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Abstract

Gradient descent finds a global minimum in
training deep neural networks despite the objec-
tive function being non-convex. The current pa-
per proves gradient descent achieves zero train-
ing loss in polynomial time for a deep over-
parameterized neural network with residual con-
nections (ResNet). Our analysis relies on the par-
ticular structure of the Gram matrix induced by
the neural network architecture. This structure al-
lows us to show the Gram matrix is stable through-
out the training process and this stability implies
the global optimality of the gradient descent al-
gorithm. We further extend our analysis to deep
residual convolutional neural networks and obtain
a similar convergence result.

1. Introduction

One of the mysteries in deep learning is randomly initial-
ized first-order methods like gradient descent achieve zero
training loss, even if the labels are arbitrary (Zhang et al.,
2016). Over-parameterization is widely believed to be the
main reason for this phenomenon as only if the neural net-
work has a sufficiently large capacity, it is possible for this
neural network to fit all the training data. For example, Lu
et al. (2017) proved that except for a measure zero set, all
functions cannot be approximated by ReL.U networks with a
width less than the input dimension. In practice, many neu-
ral network architectures are highly over-parameterized. For
example, Wide Residual Networks have 100x parameters
than the number of training data (Zagoruyko & Komodakis,
2016).
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The second mysterious phenomenon in training deep neural
networks is “deeper networks are harder to train.” To solve
this problem, He et al. (2016) proposed the deep residual
network (ResNet) architecture which enables randomly ini-
tialized first order method to train neural networks with an
order of magnitude more layers. Theoretically, Hardt & Ma
(2016) showed that residual links in linear networks prevent
gradient vanishing in a large neighborhood of zero, but for
neural networks with non-linear activations, the advantages
of using residual connections are not well understood.

In this paper, we demystify these two mysterious phenom-
ena. We consider the setting where there are n data points,
and the neural network has H layers with width m. We
focus on the least-squares loss and assume the activation
function is Lipschitz and smooth. This assumption holds
for many activation functions including the soft-plus and
sigmoid. Our contributions are summarized below.

e As a warm-up, we first consider a fully-connected
feedforward network. We show if m =
Q (poly(n)QO(H)) !, then randomly initialized gradi-
ent descent converges to zero training loss at a linear
rate.

e Next, we consider the ResNet architecture. We show
as long as m = Q (poly(n, H)), then randomly initial-
ized gradient descent converges to zero training loss at
a linear rate. Comparing with the first result, the depen-
dence on the number of layers improves exponentially
for ResNet. This theory demonstrates the advantage of
using residual architectures.

e Lastly, we apply the same technique to analyze con-
volutional ResNet. We show if m = poly(n,p, H)
where p is the number of patches, then randomly ini-
tialized gradient descent achieves zero training loss.

Our proof builds on two ideas from previous work on gra-
dient descent for two-layer neural networks. First, we use
the observation by (Li & Liang, 2018) that if the neural
network is over-parameterized, every weight matrix is close
to its initialization. Second, following (Du et al., 2018b),

!The precise polynomials and data-dependent parameters are
stated in Section 5, 6, 7.
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we analyze the dynamics of the predictions whose conver-
gence is determined by the least eigenvalue of the Gram
matrix induced by the neural network architecture and to
lower bound the least eigenvalue, it is sufficient to bound
the distance of each weight matrix from its initialization.

Different from these two works, in analyzing deep neural
networks, we need to exploit more structural properties of
deep neural networks and develop new techniques for ana-
lyzing both the initialization and gradient descent dynamics.
In Section 4 we give an overview of our proof technique.

1.1. Organization

This paper is organized as follows. In Section 2, we discuss
related works. In Section 3, we formally state the problem
setup. In Section 4, we present our main analysis techniques.
In Section 5, we give a warm-up result for the deep fully-
connected neural network. In Section 6, we give our main
result for the ResNet. In Section 7, we give our main result
for the convolutional ResNet. We conclude in Section § and
defer all proofs to the appendix.

2. Related Works

Recently, many works try to study the optimization problem
in deep learning. Since optimizing a neural network is a
non-convex problem, one approach is first to develop a gen-
eral theory for a class of non-convex problems which satisfy
desired geometric properties and then identify that the neu-
ral network optimization problem belongs to this class. One
promising candidate class is the set of functions that satisfy:
a) all local minima are global and b) there exists a negative
curvature for every saddle point. For this function class,
researchers have shown (perturbed) gradient descent (Jin
et al., 2017; Ge et al., 2015; Lee et al., 2016; Du et al.,
2017a) can find a global minimum. Many previous works
thus try to study the optimization landscape of neural net-
works with different activation functions (Soudry & Hoffer,
2017; Safran & Shamir, 2018; 2016; Zhou & Liang, 2017;
Freeman & Bruna, 2016; Hardt & Ma, 2016; Nguyen &
Hein, 2017; Kawaguchi, 2016; Venturi et al., 2018; Soudry
& Carmon, 2016; Du & Lee, 2018; Soltanolkotabi et al.,
2018; Haeffele & Vidal, 2015). However, even for a three-
layer linear network, there exists a saddle point that does
not have a negative curvature (Kawaguchi, 2016), so it is
unclear whether this geometry-based approach can be used
to obtain the global convergence guarantee of first-order
methods.

Another way to attack this problem is to study the dynamics
of a specific algorithm for a specific neural network architec-
ture. Our paper also belongs to this category. Many previous
works put assumptions on the input distribution and assume
the label is generated according to a planted neural net-

work. Based on these assumptions, one can obtain global
convergence of gradient descent for some shallow neural
networks (Tian, 2017; Soltanolkotabi, 2017; Brutzkus &
Globerson, 2017; Du et al., 2018a; Li & Yuan, 2017; Du
et al., 2017b). Some local convergence results have also
been proved (Zhong et al., 2017a;b; Zhang et al., 2018). In
comparison, our paper does not try to recover the underly-
ing neural network. Instead, we focus on minimizing the
training loss and rigorously prove that randomly initialized
gradient descent can achieve zero training loss.

The most related papers are (Li & Liang, 2018; Du
et al., 2018b) who observed that when training an over-
parametrized two-layer fully-connected neural network, the
weights do not change a large amount, which we also use to
show the stability of the Gram matrix. They used this obser-
vation to obtain the convergence rate of gradient descent on
a two-layer over-parameterized neural network for the cross-
entropy and least-squares loss. More recently, Allen-Zhu
et al. (2018b) generalized ideas from (Li & Liang, 2018)
to derive convergence rates of training recurrent neural net-
works.

Our work extends these previous results in several ways: a)
we consider deep networks, b) we generalize to ResNet ar-
chitectures, and c) we generalize to convolutional networks.
To improve the width dependence m on sample size n, we
utilize a smooth activation (e.g. smooth ReLLU). For exam-
ple, our results specialized to depth H = 1 improve upon
(Du et al., 2018Db) in the required amount of overparametriza-
tion from m = Q (n%) to m = Q (n). See Theorem 5.1
for the precise statement.

Chizat & Bach (2018b) brought to our attention the paper
of Jacot et al. (2018) which proved a similar weight stability
phenomenon for deep networks, but only in the asymptotic
setting of infinite-width networks and gradient flow run
for a finite time. Jacot et al. (2018) do not establish the
convergence of gradient flow to a global minimizer. In lieu
of their results, our work can be viewed as a generalization
of their result to: a) finite width, b) gradient descent as
opposed to gradient flow, and c¢) convergence to a global
minimizer.

Mei et al. (2018); Chizat & Bach (2018a); Sirignano &
Spiliopoulos (2018); Rotskoff & Vanden-Eijnden (2018);
Wei et al. (2018) used optimal transport theory to analyze
gradient descent on over-parameterized models. However,
their results are limited to two-layer neural networks and
may require an exponential amount of over-parametrization.

Daniely (2017) developed the connection between deep
neural networks with kernel methods and showed stochastic
gradient descent can learn a function that is competitive with
the best function in the conjugate kernel space of the net-
work. Andoni et al. (2014) showed that gradient descent can
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learn networks that are competitive with polynomial classi-
fiers. However, these results do not imply gradient descent
can find a global minimum for the empirical loss minimiza-
tion problem. Our analysis of the Gram matrices at random
initialization is closely related to prior work on the analysis
of infinite-width networks as Gaussian Processes (Raghu
et al., 2016; Matthews et al., 2018; Lee et al., 2017; Schoen-
holz et al., 2016). Since we require the initialization analysis
for three distinct architectures (ResNet, feed-forward, and
convolutional ResNet), we re-derive many of these prior
results in a unified fashion in Appendix E.

Finally, in concurrent work, Allen-Zhu et al. (2018c¢) also
analyze gradient descent on deep neural networks. The pri-
mary difference between the two papers is that we analyze
general smooth activations, and Allen-Zhu et al. (2018c)
develop specific analysis for ReLU activation. The two pa-
pers also differ significantly on their data assumptions. We
wish to emphasize a fair comparison is not possible due to
the difference in setting and data assumptions. We view the
two papers as complementary since they address different
neural net architectures.

For ResNet, the primary focus of this manuscript, the
required width per layer for Allen-Zhu et al. (2018c) is
m 2 n®°H3%log® L and for this paper’s Theorem 6.1 is
m 2 n*H?.2 Our paper requires a width m that does not
depend on the desired accuracy €. As a consequence, Theo-
rem 6.1 guarantees the convergence of gradient descent to
a global minimizer. The iteration complexity of Allen-Zhu
et al. (2018¢c) is T 2 nSH?log 1 and of Theorem 6.1 is
T Z n*log?l.

For fully-connected networks, Allen-Zhu et al. (2018c¢) re-
quires width m > n30 H30 Jog? % and iteration complex-
ity T > nSH?log L. Theorem 5.1 requires width m >
n*20U) and iteration complexity 7' > n2?2°(H) Jog % The
primary difference is for very deep fully-connected net-
works, Allen-Zhu et al. (2018c) has milder dependence on
H, but worse dependence on n. Commonly used fully-
connected networks such as VGG are not extremely deep
(H = 16), yet the dataset size such as ImageNet (n ~ 10°)
is very large.

In a second concurrent work, Zou et al. (2018) also analyzed
the convergence of gradient descent on fully-connected net-
works with ReLLU activation. The emphasis is on different
loss functions (e.g. hinge loss), so the results are not directly
comparable. Both Zou et al. (2018) and Allen-Zhu et al.
(2018c) train a subset of the layers, instead of all the layers
as in this work, but also analyze stochastic gradient.

*In all comparisons, we ignore the polynomial dependency on
data-dependent parameters which only depends on the input data
and the activation function. The two papers use different measures
and are not directly comparable.

3. Preliminaries
3.1. Notations

We Let [n] = {1,2,...,n}. We use N(0,I) to denote
the standard Gaussian distribution. For a matrix A, we
use A;; to denote its (4, j)-th entry. We will also use A, .
to denote the i-th row vector of A and define A; ;. =
(Aij,Aijy1, -, A ) as part of the vector. Similarly
A ; is the i-th column vector and A ;. ; is a part of i-th
column vector. For a vector v, we use ||v||, to denote the
Euclidean norm. For a matrix A we use ||A||, to denote
the Frobenius norm and || A||, to denote the operator norm.
If a matrix A is positive semi-definite, we use Apin (A) to
denote its smallest eigenvalue. We use (-, -) to denote the
standard Euclidean inner product between two vectors or
matrices. We let O(+) and € (-) denote standard Big-O and
Big-Omega notations, only hiding constants. In this paper
we will use C' and c to denote constants. The specific value
can be different from line to line.

3.2. Activation Function

We use o (-) to denote the activation function. In this pa-
per we impose some technical conditions on the activa-
tion function. The guiding example is softplus: o (z) =
log(1 + exp(z)).

Condition 3.1 (Lipschitz and Smooth). There exists a con-
stant ¢ > 0 such that |o (0)| < c and for any z,z' € R,

o (2) = o ()] <elz = 2],

and |o'(z) — o' (2)] <c|z — 2'].

These two conditions will be used to show the stability of the
training process. Note for softplus both Lipschitz constant
and smoothness constant are 1. In this paper, we view all
activation function related parameters as constants.

Condition 3.2. o (-) is analytic and is not a polynomial
Sfunction.

This assumption is used to guarantee the positive-
definiteness of certain Gram matrices which we will de-
fine later. Softplus function satisfies this assumption by
definition.

3.3. Problem Setup

In this paper, we focus on the empirical risk minimization
problem with the quadratic loss function

1 n

mein L(9) = 3 Z(f(e’xi) —ui)? (1)

i=1
where {x; }.-_, are the training inputs, {y; },_, are the labels,
0 is the parameter we optimize over and f is the prediction
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function, which in our case is a neural network. We consider
the following architectures.

e Multilayer fully-connected neural networks: Let
x € R be the input, W) € R™* is the first weight
matrix, W) € R™*™ is the weight at the h-th layer
for2 < h < H,a € R™ is the output layer and o (+)
is the activation function.> We define the prediction
function recursively (for simplicity we let x(0) = x).

< — [C, (W<h>x<h71>) A<h<H
m

f(x,0) =a’xH), 2

“1, .
where ¢, = (E,n(0,1) [0(2)?]) " is a scaling factor
to normalize the input in the initialization phase.

e ResNet*: We use the same notations as the multilayer
fully connected neural networks. We define the predic-
tion recursively.

x) = \/ga (W(l)x) ,

x(M) — (h=1) ;70 (W<h>x<h71>>

m
for2 < h < H,

fres (X; 0) = aTX(H) (3)

where 0 < ¢,.s < 11is a small constant. Note here we
use a 1;% scaling. This scaling plays an important
role in guaranteeing the width per layer only needs to
scale polynomially with H. In practice, the small scal-
ing is enforced by a small initialization of the residual
connection (Hardt & Ma, 2016; Zhang et al., 2019),
which obtains state-of-the-art performance for deep
residual networks. We choose to use an explicit scal-
ing, instead of altering the initialization scheme for
notational convenience.

e Convolutional ResNet: Lastly, we consider the convo-
lutional ResNet architecture. Again we define the pre-
diction function in a recursive way. Let x(?) € Rdox?
be the input, where d is the number of input channels
and p is the number of pixels. For h € [H], we let
the number of channels be d;, = m and number of

3We assume intermediate layers are square matrices for sim-
plicity. It is not difficult to generalize our analysis to rectangular
weight matrices.

*We will refer to this architecture as ResNet, although this dif-
fers by the standard ResNet architecture since the skip-connections
at every layer, instead of every two layers. This architecture was
previously studied in (Hardt & Ma, 2016). We study this archi-
tecture for the ease of presentation and analysis. It is not hard to
generalize our analysis to architectures with skip-connections are
every two or more layers.

pixels be p. Given x("~1) ¢ R -1%P for h € [H],
we first use an operator ¢y, (-) to divide x("~1) into p
patches. Each patch has size gd;,—1 and this implies a
map ¢, (x("~1)) € RI%-1%P_ For example, when the
strideis 1 and ¢ = 3

on (")
T T
h—1 h—1
(Xg,O:Q)) ’ e ’ (Xg,p—l):p—kl)
= SR . .
(h=1) (h=1)
(Xd;L71,0:2> vt (Xd;H,p—lsz)
where we let x%il) = x(f;jrll) = 0, i.e., zero-padding.

