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Abstract

Multi-task learning seeks to improve the generalization performance of a learning task with the
help of other related learning tasks. Among the
multi-task learning methods proposed thus far,
Bonilla et al.’s method (Bonilla et al., 2008) provides a novel multi-task extension of Gaussian
process (GP) by using a task covariance matrix to
model the relationships between tasks. However,
learning the task covariance matrix directly has
both computational and representational drawbacks. In this paper, we propose a Bayesian extension by modeling the task covariance matrix
as a random matrix with an inverse-Wishart prior
and integrating it out to achieve Bayesian model
averaging. To make the computation feasible,
we first give an alternative weight-space view
of Bonilla et al.’s multi-task GP model and then
integrate out the task covariance matrix in the
model, leading to a multi-task generalized 𝑡 process (MTGTP). For the likelihood, we use a generalized 𝑡 noise model which, together with the
generalized 𝑡 process prior, brings about the robustness advantage as well as an analytical form
for the marginal likelihood. In order to specify the inverse-Wishart prior, we use the maximum mean discrepancy (MMD) statistic to estimate the parameter matrix of the inverse-Wishart
prior. Moreover, we investigate some theoretical properties of MTGTP, such as its asymptotic
analysis and learning curve. Comparative experimental studies on two common multi-task learning applications show very promising results.
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1

Introduction

Multi-task learning (Caruana, 1997; Baxter, 1997; Thrun,
1996) seeks to improve the generalization performance of
a learning task with the help of other related learning tasks.
Over the past decade or so, multi-task learning has become an active research topic in machine learning with
many methods proposed. Some methods, such as (Caruana,
1997; Argyriou et al., 2008; Raina et al., 2006; Lawrence
and Platt, 2004; Schwaighofer et al., 2005; Yu et al., 2005),
assume that a common (or similar) data or model representation is shared by all tasks using such learning models
as neural networks, Gaussian processes (GP) (Rasmussen
and Williams, 2006), and logistic regression. However, if
there exist outlier tasks which bear no or little similarity
with other tasks, the assumption that all tasks share a common data or model representation will no longer hold and,
as a result, the performance may deteriorate. Task clustering methods (Bakker and Heskes, 2003; Xue et al., 2007;
Jacob et al., 2009) can help to alleviate this problem. The
main idea behind task clustering methods is to group all the
tasks into several clusters so that the tasks in each cluster
are assumed to share the same data or model representation.
Thus, after clustering the tasks, the outlier tasks will be
allocated separately without affecting the other unrelated
tasks. However, while these methods can handle learning
tasks with positive correlation and very low or zero correlation, they fail to handle learning tasks with negative correlation which otherwise could also contribute to performance improvement via reducing the search space of the
model parameters.
Bonilla et al. proposed a multi-task GP model (Bonilla
et al., 2008) which uses a task covariance matrix to model
the relationships between tasks. The advantage of using
a task covariance matrix is that it can model not only tasks
with positive or zero correlation but also tasks with negative
correlation. Moreover, since the model is very similar to
conventional GP regression models, it can make inference
as efficiently as other GP models. Despite these advantages, the model does have some drawbacks. For example,
since the task covariance matrix is learned in a nonparametric manner, the computational cost will be very high if
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there exist many tasks because the task covariance matrix
will be very large. To overcome this problem, Bonilla et al.
resorted to a low-rank approximation of the task covariance
matrix. While this scheme can partially address the computational concern, the expressive power of the (approximated) task covariance matrix may be impaired. Moreover, since the log-likelihood in (Bonilla et al., 2008) is
non-convex with respect to the task covariance matrix (or
its low-rank decomposition matrix), there may exist many
local extrema and so there is no guarantee to find the globally optimal solution even when sophisticated optimization
methods are used.
In this paper, we propose a Bayesian model to address the
problem via Bayesian model averaging. Instead of treating the task covariance matrix as a fixed parameter matrix that is estimated using point estimation, we model it
as a random matrix with an inverse-Wishart prior and integrate it out for the subsequent inference. However, since
directly integrating out the task covariance matrix is computationally difficult, we first give an alternative weightspace view of the model in (Bonilla et al., 2008) and then
integrate out the task covariance matrix in the model, leading to a multi-task generalized 𝑡 process (MTGTP). Unlike
the model in (Bonilla et al., 2008), we adopt a generalized
𝑡 noise model for the likelihood which, together with the
generalized 𝑡 process prior, not only has the robustness advantage but also leads to an analytical form for the marginal
likelihood (or called model evidence). In order to specify
the inverse-Wishart prior, we use the maximum mean discrepancy (MMD) statistic (Gretton et al., 2007) to estimate
the parameter matrix of the inverse-Wishart prior. Moreover, we investigate some theoretical properties of MTGTP,
such as its asymptotic analysis and learning curve.

2

Multi-Task Gaussian Process

Let the training set contain data from 𝑚 supervised learning tasks. The 𝑖th task contains a set of 𝑛𝑖 data points,
𝑖
{(x𝑖𝑗 , 𝑦𝑗𝑖 )}𝑛𝑗=1
, where x𝑖𝑗 ∈ ℝ𝑑 and its corresponding output 𝑦𝑗𝑖 ∈ ℝ. The total number of data points from all 𝑚
∑𝑚
tasks is 𝑛 = 𝑖=1 𝑛𝑖 .

imize the marginal likelihood, two methods are presented
in (Bonilla et al., 2008) for parameter learning with one
based on expectation maximization (EM) (Dempster et al.,
1977) and another based on a gradient method. The EM algorithm is more suitable for multi-output regression problems because the latent function value of each data point
in each task is treated as a hidden variable in EM. On the
other hand, the gradient method is more suitable for general
multi-task learning problems.
One advantage of the formulation in (Bonilla et al., 2008)
is its analytical form for the marginal likelihood. This is
similar to conventional GP models and hence inference can
be made efficiently. However, the model does have some
drawbacks. One drawback is that when 𝑚 is large, the lowrank approximation used to reduce its computational cost
may limit its expressive power. Another one is that since
the log-likelihood is non-convex with respect to Σ or its
low-rank approximation, the solution found by the parameter learning algorithm may be very sensitive to the initial
value of Σ with no guarantee of the optimal solution.

