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A. Supplementary materials
A.1. Proof of Theorem 1

Task 1
mhaxgb(c) s.t.  Rg(h,c) <A, (D

Theorem 1 Let (h,c¢) be an optimal solution to (1). Then, (hp, ¢), where hp is the optimal Bayes classifier, is also optimal
to (1).

Proof 1 It is sufficient to show that (hg, c) is feasible to (1), i.e., that Rg(hp,c) < \. Then (hp, c) attains the maximum
objective value ¢(c). Derive

Rs(hp,c) f;/szy (v, hs(2)) () da

yey

_ ¢(16)/p(m)c(x) Zp(ylw)é(y,hB(x)) da

yey

¢(c) =
1
= RS(hv C) <A

A.2. Proof of Theorem 2

The presented proof of the theorem uses Lemmas 2 and 3, both derived based on Lemma 1 bellow.

Lemmal Let f : X — R+ and g : X — R be measurable functions such that fX x)dx > 0 and g(x) > 0 for all
x € X. Then it holds |, g(x)f(x)dx > 0.

Proof 2 Forn € Ny, define functions

0 otherwise.

ey = { 10 g 2

The sequence { f,}°2, is monotone and converges to f. Using the monotone convergence theorem (Stein & Shakarchi,
2009), derive

n—oo

O</f dr = lim fn()x,

"We use R, R and N to denote the set of real numbers, non-negative real numbers and positive integers, respectively.
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which implies there is a k € N such that fX fr(z)dx > 0, hence we conclude

[o@is@iz = [g@ i@z [ ads>o.
X

X X

O

Lemma2 Let f: X - Ryandyg: X — R be measurablefuncnons such that fX xz)dx > 0and g(x) > bforallz € X
and some b € R. Then it holds [, g(x)f(x)dx > b [, f(x)dz.

Proof 3 By Lemma I, we have

thus

/g(x)f(x)d:c = /(g(a:) —b)f(x)dx+/bf(x)dx > b/f(a:)dx.

X X X X

O

Lemma3 Let f: X — R+ and g : X — R be measurable functions such that |, g(z)f(x)dz > 0 and g(x) < 1 for all
x € X. Then it holds [, f(x)dx > [, g(z)f(z)dx.

Proof 4 [, g(z)f(z)dz > 0 implies [, f(z)dxz > 0. Since it holds Yz € X : (1 — g(x)) > 0, Lemma 1 yields

0< [(-g@)f@is = [ e~ [ g
X X

X
which implies [, f(x)dz > [, g(x)f(zx)dz. O
Task 2
max /p(x)c(x)dm s.t. /p(ac)c(x)?(x)dx <0. (2)
c€[0,1]¥
X
Theorem 2 A selection function ¢* : X — [0, 1] is an optimal solution to (2) if and only if it holds
| soc@ar= [ sy G
Xr(z)<b Xr(z)<b
. _p(XF(bz)<b) lf b> 0’
/ p(x)c (z)dx = | plx)dz if b=0, “4)
Xr(a)=b Xr(a)=0
[ s @iz =0 )
T(xz)>b
where
o) = [ oo do ©
X/

is the conditional expectation of 7(x) over inputs in X' C X, and
b=sup{a | p(Xrz)<q) <0} > 0. 7

Proof 5 Let F(c) = | ¢ p(x)c(z)dx denote the objective function of (2). Observe that b > 0, because p(Xy(z)<o) < 0.
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Casel b > 0.
Claim I Each ¢* : X — [0, 1] which fulfils (3), (4) and (5) is feasible to (2) and
. 1
F(c") p(z)dx — EP(XT(I)<Z7)'

Xr(z)<b

Proof of Claim 1.
D 0 implies [ 0., P (@) = F(w)dz = 0 and

Equality (8) is simply obtained by summing LHS and RHS of (3), (4) and (5). Next, verify the constraint of (2).

Xr(a)<b

Observe that fé\fnz)@ p(2)(c*(x) — 1)dz
/ p(2)c (2)r(z)d = /’p@vax@pma@@»

Xr(x)<b

/ (2)e* (2)F(x)dz + / (@) (@)F(x)dx

Ifb < oo, then
. A 5
/p(x)c (x)7(z)dx © P
X Xr(z)<b Xr(z)=b
© / p(x)F(z)dx + b / p(z)c* (z)dz 4).(6)
Xr(z)<b Xr(z)=b
Ifb = oo, then
* — * — 9
/M@c@%@ﬂx: / p(@)e (@)F(@)de 2 p(Xry<h) < 0.
Xr(z)<b

X

F(c) < F(c*) where ¢* : X — |0, 1] is a confidence function fulfilling (3), (4), (5), and, w.Lo.g.,
VY € X?(x)<b : C*([L') =1.