Note this operator has the property
o, <o, = v,
HX F onlx )F_\/ax F

because each element from x("~1) at least appears
once and at most appears ¢ times. In practice, q is
often small like 3 X 3, so throughout the paper we view
q as a constant in our theoretical analysis. To proceed,
let W(R) g Rdnxadn—1_we have

0 = [ (W000) e
m
<) —y (1) | %U (W(h)¢h(x(h—1))) c R7XP
for2<h <H,

where 0 < c..s < 1is a small constant. Finally, for
a € R™*P, the output is defined as

fcnn(X7 9) = <a, X(H)>

Note here we use the similar scaling O( ==

ResNet.

=) as

3

To learn the deep neural network, we consider the randomly
initialized gradient descent algorithm to find the global min-
imizer of the empirical loss (1). Specifically, we use the
following random initialization scheme. For every level
h € [H], each entry is sampled from a standard Gaussian

distribution, le) ~ N(0, 1) and each entry of the output
layer a is also sampled from N(0,1). In this paper, we

train all layers by gradient descent, for k = 1,2, ..., and
h € [H]
OL(0(k —1))
WM (k)= WP (- 1) - g\ 7))
OL(O(k —1))
k)y=alk—1) —n—F7—n——
alk) = alk—1) —n=5 5o

where 1 > 0 is the step size.
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4. Technique Overview

In this section, we describe our main idea of proving the
global convergence of gradient descent. Our proof technique
is inspired by Du et al. (2018b) who proposed to study the
dynamics of differences between labels and predictions.
Here the individual prediction at the k-th iteration is

ui(k) = f(0(k), %)

and we denote u(k) = (u1(k),...,un(k))" € R™. Du
et al. (2018b) showed that for two-layer fully-connected
neural network, the sequence {y — u(k)};—, admits the
following dynamics

y —u(k+1) = (I -nH(k)) (y — u(k))

where H(k) € R"*" is a Gram matrix with’

. Bul(k) auj(k)
H;;(k) = <avv(1)(l<;)7 5‘W(1)(k)> .

The key finding in (Du et al., 2018b) is that if m is suffi-
ciently large, H(k) ~ H for all k where H* is defined
as HY = Ewn(0,1) [a’ (wai) o’ (WTXJ) X; XJ} No-
tably, H* is a fixed matrix which only depends on the
training input, but does not depend on neural network pa-
rameters 6. As a direct result, in the large m regime, the
dynamics of {y — u(k)},-, is approximately linear

y—u(k+1) = (I-nH>)(y —u(k)).

For this linear dynamics, using standard analysis technique
for power method, one can show {y — u(k)},-, converges
to O where the rate is determined by the least eigenvalue of
H®° and the step size 7.

We leverage this insight to our deep neural network setting.
Again we consider the sequence {y — u(k)}?°,, which
admits the dynamics

y —u(k+1) = I -nG(k)) (y —u(k))
where
Gi;(k)
ae( )’ aa(k)

5335,5 <) >> ’ <%Z<(:>)’ %1:<%)>

ou;(k
Z OW () (k
H+1

A Z G(h)

3This formula is for the setting that only the first layer is trained.

Here we define G ¢ R"™ " with ngh)(k)

Ou;(k Ou,(k .
<3w(h() ()k)’ BW(h() ()k) > for h = 1,...,H and

G (k) = (Gutt), i) ). Note for all b € [H + 1],

each entry of G (k) is an inner product. Therefore,
G (k) is a positive semi-definite (PSD) matrix for
h € [H + 1]. Furthermore, if there exists one h € [H] that
G (k) is strictly positive definite, then if one chooses the
step size 7 to be sufficiently small, the loss decreases at the
k-th iteration according the analysis of power method. In
this paper we focus on G*1) (k), the gram matrix induced
by the weights from H-th layer for simplicity at the cost of
a minor degradation in convergence rate.°

We use the similar observation in (Du et al., 2018b) that
we show if the width is large enough for all layers, for all
E=0,1,..., GH)(E) is close to a fixed matrix K1) ¢
R™*"™ which depends on the input data, neural network
architecture and the activation but does not depend on neural
network parameters 6. According to the analysis of the
power method, once we establish this, as long as K& is
strictly positive definite, then the gradient descent enjoys a
linear convergence rate. We will show for K1) is strictly
positive definite as long as the training data is not degenerate
(c.f. Proposition F.1 and F.2).

While following the similar high-level analysis framework
proposed by Du et al. (2018b), analyzing the convergence
of gradient descent for deep neural network is significantly
more involved and requires new technical tools. To show
G (k) is close to K, we have two steps. First, we
show in the initialization phase G (*)(0) is close to K1),
Second, we show during training G)(k) is close to
G (0) for k = 1,2,.... Below we give overviews of
these two steps.

Analysis of Random Initialization Unlike (Du et al.,
2018b) in which they showed H(0) is close to H* via a
simple concentration inequality, showing G(*)) (0) is close
to K1) requires more subtle calculations. First, as will
be clear in the following sections, K(*)) is a recursively
defined matrix. Therefore, we need to analyze how the per-
turbation (due to randomness of initialization and finite m)
from lower layers propagates to the H-th layer. Second,
this perturbation propagation involves non-linear operations
due to the activation function. To quantitatively characterize
this perturbation propagation dynamics, we use induction
and leverage techniques from Malliavin calculus (Malliavin,
1995). We derive a general framework that allows us to
analyze the initialization behavior for the fully-connected
neural network, ResNet, convolutional ResNet and other
potential neural network architectures in a unified way.

8Using the contribution of all the gram matrices to the mini-
mum eigenvalue can potentially improve the convergence rate.



Gradient Descent Finds Global Minima of Deep Neural Networks

One important finding in our analysis is that ResNet archi-
tecture makes the “perturbation propagation” more stable.
The high level intuition is the following. For fully con-
nected neural network, suppose we have some perturbation
||G(1)(0) — K(l)”2 < & in the first layer. This perturba-
tion propagates to the H-th layer admits the form

~
2

Therefore, we need to have £ < QO—%H) and this makes m
have exponential dependency on H.’

On the other hand, for ResNet the perturbation propagation
admits the form

1 H
£ < (1 Lo (H>) a=0()  ©

Therefore we do not have the exponential explosion problem
for ResNet. We refer readers to Section E for details.

Analysis of Perturbation of During Training The next
step is to show GU1) (k) is close to GU)(0) for k =
0,1,.... Note GU) depends on weight matrices from all
layers, so to establish that G (#) (k) is close to G(H)(0), we
need to show W (k) — W) (0) is small for all i € [H]
and a(k) — a(0) is small.

In the two-layer neural network setting (Du et al., 2018b),
they are able to show every weight vector of the first layer
is close to its initialization, i.c., |[W® (k) — W1 (0)||,
is small for £ = 0, 1, .... While establishing this condition
for two-layer neural network is not hard, this condition may
not hold for multi-layer neural networks. In this paper, we
show instead, the averaged Frobenius norm

W (k) — Wb (O)HF ©6)

1
vl
is small forall kK =0,1,....

Similar to the analysis in the initialization, showing Equa-
tion (6) is small is highly involved because again, we need
to analyze how the perturbation propagates. We develop
a unified proof strategy for the fully-connected neural net-
work, ResNet and convolutional ResNet. Our analysis in
this step again sheds light on the benefit of using ResNet
architecture for training. The high-level intuition is similar
to Equation (5). See Section B, C, and D for details.

"We not mean to imply that fully-connected networks neces-
sarily depend exponentially on H, but simply to illustrate in our
analysis why the exponential dependence arises. For specific ac-
tivations such as ReLU and careful initialization schemes, this
exponential dependence may be avoided.

5. Warm Up: Convergence Result of GD for
Deep Fully-connected Neural Networks

In this section, as a warm up, we show gradient descent
with a constant positive step size converges to the global
minimum at a linear rate. As we discussed in Section 4, the
convergence rate depends on least eigenvalue of the Gram
matrix K.

Definition 5.1. The Gram matrix K1) is recursively de-
fined as follows, for (i,j) € [n]x[n],andh=1,... , H—1

0
Kz('j) :<Xivxj>’

A _ (KETY
i =\ g1

Ji

(h—1)
Efi_U) : (7)
JJj

h
KZ(-J-) :CJE(U”U)TNN (OvAE?)> [0 (u) o (v)],

H H-1
K" =K VB 7 (0,000 [0 (@)’ (@)].

The derivation of this Gram matrix is deferred to Sec-
tion E. The convergence rate and the amount of over-
parameterization depends on the least eigenvalue of this
Gram matrix. In Section F.1 we show as long as the input
training data is not degenerate, then Ay (K ) is strictly
positive. We remark that if H = 1, then K is the same
the Gram matrix defined in (Du et al., 2018b).

Now we are ready to state our main convergence result of
gradient descent for deep fully-connected neural networks.

Theorem 5.1 (Convergence Rate of Gradient Descent for
Deep Fully-connected Neural Networks). Assume for all
i € [n], |xilly = 1 lys| = O(1) and the number of hidden
nodes per layer

4 2 Hn
_ O(H) n non log(5*)
" . (2 e { Ailnin (K(H)) 7 5’ )‘Enin (K(H))

where K\") is defined in Equation (7). If we set the step

size
o O )\min (K(H))
n= 1290 (H) J

then with probability at least 1 — § over the random initial-
ization the loss, for k = 1,2, ..., the loss at each iteration
satisfies

L(O(k)) < (1 - W) L(6(0)).

This theorem states that if the width m is large enough
and we set step size appropriately then gradient descent
converges to the global minimum with zero loss at linear
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rate. The main assumption of the theorem is that we need
a large enough width of each layer. The width m depends
on n, H and 1/Ani, (K)). The dependency on n is
only polynomial, which is the same as previous work on
shallow neural networks (Du et al., 2018b; Li & Liang,
2018). Similar to (Du et al., 2018b), m also polynomially
depends on 1/Apin (K(H )). However, the dependency on
the number of layers H is exponential. As we discussed
in Section B.1, this exponential comes from the instability
of the fully-connected architecture (c.f. Equation (4)). In
the next section, we show with ResNet architecture, we can
reduce the dependency on H from 2(#) to poly(H).

Note the requirement of m has three terms. The first term is
used to show the Gram matrix is stable during training. The
second term is used to guarantee the output in each layer is
approximately normalized at the initialization phase. The
third term is used to show the perturbation of Gram matrix
at the initialization phase is small. See Section B for proofs.

The convergence rate depends step size 7 and Ay, (K1),
similar to (Du et al., 2018b). Here we require n =
Amin (KD
0 ( n22(()(H) )
same as the one used in (Du et al., 2018b). However, for
deep fully-connected neural network, we require 7 to be
exponentially small in terms of number of layers. The rea-

son is similar to that we require m to be exponentially large.
Again, this will be improved in the next section.

>. When H = 1, this requirement is the

6. Convergence Result of GD for ResNet

In this section we consider the convergence of gradient de-
scent for training a ResNet. We will focus on how much
over-parameterization is needed to ensure the global con-
vergence of gradient descent and compare it with fully-
connected neural networks. Again we first define the key
Gram matrix whose least eigenvalue will determine the con-
vergence rate.

Definition 6.1. The Gram matrix K" is recursively de-
fined as follows, for (i,j) € [n] x[n]andh =2,..., H—1:

0
K\ =(x;,x;),

1 _
R
(u,w) ' ~N| O, K(O)

Ve

O\ o0 (W) (),
ij
27
1
bf ) =.\/Cs uNN(O,KE?)) [CT (U)L
(h—1) (h—1)
Al (K Ky (8)
) K(ﬁ—l) K(ﬁ—l)
Jt 77
(h) _ge(h=1)
K" =KDy

H

ij

cresbghfl)a (u)
E(u,v)—r ~N (O,A(m

eresb) Vo () | o (w) o (v)
H H? ’

— CTeS
bsh) :bgh 1) + 17 EuwN(O,KE?fl)) [O’ (’U,)} R

072“68 (H-1)
H?2 Kij E

K _

ij (u’v)TNN(O’A(Hﬂ» [UI(U)UI(U)] ]

ij

Comparing K(#) of the ResNet and the one of the fully-
connect neural network, the definition of K () also depends
on a series of {b("}/~1. This dependency is comes from
the skip connection block in the ResNet architecture. See
Section E. In Section F.2, we show as long as the input
training data is not degenerate, then A, (K(H )) is strictly
positive. Furthermore, Apin (K*)) does not depend in-
versely exponentially in H.

Now we are ready to state our main theorem for ResNet.

Theorem 6.1 (Convergence Rate of Gradient Descent for
ResNet). Assume for all i € [n), ||x;], = 1, |y;| = O(1)
and the number of hidden nodes per layer

n o ()
5, ) f )

Amin (KU )H? .
(KQ)H) , then with

probability at least 1 — § over the random initialization we
have fork =1,2, ...

k
L(O(k)) < (1 - W) L(0(0)).

n? n?
m = | max i (K(H))H(;’)‘?nin(K(H))HQ’ 9)

If we set the step size n = O

n

In sharp contrast to Theorem 5.1, this theorem is fully poly-
nomial in the sense that both the number of neurons and
the convergence rate is polynomially in n and H. Note the
amount of over-parameterization depends on Ay (K(H ))
which is the smallest eigenvalue of the H-th layer’s Gram
matrix. The main reason that we do not have any exponen-
tial factor here is that the skip connection block makes the
overall architecture more stable in both the initialization
phase and the training phase.

Note the requirement on m has 4 terms. The first two terms
are used to show the Gram matrix stable during training.
The third term is used to guarantee the output in each layer
is approximately normalized at the initialization phase. The
fourth term is used to show bound the size of the pertur-
bation of the Gram matrix at the initialization phase. See
Section C for details.
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7. Convergence Result of GD for
Convolutional ResNet

In this section we generalize the convergence result of gra-
dient descent for ResNet to convolutional ResNet. Again,
we focus on how much over-parameterization is needed to
ensure the global convergence of gradient descent. Simi-
lar to previous sections, we first define the K () for this
architecture.

Definition 7.1. The Gram matrix K*) s recursively de-
fined as follows, for (i, 7) € [n] x [n], (I,7) € [p] X [p] and
h=2...,H-1,

K =g, (x;) ¢1 (x;) € RP*?,
1 T
K} =B KO gO\\ %o W o(v),
oK ) )
Kji ij
1
bg ) :muNN(O7K§?>) [O— (u)]?