3

In this section, we propose an extension to (Bonilla et al.,
2008) via Bayesian model averaging (Gelman et al., 2003)
by integrating out the task covariance matrix Σ for the
subsequent inference. Our model also uses MMD, as
in (Bonilla et al., 2008), but for learning the parameter matrix of the prior distribution for the task covariance matrix.
3.1

Recall that GP has an interpretation from the weight-space
view (Rasmussen and Williams, 2006). Here we also give
a weight-space view of the multi-task GP model in (Bonilla
et al., 2008):
𝑦𝑗𝑖 = w𝑖𝑇 𝜙(x𝑖𝑗 ) + 𝜀𝑖𝑗
W = [w1 , . . . , w𝑚 ] ∼ ℳ𝒩 𝑑′ ×𝑚 (0𝑑′ ×𝑚 , I𝑑′ ⊗ Σ)
𝜀𝑖𝑗 ∼ 𝒩 (0, 𝜎𝑖2 ),

(2)
′

(1)

where ⟨⋅, ⋅⟩ denotes the covariance of two random variables, 𝑓𝑗𝑖 is the latent function value for x𝑖𝑗 , Σ𝑖𝑟 is the
(𝑖, 𝑟)th element of Σ, and 𝑘(⋅, ⋅) is a kernel function. The
output 𝑦𝑗𝑖 given 𝑓𝑗𝑖 is distributed as 𝑦𝑗𝑖 ∣ 𝑓𝑗𝑖 ∼ 𝒩 (𝑓𝑗𝑖 , 𝜎𝑖2 )
which defines the likelihood for x𝑖𝑗 . Here 𝜎𝑖2 is the noise
level of the 𝑖th task and 𝒩 (m, Ω) denotes a univariate normal distribution with mean m and variance Ω.1 To max1

A Weight-Space View of Multi-Task GP

Before we present our model, we first give a weight-space
view of the multi-task GP model in (Bonilla et al., 2008).
This alternative view will be very useful for our subsequent
derivation.

The multi-task GP model in (Bonilla et al., 2008) directly
models the task covariance matrix Σ by incorporating it
into the GP prior as follows:
⟨𝑓𝑗𝑖 , 𝑓𝑠𝑟 ⟩ = Σ𝑖𝑟 𝑘(x𝑖𝑗 , x𝑟𝑠 ),

Multi-Task Generalized 𝑡 Process

We will also use 𝒩 (m, Ω) to denote a multivariate normal

where 𝜙(⋅), which maps x ∈ ℝ𝑑 to 𝜙(x) ∈ ℝ𝑑 and may
have no explicit form, denotes a feature map corresponding to the kernel function 𝑘(⋅, ⋅), I𝑑 is the 𝑑 × 𝑑 identity
matrix, 0𝑑×𝑚 is the 𝑑 × 𝑚 zero matrix (when 𝑚 = 1, we
just omit 𝑚 and write it as 0𝑑 to denote a zero vector), and
ℳ𝒩 𝑑×𝑚 (M, A⊗B) denotes a matrix-variate normal distribution (Gupta and Nagar, 2000) with mean M ∈ ℝ𝑑×𝑚 ,
row covariance matrix A ∈ ℝ𝑑×𝑑 and column covariance
matrix B ∈ ℝ𝑚×𝑚 . The equivalence between the model
formulations in (1) and (2) is due to the following which is
distribution with mean vector m and covariance matrix Ω.
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a consequence of the property of the matrix-variate normal
distribution:2
def

𝑓𝑗𝑖 = 𝜙(x𝑖𝑗 )𝑇 w𝑖 = 𝜙(x𝑖𝑗 )𝑇 We𝑚,𝑖 ∼ 𝒩 (0, Σ𝑖𝑖 𝑘(x𝑖𝑗 , x𝑖𝑗 )) (3)
∫
⟨𝑓𝑗𝑖 , 𝑓𝑠𝑟 ⟩ = 𝜙(x𝑖𝑗 )𝑇 We𝑚,𝑖 e𝑇𝑚,𝑟 W𝑇 𝜙(x𝑟𝑠 )𝑝(W)𝑑W

[
]−(𝜈+𝑑)/2
1
1 + (x − m)𝑇 Σ−1 (x − m)
,
𝜔
𝜋 𝑑/2 Γ(𝜈/2)∣𝜔Σ∣
(7)
Γ((𝜈 + 𝑑)/2)

= Σ𝑖𝑟 𝑘(x𝑖𝑗 , x𝑟𝑠 ),

(4)

where e𝑚,𝑖 is the 𝑖th column of I𝑚 . The weight-space view
of the conventional GP can be seen as a special case of that
of the multi-task GP with 𝑚 = 1, under which the prior
for W in (2) will become the ordinary normal distribution
with zero mean and identity covariance matrix by setting
Σ = 1.
3.2

where Ψ𝑖𝑗 is the (𝑖, 𝑗)th element of Ψ and 𝑡(𝜈, 𝜔, m, Σ)
denotes the univariate or multivariate generalized 𝑡 distribution (Arellano-Valle and Bolfarine, 1995). The probability density function of the generalized 𝑡 distribution
𝑡(𝜈, 𝜔, m, Σ) for a random variable x ∈ ℝ𝑑 is

Our Model

Since the random matrix Σ is positive semidefinite, we
place an inverse-Wishart prior on it:
Σ ∼ ℐ𝒲 𝑚 (𝜈, Ψ),

1
2

where Γ(⋅) denotes the gamma function. When 𝜈 = 𝜔,
the generalized 𝑡 distribution reduces to the 𝑡 distribution.
From (7), we can see that the probability density functions
of 𝑡(𝜈, 𝜔, m, Σ) and 𝑡(𝜈, 1, m, 𝜔Σ) are the same. Moreover, the generalized 𝑡 distribution can be viewed as a special case of the matrix-variate 𝑡 distribution when 𝑚 = 1
and B in (6) equals to 𝜔. The following property of the
generalized 𝑡 distribution is easy to obtain using the property of the matrix-variate 𝑡 distribution.
Proposition 1 Let x ∼ 𝑡(𝜈, 𝜔, m, Σ), then

(5)

𝔼(x) = m,
𝜔
Σ
cov(x) =
𝜈−2

where the probability density function for ℐ𝒲 𝑚 (𝜈, Ψ) is
∣Ψ∣𝜈/2 ∣Σ∣−(𝑚+𝜈+1)/2 𝑒−tr(ΨΣ
2𝑚𝜈/2 Γ𝑚 (𝜈/2)

−1

)/2

.