To prove Claim II, distinguish three cases.
Case 1.1 Condition (5) is violated (observe that this is possible only if b < c0), i.e.

/ p(x)e(z)dx > 0.

XF(z) >b

Inequality (12) and Lemma 2 (applied to f(x) = p(x)c(z) and g(x) = 7(x)) yield
/ p(x)e(z)T(x)de > b / p(x)c(x)dx

X?(m)>b 2C‘?(z)>b
Hence, we can write
/ p(x)c(x)r(z)de = b’ / p(x)c(x)dz
Xr(z)>b Xr(z)>b
b >b>0.

for a suitable real number b’ such that

P( Xy <) — P(Xr()<p) =0

Claim II Let ¢ : X — [0, 1] be a feasible solution to (2) that violates at least one of the constraints (3), (4) and (5). Then,
(11)

(12)

(13)

(14)
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Based on the constraint of (2), derive

/p(x)c(x)?(x)dx = / p(x)e(x)F(x)dx + b / p(x)c(x)dz + V' / p(z)c(x)dx
X Xr(z)<b Xr(z)=b Xr(z)>b
(;) 09 / p(z)c* (z)F(x)dx + b / p(z)c* (x)dz

Xr(z)<b Xr(a)=b

Let o(z) = $7(x). Inequality (15) can be rearranged and upper bounded as

[ serewas— | (o) (@) + | vt 2 | pe)e @ - c@)oteis

Xr(z)=b Xr(a)=b Xr(z)>b Xr(z)<b
< / p(x)c* (z)dx — / p(x)c(x)dx
Xr(z)<b Xr(z)<b

where the second inequality follows from V& € Xr(z)<p : 0(x) < 1. From this we get

/ p(x)c(z)dx (1<6) / p(x)c*(x)dx—%l / p(x)c(x)dz .

Xr(z)<b Xr(x)<b Xr(x)>b
Now, derive
(17) b
F(e) = / p(x)e(x)dx + / p(x)e(x)dx < / p(x)c* (z)dx — (b — 1) / p(x)e(x)dx
Xr(2)<b Xr(2)>b Xr(z)<v Xr(2)>b
(12),(14)
< / p(z)c*(z)dx = F(c¥)
Xr(z)<b

Case 1.2 Condition (5) holds, condition (4) is violated.
Iff;(,( — p(x)e(x)dx < ,W’ then obviously F(c) < F(c*). Hence, assume

/ p(z)c(z)dx > _p(‘){%;)d’).

Xr(z)=b
Analogically to (15), derive

(2) (10)

/ p(z)c(z)T(z)dz + b / p(z)c(x)dx <0 / p(z)c* (z)F(x)dz + b / p(z)c*(x)de,

Xr(a)<b Xr(z)=b Xr(a)<b Xr(z)=b

and

/ p(z)e(x)o(z)dx + / p(z)e(x)dxr < / p(z)c*(z)o(x)dx + / p(z)c* (z)dz

Xr(z)<b Xr(z)=b Xr(z)<b Xr(z)=b
where o(x) = $7(x) < 1 forall x € Xr(y)<y.

Denote and derive

A= / p(z)c(z)dx — / p(z)c* (z)dw @ / p(z)e(z)dz + % (1>8) 0.

Xr(z)=b Xr(z)=b Xr(x)=b

15)

(16)

a7

(18)

19)

(20)
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Then, (19) can be rewritten as

/ (@) (e (@) — c(@))o(@)dz > A D0, 21

Xr(z)<b

(1)
Inequality (21) and Lemma 3 (applied to g(x) = o(x) < 1 and f(z) = p(x)(c*(x) — c(x)) > 0 over Xr(y)<p) yield

/ (@) (" (2) — e(x))dz > A. 22)
Xr(z)<b

Now, combine and rearrange (20) and (22) to obtain

F(c") = / p(z)c* (z)dz + / p(z)c* (z)dz (2>2) A 29 / p(z)c(z)dr + / p(x)e(x)dx = F(c).

Xr(z)<b Xr(z)=b Xr(z)y<b Xr(x)=b

Case 1.3 Conditions (4) and (5) hold, condition (3) is violated, i.e.

/ p(@)e(z)dz < / p(x)dz. (23)

() <b Xr(z)<b
Then,
F(c") = / p(z)c*(x)de — W (2>3) / p(z)e(x)dx — W = F(c).
Xr(z)<b Xr(z)<b
Case2 b= 0.