(h—1) (h—1)
A<’?>=<Kz‘z b b 1>>
1] - —

Kji 7 Kjj
(h) _qe(h=1)
HY =K{"V+

cresbghfl)Ta (u)

(10)

]E(u7v)~N (O,AE?*U)
Cresbg'hil)—ra (V) C2
H H?

(hy _ (h)
Kz’j.,lr =tr (Hij7Dl(h,>D$h,)> )

h h—1 Cres
b§ ) :bg ) + i Eu~N(0,KEf_1>) [0 (u)]

H H—
M =K B o (o) [0 (@) ()

K = (M)

h
where u and v are both random row vectors and Dl( ) &

{s:x"" € the I'" patch}.
Note here KE?) has dimensionp x pforh=0,...,H — 1
and K, ;, denotes the (I, )-th entry.

Now we state our main convergence theorem for the convo-
lutional ResNet.

Theorem 7.1 (Convergence Rate of Gradient Descent for
Convolutional ResNet). Assume for alli € [n], ||x;|| = 1,
lyi| = O(1) and the number of hidden nodes per layer

7’L4

n4
m = | max W, W’

2] Hn
%711 O%@( : )}poly(p)>- (11
0

If we set the step size n = O (#ﬁjm

bility at least 1 — § over the random initialization we have
fork=1,2,...

k
L)) < (1 - W) L(6(0)).

), then with proba-

This theorem is similar to that of ResNet. The number
of neurons required per layer is only polynomial in the
depth and the number of data points and step size is only
polynomially small. The only extra term is poly(p) in the
requirement of m and 7. The analysis is also similar to
ResNet and we refer readers to Section D for details.

8. Conclusion

In this paper, we show that gradient descent on deep over-
parametrized networks can obtain zero training loss. Our
proof builds on a careful analysis of the random initialization
scheme and a perturbation analysis which shows that the
Gram matrix is increasingly stable under overparametriza-
tion. These techniques allow us to show that every step of
gradient descent decreases the loss at a geometric rate.

‘We list some directions for future research:

1. The current paper focuses on the training loss, but does
not address the test loss. It would be an important
problem to show that gradient descent can also find
solutions of low test loss. In particular, existing work
only demonstrate that gradient descent works under the
same situations as kernel methods and random feature
methods (Daniely, 2017; Li & Liang, 2018; Allen-Zhu
et al., 2018a; Arora et al., 2019). To further investigate
of generalization behavior, we believe some algorithm-
dependent analyses may be useful (Hardt et al., 2016;
Mou et al., 2018; Chen et al., 2018).

2. The width of the layers m is polynomial in all the
parameters for the ResNet architecture, but still very
large. Realistic networks have number of parameters,
not width, a large constant multiple of n. We consider
improving the analysis to cover commonly utilized
networks an important open problem.

3. The current analysis is for gradient descent, instead of
stochastic gradient descent. We believe the analysis can
be extended to stochastic gradient, while maintaining
the linear convergence rate.

4. The convergence rate can be potentially improved if the
minimum eigenvalue takes into account the contribu-
tion of all Gram matrices, but this would considerably
complicate the initialization and perturbation analysis.



Gradient Descent Finds Global Minima of Deep Neural Networks

Acknowledgments

We thank Lijie Chen and Ruosong Wang for useful dis-
cussions. SSD acknowledges support from AFRL grant
FA8750-17-2-0212 and DARPA D17AP00001. JDL ac-
knowledges support of the ARO under MURI Award
WO1INF-11-1-0303. This is part of the collaboration be-
tween US DOD, UK MOD and UK Engineering and Physi-
cal Research Council (EPSRC) under the Multidisciplinary
University Research Initiative. HL and LW acknowlege sup-
port from National Basic Research Program of China (973
Program) (grant no. 2015CB352502), NSFC (61573026)
and BJNSF (L172037). Part of the work is done while SSD
was visiting Simons Institute.

References

Allen-Zhu, Z., Li, Y., and Liang, Y. Learning and generaliza-
tion in overparameterized neural networks, going beyond
two layers. arXiv preprint arXiv:1811.04918, 2018a.

Allen-Zhu, Z., Li, Y., and Song, Z. On the convergence
rate of training recurrent neural networks. arXiv preprint
arXiv:1810.12065, 2018b.

Allen-Zhu, Z., Li, Y., and Song, Z. A convergence theory for
deep learning via over-parameterization. arXiv preprint
arXiv:1811.03962, 2018c.

Andoni, A., Panigrahy, R., Valiant, G., and Zhang, L. Learn-
ing polynomials with neural networks. In International
Conference on Machine Learning, pp. 1908-1916, 2014.

Arora, S., Du, S. S., Hu, W, Li, Z., and Wang, R. Fine-
grained analysis of optimization and generalization for
overparameterized two-layer neural networks. arXiv
preprint arXiv:1901.08584, 2019.

Brutzkus, A. and Globerson, A. Globally optimal gradient
descent for a ConvNet with gaussian inputs. In Interna-
tional Conference on Machine Learning, pp. 605-614,
2017.

Chen, Y., Jin, C., and Yu, B. Stability and Convergence
Trade-off of Iterative Optimization Algorithms. arXiv
e-prints, art. arXiv:1804.01619, Apr 2018.

Chizat, L. and Bach, F. On the global convergence of gradi-
ent descent for over-parameterized models using optimal
transport. arXiv preprint arXiv:1805.09545, 2018a.

Chizat, L. and Bach, F. A note on lazy training in su-
pervised differentiable programming. arXiv preprint
arXiv:1812.07956, 2018b.

Daniely, A. SGD learns the conjugate kernel class of the
network. In Advances in Neural Information Processing
Systems, pp. 2422-2430, 2017.

Du, S. S. and Lee, J. D. On the power of over-
parametrization in neural networks with quadratic activa-
tion. Proceedings of the 35th International Conference
on Machine Learning, pp. 1329-1338, 2018.

Du, S. S., Jin, C., Lee, J. D., Jordan, M. L., Singh, A., and
Poczos, B. Gradient descent can take exponential time to
escape saddle points. In Advances in Neural Information
Processing Systems, pp. 1067-1077, 2017a.

Du, S. S., Lee, J. D., and Tian, Y. When is a convolutional
filter easy to learn? arXiv preprint arXiv:1709.06129,
2017b.

Du, S. S., Lee, J. D., Tian, Y., Poczos, B., and Singh, A.
Gradient descent learns one-hidden-layer CNN: Don’t
be afraid of spurious local minima. Proceedings of the
35th International Conference on Machine Learning, pp.
1339-1348, 2018a.

Du, S. S., Zhai, X., Poczos, B., and Singh, A. Gradient
descent provably optimizes over-parameterized neural
networks. arXiv preprint arXiv:1810.02054, 2018b.

Freeman, C. D. and Bruna, J. Topology and geometry
of half-rectified network optimization. arXiv preprint
arXiv:1611.01540, 2016.

Ge, R., Huang, F., Jin, C., and Yuan, Y. Escaping from
saddle points — online stochastic gradient for tensor de-
composition. In Proceedings of The 28th Conference on
Learning Theory, pp. 797-842, 2015.

Haeffele, B. D. and Vidal, R. Global optimality in tensor
factorization, deep learning, and beyond. arXiv preprint
arXiv:1506.07540, 2015.

Hardt, M. and Ma, T. Identity matters in deep learning.
arXiv preprint arXiv:1611.04231, 2016.

Hardt, M., Recht, B., and Singer, Y. Train faster, generalize
better: Stability of stochastic gradient descent. In Bal-
can, M. F. and Weinberger, K. Q. (eds.), Proceedings of
The 33rd International Conference on Machine Learn-
ing, volume 48 of Proceedings of Machine Learning Re-
search, pp. 1225-1234, New York, New York, USA, 20-
22 Jun 2016. PMLR. URL http://proceedings.
mlr.press/v48/hardtl6.html.

He, K., Zhang, X., Ren, S., and Sun, J. Deep residual learn-
ing for image recognition. In Proceedings of the IEEE
conference on computer vision and pattern recognition,
pp. 770-778, 2016.

Jacot, A., Gabriel, F., and Hongler, C. Neural tangent kernel:
Convergence and generalization in neural networks. arXiv
preprint arXiv:1806.07572, 2018.


http://proceedings.mlr.press/v48/hardt16.html
http://proceedings.mlr.press/v48/hardt16.html

Gradient Descent Finds Global Minima of Deep Neural Networks

Jin, C., Ge, R., Netrapalli, P., Kakade, S. M., and Jordan,
M. L. How to escape saddle points efficiently. In Proceed-
ings of the 34th International Conference on Machine
Learning, pp. 1724-1732, 2017.

Kawaguchi, K. Deep learning without poor local minima.
In Advances In Neural Information Processing Systems,

pp. 586-594, 2016.

Lee, J., Bahri, Y., Novak, R., Schoenholz, S. S., Penning-
ton, J., and Sohl-Dickstein, J. Deep neural networks as
gaussian processes. arXiv preprint arXiv:1711.00165,
2017.

Lee, J. D., Simchowitz, M., Jordan, M. I., and Recht, B.
Gradient descent only converges to minimizers. In Con-
ference on Learning Theory, pp. 12461257, 2016.

Li, Y. and Liang, Y. Learning overparameterized neural
networks via stochastic gradient descent on structured
data. arXiv preprint arXiv:1808.01204, 2018.

Li, Y. and Yuan, Y. Convergence analysis of two-layer
neural networks with ReLLU activation. In Advances in
Neural Information Processing Systems, pp. 597-607,
2017.

Lu, Z., Pu, H., Wang, F., Hu, Z., and Wang, L. The expres-
sive power of neural networks: A view from the width.

In Advances in Neural Information Processing Systems
30, pp. 6231-6239. Curran Associates, Inc., 2017.

Malliavin, P. Gaussian sobolev spaces and stochastic calcu-
lus of variations. 1995.

Matthews, A. G. d. G., Rowland, M., Hron, J., Turner, R. E.,
and Ghahramani, Z. Gaussian process behaviour in wide
deep neural networks. arXiv preprint arXiv:1804.11271,
2018.

Mei, S., Montanari, A., and Nguyen, P.-M. A mean field
view of the landscape of two-layers neural networks. Pro-
ceedings of the National Academy of Sciences, pp. E1665—
E7671, 2018.

Mou, W., Wang, L., Zhai, X., and Zheng, K. General-
ization bounds of sgld for non-convex learning: Two
theoretical viewpoints. In Bubeck, S., Perchet, V., and
Rigollet, P. (eds.), Proceedings of the 31st Conference
On Learning Theory, volume 75 of Proceedings of Ma-
chine Learning Research, pp. 605-638. PMLR, 06-09 Jul
2018. URL http://proceedings.mlr.press/
v75/moul8a.html.

Nguyen, Q. and Hein, M. The loss surface of deep and wide
neural networks. In International Conference on Machine
Learning, pp. 2603-2612, 2017.

Raghu, M., Poole, B., Kleinberg, J., Ganguli, S., and Sohl-
Dickstein, J. On the expressive power of deep neural
networks. arXiv preprint arXiv:1606.05336, 2016.

Rotskoff, G. M. and Vanden-Eijnden, E. Neural networks as
interacting particle systems: Asymptotic convexity of the
loss landscape and universal scaling of the approximation
error. arXiv preprint arXiv:1805.00915, 2018.

Safran, I. and Shamir, O. On the quality of the initial basin
in overspecified neural networks. In International Con-
ference on Machine Learning, pp. 774-782, 2016.

Safran, I. and Shamir, O. Spurious local minima are com-
mon in two-layer ReLU neural networks. In International
Conference on Machine Learning, pp. 4433-4441, 2018.

Schoenholz, S. S., Gilmer, J., Ganguli, S., and Sohl-
Dickstein, J. Deep information propagation. arXiv
preprint arXiv:1611.01232, 2016.

Sirignano, J. and Spiliopoulos, K. Mean field analysis of
neural networks. arXiv preprint arXiv:1805.01053, 2018.

Soltanolkotabi, M. Learning ReLLUs via gradient descent.
In Advances in Neural Information Processing Systems,
pp- 2007-2017, 2017.

Soltanolkotabi, M., Javanmard, A., and Lee, J. D. Theo-
retical insights into the optimization landscape of over-
parameterized shallow neural networks. IEEE Transac-
tions on Information Theory, 2018.

Soudry, D. and Carmon, Y. No bad local minima: Data in-
dependent training error guarantees for multilayer neural
networks. arXiv preprint arXiv:1605.08361, 2016.

Soudry, D. and Hoffer, E. Exponentially vanishing sub-
optimal local minima in multilayer neural networks.
arXiv preprint arXiv:1702.05777, 2017.

Tian, Y. An analytical formula of population gradient for
two-layered ReLU network and its applications in con-
vergence and critical point analysis. In International
Conference on Machine Learning, pp. 3404-3413, 2017.

Venturi, L., Bandeira, A., and Bruna, J. Neural networks
with finite intrinsic dimension have no spurious valleys.
arXiv preprint arXiv:1802.06384, 2018.

Vershynin, R. Introduction to the non-asymptotic analysis
of random matrices. arXiv preprint arXiv:1011.3027,
2010.

Wei, C., Lee, J. D., Liu, Q., and Ma, T. On the margin
theory of feedforward neural networks. arXiv preprint
arXiv:1810.05369, 2018.


http://proceedings.mlr.press/v75/mou18a.html
http://proceedings.mlr.press/v75/mou18a.html

Gradient Descent Finds Global Minima of Deep Neural Networks

Zagoruyko, S. and Komodakis, N. Wide residual networks.
NIN, 8:35-67, 2016.

Zhang, C., Bengio, S., Hardt, M., Recht, B., and Vinyals, O.
Understanding deep learning requires rethinking general-
ization. arXiv preprint arXiv:1611.03530, 2016.

Zhang, H., Dauphin, Y. N., and Ma, T. Residual learn-
ing without normalization via better initialization. In
International Conference on Learning Representations,
2019. URL https://openreview.net/forum?
id=H1lgsz30cKX.

Zhang, X., Yu, Y., Wang, L., and Gu, Q. Learning one-
hidden-layer relu networks via gradient descent. arXiv
preprint arXiv:1806.07808, 2018.

Zhong, K., Song, Z., and Dhillon, I. S. Learning non-
overlapping convolutional neural networks with multiple
kernels. arXiv preprint arXiv:1711.03440, 2017a.

Zhong, K., Song, Z., Jain, P., Bartlett, P. L., and Dhillon,
I. S. Recovery guarantees for one-hidden-layer neural
networks. arXiv preprint arXiv:1706.03175, 2017b.

Zhou, Y. and Liang, Y. Critical points of neural networks:
Analytical forms and landscape properties. arXiv preprint
arXiv:1710.11205, 2017.

