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Below we prove Theorem 1. The proof is based on two sup-
porting lemmas. We begin with some mathematical terms.

Consider then× n block-circulant matrix of the following
form, wheren = kb and all numbering of rows, columns,
blocks, etc., starts from 0 for convenience

A =










A(0)

A(1)

A(2)

...
A(b−1)










,

where the blocksA(m),m = 0, . . . , b − 1 arek × n real or
complex matrices whose elements satisfy

A
(m)
l,j = A

(m−1)
l, mod (j−k,n), m = 1, . . . , b − 1 (1)

and henceAl,j = A mod (l−k,n), mod (j−k,n). Here, we
are adopting the MATLAB form mod(x, y) = “x modulo
y”, i.e., the remainder obtained when dividing integerx by
integery. Below, we continue to usel andj to denote row
and column numbers, respectively, and apply the decom-
position:

l = l0 + tk, j = j0 + sk , (2)

wherel0 = mod(l, k), t = b l
k c, j0 = mod(j, k), s = b j

k c.
Note thatl, j ∈ {0, ..., n − 1}; l0, j0 ∈ {0, ..., k − 1};
t, s ∈ {0, ..., b − 1} .

Let the column vector

vm =
[
1, ei 2πm

n , . . . , ei 2πmj
n , . . . , ei

2πm(n−1)
n

]∗

denote the unnormalizedmth Fourier component of dimen-
sionn, for m = 0, . . . , n−1. LetW denote then×n matrix
whose nonzero values are comprised of the elements of the
first b Fourier components as follows:

Wl,j = δl0,j0vs(l) , (3)
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wherevs(l) denotes thelth element ofvs, andδ is the Kro-
necker delta. An example forW , with k = 3 andb = 4, is
given in Fig.1.

Lemma 1. 1√
b
W is a unitary matrix.

Proof. Let Wj and Wm denote the jth and mth
columns ofW . Consider the inner productW ?

j Wm =
∑n−1

q=0 W ?
j (q)Wm(q). For mod (j−m, k) 6= 0, the prod-

uct evidently vanishes because in each term of the sum at
least one of the factors is zero. Forj = m, the terms where
mod (q, k) = j0 are equal to 1, while the rest are equal to
zero, and therefore the product isb. Finally, for j 6= m but
mod (j − m, k) = 0, we can writem = j + rk for some
integerr s.t.0 < |r| < b. Summing up the non-zero terms,
we obtain:

n−1∑

p=0

W ?
j (p) Wm (p) =

b−1∑

q=0

v?
s (j0 + qk) vs+r (j0 + qk)

=
b−1∑

q=0

e−i
2πr(j0+qk)

n = e−i
2πrj0

n

b−1∑

q=0

(
e−i 2πr

b

)q

= e−i
2πrj0

n
1 − e−i 2πrb

b

1 − e−i 2πr
b

= 0.

We conclude that1√
b
W ? 1√

b
W = In, the n × n identity

matrix.

Lemma 2. The similarity transformation, Â =
1√
b
W ?A 1√

b
W , yields a block-diagonal matrix̂A with b

blocks of sizek × k.

Proof. Denote thelth row of A by Al. Then, the product
AlWj reads

AlWj =
n−1∑

p=0

Al (p) Wj (p) =
b−1∑

q=0

Al (j0 + qk) vs (j0 + qk)

=
b−1∑

q=0

Al0+tk (j0 + qk) e−is
2π(j0+qk)