Here ∣ ⋅ ∣ denotes the determinant of a square matrix, Γ𝑚 (⋅)
is the multivariate gamma function, and tr(⋅) denotes the
trace of a square matrix.
Note that it is computationally not easy to integrate out Σ
in (1) with the inverse-Wishart prior in (5). This is where
the alternative weight-space view in (2) can play an important role in making Bayesian model averaging possible.
Since W ∣ Σ ∼ ℳ𝒩 𝑑′ ×𝑚 (0𝑑′ ×𝑚 , I𝑑′ ⊗ Σ) and Σ ∼
ℐ𝒲 𝑚 (𝜈, Ψ), then according to (Gupta and Nagar, 2000) we
can get
∫
𝑝(W) =

for 𝜈 > 2.

𝑝(W∣Σ)𝑝(Σ)𝑑Σ = ℳ𝒯 𝑑′ ×𝑚 (𝜈, 0𝑑′ ×𝑚 , I𝑑′ ⊗Ψ),

where ℳ𝒯 𝑑′ ×𝑚 (𝜈, M, A ⊗ B) denotes the matrix-variate
𝑡 distribution (Gupta and Nagar, 2000) with the number of
′
degrees of freedom 𝜈, mean M ∈ ℝ𝑑 ×𝑚 , row covariance
′
′
matrix A ∈ ℝ𝑑 ×𝑑 and column covariance matrix B ∈
ℝ𝑚×𝑚 . Its probability density function is
Γ𝑑′ (𝜈 ′ /2) ∣I𝑑′ + A−1 (W − M)B−1 (W − M)𝑇 ∣−𝜈
𝜋 𝑑′ 𝑚/2 Γ𝑑′ ((𝜈 + 𝑑′ − 1)/2)∣A∣𝑚/2 ∣B∣𝑑′ /2

′

/2

, (6)

where 𝜈 ′ = 𝜈 + 𝑑′ + 𝑚 − 1. Then, from the property of
matrix-variate 𝑡 distribution, we can get
def

𝑓𝑗𝑖 = 𝜙(x𝑖𝑗 )𝑇 w𝑖 = 𝜙(x𝑖𝑗 )𝑇 We𝑚,𝑖 ∼ 𝑡(𝜈, 1, 0, Ψ𝑖𝑖 𝑘(x𝑖𝑗 , x𝑖𝑗 )),

Moreover, from Theorem 4.2.1 in (Gupta and Nagar, 2000),
W can be represented as W = S−1/2 Z where the
two random variables S ∼ 𝒲𝑑′ (𝜈 + 𝑑′ − 1, I𝑑′ ) and
Z ∼ ℳ𝒩 𝑑′ ×𝑚 (0𝑑′ ×𝑚 , I𝑑′ ⊗ Ψ) are independent and
𝒲𝑑′ (𝑎, Ω) denotes the Wishart distribution with 𝑎 being
the number of degrees of freedom and Ω a 𝑑′ × 𝑑′ symmetric positive definite matrix. Then we get
⟨𝑓𝑗𝑖 , 𝑓𝑠𝑟 ⟩
∫ ∫
=
𝜙(x𝑖𝑗 )𝑇 w𝑖 w𝑟𝑇 𝜙(x𝑟𝑠 )𝑝(w𝑖 )𝑝(w𝑟 )𝑑w𝑖 𝑑w𝑟
∫
= 𝜙(x𝑖𝑗 )𝑇 We𝑚,𝑖 e𝑇𝑚,𝑟 W𝑇 𝜙(x𝑟𝑠 )𝑝(W)𝑑W
∫ ∫
=
𝜙(x𝑖𝑗 )𝑇 S−1/2 Ze𝑚,𝑖 e𝑇𝑚,𝑟 Z𝑇 S−1/2 𝜙(x𝑟𝑠 )𝑝(Z)𝑝(S)𝑑Z𝑑S
∫
=Ψ𝑖𝑟 𝜙(x𝑖𝑗 )𝑇 S−1 𝜙(x𝑟𝑠 )𝑝(S)𝑑S
=

Ψ𝑖𝑟 𝑘(x𝑖𝑗 , x𝑟𝑠 )
,
𝜈−2

where the last two equations hold because of the properties
of the matrix-variate normal distribution and the Wishart
distribution.3 So the prior for f = (𝑓11 , . . . , 𝑓𝑛𝑚𝑚 )𝑇 is
𝑡(𝜈, 1, 0𝑛×1 , K).4 The element in K corresponding to x𝑖𝑗
and x𝑟𝑠 is equal to Ψ𝑖𝑟 𝑘(x𝑖𝑗 , x𝑟𝑠 ). Since the generalized 𝑡
distribution has the consistency property (Arellano-Valle
and Bolfarine, 1995), the prior for f is the generalized 𝑡
process.
3

The proof can be found in the supplemental material.
Since the probability density functions of 𝑡(𝜈, 1, m, K) and
𝑡(𝜈, 𝜔, m, 𝜔1 K) where 𝜔 ∕= 1 are the same, the expressive power
of our model is the same as that with 𝜔 ∕= 1.
4