Zou, D., Cao, Y., Zhou, D., and Gu, Q. Stochastic gra-
dient descent optimizes over-parameterized deep ReLU
networks. arXiv preprint arXiv:1811.08888, 2018.


https://openreview.net/forum?id=H1gsz30cKX
https://openreview.net/forum?id=H1gsz30cKX

Gradient Descent Finds Global Minima of Deep Neural Networks

Appendix

In the proof we will use the geometric series function g, (n) = Z?:_()l o' extensively. Some constants we will define below
may be different for different network structures, such as ¢, ¢,,,0 and c; o. We will also use c to denote a small enough
constant, which may be different in different lemmas. For simplicity, we use Ay to denote Ay, (K(H )) in the proofs.

A. Proof Sketch
Note we can write the loss as

LK) = 5 ly — u(k)3.

Our proof is by induction. Our induction hypothesis is just the following convergence rate of empirical loss.

Condition A.1. At the k-th iteration, we have

Iy = (bl < (1= B2 Iy — a3

Note this condition implies the conclusions we want to prove. To prove Condition A.1, we consider one iteration on the loss
function.

Iy — u(k +1)|I3
=y —u(k) — (u(k +1) - u(k))|;
=y —uk)ls —2(y —uk)" (u(k+1) —u(k)) + uk+1) —u(k)]5. (12)

This equation shows if 2 (y — u(k))" (u(k + 1) — u(k)) > |u(k +1) — u(k:)||g, the loss decreases. Note both terms
involves u(k + 1) — u(k), which we will carefully analyze. To simplify notations, we define
OL(0)

u<(9)é% « M (g) & Oui u’ﬂa)(o)é% and L'(0) = 22 pmwhy = 5

o 0L
06"’ ‘ OW (h)’ ! Oa 00 "’ N '

Oda

L/(a) (9)

We look one coordinate of u(k + 1) — u(k).
Using Taylor expansion, we have

ui(k 4+ 1) —u;(k)
u; (0(k) —nL'(0(k))) — ui (0(k))

—— [ wow)aom - stem)as
=~ [ w0, s+ [ (00 008) —f 0G8) — s 0k

211 (k) + I5(k).
Denote Ty (k) = (I} (k), ..., I7(k)) " and To(k) = (I3(k),..., I5(k)) " and so u(k + 1) — u(k) = I, (k) + Io(k). We

will show the I (k) term, which is proportional to 7, drives the loss function to decrease and the I»(k) term, which is a
perturbation term but it is proportional to 7? so it is small. We further unpack the I} (k) term,

Iy = = (L' (O(k)), u (0(k)))
=- nZ(Uj — ;) (u; (0(k)), w; (6(k)))

H+1

- h
20 (i —y) Y G (k)
j=1 h=1
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According to Section 4, we will only look at G*/) matrix which has the following form

7,9 T

G (k) = ("0 () T (k) - 2 3 a2/ (60 ()T 1) (6 1) T (1),

Now we analyze I; (k). We can write I; in a more compact form with G (k).

L (k) = —nG(k) (a(k) —y).

Now observe that

(y — u(k) TI(k) =n (y — u(k)) " G(k)(y — u(k))
>Amin (G(K)) |y — u(k)3
>N (GUD(R) ) ly = u(h);

Now recall the progress of loss function in Equation (12):

Iy —uk +D)ll3
=lly —u(b)l3 — 2 (v = u(k) " Li(k) = 2 (v — u(k) " La(k) + [tk + 1) - u(k)];
< (1= i (G(1) ) lly = u(R)I3 — 2y = u(k) " Ta(k) + [[ulk + 1) = u(R)]l3.

For the perturbation terms, through standard calculations, we can show both —2 (y — u(k)) " I(k) and [[u(k + 1) — u(k) 5

are proportional to n? ||y — u(k) ||§ so if we set 77 sufficiently small, this term is smaller than nAmin (G (K)) ||y — u(k) ||§
and thus the loss function decreases with a linear rate.

Therefore, to prove the induction hypothesis, it suffices to prove Apip (G(H )(k)) > % for k' = 0,...,k, where )\ is
independent of m. To analyze the least eigenvalue, we first look at the initialization. Using assumptions of the population
Gram matrix and concentration inequalities, we can show at the beginning HG(H ) (0) — KW )(0) H2 < i)\o, which implies

Amin (G(H)(O)) > %Ao-

Now for the k-th iteration, by matrix perturbation analysis, we know it is sufficient to show ||G(H ) (k) — GU(0) H2 < 1.
To do this, we use a similar approach as in (Du et al., 2018b). We show as long as m is large enough, every weight matrix is
close its initialization in a relative error sense. Ignoring all other parameters except m, HW(h) (k) — W) (0) H » S 1 and

. c L [[W (R =W (0) . .
thus the average per-neuron distance from initialization is ” N HF < \/% which tends to zero as m increases.

See Lemma B.5 for precise statements with all the dependencies.

This fact in turn shows || GH) (k) — GH)(0) ||2 is small. The main difference from (Du et al., 2018b) is that we are consid-
ering deep neural networks, and when translating the small deviation, ||[W " (k) — W) (0)]| . to ||GU (k) — GUH)(0)][,.
there is an amplification factor which depends on the neural network architecture.

For deep fully connected neural networks, we show this amplification factor is exponential in H. On the other hand, for
ResNet and convolutional ResNet we show this amplification factor is only polynomial in H. We further show the width m
required is proportional to this amplification factor.

B. Proofs for Section 5

We first derive the formula of the gradient for the multilayer fully connected neural network

3L(9) Co H—Qh+1 n (he1) T H *) " "
swm =) 2 Ues) —wx"Val [ I 30w ) g

i=1 k=h+1
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where ,
J) 2 diag (0/ ((w§h ))Tx(h’71)> o <(W$'))Tx(h'71))) c Rmxm

are the derivative matrices induced by the activation function and
<) — [Co . (w<h’>x(h’—1>) ,
m

(H)

is the output of the h’-th layer.

Through standard calculation, we can get the expression of G’ of the following form

G = (x{T Tl CUZa w0y o! (wlH) Tx D), (13)

2,

We first present a lemma which shows with high probability the feature of each layer is approximately normalized.
Lemma B.1 (Lemma on Initialization Norms). If o(-) is L—Lipschitz and m = (%W), where C =

co L (2 |o(0)] \/g + 2L>, then with probability at least 1 — 6 over random initialization, for every h € [H| and i € [n], we
have

<

1 ‘
Cz.0

0, <o

where c; o = 2.

We follow the proof sketch described in Section A. We first analyze the spectral property of G () (0) at the initialization
phase. The following lemma lower bounds its least eigenvalue. This lemma is a direct consequence of results in Section E.

n? log(Hn/8)2° )
A2
0

Lemma B.2 (Least Eigenvalue at the Initialization). If m = (2 ( ), we have

Amin (G (0)) > %)\0.

Now we proceed to analyze the training process. We prove the following lemma which characterizes how the perturbation
from weight matrices propagates to the input of each layer. This Lemma is used to prove the subsequent lemmas.

Lemma B.3. Suppose for every h € [H|, HW(h)(O)H2 < cuwov/m, ||xM (O)H2 < g0 and |[W™ (k) — W(h)(O)HF <
VMR for some constant ¢, 0, cz0 > 0 and R < ¢y 0. If 0(+) is L—Lipschitz, we have

[ 0) = x00)|| < Ve Lewoge, ()R
2
where c; = 2\/csLcy, .
Here the assumption of ||W(h) (0) H2 < ¢y,0y/m can be shown using Lemma G.2 and taking union bound over h € [H],

where ¢, ¢ is a universal constant. Next, we show with high probability over random initialization, perturbation in weight
matrices leads to small perturbation in the Gram matrix.

Lemma B.4. Suppose o(-) is L— Lipschitz and B—smooth. Suppose for h € [H], HW(h) ||2 < a(0)], <
azov/m, [|a(0)lly < agom!*, s < [[xM(0)||, < cuo, if [WH (k) = W(0)|| . lalk) — a(0)ll, < /mR where
R <cg.,(H) *Xon" ' and R < cg.,(H) ™! for some small constant c and c,, = 2,/Cs Lcy 0, we have

-l 4
2

1/4

Here the assumption of ||a(0)||, a(0)|l; < aq,om'/* can be easily obtained using standard concentration
inequalities, where as ¢ and a4 o are both universal constants. The following lemma shows if the induction holds, we have
every weight matrix close to its initialization.
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Lemma B.5. [f Condition A.1 holds for k' =1, ...k, we have forany s =1,...,k +1

HW(h)(s) —wh (O)HF lla(s) — a(0)], < R'v/m
HW(h)(s) — W (s — I)HF lla(s) —a(s — 1), <nQ'(s — 1)

H
where R’ = 16%’0&2'0(6;‘3\/guy_u(o)‘b < ¢ge, (H)™! for some small constant ¢ with ¢, = max{2./c,Lcy 0,1} and

H
Q'(s) = deq0a2,0 (cz)” vV lly —u(s)]l;
Now we proceed to analyze the perturbation terms.

Lemma B.6. If Condition A.1 holds for k' = 1,.. .k, suppose n < cXo (R?H?(c)H gac, (H))_lfor some small constant
¢, we have

1
T2(k)ll; < gndo lly —ulk)ll; -
Lemma B.7. If Condition A.1 holds for k' =1, ...k, supposen < c\g (112[112(0_%)2Hggcm (H))ilfor some small constant
¢, then we have |[u(k +1) —u(k)|5 < Lo |y — u(k)]>.

We now proceed with the proof of Theorem 5.1. By induction, we assume Condition A.1 for all ¥’ < k. Using Lemma B.5,
this establishes

HW(h)(k) W (O)HF <R'Vm
< RVm (using the choice of m in the theorem.)

By Lemma B.4, this establishes )\min(G(H) (k) > )‘70
With these estimates in hand, we are ready to prove the induction hypothesis of Condition A.1.

Iy = u(k +1)]5

=y —u®|; —20(y = ulk)) G) (y —u(k)) = 2(y —u(k)) Lo + [[uk + 1) —u(k)|;

<y —u®)ll3 =20 (y —u(k)" G (k) (y —u(k)) = 2(y = u(k) " L + [u(k +1) — u(k)|l3

< (1=nXo) [y —u(®); —2(y —u(k) " To + [u(k + 1) — u(k)|

< (1= 20 fly —u(k) .

The first inequality drops the positive terms (y — u(k)) " Do he[HA1)hAH G (k) (y — u(k)). The second inequality uses
the argument above that establishes )\min(G(H ) (k) > 7" The third inequality uses Lemmas B.6 and B.7.

B.1. Proofs of Lemmas

Proof of Lemma B.1. We will bound Hxl(-h) (0) H by induction on layers. The induction hypothesis is that with probability
2

)]

)H over the randomness from
2

atleast 1 — (h — 1)-2- over W((0),..., W"=1D(0), forevery 1 <& < h—1,1 <1-— ;(JCC((”H

1+ 25’900((’;% < 2. Note that it is true for

W) (0). Recall

<)) = 2 (w00

Therefore we have
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=c¢,Exn(0,1)0 ‘
Note that o(-) is L—Lipschitz, for any % < a < 2, we have

|Ex~n0,1)0(0X)* = Exno1)0(X)?|
<Ex~n(0,1) |o(aX)? — o(X)?|
<Lla—1[Ex<n(o,) X (0(aX) + o(X))|
<Lla =1|Ex~n(o,1) [ X[ (120(0)] + L |(e + 1) X])
<Ll —1|(2]0(0)| Exno) | X|+ Lo+ 1| Exon(o,1)X?)

=L|a—1| <2|0(0)| \/§+L|a—|— 1|>

C
Si‘a_ua
Co

where C' £ ¢, L (2 |o(0)] \/g + 2L) , which implies

Cgc(h—1)
- 2gc(H) =B [

x§h>(o)H2] <1+ %-

For the variance we have

[

O[] ~Zvar o (w0 0)]
o (w0 x"0)']

| (100 + L[w 0% Vo))

)

m
2
Lo}

<

IN
o

~m
G2
m
where Cy £ o(0)* + 8|0(0)]* L\/2/7 + 240(0)2L2 + 640(0)L?\/2/m 4+ 512L* and the last inequality we used the

formula for the first four absolute moments of Gaussian.

Applying Chebyshev’s inequality and plugging in our assumption on m, we have with probability 1 — —%- over W("),

<o, -0, <

Thus with probability 1 — -5 over W), ... W),

290

o], -1 <

H H ‘<C’gc(h—1) 1 gc(h)
T 29c(H)  29(H) 2gc(H)

Using union bounds over [n], we prove the lemma. O
Proof of Lemma B.3. We prove this lemma by induction. Our induction hypothesis is

[0 = x|, < ver LRevoge, (1),

where

€z = 2\/coLcy .
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For h = 0, since the input data is fixed, we know the induction hypothesis holds. Now suppose the induction hypothesis
holds for A’ = 0,...,h — 1, we consider b/ = h.

[x0) = xP0)], =/ o (WO w1 )) = o (W @)
Az ) )
o e (10 (00

oS-l ),
\ZL Wi - woo) <o,

</ 2L (cu0vm + Rvm) veg LRepoge, (h = 1) + 4| = Ly/mReao

S\/ELch,O (Car:gcur (h - 1) + 1)
S\/aLRcw,Ogcz (h)

O

Proof of Lemma B.4. Because Frobenius-norm of a matrix is bigger than the operator norm, it is sufficient to bound
|G (k) — GH)(0)]| . For simplicity define z; (k) = wi (1) TP (), we have

G k) - G o)

]

=" R T )22 Y ar ()0 (20 (R)) 0 (21 ()

x(00) <V 0)7E Y a, (00 (21,0 (0)) o (2,(0)) |

= Zar 2o’ (21,0 (k) 0 (25,0 (K))

J )

Co

- )(O)T (H 1)

Z ar(0 (zir (k) 0" (2. (K)) — 0’ (2i,0(0)) 0 (Zj,r(O)))|

(H—l)kT (H—l)k‘ci
x0T ()| 2

Y (ar(k)? = ar(0)?) o' (zin (k) o' (Zj,r(k))|

r=1

<r azo\ 0 () T ”(k)fx§H‘”<o>Tx§H‘”<o>]

Z ar(0 (2i,r (k) 0’ (2j,r (k) — 0" (2i2(0)) 0’ (Zj,r(O)))’
Co
+AL% G -7 Z |ar(k)? = a,(0)?|
r=1
AN 4 Iy + I
For If’j, using Lemma B.3, we have

L7 =LPepa3 o [xi™ (k) TV (k) - 0 0) XV (0)
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<L2oad o |6 () = x{TVO) XTI ()| + E2eoad o [TV 0) TP () - 17V (0))

SCUCLZ’O\/ CO'L Cz,09c, (H)R : (Cz,(] + \/aLC:v,Ogcz (H)R) + Co/ Caa§70L3CI,Och (H)Rcz,o
§3caa§,oci70\/caL3gcm (H)R.

