number of features – is
usually much larger than L1KR.

Algorithm 1 The algorithm for tracking the path
combines ODE, and correction at events.

input : Training set X , training response y, regular-
ization parameter λ, ǫ = 10−3, γ = 1, l = 0.1.
For β(0) = 0, solve (3) with αT Kα = C for α(0)
and λ.
Find i = arg maxj

∣

∣

∣
α(0)T ∂K

∂βj
α(0)

∣

∣

∣
.

Line search on βi to find the first event point

(α, β, λ), where index j has
∣

∣

∣
αT ∂K

∂βi
α
∣

∣

∣
=

∣

∣

∣
αT ∂K

∂βj
α
∣

∣

∣
.

Add i, j to the active set A.
while λmaxi |α

T
0

∂K
∂βi

α0| > ǫ do

Line search with ODE to find the break point tp.
Set α = α(tp), β = β(tp), λ = λ(tp).
if j∈̄A has j = arg maxi |α

T ∂K
∂βi

α| then

Add j to the active set A. {E1 occurred.}
end if

if an indice j has βj = 0 then

Drop j from the active set A. {E2 occurred.}
end if

while ‖H(α, β)‖1 > ǫ do

Run the correction step (10) to get
(∆α, ∆β, ∆λ).
α = α + ∆α, β = β + ∆β, λ = λ + ∆λ

end while

if E2 occurred then

Run the ODE for time length l in both direc-
tions to find the valid direction.

end if

end while

4 Experiments

We report experiments on both ARD-Gaussian ker-
nels and ARD-polynomial kernels. β needs to be pos-
itive to ensure the positive definiteness of the ker-
nel. This changes the first condition in Theorem 1

to βi 6= 0 ⇒ ∂L
∂βi

= maxj

(

− ∂L
∂βj

)

. We compare

our method with the HKL algorithm of (Bach, 2009),
which also selects features based on a KRR optimiza-
tion objective. Another comparison is done against
standard kernel ridge regression (KRR), without opti-
mizing β. We did not compare with some other fea-
ture weighting methods based on SVMs, because the
difference in loss functions would produce difficulties
in discriminating the factors that affect performance.
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The algorithms are tested on synthetic and real
datasets. The synthetic datasets are from (Fried-
man, 1991). The responses for the three datasets are:
#1 : f1(x) = 10 sin(πx1x2) + 20(x3 − 0.5)2 + 10x4 +

x5; #2 : f2(x) =
√

x2
1 + (x2x3 −

1
x2x4

)2; #3 : f3(x) =

tan−1 x2x3−
1

x2x4

x1
. For the synthetic datasets, we add 5

irrelevant uniformly distributed variables. We use two
settings. The first is noise-free. The second has Gaus-
sian noise on responses f(x), scaled to make the SNR
10. We use 200 training examples and a hold-out of
size 100 for testing. The results are averaged over 30
random trials. HKL and KRR use a Gaussian kernel,
with width parameters selected by cross-validation.

The results are shown in Table 1. In both Friedman #1
and #2, we recovered the full set of relevant features
in the noise-free setting, giving near zero residuals. In
Friedman #3, we sometimes fail to retrieve feature x4

(5 out of 30 times) but always succeed to retrieve the
other 3. In the noisy settings, occasionally a few irreve-
lant features are selected to model the noise, and some
relevant features are missed. The results of L1KR are
consistently better than HKL and KRR. HKL outper-
forms KRR in most cases, showing that it is selecting
the relevant features, as well. However, it cannot au-
tomatically weight features as our method does. The
performance differences might be accounted to this.

Table 1: MSE on synthetic datasets.