2
The proofs for the following two equations can be found in
the supplemental material.

(8)
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Definition 1 (Generalized 𝑡 Process) A random, realvalued function 𝑓 : ℝ𝑑 → ℝ is said to follow a generalized 𝑡 process with degrees of freedom 𝜈 and 𝜔,
mean function ℎ(⋅) and covariance function 𝜅(⋅, ⋅), if
for any positive integer 𝑁 and any x1 , . . . , x𝑁 ∈ ℝ𝑑 ,
f = (𝑓 (x1 ), . . . , 𝑓 (x𝑁 ))𝑇 ∼ 𝑡(𝜈, 𝜔, h, K) where h =
(ℎ(x1 ), . . . , ℎ(x𝑁 ))𝑇 and K = [𝜅(x𝑖 , x𝑗 )]𝑁
𝑖,𝑗=1 .
In our case, the mean function ℎ(⋅) is the zero function.
We use the generalized 𝑡 noise model for the likelihood,
i.e., for 𝑦𝑗𝑖 ,
𝑦𝑗𝑖 ∣ 𝑓𝑗𝑖 ∼ 𝑡(𝜈, 1, 𝑓𝑗𝑖 , 𝜎𝑖2 ).

The purpose for this choice is two-fold: to make our model
more robust against outliers and to obtain an analytical
form for the marginal likelihood in regression problems,
as we will see later. We can then get the likelihood for
y = (𝑦11 , . . . , 𝑦𝑛𝑚𝑚 )𝑇 as
y ∣ f ∼ 𝑡(𝜈, 1, f , D),

(9)

where D denotes a diagonal matrix in which each diagonal
element is 𝜎𝑖2 if the corresponding data point belongs to the
𝑖th task.
It is not easy to integrate out 𝑓 to obtain the marginal likelihood though and so we take an alternative approach. We
rewrite the model as
y =f +𝜺
f ∼ 𝑡(𝜈, 1, 0𝑛 , K)
𝜺 ∼ 𝑡(𝜈, 1, 0𝑛 , D)
f ⊥ 𝜺,

f
𝜺

)

(
∼ 𝑡 𝜈, 1, 02𝑛 ,

(

0𝑛×𝑛
D

0𝑛×𝑛
(

y = f + 𝜺 = (I𝑛 , I𝑛 )

f
𝜺

))
.

) ]
𝜈+𝑛
K̃−1 yy𝑇 K̃−1 I𝑖𝑛
1 + y𝑇 K̃−1 y
[(
)
]
∂K
𝜈+𝑛
∂𝑙
𝜃𝑗
= tr K̃−1 −
K̃−1 yy𝑇 K̃−1
∂ ln 𝜃𝑗
2
∂𝜃𝑗
1 + y𝑇 K̃−1 y
)
]
∂𝑙
𝜈[ (
= ln 1 + y𝑇 K̃−1 y − 𝑔(𝑛, 𝜇) ,
∂ ln 𝜈 2

∂𝑙
=𝜎𝑖2 tr
∂ ln 𝜎𝑖

K̃−1 −

∑𝑛/2−1
𝑖=0

1
𝜈/2+𝑖

∑(𝑛−3)/2

Suppose we are given a test data point x𝑖★ for the 𝑖th task
and we need to determine the corresponding output 𝑦★𝑖 .
From the marginal likelihood calculated in Eq. (10), we get
y
𝑦★𝑖

)

(
(
K+D
∼ 𝑡 𝜈, 1, 0𝑛+1 ,
(k𝑖★ )𝑇

k𝑖★
𝑖
Ψ𝑖𝑖 𝑘(x★ , x𝑖★ ) + 𝜎𝑖2

))
,

)

y ∼ 𝑡(𝜈, 1, 0𝑛 , K + D),

,

𝑇
where k𝑖★ = (Ψ𝑖1 𝑘(x𝑖★ , x11 ), . . . , Ψ𝑖𝑚 𝑘(x𝑖★ , x𝑚
𝑛𝑚 )) .
Then, from the property of the generalized 𝑡 distribution, the predictive distribution 𝑝(𝑦★ ∣ 𝑥★ , X, y) is
𝑡(𝑛 + 𝜈, 1 + y𝑇 K̃−1 y, 𝑚𝑖★ , 𝜌𝑖★ ) with

(10)

𝑚𝑖★ = (k𝑖★ )𝑇 K̃−1 y

which is the marginal likelihood.
Parameter Learning and Inference

The negative log-likelihood of all data points can be expressed as
𝑙=

[(

when 𝑛 is even, and
1
when
𝑖=0
(𝜈+1)/2+𝑖
𝑛 is odd. Here 𝜓(⋅) is the digamma function, K̃ = K + D,
and I𝑖𝑛 denotes an 𝑛 × 𝑛 diagonal 0-1 matrix where a diagonal element is equal to 1 if and only if the data point with
the corresponding index belongs to the 𝑖th task.

(

then according to the property of the generalized 𝑡 distribution, we can get

3.3

if 𝑛 is even
otherwise.

We use a gradient method to minimize 𝑙 in order to estimate the optimal values of {𝜎𝑖 }, 𝜈 and 𝜽 (which contains the kernel parameters in the kernel function 𝑘(⋅, ⋅) and
the parameters in Ψ which is the parameter matrix for the
inverse-Wishart prior of Σ; more details about Ψ will be
discussed in the next section). In our implementation, we
use ln 𝜎𝑖 , ln 𝜈 and ln 𝜃𝑗 , where 𝜃𝑗 is the 𝑗th element in 𝜽, as
the optimization variables because {𝜎𝑖 }, 𝜈 and {𝜃𝑗 } have
to be positive. The gradients of the negative log-likelihood
with respect to ln 𝜎𝑖 , ln 𝜈 and ln 𝜃𝑗 can be computed as:

𝑔(𝑛, 𝜇) = 𝜓 ((𝜈 + 1)/2)−𝜓(𝜈/2)+

K

Since

Γ((𝜈 + 𝑛)/2)
ln
Γ(𝜈/2)
{ ∑
𝑛/2−1
ln(𝜈/2 + 𝑖)
𝑖=0
∑
=
ln Γ((𝜈+1)/2)
ln((𝜈 + 1)/2 + 𝑖)
+ (𝑛−3)/2
𝑖=0
Γ(𝜈/2)

where 𝑔(𝑛, 𝜇) =

where f ⊥𝜺 means that the two random variables f and 𝜺
are independent of each other. Since f and 𝜺 are independent, then according to the property of the generalized 𝑡
distribution, we can get
(