For 1,7, we have

]w _ 02 Co

Z 0, (020" (21,0 (k)) o' (23 (K)) — 4, (0)%0" (z1,1(0)) o’ <zj,r<o>>‘
Z 0 (0)2 (0" (20 () = 0" (20,0 (0))) 0 (23,0 (k)] + @ (0)2 (0" (23,0 (k)) = 0 (25,0 (0))) & (2,1 (0))

Leyc? cz 9
ﬂ plcaCy o <Za % \zir (k) — 2.,(0)] + a,(0) zjvr(k)zj,r(0)>

BLCUGE,OCJ%,O - 2
ST Z|Zi,r(k’)—zw W+ Z|Zgr = 2,(0)]
r=1

Using the same proof for Lemma B.3, it is easy to see
Z‘Z” — 2z )| < Ciogcz(H)QmRQ.

Thus
I;"j < 2600(12’00270Lgc2 (H)R.

For Ié’j,
I8 =412 OC—U E lar(k)* = a,(0)?|
“m

<41 0 Z lar (k) — ar(0)||ar (k)| + |ar (k) — ar(0)] |a,(0)]
< 12LQC$’OC[,G270R.

Therefore we can bound the perturbation

2
GH) () — qUH) H — ’ (H) 4 <H> ‘
& -6 3 et (0)
(4,9)
[(2Bca,0a] o + 3/ L?) Legcl 403 oge, (H) + 1217} gcoazo] nR.

IN

Plugging in the bound on R, we have the desired result.

Proof of Lemma B.5. We will prove this corollary by induction. The induction hypothesis is

s—1
<3 - W)s/2 MoRm < R, s € [k + 1],

s'=0

[we - weo),
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Ao«
la(s) —a(0 ||2<Z ’70 /2 AR Vm < R'm, s € [k+1].

s'=0
First it is easy to see it holds for s’ = 0. Now suppose it holds for s' = 0, ..., s, we consider s’ = s + 1. We have
Hw<h>(s +1) - W(h)(s)HF
c H—h n H
o 2t h 1 k h
=n|(%) Z = ui(s)x" " (s) <a<s>T ( IT & ><s>w<’“><s>> 3] ><s>>
i=1 k=h-+1 F

H—-h+1

< (=) 7 ||a<s>||2§ i — wi(s)]||x

b

o, 1T o, I,

la(s +1) —a(s)lly =7

2

ToboundH (h= 1) (s)

, we can just apply Lemma B.3 and get
2

[

we use our assumption

(S)H2 < VoL 0ge, (MR + 0 < 2¢4.0.

To bound ||W(k)(s)

,
H
< 11 (w00, +[we-weol,)

wa
1 k=h+1

2
k=h+

Note that HJ () (s) H2 < L. Plugging in these two bounds back, we obtain

n
<dney paz,oct Z lyi — u(s)]
i=1

<dnegoas,0c Vnlly —u(s)|,
=nQ'(s)
S(l UA0)5/2 A R/\/>

HW(h)(s r1) - W(h)(s)HF

Similarly, we have

la(s +1) — a(s)ll, <2nc00 Y lys — uls)]

i=1

<n@Q'(s)
<(1 7720)3/2177)\ R/\/i

Thus

Hw<h>(s +1) - w<h>(0)HF
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< Hw<h>(s F1) - w<h>(s)HF +[Ws) - w<h>(0)HF

<Z 77)‘0 9/2 AR \/m.

s'=0

Similarly,

la(s + 1) —a(0)],

77)\ 1
< Z %) /QZn)\OR’\/E.

s'=0

Proof of Lemma B.6. Fix i € [n], we bound

; ) (g (h) (h) (h) H
|13(k) <n0@g§nZ’L )| || @) =™ (000) = s (0(k)) )
For the gradient norm, we have
L/(h) ‘
L ®@w)]|
/¢ gl O (h—l) (l (l (h)
_ <E> > (i — wik))x! H IV kWO (k) | 3¢
=1 l=h+1

Similar to the proof for Lemma B.5, we have

LW ok)|| < Q'(k):

F
Let O(k,s) = 6(k) — sL'(0(k)),
i 0k =i (k)|
H—h+1 H
() ‘Xgh_l)(k) (a(k)T ( II JE”(k)W(l>(k)> J§h>(k)>
I=h+1

H
—xgh_l)(k,s) (a(k,s)T ( H ng)(k,s)W(l)(ka5)> JE’U(k‘, S)>

l=h+1

F

Through standard calculations, we have

me(k) —~ WO (K, 5) . <nQ'(k),

la(k) — a(k, )|, <nQ'(k),
‘ xghfl)(k) — Xghfl)(k7 s) - <2nv/co Ly 092, (H) Q\;%),

[300) = 30,5 <208verLerogae, (H)Q' ().

According to Lemma G.1, we have

|

i (wik) = i (w(k, )|




Gradient Descent Finds Global Minima of Deep Neural Networks

<4CI 002, OCH Q\;L) ( B + |:2C1 0 + Hﬂf] 2\/aLCx 092¢, (H)>

<16H\/coc2 gazoc gac, (H)BNQ' (k).

Thus we have
|I3] < 16H?\/coc gaz.o0ck gac, (H) B0 Q' (k)*.

Since this holds for all i € [n], plugging in 7 and noting that ||y — u(0)||, = O(y/n), we have

1
T2(k)ll; < gndo lly —ulk)ll; -

O]
Proof of Lemma B.7.
n 2
lu(k+1) —u(k)3 =" (alk+ DTk + 1) — a(k) <" (1))
i=1
n 2
=3 (ke +1) = a@) " x" k+ 1) +a®m) [xk+1) < w))
i=1
2
<2a(k + 1) - a(k)]3 Z\ (k4 1))+ 2 k) 2 Z] ) =)
<8m7 &2 0@ (k)? + 4n (2n/5 Lea 003 g gac, (H)Q’(k))2
<o lly — ulk)2.
L]
C. Proofs for Section 6
The gradient for ResNet is
9L ¢ D) o Cres 1() (h)
_ Cres ;- h—1 T res l ) h
* Z ui)x la H <I+ JiW )qu ]
oW~ Hm & AL T Hym
For ResNets, G () has the following form:
2
G(H) Cres (x! (H— 1) H 1 Za W(H) (H_l))ol((wan))TxgH_l)), (14)

] HZ

Similar to Lemma B.1, we can show with high probability the feature of each layer is approximately normalized.

Lemma C.1 (Lemma on Initialization Norms). If o(-) is L—Lipschitz and m = Q (), assuming ||[W ") (0) H2 < cw,0v/m
for h € [2,H] and ¢,y o = 2 for Gaussian initialization. We have with probability at least 1 — 6 over random initialization,
forevery h € [H] and i € [n],

<
Cz,0

L <o, ze.

for some universal constant c,, o > 1 (only depends on o).

The following lemma lower bounds G (1)(0)’s least eigenvalue. This lemma is a direct consequence of results in Section E.
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n?log(Hn/d)

Lemma C.2 (Least Eigenvalue at the Initialization). If m = (2 ( 2 ) we have
0

/\min(G(H) 0)) > %)\0-

Next, we characterize how the perturbation on the weight matrices affects the input of each layer.
Lemma C.3. Suppose o(-) is L-Lipschitz and for h € [H], HVV(h)(O)H2 < ewovm, ‘X(h)(O)H2 < ¢z0 and
||W(h)(k) - W(h)(O)HF < /mR for some constant ¢, o, cy0 > 0 and R < ¢y, o . Then we have

Hx(h)(k‘) - x(h)(O)H < <\/ZL + Cm,()> eerescuolp
2

Cw,0

Next, we characterize how the perturbation on the weight matrices affect G (%),

Lemma C.4. Suppose o(-) is differentiable, L—Lipschitz and B—smooth. Using the same notations in Lemma B.4, if
W™ (k) = W™ (0)| ., la(k) — a(0)||, < v/mR where R < cA\gH?*n~" and R < c for some small constant c, we have

o=l <

We prove Theorem 6.1 by induction. Our induction hypothesis is just the following convergence rate of empirical loss.

A directly corollary of this condition is the following bound of deviation from the initialization. The proof only involves
standard calculations so we defer it to appendix.

Lemma C.5. If Condition A.1 holds for k' = 1,. ..k, we have for any s € [k + 1]
WO (s) = W 0)|| . Jla(s) — a(0)], < B'vim,

(W () =W (s = 1) lals) - als = 1), < n@Q'(s ~ 1),

16¢CresCa.0a2 oLe?¢mescw,0L /nlly—u(0
where R/ = o 2.072.0 Valy—u©ll, c for some small constant c and
H)\O\/m

Q' (8) = 4cpesCyoaz oLe®rescw ol /nly —u(s)|, /H.

The next lemma bounds the I term.

Lemma C.6. If Condition A.1 holds for k' =1, ...,k andn < choH?n =2 for some small constant c, we have
1
L2(k)ll; < gndo lly —ulk)ll; -

Next we bound the quadratic term.

Lemma C.7. If andition A.l holds fog E = 1,....,kand n < choH?n2 for some small constant c, we have
[u(k +1) = u(®)ll; < gndo ly —u(®)llz-

Now using the same argument as in the proof for multilayer fully connected neural network, we finish our proof for ResNet.

C.1. Proofs of Lemmas

Proof of Lemma C.1. We will bound ngh) (0) H layer by layer. For the first layer, we can calculate
2

e[| 0)]] =k [o (w007 ]

=coExn(0,1)0(X)?
=1.
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var [ 0] = “Var[ (w0 x(0))’]

C
< mEXNN(O,l)O(X)4

<§n«: (|a(0)|—|—L‘w(1)(O)Txi
<= (
G

-m

)]

where Cy 2 (0)* + 4|0(0)|* L\/2/7 + 60(0)2L2 + 8 |0(0)| L3+/2/7 + 32L*. We have with probability at least 1 — 2

By definition we have for 2 < h < H,

- Cres -
<o, !HW (WO 0)| < "o,
2
<0, ¢ (vo-t)|
2
where
Cres (h) (h—1) CresCuw,0L (h—1)
o (W Ox" V()| < et k" o) .
2
Thus

H h1)

\/»
( CresCuw, OL> < Hx(h)(o)Hz

CreschL
OH 14 GresCuwol )
], (14 oot
which implies

1

56767'escw,0L < Hx(h)(o)H < 9eCresCuw, oL
2

Choosing ¢, g = 2e¢re=w.0L and using union bounds over [n], we prove the lemma.

Proof of Lemma C.3. We prove this lemma by induction. Our induction hypothesis is

[x® ) = x"0)|| < g(n),

where

2Crescw,0L

o) = gl — 1) |1+ 2225

L
:| + ERCI’O.

For h = 1, we have

[ = x| < /52 o (WOx) = o (WD 0)x)||
<\/= W(l)(k)—W(l)(O)HFS\/ZLR,

which implies g(1) = /¢, LR, for 2 < h < H, we have

Hx(h)(k) i (O)H < ;77\;% HU (W(h)(k)x(h—l)(k)) P (W(h) (O)X(h—l)(0)> H

4 Hx(hfl «(h—1) H

2
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o |7 (W <h—1>(k))—"<w(h) 0],

b c,«es H (W®E)x"0(0)) = o (W 0)x"D(0 )H

RS

ot (o, -] ) e -
<
—H\r(HW +[ W k) - w ) (k) = x"=D(0)]|
C’r’es — —
+ HW k) — w<h>(0)HFHxh 1(0)||2+Hx(h (k) — x(h 1>(0)H2
cr cr
< |1 (oo RV | g0 1) e
2Crescw L Cres
Lastly, simple calculations show g(h) < (\/07L+ ) Zerescw, oL B,
O

Proof of Lemma C.4. Similar to the proof of Lemma B.4, we can obtain
2

(H) (H) res ] 1,5 1,J
e -el o) < e (17 4 7+ 137).

For If’j, using Lemma C.3, we have
H-1 H-1 H H—
—L2a20‘ ( )(k)TX; )(k)— ( 1)( )TXE_ 1)(0>‘
H-1 H-1 H-1
<223 o[ 0 () = <V (0) XV (k)| + 223

<cmL2a§,0R (cz,0 + czR) + c%ochzaioR

xTD0) TV (k) - =P (0))

1,5
I

§3cm’oc$L2a§’0R,

where ¢, £ (, [CoL 4 222 ) e2erescwol To bound I, we have

]m =c; )20’ (zir(k)) 0’ (2j,r(K)) = a-(0)%0" (2,-(0)) o’ (Zj,r(o))‘
Sci,oa Z ar(0)

WT 0 (Z ar(0)? 230 () = 2,0 (0)] + @ (0)% |21 (k) — zm<0>l>

Zir (k) = 0" (2,0(0))) 0’ (21,0 (k)| + ar (0)* [(0” (2,r () — 0" (2,r (0))) 0" (21,0(0))]

/BLa4OCIO 2
S Z|21r zzr | + Z|ZJT ZJT( )l

Using the same proof for Lemma C.3, it is easy to see

Z‘er er )‘QS

(2¢pCw,0 + CI70)2 L?>mR?.

Thus
Ig’j < 2505,0 (2¢4Cw,0 + C2,0) L?R.
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The bound of I ;7 1s similar to that in Lemma B .4,
137 <12L7%¢2 jas oR.

Therefore we can bound the perturbation

2
H H
HG(H)(k) — G (o H Z ‘G< (k) — G (0)
(4,9)
L?nR
STEST [3cm,oc$a§,0 + 2603’0 (2¢4Cw,0 + C2,0) aio + 12092570‘12,0] .

Plugging in the bound on R, we have the desired result.