Data L1KR HKL KRR LASSO
Gauss Poly

#1 Clean 0.02 0.10 0.43 3.74 6.93
#1 Noisy 3.57 3.38 5.50 7.37 9.65
#2 Clean 0.02 0.00 0.05 7.10 16.27
#2 Noisy 10.91 11.05 13.70 19.49 27.54
#3 Clean 0.94 1.13 1.72 2.96 2.92
#3 Noisy 2.57 2.43 4.79 4.55 3.78

One solution path for the dataset Friedman #1 is
shown in Figure 3(a). It can be seen that although
it overfits to the noisy features 6-10 in the end, a large
part of the path selects only the 5 real features (1-5).
Also, the path is not monotone with D. The turn-
ing part is magnified in Figure 3(b). It can be seen
that the path included some noisy features initially,
but when the true feature 3 kicks in, the algorithm
automatically backtracks, removing the noisy compo-
nents and reducing the weight of other true features to
compensate for the inclusion of feature 3. This inter-
esting empirical behavior hints that forward-backward
strategies like BLasso (Zhao & Yu, 2007) may also
work for this problem. Research on designing efficient
algorithms along these lines could be interesting.

We also plot the number of Jacobian calls against D in
the same dataset as above (Fig. 3(c)). Overall, we ob-
tain about 9100 solutions with 2883 Jacobian calls for

traversing the range D = [0, 92.6]. For the method in
(Rosset 2004), this would amount to around ǫ = 0.03,
for the same number of Jacobian calls. But the solu-
tion path is highly fragile in our non-convex problem
and a slight deviation may cause drifting to a bad local
optimum. Our method automatically allocated around
60% of the Jacobian calls in the region with D ≤ 10,
where the solution path varies rapidly.

The results reported for real data (Table 2) are 10 fold
cross-validated and averaged over 10 random splits.
We compare our L1KR algorithm with HKL, KRR,
linear least squares (OLS) and linear LASSO. The re-
sults are shown in Table 2. It can be seen that L1KR is
usually on par or better than KRR and HKL. Besides,
it selects fewer features than KRR, especially in the
Motif dataset where it achieves the same result with
only 77 out of 2155 features.

Interestingly, for Diabetes, L1KR selected 8 features
whereas linear LASSO selected all 10. The dropped
features are 2 measurements from blood serum tests,
described as LDL and TCH. The acronyms are hard
to identify, but we assume that LDL may stand for
low-density lipoprotein and TCH for total cholesterol,
as commonly abbreviated. These two help to improve
linear regression, but may have nonlinear dependency
with feature 6: HDL, or high-density lipoprotein (both
LDL and HDL are a part of total cholesterol). Our
L1KR algorithm appear to have captured the nonlin-
ear relations with a smaller feature subset and safely
discarded the remaining ones. These preliminary re-
sults show that L1KR has a competitive feature selec-
tion capability, as compared with linear LASSO.

5 Conclusion

We proved the existence and uniqueness of a regular-
ization path for L1 feature selection/weighting prob-
lems in kernel methods. To follow the solution path
in kernel ridge regression, we proposed the L1KR al-
gorithm, a homotopy method based on solving ODEs.
The algorithm is shown to be effective for computa-
tion and feature selection. The path traverses through
multiple local optima of the same regularization prob-
lem automatically, and avoid low-quality local solu-
tions. For future work, it is worth studying whether
– or under what additional conditions – the algorithm
achieves global optimality. Generalizing the method-
ology to other kernel methods is also interesting.
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Figure 3: (Best viewed in color) (a) Solution path for β on Friedman #1 dataset. The solution overfits slightly towards
the end, but runs for a long interval with the right features. (b) Detail of the initial part of the path: after feature 3
is added, the weights of other relevant ones automatically change to compensate. The algorithm drops noisy features
automatically once feature 3 is included. (c) Number of Jacobian calls against D. In the initial part where the solution
varies rapidly, significantly more Jacobian calls are made.

Table 2: MSE on real datasets. Cross-validation is used to select a point on the path and the MSE on this point from a
separate test set is reported. Number inside the parentheses for L1KR and LASSO shows the number of selected features.

Dataset # Features L1KR HKL KRR LASSO OLS
Gauss Poly

Diabetes 10 2981.61 (8) 2996.67 (8) 2923.80 2984.26 3007.10 (10) 3007.10
Boston 12 9.94 (12) 10.00 (12) 10.07 11.42 37.05 (12) 37.05
Wisconsin 31 1004.99 (11) 1004.17 (11) 1152.40 1007.94 983.91 (11) 1106.89
Motif 2155 0.16 (77) 0.16 (78) 0.29 0.16 0.13 (375) 0.16
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