When 𝑛 is large, Γ((𝜈 + 𝑛)/2) is very large and so the
calculation of Γ((𝜈 + 𝑛)/2) may be numerically unstable.
By utilizing the fact that 𝑛 is an integer and a property of
the gamma function that Γ(𝑧 + 1) = 𝑧Γ(𝑧), we get the
following simplification:

(
)
]
1[
(𝜈 + 𝑛) ln 1 + y𝑇 (K + D)−1 y + ln ∣K + D∣
2
Γ((𝜈 + 𝑛)/2)
− ln
+ Const.
(11)
Γ(𝜈/2)

𝜌𝑖★

=

Ψ𝑖𝑖 𝑘(x𝑖★ , x𝑖★ )

(12)
+

𝜎𝑖2

−

(k𝑖★ )𝑇 K̃−1 k𝑖★ ,

(13)

where K̃ = K + D.
3.4

The Choice of Ψ

The parameter matrix Ψ contains prior information about
the relationships between tasks. Here we use the maximum
mean discrepancy (MMD) in (Gretton et al., 2007) to measure the task relationships. MMD is a nonparametric test
statistic with a simple intuitive form which has been found
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to be quite powerful in its test performance compared to
other test criteria. Moreover, since MMD is defined based
on some kernel, it is easy to use it with GP and 𝑡 processes.
In (Gretton et al., 2007), the distance between the sample
means of two distributions was used to measure the distance between the two distributions. Here we use it to measure the distance between two tasks instead. Specifically,
the (squared) distance between the 𝑖th and 𝑗th tasks is given
by
𝑑2𝑖𝑗

𝑛𝑗
𝑛𝑖
1 ∑ ′ 𝑖
1 ∑ ′ 𝑗
=
𝜙 (x𝑘 ) −
𝜙 (x𝑙 )
𝑛𝑖
𝑛𝑗
𝑘=1

𝑙=1

2

mated as
∣K + D∣ ≈ ∣K̂ + D∣
1

1

−2
= ∣D∣ I𝑛 + D− 2 K⋅𝐼 K−1
𝐼𝐼 K𝐼⋅ D
−1
= ∣D∣ I𝑟 + K−1
K⋅𝐼 .
𝐼𝐼 K𝐼⋅ D

In other words, this can be reduced to the calculation of the
determinant of an 𝑟 × 𝑟 matrix but not that of the original
𝑛 × 𝑛 matrix, which is much larger.

,
2

4

Theoretical Analysis

′

where ∥⋅∥2 denotes the 2-norm of a vector and 𝜙 (⋅)
denotes the feature map corresponding to a universal kernel 𝑘 ′ (⋅, ⋅). Then, according to the relationship between a distance matrix and a kernel matrix as
in multidimensional scaling (Williams, 2001), we can
1
1𝑚 1𝑇𝑚 is
get Ψ = HΨ′ H where H = I𝑚 − 𝑚
the 𝑚 × 𝑚 centering
(𝑖, 𝑗)th element
( ∑matrix and) (the ∑
)
𝑛𝑗
𝑗
′
1
𝑖
of Ψ′ is Ψ′𝑖𝑗 = 𝑛1𝑖 𝑛𝑘=1
𝜙′ (x𝑖𝑘 )
=
𝑙=1 𝜙 (x𝑙 )
𝑛𝑗
1
𝑛𝑖 𝑛𝑗

∑𝑛𝑖 ∑𝑛𝑗
𝑘=1

𝑙=1

𝑘′ (x𝑖𝑘 , x𝑗𝑙 ). So the kernel function used in

MTGTP is 𝑘𝑀 𝑇 (x𝑖𝑗 , x𝑝𝑞 ) = Ψ𝑖𝑝 𝑘(x𝑖𝑗 , x𝑝𝑞 ).

There exist some previous research works on the asymptotic analysis and learning curve of GP, e.g., (Opper and Vivarelli, 1998; Sollich, 1998; Williams and Vivarelli, 2000;
Sollich and Halees, 2002). For 𝑡 process as well as generalized 𝑡 process, however, we are not aware of any such previous effort. In this section, we wish to fill this gap by analyzing the multi-task generalized 𝑡 process 𝑡(𝜈, 𝜔, h, K).
The property of the multi-task 𝑡 process can be obtained by
setting 𝜔 = 𝜈 and that of our model by setting 𝜔 = 1.
4.1

3.5

Discussions

The marginal likelihood in our model has the analytical
form given in Eq. (10) which facilitates solving the model
selection problem. This nice property can be attributed to
the assumption in our model that the prior and the likelihood are both generalized 𝑡 distributions with the same
number of degrees of freedom 𝜈. It is possible to relax
this assumption by allowing different numbers of degrees
of freedom, but more sophisticated techniques such as EM
have to be used to learn the model parameters. To reduce
the computation cost, we just adopt the assumption in this
paper to work with the nice analytical form. Moreover, for
other likelihood models such as probit likelihood for classification problems, we need to resort to sampling methods
or approximation methods such as Laplace approximation,
variational method or expectation propagation.
The complexity of our algorithm is 𝑂(𝑛3 ), which makes
it unfavorable for large-scale applications. To address
this problem, we use the Nyström approximation of K in
the marginal likelihood of Eq. (10) and the negative logdef
likelihood of Eq. (11), that is, K ≈ K̂ = K⋅𝐼 K−1
𝐼𝐼 K𝐼⋅
where 𝐼 indexes 𝑟 (≪ 𝑛) rows or columns of K. Then we
can compute (K + D)−1 using the Woodbury identity
(K + D)−1
≈ (K̂ + D)−1
= D−1 − D−1 K⋅𝐼 (K𝐼𝐼 + K𝐼⋅ D−1 K⋅𝐼 )−1 K𝐼⋅ D−1 .