O
Proof of Lemma C.5. We will prove this corollary by induction. The induction hypothesis is
s—1 A 1
Hw<h>(s) - W(h)(O)H <S (- %)s P2ImRim < R, s € [k+ 1],
F
A
la(s) — a(0)]|, < Z 77 0 6/2 AR vm < R'\/m,s € [k +1].
s'=0
First it is easy to see it holds for s’ = 0. Now suppose it holds for s’ = 0,...,s, we consider s’ = s + 1. Similar to
Lemma B.5, we have
Hw<h>(s +1)— w<h>(s)H
F
H
Lcms CresA\ 3/2 (k) k
< fall, Yl — i)l x| T [T+ 2= (W s)
=T 122 Z 11 :

k=h+1
§277Cres01,0-1—16142706267@5Cw’OL\/E Hy - u(S)HQ /H
=nQ'(s)

S(l 77)\0)5/2 )\ R/\/i

Similarly, we have

la(s +1) —a(s)lly <2nca0 ) lyi = uls)|

=1
<nQ'(s)
<(1- W)S/2 noRv/m.
Thus
Hw<h>(s +1) - W(h)(O)HF

< Hw<h>(s +1) - w<h>(s)HF T [Ws) - w<h>(o)HF

<Z 77)‘0 s/2 AR \/m.

s'=0
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Similarly,

la(s +1) —a(0 )||2

< Z ”AO “nhoR V.

s'=0

Proof of Lemma C.6. Similar to Lemma B.6, we first bound the gradient norm.

| wk))|
- (h—1) < 0 (h)
=2 ST (s — (k) x Y (k) - [a(k)T I+ 3D (ywO k) ) 3¢ (k)]
75 20 I (17 JERCIE
H
< u}jm— >%Wﬂww%llll+;$3ﬂmeM%m2

We have bounded the RHS in the proof for Lemma C.5, thus

UWwWMFSMQ%}

Let 0(k,s) = 0(k) — sL'(0(k)), we have
00 = 09| =

‘ul
Cres

Hym

H
o (‘hfl) T I Cres 0 O (h)
x;  (k,s)a(k,s) 1_1}_1( + H\FJ (k, s) W (E, s)) J.; (K, s)

H
(h—1) T Cres 1(1) 0 ()
x;(ka(k) I+ 7 (R)WW (k) ) 37 (k)
I (i )

F
Through standard calculations, we have
| WO - WO (k5| <nQ (k).
la(k) — a(k, s)|| p <nQ'(k),
“Xgh—l)(k) . Xz(h—l)(kjs) . <nes Q\//(F]z)’
300 =3Ok, 5)]| | <2 (o0 + cuwoen) n8Q (b),

where ¢, = (. [Co L + 222 ) e3¢rescw.0l - According to Lemma G.1, we have

4 "(k 2
SHCresCJ;»OLCLQ,OeQLCW’OnCf/(rn) (CC:;) + z (CLC,O + Cw,OCJJ) Bm + 40’“’70 (C%O + cu’vocw) ﬁ + L + 1)
32

Sﬁcrescm,oalOeQLcw’o (cm,O + Cw,OCz) ﬂan(k)

u™ (0(k) = " 0k, )|,
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Thus we have

—_

|[5‘ S 32Crescav,oa2,Oe2Lcw'0 (Cw,O + cw,OC;E) 577262/(]@’) o )\0 ||y - u( )”2 )

oo

where we used the bound of 7 and that ||y — u(0)||, = O(v/n).. O

Proof of Lemma C.7.

n

Ju(k + 1) = (k)3 = (atk+ )Tk + 1) - a(k) "x{" (k;))2

i

Il
i

(1ak + 1) —a(k)] " M (k4 1)+ al®)T [xF (k4 1) - xPw)])

)|+ 2 k)2 Z]

.

Il
=

7

<2|la(k+1) - a(k)[3 Z]

2

) =" )|

2
<8m7 cw 0 (k) + 4n (nag,oc. Q' (k ))

<o lly — ulk)2.

D. Proofs for Section 7

For CNN, denote x; ; = ¢ (x; ) G (") has the following form:

00

Ggfl) Cmg Z [Zalrle 0/<<W7()H)> (H 1) >] lzamx(ff 1) /<(W§"H))Txﬂ_l)>]' (15)

r=1

We define a constant ¢, ¢, = (mingy<a<1 Exn(0,1)0(aX)?) 150, where 0 < ¢g < 1. In particular, it is easy to see for
smooth ReLU, ¢, 1 = poly(p).
P

Similar to Lemma B.1, we can show with high probability the feature of each layer is approximately normalized.

4 9

g
cw,0v/m for h € [H], we have with probability at least 1 — 6 over random initialization, for every h € [H] and i € [n),

Lemma D.1 (Lemma on Initialization Norms). If o(-) is L—Lipschitz and m = <62p2" ) assuming HW(h) (0) H2 <
1

L <o, e
Cz,0 F

for some constant c; o = poly(p) > 1.

The following lemma lower bounds G () (0)’s least eigenvalue. This lemma is a direct consequence of results in Section E.

Lemma D.2 (Least Eigenvalue at the Initialization). If m = ) (M), we have
0

Anin(GD(0)) > Do

Next, we prove the following lemma which characterizes how the perturbation from weight matrices propagates to the input
of each layer.

Lemma D.3. Suppose o(-) is L—Lipschitz and for h € [H], HW(h)(O)H2 < cwovm, ||x 0] < cao and
HW(h)(k‘) —~ W), < /mR for some constant Cw,0,Cz,0 > 1Land R < ¢y, o . Then we have

I

[x® ) - x® )| < (@wm CO) ¢Fowol/Teres R,
w,0
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Next, we show with high probability over random initialization, perturbation in weight matrices leads to small perturbation
in the Gram matrix.

Lemma D.4. Suppose o(-) is differentaible, L—Lipschitz and —smooth. Using the same notations in Lemma B.4, if
lla.ill, < azo0v/mand ||a. ||, < a470m1/4f0r any i € [p], ||W(h)(k;) —wh (O)HF ,|la(k) —a(0)|| » < /mR where
R < cAoH? (n) ™" poly(p) = for some small constant ¢, we have

oo, <%

Lemma D.5. If Condition A.1 holds for k' = 1,. ..k, we have for any s € [k + 1]
W s) = W 0)]| . Jlals) - a(0) - < R'vim,

(WO (5) =W (s = 1) lla(s) - als = 1) < nQ'(s — 1),

16¢CesCa.0Ly/pgecres cw,0L92,0vVa /n|ly—u(0
where R’ = 0y P TooTm Vly—u©ll, ¢ for some small constant c and

Q' () = AcrescaoLaz oy /pgeer== = 2Vi/n |y —u(s)|l, /H.

The follow lemma bounds the norm of I5.

Lemma D.6. If Condition A.1 holds for k' = 1,...,k and n < choH?*n"2poly(1/p) for some small constant c, we have
1
L2(k)ll; < gndo lly — (k).

Next we also bound the quadratic term.

Lemma D.7. If Condition A.1 holds for k' = 1,... ,k and n < ch\oH*n=2poly(1/p) for some small constant c, we have
2 2
[u(k +1) —u(®)ll; < gnioly —u(®)]l2-

Now using the same argument as in the proof for multilayer fully connected neural network, we finish our proof for CNN.

D.1. Proofs of Lemmas

Proof of Lemma D.1. We will bound ngh) (0) H layer by layer. For the first layer, we can calculate
F

2 Pt 2
elprof] e s
o] = 3| (0
Co
> )

Cy L

v
where the inequality we use the definition of Cod and the fact that there must exist !’ € [p] such that ||x; ;s Hg > p% > %.

For the variance,

2

2
Var {ngl)(O)HF} :%Var

Ny W) T )
ZZIU(WT (0) ngl)]

bS]
=

<éE < (|0(O)| +L’W(1)(O)TX‘
>~ r 1,1
!

3

")

Il
-

2
2

m
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where Co 2 (0)* +4|0(0)|° L\/2/7 + 60(0)2L2 + 8 |0(0)| L3+/2/7 + 32L*. We have with probability at least 1 — 2

2

(1) H > Co

x; (0) r e, o
VP

It is easy to get its upper bound

2 Co

2
o (W(l)(b(xi)) HF < qLPc,cl .

By defination we have for 2 < h < H

x((0)

F

]éthL—y;;g(wwww@ﬁ”m»)Fsh@ww
< [P0, | e (WO s (V)|
where
e (v () < et
Ths (h—1) V4CresCw,0L A (h—1) VCresCuw,0L
], (1Y) < o, < e, (1 )

which implies

¢ [0 2
9 e~ VdCrescw,ol < Hx(h)(O)H < qLQCaCi Oe\/acresc1lx,0L.
QCU 1 F s
E
2c, 1
Choosing ¢, = max{y/qL?c,c2 o, \| —=2=}eVrescw.ol and using union bounds over [n], we prove the lemma.

Proof of Lemma D.3. We prove this lemma by induction. Our induction hypothesis is

[x® ) =< ()| < gn),

where

g(h) = glh— 1) [1 n

Hx(l)(k.) _ X(l)(o)HF S\/g

g\/gL\/aHW(l)(k;) - w<1>(0)HF < /e, L/aR,

2Crescw,0L\/a c'r‘esL\/E]
H + H RCr,O-

For h = 1, we have

7 (WO k)6160) — o (WD(0)61 ()

|-

which implies g(1) = \/c5L./qR, for 2 < h < H, we have

s -]
<o (W (-18)) o (W00 (DO, + 01 x0-00
<o (W (45-00)) o (W0 (0
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(

o0 (0 0)), -0 -

<o)

F

Cres H ( W (k (x(h_l)(()))) _
% ST N - o
X1+ [ ) x|,

STHym
L\fcrea
“FH\/»

W (k) — w<h>(o)HF

(w,m/rnwm} olh 1)+ L e

N

L\[cres
< |1+
S
2¢cyw.0L+\/qCres 1
< (1 + ()1-_}/») g(h - 1) + EL\/aCrescm,OR-
Lastly, simple calculations show g(h) < (J(ZL\[ + L= 0) 2ewoLVieres R
O
Proof of Lemma D.4. Similar to Lemma C.4, define z; ; . = ( (H)) (17 b , we have
H H
e k) - e )
ic72“es L (H-1) kT (H-1) k 1 = k k / k k
=S | S V) T 0) S (R (B)o” (210, () o (23,0 (8)
1=1 k=1 r=1
N () (H-1) 1y L X
- Z Z X1 (O)ij,k (O)E Z ar1(0)ar i (0)o" (2i,1,+(0)) o’ (25,5, (0)) |
=1 k=1 r=1
<C72~63L2a5,o Zzp:x(Hfl)(kj)T (1) () _ (=1 () T (=1 ()
— H2 1,0 ] k 1,0 7,
1=1 k=1
c? o (H-1) (H 1)
res T
+ 2 Z X; (0) ' x ‘ Z |ar1(0)ark(0)| 0" (2i,0,0- (k) 0 (2,k,r (k) = 0" (21,0,r(0)) 0" (25,1, (0))]
1=1 k=1
c? N (H-1) (H 1)
+ e 23S ) Tx ‘ ZWH Yarso(k) — ar1(0)ar1(0)]
1=1 k=1
A cges (2%] 1] 2,7
:F (11 + L7 +1 )
For I}, using Lemma D.3, we have
S (H-1) (H-1) (H-1) (H-1)
17 =L%a} szu (k) x5 (k) — %3y 7 (0) T (0)
=1 k=1
~\ (H-1) < H=1 (H 1) - (H 1) < H-1 (H-1)
<223, >3 |V ==V O) X )|+ L2 YD [« < ) =<0 o))
=1 k=1 =1 k=1
o H-1 H 1 S H 1
<I?a, ZZ Xl(’l*)(k ( ) H ZZ ( ) H
1=1 k=1 1=1 k=1
2
H1
%)k )(0)H2
H-1
4,

P
+ L?a3 Z;’ H JZZ‘ T
=1 k=1
el el

<223 p ||x" ()
<3cx,0ch2a§,0pR7

Pagop [0 "
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where ¢, £ (,/ o L\/q + = °> e2¢rescu,0Lv/A To bound I57, we have

p
7 =303 e PO =g ]fZ\arz ari(O)]10” (20,0 ()) 0" (2100 (8)) = 0’ (20,0 (0)) &' (21,0 (0))]
=1 k=1
| (1) o T w1 g BL (<
<Y KO o) = 2 laraO)ar s O) (261, (6) = 20t O+ |z (8) = 23.0(0))
=1 k=1 r=1
BL - (-1
S P Gl Sl
=1 k=1
P p m 2 p P m 2
ZZ( |ar,z<o>ar,k<o>|zi,z,r<k>zi,z,r<o>|> + ZZ(Z a1 (0)ar i (0)] |2k (k) zj,k,r<o>|)
=1 k=1 \r=1 =1 k=1 =1
5[162’0&3’0 p P m ) p m )
<= [ DD i () = zaaaOF 4 [m 0D Y [z () = 210 (0)]
=1 k=1r=1 =1 k=1r=1
BLai,ox/ﬁC%o
ST Izl o + Nl ) -

Using the same proof for Lemma D.3, it is easy to see

HZZHF (QCwaO\/>+Ca 0) R\/>
Thus

Ig’j < QBLai’O\/f)ci’o (2¢3Cw,08/q + Cu,0) R

Similarly for It we have

2 p m
i,j _ Cres H-1 H-1 1
13] ~H2 L ZZ E,l )(k)T §,k )(k) EZ lar.i(k)ark(k) — ari(0)a, ,(0)]
=1 k=1 r=1
2 u (H-1) (H-1) 1 &
<1 L2y 3 xR X (k) - > (ari(k) = ari(0)] |ark (k)] + lar (k) — ark(0)] ar1(0)])
=1 k=1 r=1
2 p
Cres H—-1 H—-1 1
<TELY Y T 0 TV ®)] - (lask) — ()l lau k)l + la.x (k) - a.x0)]; la.i0)],)
=1 k=1
c P P (H B (H Y
res 2
St P SAC N Sl

JZZIIa:,z(k)—a:,z(O)glla:k |Q+JZZIIak ) = .k (O)ll3 2 (0)]3

=1 k=1
<G 12 [0 0 (k) = @)l Ja)l + (1) — )] a(0)])

12a2 Ocres - 0L2\fR
> 2

Therefore we can bound the perturbation

o amio], < -,
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Z\G o)

(4,9)
2

< ;;29 [3cs0caLasz gp + 2665 0ai o/P (262¢0,0v/q + €2,0) + 1265 g Laz 0+/p] LnR.