n .
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W =

























1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 e−i 2π

12 0 0 e−i 4π
12 0 0 e−i 6π

12 0
0 0 1 0 0 e−i 4π

12 0 0 e−i 8π
12 0 0 e−i 12π

12

1 0 0 e−i 6π
12 0 0 e−i 12π

12 0 0 e−i 18π
12 0 0

0 1 0 0 e−i 8π
12 0 0 e−i 16π

12 0 0 e−i 24π
12 0

0 0 1 0 0 e−i 10π
12 0 0 e−i 20π

12 0 0 e−i 30π
12

1 0 0 e−i 12π
12 0 0 e−i 24π

12 0 0 e−i 36π
12 0 0

0 1 0 0 e−i 14π
12 0 0 e−i 28π

12 0 0 e−i 42π
12 0

0 0 1 0 0 e−i 16π
12 0 0 e−i 32π

12 0 0 e−i 48π
12

1 0 0 e−i 18π
12 0 0 e−i 36π

12 0 0 e−i 54π
12 0 0

0 1 0 0 e−i 20π
12 0 0 e−i 40π

12 0 0 e−i 60π
12 0

0 0 1 0 0 e−i 22π
12 0 0 e−i 44π

12 0 0 e−i 66π
12

























Figure 1.An example forW with k = 3 andb = 4.

By repeated use of (1), this yields

AlWj =
b−1∑

q=0

Al0 (j0 + mod (q − t, b) k) e−is
2π(j0+qk)

n

= e−is 2πtk
n

b−1∑

q=0

Al0 (j0 + mod (q − t, b) k) e−is
2π(j0+(q−t)k)

n

= e−is 2πt
b

b−1∑

q=0

Al0 (j0 + mod (q − t, b) k) e−is
2π(j0+mod(q−t,b)k)

n

= e−is 2πt
b Al0Wj .

Denotinguj = A(0)Wj , we thus obtain

AWj =










uj

e−i 2πs
b uj

e−2i 2πs
b uj

...
e−(b−1)i 2πs

b uj










,

where theqth element ofuj , q = 0, . . . , k − 1, is given by

uj(q) = AqWj =
b−1∑

q=0

Aq (j0 + qk) vs (j0 + qk) .

Multiplying on the left byW ?
l for any l = l0 + tk with

l0 ∈ {0, . . . , k − 1} andt ∈ {0, . . . , b − 1}, yields

W ?
l AWj =

b−1∑

q=0

W ?
l (l0 + qk) e−qi 2πs

b uj (l0)

=
b−1∑

q=0

v?
t (l0 + qk) e−qi 2πs

b uj (l0)

=
b−1∑

q=0

ei
2πt(l0+qk)

n e−qi 2πs
b uj (l0)

= ei
2πtl0

n uj (l0)
b−1∑

q=0

eqi
2π(t−s)

b .

For t 6= s, the final sum yields

b−1∑

q=0

eqi
2π(t−s)

b =
b−1∑

q=0

(
eqi

2π(t−s)
b

)q

=
1 − ei2π(t−s)

1 − ei
2π(t−s)

b

= 0.

We conclude thatW ?
l AWj vanishes unlesst = s, which

implies the block-periodic form stated in theproposition.

For t = s, all the terms in the final sum in the proof are
equal to 1, and therefore the sum is equal tob. This yields
the following.

Theorem 1. LetW be the matrix defined in (3). Then,Â =
1√
b
W ?A 1√

b
W = blockdiag(B(0), . . . , B(b−1)), where the

elements of thek × k blocksB(s), s = 0, . . . , b − 1, are
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given by

B
(s)
l0,j0

= ei
2πsl0

n uj (l0)

= ei
2πsl0

n

b−1∑

q=0

Al0 (j0 + qk) vs (j0 + qk)

= ei
2πsl0

n

b−1∑

q=0

Al0 (j0 + qk) e−i
2πs(j0+qk)

n

= ei
2πs(l0−j0)

n

b−1∑

q=0

Al0 (j0 + qk) e−i 2πsq
b .

Remark 1. In the context of multigrid analysis, particu-
larly in the present paper, the block size is chosen to be at
least as large as the stencil. In such cases, the coefficients
Al0(j0 + qk) are equal to zero for all non-zeroq, yielding
the simple form:

B
(s)
l0,j0

= ei
2πs(l0−j0)

n Al0 (j0) = ei
2πs(l0−j0)

n Al0,j0 .

Remark 2. The block Fourier analysis is applicable to dis-
cretized partial differential equations of any dimensiond by
recursion. That is, ford > 1 the blocks ofA are themselves
block-circulant, and so on. Remark 1 also generalizes to
any dimension. That is, if the diameter of the discretiza-
tion stencil is at mostk then each element ofB is easily
computed from a single element ofA.