Asymptotic Analysis

We first analyze the asymptotics of the MTGTP model
for regression when the data set sizes 𝑛𝑖 → ∞ for 𝑖 =
1, . . . , 𝑚. The predictive mean for MTGTP in Eq. (12) can
be obtained as the function which minimizes the functional
𝐽[ℎ] =

Note that D is a diagonal matrix and so D can be computed very efficiently. Moreover, ∣K + D∣ can be approxi-

(14)

where ∥ℎ∥𝐻 is the RKHS norm corresponding to the kernel 𝑘𝑀 𝑇 . This follows from the representer theorem which
states that∑each∑
minimizer ℎ ∈ 𝐻 of 𝐽[ℎ] has the form
𝑚
𝑛𝑖
𝑖
𝑖
ℎ(x) =
𝑖=1
𝑗=1 𝛼𝑗 𝑘𝑀 𝑇 (x, x𝑗 ). Let 𝜇(x, 𝑦) be the
probability measure of the RKHS from which the data
points (x𝑖𝑗 , 𝑦𝑗𝑖 ) are generated.5 We consider a smoothed
version of Eq. (14) as follows:
𝐽𝜇 [ℎ] =

𝑛𝑖
𝑚
[∑
]
1 ∑ 𝑖
1
∥ℎ∥2𝐻 + 𝔼𝜇
(𝑦𝑗 − ℎ(x𝑖𝑗 ))2 .
2
2
2𝜎𝑖 𝑗=1
𝑖=1

Observe that
∫
𝑛𝑖
𝑚
𝑚
] (∑
[∑
𝑛𝑖 )
1 ∑ 𝑖
𝑖 2
(𝑦
−
ℎ(x
))
=
(𝑦 − ℎ(x))2 𝑑𝜇(x, 𝑦)
𝑗
𝑗
2
2
2𝜎
2𝜎
𝑖 𝑗=1
𝑖
𝑖=1
𝑖=1
∫
∫
𝑚
(∑
)[
]
𝑛𝑖
=
(𝜂(x) − ℎ(x))2 𝑑𝜇(x) + (𝑦 − 𝜂(x))2 𝑑𝜇(x, 𝑦) ,
2
2𝜎𝑖
𝑖=1
(15)
𝔼𝜇

where 𝜂(x) = 𝔼[𝑦∣x] is the regression function corresponding to 𝜇(𝑦∣x) and the cross term vanishes because of
the definition of 𝜂(x). Note that the second term in Eq. (15)
5

−1

𝑛𝑖
𝑚
∑
1 ∑ 𝑖
1
∥ℎ∥2𝐻 +
(𝑦𝑗 − ℎ(x𝑖𝑗 ))2 ,
2
2
2𝜎
𝑖 𝑗=1
𝑖=1

Since the task differences are captured by the kernel 𝑘𝑀 𝑇 ,
data points for different tasks can be generated from the same
probability measure.
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∑∞

is independent of ℎ and so minimizing 𝐽𝜇 [ℎ] is equivalent
to minimizing the following equation:
𝐽𝜇 [ℎ] =

𝑗=1

easy to show that K = Ω𝑇 ΛΩ and then 𝜀𝑖𝐷𝑛 can be simplified as

∫
𝑚
(∑
𝑛𝑖 )
1
(𝜂(x) − ℎ(x))2 𝑑𝜇(x) + ∥ℎ∥2𝐻 .
2
2𝜎
2
𝑖
𝑖=1

𝜀𝑖𝐷𝑛
𝜔
𝜈−2
𝜔
=
𝜈−2
=

We assume the kernel 𝑘𝑀 𝑇 is non-degenerate so that the
eigenfunctions
∫ {𝜓𝑖 (x)} form a complete orthonormal basis, that is, 𝜓𝑖 (x)𝜓𝑗 (x)𝑑𝜇(x) = 𝛿(𝑖, 𝑗) where 𝛿(𝑖, 𝑗) is
the Kronecker delta function. Let 𝜆𝑖 be the eigenvalue
cor∑∞
responding to∑
𝜓𝑖 (⋅). We can write ℎ(x) = 𝑖=1 ℎ𝑖 𝜓𝑖 (x)
∞
and 𝜂(x) = 𝑖=1 𝜂𝑖 𝜓𝑖 (x). Then 𝐽𝜇 [ℎ] can be reformulated as
𝐽𝜇 [ℎ] =

Differentiating it with respect to ℎ𝑖 , we can get
𝑛𝑘
2 )
𝜎𝑘

(
)]
𝜎𝑖2 + tr(Λ) − tr (Ω𝑇 ΛΩ + D)−1 Ω𝑇 Λ2 Ω
[
(
)]
𝜎𝑖2 + tr (Λ−1 + ΩD−1 Ω𝑇 )−1 .
(16)

Lemma 1 Let H be a real symmetric ∑
matrix and 𝑓 be a
real convex function, then tr(𝑓 (H)) ≥ 𝑘 𝑓 (𝐻𝑘𝑘 ) where
𝐻𝑘𝑘 is the (𝑘, 𝑘)th element of H.

𝑘=1

𝜆𝑖
∑
𝜆𝑖 + 1/( 𝑚
𝑘=1

[

The last equation holds as a consequence of the Woodbury
identity. We introduce a lemma from (Opper and Vivarelli,
1998) which is useful for deriving the bound for 𝜀𝑖𝐷𝑛 .

𝑚
∞
∞
(∑
𝑛𝑘 ) ∑
1 ∑ ℎ2𝑖
2
.
(𝜂
−
ℎ
)
+
𝑖
𝑖
2𝜎𝑘2 𝑖=1
2 𝑖=1 𝜆𝑖

ℎ𝑖 =

𝜆2𝑗 𝜓𝑗 (x𝑝𝑞 )𝜓𝑗 (x𝑟𝑠 ) and so 𝔼[k𝑖★ (k𝑖★ )𝑇 ] = Ω𝑇 Λ2 Ω. It is

Here 𝑓 is defined as the multiplicative inverse of a positive
scalar or matrix inverse of a positive definite matrix. Then

𝜂𝑖 .