Plugging in the bound on R, we have the desired result. O

Proof of Lemma D.5. We will prove this corollary by induction. The induction hypothesis is

s—1
| W) - wn)| <3 - ”Ao)é 2R Vin < R, s € [k+ 1),

s'=0
77)‘0 /2 1 /
la(s) — a(0 ||F<Z nAoR'vm < R'\/m,s € [k +1].
s'=0
First it is easy to see it holds for s’ = 0. Now suppose it holds for s’ = 0, ..., s, we consider s’ = s + 1. Similar to
Lemma B.5, we have
Hw<h>(s +1) - W<h>(s)H
F
C’I"SS CT‘&S
<ol S = Jon (<), 11 H .
H\F F Z Hm op
SQUCT‘CSCJE,OLQQ,O\/ pqe2crcscw'0Lﬂ\/ﬁ ”y - 11(8) ||2 /H
=nQ'(s)

<(1- 77)\0)5/217;)\ R'\/m,

where ||-||,, denotes the operator norm. Similarly, we have

la(s +1) — a(s)ll, <2nc00 Y lys — uls)]

i=1

<nQ'(s)
<1 - POy AR Vi

Thus
Hw<h>(s +1)— w<h>(0)HF
< HWW(S +1) = W)+ [Ws) - wh )|
< Z "AO /ﬁmoR’\/ﬁ.
Similarly,

la(s +1) —a(0)],

A 1
<Z 77 0y /217,/\03/\/%.
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Proof of Lemma D.6.

voem)|, |

5] <n oo Z | ui™ (0(k) = ™ (0(k) = sL'™ 0(k))) | -

For the gradient norm, we have

| )

n H
< -l X e — (b on (<" VW), ig HI g W (k)

L' (o(k)|

op

which we have bounded in Lemma D.5, thus

Let 0(k,s) = 6(k) — sL'(0(k)) ,similar to the proof of Lemma B.6, we have

2 "(k Ca 2
§HcrescxwoLagyox/@e%"“LCW’D\/ET)?(ﬁm) <c + 7 (€z,0 + Cw,0¢z) BVM + 4/qCw 0 (cz,0 + cwoCz) BvVm + (L + 1)\/&)
x,0

L) < Q).

u ™ (0(k) =™ Ok, )|,

24 ,
S767‘8501’0[/@2}0\/(jcw’erCresLCw,o\/6 (C:L’,U + Cw700x) 577Q/(k)

H
Thus
; 1
13| < 24¢re5Cr.0La2,01/qCuw 0€27 L0 (cp 0 + Cu0C) B NovmQ' (k)R § Ao lly —u(k)]l, -
where we used the bound of 7 and that ||y — u(0)||, = O(v/n). O

Proof of Lemma D.7.

fuCk+ 1) — (k)3 =3 (Galk + 1.5+ 1)) — falk) (k1))

'FH’J:

=1

(tatk + 1) — a(k), <" (k + 1)) + (alk), <" (k + 1) - x§H>(k)>)2

&

=1

2

n 2 n
<2a(k+1) —a@®)} Y [k + 1) +2la®)F Y |x )= x|
=1 =1
SSnn%iOQ'(k)z + 4np (na27gch’(k))2
1
<gholy = u(k)[)-
O

E. Analysis of Random Initialization
E.1. A General Framework for Analyzing Random Initialization in First (H — 1) Layers

In this section we provide a self-contained framework to analyze the Gram matrix at the initialization phase. There are two
main objectives. First, we provide the expression of the Gram matrix as m — o0, i.e., the population Gram matrix. Second,
we quantitatively study how much over-parameterization is needed to ensure the Gram matrix generated by the random
initialization. The bound will depend on number of samples n and properties of the activation function. This analysis
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framework is fully general that it can explain fully connected neural network, ResNet, convolutional neural considered in
this paper and other neural network architectures that satisfy the general setup defined below.

We begin with some notations. Suppose that we have a sequence of real vector spaces

(0

) (CH) ()
RPF > RP T — ... =5 RP .

Remark E.1. For fully-connected neural network and ResNet, p\®) = pV = ... = pU) = 1. For convolutional neural
network, p") is the number of patches of the h-th layer.

(h—1) (h—1) (h—1

,Rp(h)), let W C L(RP ,Rp(h)) =R *P" " be a linear subspace.

Remark E.2. For convolutional neural network, the dimension of VV is the filter size.

For each pair (RP

In this section, by Gaussian distribution P over a g-dimensional subspace W, we mean that for a basis {e1, ..., e,} of W
and (vy,...,v,) ~ N(0,1) such that "7 | v;e; ~ P. In this section, we equip one Gaussian distribution P*) with each

(h=1) ) (h=1)

linear subspace wh), By an abuse of notation, we also use WV to denote a transformation. For K € RP , we let

WM (K) = Eyy opoy [WKW ]

(h—1)

We also consider a deterministic linear mapping D) . R — R"(h). For this section, we denote D) = 0, i.e., the

Zero mapping.

Remark E.3. For full-connected neural networks, we take D™ to be the zero mapping. For ResNet and convolutional
ResNet, we take D™ to be the identity mapping.

Let p™), ... p) be a sequence of activation functions over R. Note here we use p instead of o to denote the activation
function because we will incorporate the scaling in p for the ease of presentation and the full generality.

Now we recursively define the output of each layer in this setup. In the following, we use h € [H] to index layers, i € [n] to
index data points, a, 8,y € [m] or [d] to index channels (for CNN) or weight vectors (for fully connected neural networks
or ResNet).

Remark E4. d = 1 for fully connected neural network and ResNet and d > 1 for convolutional neural network because d
represents the number of input channels.

We denote Xl(-h)’[a] an p")-dimensional vector which is the output at (h — 1)-th layer. We have the following recursive
formula

(@) _ ) (h).(0) 5 (h=1).(8)
X =p ™ D WX
B

Zg WEZ;’(Q)X(hfl),(ﬁ)

7

x (M) (@) _p(h) x(h=1),(a) (h)
i (X3 )+p NG

where WEZ;’(O‘) is p(" x p("=1) matrix generated according to the following rule

o forh =1, W[(g])’(a) isdefinedforl < a<mand1l < g <d;forh > 1, WEZ;7(Q) is defined for 1 < o« < m and

1<B3<m;

e the set of random variables {ngg’(a) }h,a,p are independently generated;

o for fixed i, o, 3, nggxa) ~ ph)

Remark E.5. Choosing p" (2) to be o (2) and D) to be the zero mapping, we recover the fully-connected architecture.
Choosing p\ () to be e (2) and D) 10 be the identity mapping, we recover ResNet architecture.
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Remark E.6. Note here Xgh) = xgh)\/ﬁfor h > 1and Xgh) = xl(»h') for h = 0 in the main text. We change the scaling
here to simplify the calculation of expectation and the covariance in this section.

With these notations, we first define the population Gram matrices recursively.

Definition E.1. We fix (i, ) € [n] x [n], for h = 1,..., H. The population Gram matrices are defined according to the
following formula

K XX
Y
b® —o

K} =DWKG VDT By (p(U)DM (b )T 4 (DM (" ))p(V)T +p(U)p(V)T))

bl('h) —ph) (bl(»hfl)) + EUp(h)(U), (16)

where - )
h—1 h—1
WIK,; w K,L-j

(U, V)~ N |0, - -
w(KSY) w (kY Y

a7)

Notice that the Gram matrix of the next layer K(") not only depends on the previous layer’s Gram matrix K("—1) but also
depends on a “bias” term b("~1),

Given the population Gram matrices defined in Equation (16) and (17), we derive the following quantitative bounds which
characterizes how much over-parameterization, i.e., how large m is needed to ensure the randomly generated Gram matrices
is close to the population Gram matrices.

Theorem E.1. With probability 1 — § over the {WEZ; (a)}h B,for anyl <h<H-1,1<14,5<mn,

s Xy

1 i ),(a) TX Mie) _g®| o g\/log(Hnmaxhp(h)/é) (18)
m ot v - m
and any h € [H —1],V1 < i < n,
" (h)
1 Z XE}L),(O() B bgh) < 5\/10g(Hn maxy, p") /§) (19
m a=1 o) m

The error constant & satisfies there exists an absolute constant C' > O such that

H-1
ELC (H (A(h) + A(h)ﬂn—F O(h)A(h)BmT+ C(h)A(h) Qn(h)M>> X max{m}\/ + C(l) YM?2, \/C(l)
h=2

where M, B, A1y, C(ny, Any, W) are defined by:

o M =1+100max;,;jp,g,n ‘W(h)(Kz(‘;‘hl))

Ay = 1+ max {|[DW|| = poo, [DW ()DWT|| oo 10

B—1—|—100maxzph|b

Ciny = |p(0)| + sup,er |p'(2)],

A1) is a constant that only depends on p(h),

Wiy =1+ W || Lo, pos.
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Remark E.7. For fully-connected neural networks, we have M = O(1), Ay = 0,B = O(1),C,y = O(1),Apy =
O(1),W )y = O(1), so we need m = Q(M). For ResNet, we have M = O(1),Ap,) = 1,B =
0
O(1),Ciny = O(3), Ay = O(%), Wy = O(1), 50 we need m = (%{?n/d)) The convolutional ResNet has the
n’p? log(an/5))

same parameters as ResNet but because the Gram matrix is np X np, so we need m = ) ( v
0

Proof of Theorem E. 1. The proof is by induction. For the base case, h = 1, recall

(Wl _ (1) (1),(a) 5 (0),(8)
X =p (Zw(g) X, ).

B
We define (1),(@) (1),(@) 3¢ (0),(8)
U =D W X
B
By our generating process of {WEZ%’(Q)} , the collection {Ugl)’(ﬁ ) }<i<n,1<p<m is a mean-zero Gaussian variable

with covariance matrix:

T
]EUgl)(Of) <U§1)7(5))

’ T T
_ (1. ()5 (0. 0) (5 (0.0 (1.(8)
£ WX (X ) (WE?)

v

=5, (Z (XEOL(V)XEOL(W)) T)

-
0
:604/5W(1) (K'Eg ))
Therefore, we have

1 = o (1).(0)~r(1).(a)T 1
=1

E

E

1 m
Ly XEI)’(")] —bD,
m

=1

Now we have calculated the expectation. Note since inside the expectation is an average, we can apply standard standard
Bernstein bounds and Hoeffding bound and obtain the following concentration inequalities. With probability at least 1 — %,
we have

<

)

m

\/ 16(1 + 202 /v/m) M2 log(4Hn(p(1)2/5)

o0

L= (@) (D)
EZ,:IX“’ — by,

max

\/ 202, M log(2npV H /)
<

m

Now we prove the induction step. Define for 1 < h < H

SO (h), () [~ (M) "
Kij 7% ZXZ (Xj )

>
NONES SO XD
v

¢ m
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In the following, by E(") we mean taking expectation conditioned on first (h — 1) layers.

Now suppose that Equation (18) and (19) hold for 1 < [ < h with probability at least 1 — %(5 , how we want to show the
equations holds for h + 1 with probability at least 1 — 6/ H conditioned on previous layers satisfying Equation (18) and (19).
Let! = h + 1. recall
W (D (@) 5 (1=1),(5)
25 Wiy X
vm

X (@) _ O (x0-1y 4 4®

Similar to the base case, denote
l )~ (1—1
EB ) ( X( ):(B)
\/7n

Again note that {UZ(-I)’(B )}195”,13 B<m 1s a collection of mean-zero Gaussian variables with covariance matrix:

@ _

.
e s S (1—
E {Uﬁl)( ) (U ®) ] = 5O (RUD)

Now we get the following formula for the expectation:

(1 - T = =
EVK] =DOREY (DY) +Eww) (pO0)TDO B + DOB )T o0 V) + p0 U)o (V)
EOBY =B (B{'"V) + Eyp® (U)

wOEDy oY)
U, V)~N|o, S i
oY) ( <w<l><K§é by wogl)

J

with

Same as the base case, applying concentration inequalities, we have with probability at least 1 — 6/ H,

)

. . 16(1 + 202, /\/7T) M2 log(4Hn2(p®1)2/4)
e (D) O] @
max||E( )Kij — K/ [l <\/ -

2C2 M log(2npM H/§
max [EVBY — 50| <\/ CiyMlog(2np V) H/5)
i v v - m
Now it remains to bound the differences

maxHEl)K K(é)H and maxHE“)Bg;)—
3

which determine how the error propagates through layers.

We analyze the error directly.

)

[EOK) - ()

‘ o0

< POk VDO —pOK VDO

o0

+ HE(U,V)NAP(Z)(U)TD(”(By*l)) _ E(U,V)NA/)U)(U)TD(”(bgl’l))H

o0

C(1— 1—
B 1)ea @O BT THO(V) = Eqwvyna @O0 T (V)|

+ HE(va)NAp(l)(U)Tp(l)(V)) — E(U,V)NAP(Z)(U)TP(Z)(V))H

oo

o0
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< HD(Z)KZ(_;fl)ID(l)T _ D(Z)Kl(éfl)zD(l)THoo
+ [Ewvyear®@TDOBID) ~E g y)ar® (0 DOBS )|
E(g3)al(0) DODS )~ Euviear® (0) DOBS)||

E(U,V)NA(a(l)(Bl(-lil)))TP(l)(V) Ewuvy~ A(D(l)(b(l 1) )TV H
Ewvy~a (0" (b )T o0 (V) ~ Equv)ea (@ (]~ “»Tpm<v>H

E(U,V)NA/)(Z) (U)TP(Z) (V) - E(U,V)NAp(l) (U)Tp(l) (V) H

oo

+ 4+ o+ +

[e )

where we define

A= (W“% K(Y) WO ”>)andA_<W“><KEé“> w<w<K5<”>>

J
WO &) wokd-) WOEE™) WO

By definition, we have
IA — Al <Wnax K K)o and
[pOREDDOT - DOKEDDOT| <A mas KLY - K
We can also estimate other terms

pU—1 -1
HE(UaV%Ap(l)(U)TD(I)(bg‘ ) _]E(U,V)~Ap(l)(U)TD(l)(b§' ))H

(oo}
N -1
§HE<U,V>~AP(”<U>TD”) (B¢ =)
<CpA Qﬁmax”K )Hoomax (z 1) bx I)H
oo
<CwAw Qﬁ(l)Mm?XHB%_I) (z I)H
- 17
HE(U,V)~A,0<I)(U)TD(I)(b§ Dy E(U,V)NAP(Z)(U)T'D(Z)(]:); 1))HOO

<ApBCp|A — Allw
SA(z)BC(z)mI%?X ||K7(§é'71) - Kz('é'il)Hoo,

and
|Ewv)~ar(0) pO(V) = Ewvyar® @) pO (V)|
<AwllA - Al
<A@ max K~ KE .

oo

where we have used Lemma G.5.

Putting these estimates together, we have

(1 l
H%?X ||E(Z)Kz('j) - ng) lloo



Gradient Descent Finds Global Minima of Deep Neural Networks

& (-1 -1 S (-1 -1
< (Ag) + A0 + 2C () A1) B) max ||K7(Jj ) - Kz('j Moo + 200y A/ (1) M max Hbgj ' bz('j oo

- (1—1 -1 F (-1 -1
< (A(z) + AW+ 20 Aq BW + 2C<1>A(z>\/ﬂn(z>M) (Ini?X”Kz('j "~ Koo vV max [ — b )”oo)

and
max HEU b(l) b(l)H < A(Z)Qﬁmax HKU 2 K(l DH + Ay max Hf)fj_l) - bgf””
-1 -1 - (1—1 -1
< (o + A2 (o IR = Koy B - bV ).
These two bounds imply the theorem. O

E.2. From K(H -1 to KU

Recall KM defined in Equation (7), (8) and (10). Note the definition of KW g qualitatively different from that of K™
forh =1,...,H — 1 because K*!) depends on K(*) and ¢’ (-) instead of o(-). Therefore, we take special care of K ().
Further note K(*) for our three architectures have the same form and only differ in scaling and dimension, so we will
only prove the bound for the fully-connected architecture. The generalization to ResNet and convolutional ResNet is
straightforward.

Lemma E.1. For (i, ) € [n] x [n], define

K =K VE, v a’(wagH—”(0))0'(wa<.H—”(0))}.

1] J

and suppose K,Ef_l) - K,EJH_D < %0 for some small constant ¢ > 0. Then if m = () (M), we have with

probability at least 1 — 6 over {ng)(O) ™, and {a,(0)}™,, we have HG(H)( ) — K(H)H < 2o

Proof of Lemma E.1. We decompose
G () - KU = (G<H>(0) _ K(H)) + (K<H> _ K(H)) .