This occurs only iffxf( o p(x)F(x)dx = 0. The constraint of (2) implies

/ p(z)e(x)T(z)dx =0,
X?(z)>0

thus

which confirms condition (5).

Finally, the obvious equations

max / p(@)e(a)dz = / p(@)de, and

c:X—[0,1]
Xr(x) <0 Xr(z)<0
dx = d
max [ pe@d = [ plads
Xr(2)=0 Xr(z)=0
confirm condition (3) and (4), respectively.
([l
A.3. Proof of Theorem 3
Task 3
i, B @4

where  E(s) = /p(x) r(x)/p(z) [s(z) < s(z)]dzdzx . (25)
X

X
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Remark 1 For the sake of simplicity, for predicates p1(x, z), ..., pr(x, 2) and a function f : X x X — R, we write
/ / f(z, 2)dz dzx
X p1(z,2)
on(z,2)

to represent

//f(x,z)ﬂcpl(w, 2)NA . Aoz, 2)]dzdx .
X x
Theorem 3 A function s* : X — R is an optimal solution to ming. xy_,g E(s) if and only if

/ / max{r(z),r(z)}p(x)p(z)dzdz =0 (26)

X ZF£T
s*(z)=s"(z)

and

/ (r(z) —r(z)) p(x)p(z)dzdz = 0. 27)

X r(z)<r(z)
s*(z)>s"(x)

Proof 6 We first list four equalities to be used later; all of them easy to verify (note that s : X — R is any measurable
function):

/ r(z)p(z) / p(2)dz de = / p(2) / r(z)p(z)de dz = / p(z) / r(2)p(2)dz dz | (28)

r(z)>r(x) X r(z)<r(z) X r(z)<r(x)
s(z)<s(zx) s(z)>s(z) s(z)>s(x)
1
/ / p(z)dz dx = 5/ / max{r(z), r(z)}p(z)p(z)dz dx
X r(z)<r z) X z;éz
s z) s(z) S(Z) S I
- 7/ / max{r(z),r(z)}p(z)p(z)dz dx , (29)
X z#T

r(z)=r(z)
s(z)=s(x)

3] [ reweneaza-5 [ [ r@pepeids, Go

/ / r(z)p(z)p(z)dz dx

X r(z)=r(z) X r(z)=r(z) X r(z)=r(z)
s(z)<s(x) s(z)=s(z)
r(z)p(x)p(z)dz dx = / / z)dz dx +/ / 2)dzdx . 31
X r(z)=r(z) z>x X z=z
s(z)=s(x) r(z =r(z)

s(z)=s(x)

Since argming, y_,p E(s) = argming. y_ (E(s) — E(r)), it suffices to analyze minimizers of E(s) — E(r) instead of
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E(s). Derive

E(s) - E(r) = / / r(2)p(2)p(2)dz dz — / / r(2)p(2)p(2)dz da

X s(z)>s(z) X r(z)>r(x)

[ [ dzda:—// p(2)dz dz

X r(z)<r(z)

s(z)>s(x) s z)<9(r
/ / z)dz dx —/ / p(2)dz dx
X r(z)<r(z) X r(z)>r(z)
s(z)>s(x) s(z)<s(z)
/ / z)dz dx —/ / p(2)dz dx
X r(z)<r(z) X r(z)=r(z)
s(z)=s(z) s(z)<s(z)
= Fi(s) + Fa(s)
where
Bo=[ [ s [ [ r@pepedsd
X r(z)<r(z) X r(z)>r(z)
s(z)>s(x) s(z)<s(zx)
(2:8)/ / r(x)p(z)p dzdxf/ / p(2)dz dx
X r(z)<r(z) X r(z)<r(z)
s(z)>s(x) s(z)>s(x)
—[ [ t@-re)pemd
X r(z)<r(x)
s(z)>s(x)
and
29,30,31
Bo=[ [ repepedd- [ [ r@p@pdsd 2
X r(z)<r(z) X 7(z) rél)
z)<s(x)
1
5/ / max{r(z),r(z)}p(z)p(z)dzdx + = // dzdx—f/ / p(z)dz dz .
X zF#T X z=zx
s(z)=s(z)
Observe that
min Fj(s) =0,
s:X—=R
1
sr{ryn_I}RFg / / z)dzdx — 5/ / r(z)p(z)p(z)dzdx ,
X 5 X r(x)=r(@)

and both minima are attained by a scoring function s* : X — R if and only if conditions (26) and (27) hold for s*. Also
note that the conditions can be fulfilled, e.g. by any s* such that

(Ve,ze X)(x # 2= s"(x) #s"(2) A r(z) <r(z) = s"(z) <s"(2)).
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