) ∑
(
tr (Λ−1 + ΩD−1 Ω𝑇 )−1 ≥

So when 𝑛𝑘 → ∞, ℎ𝑖 will converge to 𝜂𝑖 and hence ℎ(x)
will converge to 𝜂(x).

𝑘

≥

4.2

𝑘

𝔼𝑦

𝑦★𝑖

−

(k𝑖★ )𝑇 K̃−1 y

𝜀𝑖𝐷𝑛

⎡
𝜔 ⎣ 2 ∑
𝜎𝑖 +
≥
𝜈−2
𝑘

+ 𝜈𝑘

1
∑𝑚

𝑛𝑖
𝑖=1 𝜎 2
𝑖

,

⎤
1
𝜆𝑘

+ 𝜈𝑘

1
∑𝑚

𝑛𝑗
𝑗=1 𝜎 2
𝑗

⎦.

Based on this, we get the average-case bound for the 𝑖th
task as

)2 ]

𝑖

𝜀 =

=𝔼[(𝑦★𝑖 )2 ] − 2(k𝑖★ )𝑇 K̃−1 𝔼[𝑦★𝑖 y] + tr(K̃−1 k𝑖★ (k𝑖★ )𝑇 K̃−1 𝔼[yy𝑇 ])
]
𝜔 [
=
𝑘𝑀 𝑇 (x𝑖★ , x𝑖★ ) + 𝜎𝑖2 − (k𝑖★ )𝑇 K̃−1 k𝑖★ ,
𝜈−2

𝔼[𝜀𝑖𝐷𝑛 ]

⎡
𝜔 ⎣ 2 ∑
≥
𝜎𝑖 +
𝜈−2
𝑘

⎤
1
𝜆𝑘

+ 𝜇𝑘

1
∑𝑚

𝑛𝑗
𝑗=1 𝜎 2
𝑗

⎦,

where 𝜇𝑘 = 𝔼[𝜓𝑘2 (x)] = 1. So the average-case generalization bound is
⎡
∑
𝜔
⎣𝜎𝑖2 +
𝜀𝑖 ≥
𝜈−2

where 𝑦★𝑖 denotes the ground truth of the output value
for x𝑖★ . Recall ∑
that the eigen-decomposition of 𝑘𝑀 𝑇 is
∞
′
𝑘𝑀 𝑇 (x, x′ ) =
𝑗=1 𝜆𝑗 𝜓𝑗 (x)𝜓𝑗 (x ). So the generalization error for the 𝑖th task with respect to the training set 𝐷𝑛
can be calculated as
def

1
𝜆𝑘

where 𝜈𝑘 = supx∈𝑅 𝜓𝑘2 (x) by assuming that all 𝑛 data
points lie in a compact region 𝑅 and 𝑇 (𝑖) is the task indicator for the 𝑖th data point. Then we can get the generalization bound for a fixed training set as

Next we consider the generalization bound of MTGTP. It
is also referred to as the learning curve which relates the
generalization error of a learning model to the amount of
training data used. We assume that the data was actually
generated from a generalized 𝑡 process, similar to that for
GP in (Opper and Vivarelli, 1998; Sollich, 1998; Sollich
and Halees, 2002). Given a test data point x𝑖★ for the 𝑖th
task, the prediction for x𝑖★ can be calculated using Eq. (12)
and the Bayesian prediction error for the 𝑖th task on the
training set 𝐷𝑛 (which contain 𝑛𝑖 data points for the 𝑖th
task) can be calculated as
[(

Ω2
𝑘𝑖
𝑖 𝜎2
𝑇 (𝑖)

+

∑

Learning Curve

def
𝜀𝑖𝐷𝑛 (x𝑖★ ) =

1
∑

1
𝜆𝑘

𝑘

5

⎤
1
𝜆𝑘

+

1
∑𝑚

𝑛𝑗
𝑗=1 𝜎 2
𝑗

⎦.

Related Work

𝜀𝑖𝐷𝑛 = 𝔼𝑥 [𝜀𝐷𝑛 (x𝑖★ )]
(
)]
𝜔 [
=
𝔼[𝑘𝑀 𝑇 (x𝑖★ , x𝑖★ )] + 𝜎𝑖2 − tr (K + D)−1 𝔼[k𝑖★ (k𝑖★ )𝑇 ] . Some multi-task learning methods based on GP were pre𝜈−2

Let Λ denote a diagonal matrix whose (𝑗, 𝑗)th element
is 𝜆𝑗 and Ω be a matrix whose (𝑟, 𝑠)th element corresponding to x𝑝𝑞 is 𝜓𝑟 (x𝑝𝑞 ). Then 𝔼[𝑘𝑀 𝑇 (x𝑖★ , x𝑖★ )] =
∫ ∑∞
𝑖
𝑖
𝑖
𝑗=1 𝜆𝑗 𝜓𝑗 (x★ )𝜓𝑗 (x★ )𝑑𝜇(x★ ) = tr(Λ) and the (𝑎, 𝑏)th el𝑖
𝑖 𝑇
ement of 𝔼[k★ (k★ ) ] corresponding to x𝑝𝑞 and x𝑟𝑠 is equal
∫ ∑∞
𝑖
𝑝 ∑∞
𝑖
𝑟
𝑖
to
𝑗=1 𝜆𝑗 𝜓𝑗 (x★ )𝜓𝑗 (x𝑞 )
𝑘=1 𝜆𝑘 𝜓𝑘 (x★ )𝜓𝑘 (x𝑠 )𝑑𝜇(x★ ) =