Recall G(*)) defined in Equation (13). Based on its expression, it is straightforward to use concentration inequality to show
ifm=20 (M), we have
0

A
<2
op

HG(H)(O) _K®H)

For the other

K(H N gH-1) - KH-1 K(H 1)
Recall A(H) v and let AUD — [ i
K(H 1) K](;—I—l) ij K§f_1) K(H )

According to Lemma G.4 (viewing o' (+) as the o(-) in Lemma G.4), we know

[ w)a,, [0/ @0 (0)] = Buayma,, [0/ ()0 (0)]] < C| Ay = Ay

for some constant C' > 0. Since c is small enough, we directly have

oY
- 8

’K<H> _ K

op
O

Remark E.8. Combing Theorem E.I, Lemma E.l1 and standard matrix perturbation bound directly have Lemma B.2.
Similarly we can prove Lemma C.2 and Lemma D.2.
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F. Full Rankness of K"
F.1. Full Rankness of K" for the Fully-connected Neural Network

In this section we show as long as no two input vectors are parallel, then K() defined in Equation (8) is strictly positive
definite.

Proposition F.1. Assume o(-) satisfies Condition 3.2 and for any i, j € [n],i # j, X; [{ x;. Then we have Amin (K(H)) >0
where Amin (K(H)) is defined in Equation (7).

Proof of Proposition F.1. By our assumption on the data point and using Lemma F.1 we know K (1) is strictly positive
definite.

By letting Z = D'/2UT , where UDU" = K”". We then use Lemma F.1 inductively for (H — 2) times to conclude
K(# =1 s strictly positive definite. Lastly we use Lemma F.2 to finish the proof. O

Lemma F.1. Assume o(-) is analytic and not a polynomial function. Consider data Z = {2; };c[n) of n non-parallel points
(meaning z; ¢ span(z;) for all i # j). Define

G(Z)U = EWNN(O,I) [J(WTZZ')O'(WTZJ')] .
Then Amin (G(Z)) > 0.

Proof of Lemma F.1. The feature map induced by the kernel G is given by ¢,(w) = o(w'z)z. To show that G(Z) is
strictly positive definite, we need to show ¢,, (W), ..., ¢, (w) are linearly independent functions. Assume that there are a;

such that
0= Z Qi Pg, = Z aia(w—rzi)zi.
We wish to show that a; = 0. Differentiating the above equation (n — 2) times with respect to w, we have
0= Z (aia(”*l)(w—rzi)) 22D,

®(n—1)

Using Lemma G.6, we know {zi } are linearly independent. Therefore, we must have a;0" 1) (w ' z;) = 0 for
7 1

all i. Now choosing a w such that o(»~1) ZWTZZ‘) # 0 for all 7 € [n] (such w exists because of our assumption on o), we
have a; = 0 for all ¢ € [n]. O

Lemma F.2. Assume o(-) is analytic and not a polynomial function. Consider data Z = {2;};c[n) of n non-parallel points
(meaning z; ¢ span(z;) for all i # j). Define
G(Z)ij = Ewnnion[o' (W' 2:)o' (W' 2;)(2] 2;)).

K3

Then Amin(G(Z)) > 0.

Proof of Lemma F.2. The feature map induced by the kernel G is given by ¢,(w) = o/(w ' z)z. To show that G(Z) is
strictly positive definite, we need to show ¢,, (W), ..., ¢, (w) are linearly independent functions. Assume that there are a;

such that
0= Zamzi = Zaia'(w—rzi)zi.
We wish to show that a; = 0. Differentiating the above equation (n — 2) times with respect to w, we have
0= Z (aia(”) (WTZZ')> z;@("_l).
®(n-1)\"
' =1

Now choosing a w such that o(") (sz;) # 0 for all ¢ € [n] (such w exists because of our assumption on o), we have
a; = 0forall i € [n]. O

Using Lemma G.6, we know {z are linearly independent. Therefore, we must have a;0™(w ' z;) = 0 for all 4.
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F.2. Full Rankness of K (") for ResNet

In this section we show as long as no two input vectors are parallel, then K/ defined in Equation (8) is strictly positive
definite. Furthermore, A, (K(H )) does not depend inverse exponentially in H.

Proposition F.2. Assume o(-) satisfies Condition 3.2 and for any i, j € [n],i # j, x; [ x;j. Recall that in Equation (8), we
define

H H-1
KE] ) = CH]E{,E_7 ) . ]E K(H,]_) K(Hfl) [O'/(U)O'/(’U)] s
(u,v) T~N | 0, K(H_l) KEJH_U
Jj

where cp ~ % Then we have )\min(K(H )) > cpk, where k is a constant that only depends on the activation o and the

input data. In particular, k does not depend on the depth.

Proof of Proposition F.2. First note KEZH e [1/ 02,07 Ci,o] for all H, so itis in a bounded range that does not depend on

the depth (c.f. Lemma C.1). Define a function
G . R7L><7L _> RTLXTL
such that G(K);; = K;;E K. K. [0 (u)o’ (v)]. Now define a scalar function
o )
Kji Kjj

g(\) = min Amin (G(K))
K:K-0, 51— <K;i <co,0,A(K) 2 A
x,0
with
_ (K Ky
A(K)ml_m<K, K >

)

By Lemma F.3, we know A\(K(—1)) > ¢\ (K(O)).

Next, let UDU " = K(#~1) be the eigen-ecomposition of K, and Z = D'/2UT be the feature embedding into R™. Since
Tog. Toy.

(Z%Zl Z%ZJ> is full rank, then z; ¢ span(z;). Then using Lemma F.2 , we know g(A (K(©))) > 0. Thus we have

Zj Z; Zj Z;

established that Ayin (K@) > cg(X (K®)) , where g(A (K(?)) only depends on the input data and activation o. In
particular, it is independent of the depth. O

Lemma F3. If D" is the identity mapping defined in Section E, then X(K)) >
(K(Q) KO

min(ivj)E[’rL] X [n] )\min EB) 7{%) .
K Ky

Proof of Lemma F.3. First recall
(h) (g =1 (m) (g h=1
vy~ (o [ W) s
WK W KY)
Then we compute
(k) (R), (BT
K;;" —b; b,

= DWKIDIT + By v (p(U)D P (B )T+ (0P (b")p(V)T 4+ p(U)p(V)T))

.
— (PP ") +Eup®(U)) (PP (b)) + Evp™ (V)

= D (KU I DO 4 gy ) (o(0)p(V))) - (Eup® (1)) (Bve®(v)))
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For ResNet, D" is the identity mapping so we have
(h) (h)1.(M)T
K;;" —b; b,

.
=K =" BT LB (p(W(V)T)) = (Eup™ () (Eve™ (V)

To proceed, we calculate

(R) (h) (h)
Kii Ko ) [ b ( BT BT )
KM kb b i b,

Ji
h—1 h—1 h—1
:< K%Z 1; K%L 13 > B ( b%h 1; ( DT (=T )
Kji ij bj !
)

MM ™ T M) M (VYT 18]
(o (o vy ) —Fu () ) Baw (o070 )

)
KD k-1 ph— B B

Z (h—1) th-1y | — (h—1) ( p{" T ph DT )
K. K. bj z J

(KW
min | pe(h) e (h)

Jr 37
(h) (h) (h)
xR 5 )= (b ) (o)
> T b
K. K b;
(h=1) (h=1) (h—1)
Z N Amin ( Kz&—l) Kﬂ-n > - < D) ) ( p= DT p-1T )
Kji ij bj J (20)
Z ..
(0) (0) (0)
> Ami ( K%) K,(%) ) B ( bfo) ) ( bOT L,OT )
— /\min K© K@ b i b
J 77 J
K(?) K©
:Amin<K?o> K®
Ji JJ
We now prove the theorem. O

G. Useful Technical Lemmas

Lemma G.1. Given a set of matrices {A;,B; : i € [n]}, if |Aslly, < M,

BZHQ < Mz and ||Az — BZ”F S OliMi, we

have

i=1 i=1 F i=1 i=1
Proof of Lemma G.1.

[a-1Tm

i=1 i=1 F
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ﬁAj (Ai—Bi)( ﬁ Bk>

n

i=1 k=i+1 P
n i—1 n
<> | ITAs (Ai—Bi)<H Bk>
i=1 || \j=1 k=it1 P

< <z”: ai> ﬁ M;.
i=1 i=1
O
Lemma G.2. Given a matrix W € R™>™ with W, ; ~ N (0, 1), where c is a constant. We have with probability at least
1 —exp <—(cw'0_\f_l)2m>
Wiy < cwov/m,

where ¢, 0 > Ve + 1is a constant.

Proof of Lemma G.2. The lemma is a consequence of well-known deviations bounds concerning the singular values of
Gaussian random matrices (Vershynin, 2010)

P (Amax (W) > vV/m +em +t) < et’/?,
Choosing t = (cy,0 — v/¢ — 1) /m, we prove the lemma. O

Lemma G.3. Assume o (-) satisfies Condition 3.1. For a,b € R with 1 < min(a,b), max(a,b) < c for some constant
c > 0, we have

|E. n0,0))0(z)] = E.onoplo(2)]| < Cla—bl.

for some constant C > 0 that depends only on c and the constants in Condition 3.1.

Proof of Lemma G.3. We compute for any min(a, b) < o < max(a,b)

dE. N0 [0 (]| _ |dEannon[o (@2)]
da da

’ = |E.un(o,1)[20" (a2)]| < C.

Applying Taylor’s Theorem we finish the proof. O

Lemma G.4. Assume o (-) satisfies Condition 3.1. Suppose that there exists some constant ¢ > 0 such that A =
a? aib a3 b
[ 1 pa101 2 pP2a202

1< _
prahy B2 | e < min(ay, by ), max(ai,b1) <¢, B {pasz b2

}, % < min(ag, by), max(az, bs) < ¢
and A, B - 0. Define F(A) = E(, ,)~n(0,a)0 ()0 (v). Then, we have

[F(A) - F(B)| < C||A = Bl <2C[|A — Bl|w.
for some constant C > 0 that depends only on ¢ and the constants in Condition 3.1.

a’>  pab
pab  b?
min(py, p2) < p < max(py, p2). We can express

Proof. Let A’ = [ } >~ 0 with min(aq,a2) < a < max(ai,as), min(by,b2) < b < max(by,bs) and

. 1
F(A/) — E(zl,z2)NN(0ac)U(azl)a(b22) with C = (p T) .

Recall L2 ={f: [ f (2)6_22/ 2dz < oo} is the Gaussian function space. We compute

dF

= Elo’(az1)o(bze)z1]
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dF|
%‘ < |lo" (az1)z1 || 2 llo (bza) | 2 (If|l2 == (Ef(2)?)"/2, Cauchy)

< 00 (by Condition 3.1)

By the same argument, we have
dF‘ <
—_ %)
b

Next, let 04 (z) := o(az) with Hermite expansion o4 (z) = Y ;o ;hi(2) and similarly o,(2) = >°, 8;hi(z). Using the
orthonormality that E[h;(2)h;(z)] = 1,—;,

A) = Z o Bip’.
i—0

Differentiating, we have

G =i

z Q; z 1/2 Z )1/2 (p = 1 and Cauchy)
=1
< 00 (Condition 3.1)
4E| < By, and |45| < By,
Next, we bound V- F(A').
We see that
dA’H’ - ‘ HaZA’11
< \/T (since a = \/A;)
11
1
S iBa/c
dF 1
—,‘ < =By/c (analogous argument asa bove.)
dAl, 2

Using the change of variables, let
9(Aly, Ay, Alp) = [V AL,V Ay, Al /AL Ay] = [a,d
By chain rule, we know

OF _OF da_ OF 9 9F 0p _0OF 0p
0Al,  9a 0AT, ' 9b 0A,,  0p 0Al,  9p 0Al,

We can easily verify that | ai’f | < 1/c?, and so we have
12

12E < B
0Al,' — ¢
Similarly, we have
OF ‘ < Ba

0AY,
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OF | B,
OA! ‘ =z
22

c2

Define B, = max(Bq, By, B,). This establishes ||VF(A’)||r < 2B, /c? < C for some constant C' > 0. Thus by Taylor’s
Theorem, we have

[F(A) - F(B)| < C[|A - B|r <2C||A - B .

With Lemma G.3 and G.4, we can prove the following useful lemma.

Lemma G.5. Suppose o (-) satisfies Condition 3.1 For a positive definite matrix A € R?*P*?P, define

F(A) =Eu.n.a) |0 (U)o (U)'],
G(A) =Eu~n(o,a) [0 (U)].
Then for any two positive definite matrices A, B with % < A;;,By; < cfor some constant ¢ > 0, we have
IG(A) - G(B)| V[F(A) -FB)|, <ClA-B|

for some constant C > 0.

Proof of Lemma G.5. The result follows by applying Lemma G.3 to all coordiniates and applying Lemma G.4 to all 2 x 2

submatrices. O
Lemma G.6. Ifvi,...,v, € R? satisfy that ||v;||, = 1 and non-parallel (meaning v; & span(v;) fori # j), then the
matrix [vec (VQ™) ... ,vec (vZ™)] € RY"*™ has rank-n.

Proof of Lemma G.6. We prove by induction. For n = 2, vjv{ ,vovy are linearly independent under the non-parallel

assumption. By induction suppose {vec (v ') ..., vec (vE" ")} are linearly independent. Suppose the conclusion
does not hold, then there exists a4, . . ., o, € R not identically 0, such that

n
> aivee (vi") =0,
i=1

which implies forp =1,...,d

n

S fovviphee (+20°) =0
i=1
Note by induction hypothesis any size (n — 1) subset of
{vec (V?("_l)) y.. ., VEC (vf?("_l)) } is linearly independent. This implies if a;v; , = 0 for some ¢ € [n] and p € [d],

then we must have a;v;, = 0 for all j € [n]. Combining this observation with the assumption that every v; is non-zero,
there must exist p € [d] such that v; , # 0 for all ¢ € [n]. Without loss of generality, we assume v, 1 # 0 for all i € [n].

Next, note if there exists «; = 0, then we have a; = 0 for all j € [n] because v;, # 0 for all j € [n] and the linear
independence induction hypothesis. Therefore from now on we assume «; # 0 for all i € [n].

For any p € [d] , we have

n

Z(aivi}p)vec (vi@("*l)) =(0and Zn:(aivi,l)vec (v?(nfl)) —0

i=1 i=1
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By multiplying the second equation by % and subtracting,

n

Vi, n—1
E (0vip — a;—2Lv; 1)vec (VZ@( ) —o.
i=2 Vi1

Using the linear independence induction hypothesis, we know for ¢ = 2, ..., n:

Vip _ Vip

Vi1 Vi1
Therefore we know

Vip _ Vap

Vi1 Vn,1
Thus there exists ¢, . . ., ¢q € R% such that
Vip =cpv;1 foralli € [n].

Note this implies all v;, ¢ € [n] are on the same line. This contradicts with the non-parallel assumption.