viously proposed. Lawrence and Platt (Lawrence and Platt,
2004) adopted the assumption that all tasks share the same
kernel parameters in a GP and learn the GP from multiple
tasks. The same assumption was adopted in (Schwaighofer
et al., 2005; Yu et al., 2005) but the difference is that the
kernel matrix in the GP is learned in a nonparametric manner. Since there may exist outlier tasks among the tasks in
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real-world applications, the assumption that all tasks share
the same kernel parameters or data representation may not
hold well. To reduce the adverse effect of the outlier tasks,
Yu et al. (Yu et al., 2007) proposed a robust version of the
method in (Schwaighofer et al., 2005; Yu et al., 2005) using a 𝑡 process. Bonilla et al. (Bonilla et al., 2008) proposed
to use a task covariance matrix to model the relationships
between tasks, making it capable of modeling tasks with
positive, zero or negative correlation. Teh et al. (Teh et al.,
2005) proposed a semiparametric latent factor model for
multi-output regression problems, a special case of multitask learning, in which the latent function values are modeled as linear combinations of multiple GP priors.
Because GP is not very robust against outliers, there are
some recent attempts based on a (heavy-tailed) 𝑡 process
which can be seen as a robust extension to GP. One of
these is (Yu et al., 2007) as discussed above. Zhang et al.
(Zhang et al., 2007) proposed a 𝑡 process for multi-output
regression problems in which the priors of the latent function values are modeled by a matrix-variate 𝑡 distribution.
Zhu et al. (Zhu et al., 2008) also proposed a multi-task 𝑡
process which is a Bayesian extension of (Schwaighofer
et al., 2005). As such, it inherits the same assumption of
(Schwaighofer et al., 2005) that all tasks share the same
representation. Moreover, the model in (Zhu et al., 2008)
is more suitable for multi-output problems since it models
the function values of a data point for all tasks, which is not
needed in the general multi-task learning setting.

6

Experiments

In this section, we evaluate our MTGTP model on two applications. The first one is the prediction of student examination scores. The goal is to predict the examination scores
of students in a school (task). The second application is the
learning of the inverse dynamics of a robot arm. The goal
is to predict the joint torques of a robot arm from the joint
angles, velocities and accelerations.
The performance measure we use is the normalized mean
squared error (nMSE), which is the mean squared error
divided by the variance of the target. It is equal to 1
minus the percentage explained variance (Argyriou et al.,
2008), which is often used as a performance measure in
multi-task learning. Both the kernel 𝑘(⋅, ⋅) and the universal kernel 𝑘 ′ (⋅, ⋅) for MMD are RBF kernels. We
use Carl Rasmussen’s implementation (minimize.m)6
of a gradient method to optimize the marginal likelihood
to learn the model parameters. We compare MTGTP
with single-task learning based on GP7 , multi-task feature
learning (MTFL)8 (Argyriou et al., 2008) and multi-task
GP (Bonilla et al., 2008). Even though there exist some

methods based on the 𝑡 process (Yu et al., 2007; Zhang
et al., 2007; Zhu et al., 2008), they mainly focus on multioutput problems and it is difficult to extend them to more
general multi-task learning problems. Thus we do not include them in this comparative study.
6.1

Examination Score Prediction

The examination score data set8 has been widely used for
evaluating multi-task regression methods. It consists of the
examination scores of 15362 students from 139 secondary
schools in London. Thus, there are totally 139 tasks, corresponding to predicting the student performance in 139
schools. The input consists of the year of the examination,
school-specific and student-specific attributes and there are
a total of 27 input attributes. We randomly select 10%, 20%
and 30% of all the data to form training sets of different
sizes. Data not selected for training form the test set. Each
configuration is repeated for 10 trials and we record the
mean and standard deviation in each entry of Table 1. The
best results9 are shown in bold. We can see that MTGTP
outperforms single-task GP, MTFL and multi-task GP.
6.2

Inverse Dynamics Learning

We study the problem of learning the inverse dynamics of a
7-DOF SARCOS anthropomorphic robot arm.10 Each observation in the SARCOS data set consists of 21 input features, corresponding to seven joint angles, seven joint velocities and seven joint accelerations, as well as seven joint
torques for the seven degrees of freedom. Thus the input
has 21 dimensions and there are 7 tasks. We randomly select 𝑝 ∈ {100, 200, 300, 400, 500} data points for each task
to form the training set and 2000 data points for each task
for the test set. We perform 10 random splits of the data
and report the mean and standard deviation over the 10 trials. The results are summarized in Table 2 where the best
results are shown in bold. From the results, we can see that
the performance of MTGTP is also significantly better than
that of the other methods compared.

7

Conclusion

In this paper, we have proposed a novel Bayesian extension
of the model in (Bonilla et al., 2008) to alleviate some problems that arise when estimating the task covariance matrix.
By integrating out the task covariance matrix, our model is
as efficient as the conventional GP and its performance is
significantly better than that of (Bonilla et al., 2008). For
our future research, we will study our model in a wider variety of multi-task learning applications.

6

9
http://www.kyb.tuebingen.mpg.de/bs/people/carl/code/minimize/
Since the standard deviation is so small, the improvement is
http://www.gaussianprocess.org/gpml/code/
clearly very significant under significance testing.
8
10
http://www.cs.ucl.ac.uk/staff/A.Argyriou/code/
http://www.gaussianprocess.org/gpml/data/
7
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Table 1: nMSE (in mean±std-dev) on examination score prediction for different training set sizes.
Training Set
10%
20%
30%

Single-Task GP
1.0015±0.0267
0.8897±0.0127
0.8234±0.0110

MTFL
0.9570±0.0057
0.8409±0.0095
0.8260±0.0082

Multi-Task GP
0.8955±0.0968
0.8502±0.0972
0.8094±0.0886

MTGTP
0.6700±0.0037
0.6512±0.0033
0.6412±0.0031

Table 2: nMSE (in mean±std-dev) on inverse dynamics learning for different training set sizes.
Training Set
100
200
300
400
500

Single-Task GP
0.4920±0.0027
0.4903±0.0018
0.4903±0.0019
0.4884±0.0016
0.4891±0.0032

MTFL
0.0976±0.0073
0.0883±0.0075
0.0797±0.0072
0.0733±0.0040
0.0749±0.0044
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